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Abstract

We apply a quantum teleportation protocol based on the Hayden-Preskill thought experiment to quantify
how scrambling a given quantum evolution is. It has an advantage over the direct measurement of out-of-
time ordered correlators when used to diagnose the information scrambling in the presence of decoherence
effects stemming from a noisy quantum device. We demonstrate the protocol by applying it to two physical
systems: Ising spin chain and SU(2) lattice Yang-Mills theory. To this end, we numerically simulate the time
evolution of the two theories in the Hamiltonian formalism. The lattice Yang-Mills theory is implemented
with a suitable truncation of Hilbert space on the basis of the Kogut-Susskind formalism. On a two-leg ladder
geometry and with the lowest nontrivial spin representations, it can be mapped to a spin chain, which we call
Yang-Mills-Ising model and is also directly applicable to future digital quantum simulations. We find that
the Yang-Mills-Ising model shows the signal of information scrambling at late times.

1 Introduction
Information scrambling refers to the spread of quantum information due to complex dynamics in a quantum
system. The original information tossed into such a scrambling system is not accessible via a local measure-
ment, and hence, the quantum information is hidden from a local observer. Quantum information theoretic
aspects of the scrambling dynamics were initially studied in the context of black hole physics, where the black
hole dynamics is modeled by a Haar random unitary evolution to reflect a nature of black hole as a fast scram-
bler [1–4] (see Refs. [5–7] for preceding works in the context of quantum information theory). Since then, the
information scrambling has attracted huge attention in a wide range of disciplines: quantum gravity, quantum
many-body physics, quantum information, and many others. Along the progress in understanding complex
quantum dynamics, various diagnostic tools of scrambling have been proposed and scrutinized. Among others,
out-of-time ordered correlators (OTOCs) provide a way to quantify the scrambling-ness by capturing operator
growth due to the associated quantum dynamics [3, 8–10].

The quantum teleportation protocol allows a sender to transfer a quantum state to a distant receiver with
the use of classical communications by exploiting an entangled pair of states shared between the sender and
receiver [11, 12]. Inspired by the seminal paper [1], a distinct type of quantum teleportation protocol, Hayden-
Preskill protocol, has been proposed [13, 14] (see Refs. [15–21] for other closely related protocols). While the
information thrown into a black hole whose dynamics is modeled by a Haar random unitary evolution cannot be
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retrieved by a local measurement, Hayden and Preskill pointed out that the local measurement combined with
the Hawking radiation emitted before the information is thrown into a black hole enables the retrieval of the
input information [1]. The Hawking radiation collected earlier may be interpreted as a part of entangled states
shared between the black hole and local observer from the viewpoint of quantum teleportation protocol. Later,
an explicit protocol to reconstruct the input information from the local measurement was given in Ref. [13].
This Hayden-Preskill protocol can be interpreted as a teleportation of input information to a distant local
observer by leveraging the initially shared entanglement. Furthermore, it turns out that the Hayden-Preskill
protocol works in other class of quantum systems as long as the dynamics is scrambling. Hence, the success of
teleportation in the protocol depends not only on whether entanglement is initially shared between the involved
parties but also crucially on how scrambling the quantum evolution is. Recently, the interpretation of the
Hayden-Preskill protocol mentioned above has led to a new diagnostic tool of information scrambling [13, 22].
Namely, the quality of teleportation with the Hayden-Preskill protocol serves as a proxy of information
scrambling. In the absence of noises and errors, the diagnosis of scrambling by the Hayden-Preskill protocol
extracts the same information as one by the averaged OTOC (2.11). However, the protocol has an advantage
over the direct measurement of the averaged OTOC when certain noises and errors exist [14, 22]. Relatedly,
the verification of information scrambling in the system coupled to external systems has been studied in for
example [17, 23–27]. It is further linked to a new type of phase transition, so called the entanglement phase
transition [28–35].

In the context of nuclear and high-energy physics, the scrambling dynamics of nonabelian gauge theories
play a key role in understanding the thermalization of quark-gluon plasma produced in the relativistic heavy-
ion collision experiments since fast scrambling is closely tied to rapid thermalization [36]. In the theoretical
studies of the heavy-ion collision experiments, rapid thermalization is predicted, for instance, by gauge-gravity
duality and hydrodynamic models [37–42] (see Refs. [43, 44] for reviews), while fast scrambling dynamics is
predicted only by gauge-gravity duality [2, 3, 10] and no direct analysis of nonabelian gauge theories can handle
their scrambling properties (as well as rapid thermalization) so far. Conventionally, such rapid thermalization
is attributed to the strong coupling nature of the underlying nonabelian gauge theory, that is, quantum
chromodynamics, in a relatively large system. It is, however, observed that even small systems exhibit a
hydrodynamic behavior and has led to a significant controversy [45–47] (see also Ref. [44]). Hence it is of
great interest to carry out quantum simulation of the real-time dynamics of strongly-coupled gauge theory in
a small system and study its scrambling properties, which is potentially performed on a near term quantum
hardware while it is still hard task for classical computers.

In the present work, we demonstrate the usefulness of the Hayden-Preskill protocol for the purpose of
verifying the information scrambling by applying it to two physical systems: Ising spin chain and SU(2)
lattice Yang-Mills theory, in the presence of decoherence effects. The major difficulty of measuring OTOCs
as a proxy of scrambling on a noisy quantum device lies in the indistinguishability of decays caused by
information scrambling and noise effects, while the Hayden-Preskill protocol does not suffer from the same
issue and thus is resilient against decoherence effects as we will discuss in detail. Our noisy simulation indeed
shows that the protocol is better suited to extract the signal of information scrambling than measuring
averaged OTOC. We formulate the protocol in a way suitable for digital quantum simulation and simulated
on a Qiskit classical simulator provided by IBM [48], foreseeing its implementation on a noisy quantum device
in the Noisy Intermediate-Scale Quantum era [49].

Another important ingredient in this paper is the implementation of SU(2) lattice Yang-Mills (YM) theory
in the Hamiltonian formalism given a limited computational resource to represent its Hilbert space. In
particular, gauge theories tend to require a large amount of memories to represent their states primarily
because (i) it has unphysical states associated with gauge redundancy, and (ii) each bosonic state is represented
by infinite-dimensional Hilbert space. Thus, finding efficient implementations of gauge theories to circumvent
the issues has been a target of intensive studies; see Refs. [50–52] for review of recent progress. We employ the
Kogut-Susskind Hamiltonian formalism [53] and efficient representation of the Hilbert space by eliminating
gauge redundant states and truncating infinite-dimensional Hilbert space following [54]. We call the resultant
theory Yang-Mills-Ising (YM-Ising) model throughout the present paper. It should be emphasized that the
employed truncation reduces the size of Hilbert space with the exact SU(2) gauge symmetry retained. Upon
application of the Hayden-Preskill protocol to the YM-Ising model, we find the saturation of the teleportation
quality at the value close to that of Haar random evolution at late times, which implies the dynamics scrambles
the information of input state. Furthermore, the simulation in the presence of decoherence still shows the
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qualitatively same behavior. Our results of noisy simulations open up a possibility to diagnose the signal of
scrambling in non-abelian gauge theories on a near-term quantum device.

The organization of the rest of this work goes as follows. In Sec. 2, we will review the Hayden-Preskill
protocol, and its relation to the information scrambling and the averaged OTOC. The contents are presented
in a self-contained manner so as to be accessible for the readers without the relevant quantum information
background. In Sec. 3, we will simulate the Hayden-Preskill protocol with the Hamiltonian evolution of the
Ising spin chain. The noise effects will be examined by employing the depolarizing channel to model the deco-
herence. In Sec. 4, we will apply the Hayden-Preskill protocol to the YM-Ising model in the absence/presence
of decoherence effects. Finally, we will conclude with a discussion of our results and their implications in
Sec. 5. We summarize the technical details in appendices: Some computations involving Haar random uni-
tary evolutions are presented in Appendix A. A state-teleportation protocol based on the Hayden-Preskill
protocol is explained in Appendix B. Explicit implementations of the Hamiltonian evolution operators with
elementary quantum gates are given in Appendix C. The Hamiltonian formulation of SU(2) lattice Yang-Mills
theory is described in detail in Appendix E. Throughout this paper, the base of logarithmic function is taken
to be 2.

2 Hayden-Preskill protocol
Given a quantum evolution UAB : HA ⊗ HB → HC ⊗ HD, we consider a state representation of UAB by
augmenting reference states on HR and HB′ [1]:

|Ψ〉 = (IR ⊗ UAB ⊗ IB′)(|EPR〉RA ⊗ |EPR〉BB′) = , (2.1)

where the time flows from bottom to top in the quantum circuit diagram. Dimensions of Hilbert spaces satisfy
dAdB = dCdD =: d, dB = dB′ and dA = dR, with dA := dimHA and so on. The EPR states |EPR〉RA and
|EPR〉BB′ have been introduced:

|EPR〉RA =
1√
dA

dA∑
i=1

|i〉R ⊗ |i〉A = ,

|EPR〉BB′ =
1√
dB

dB∑
i=1

|i〉B ⊗ |i〉B′ = ,

(2.2)

where the black blobs stand for the normalization factors 1/
√
dA and 1/

√
dB , respectively. The Hayden-

Preskill thought experiment asks whether an input quantum state on HA can be retrieved from the quantum
information available on HB′ and HD. It was argued that, provided the quantum evolution UAB is a Haar
random unitary operator, the retrieval is possible if ND ≥ NA + ε for NA := log dA, ND := log dD, and some
small positive number ε [1]. In this section, we review the recovery protocol and its relation to the information
scrambling. In this work, we do not set UAB to be a Haar random unitary operator but let it be a general
unitary operator unless otherwise stated.

2.1 Mutual information as an indicator of information scrambling
Informally speaking, the information scrambling caused by UAB refers to the spread of input information on
HA over the output Hilbert space HC⊗HD. It is characterized by the information about A nonlocally shared
by the outputs C and D which cannot be extracted from either C or D exclusively. Given the state |Ψ〉 (2.1),
such a quantity may be represented by the negativity of the tripartite information I(R,C,D) [4],

−I(R,C,D) := I(R,CD)− I(R,C)− I(R,D). (2.3)
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Here, I(R,C) := S(R) + S(C) − S(RC) is the mutual information. S(R), S(C), and S(RC) are the von
Neumann entropies of associated reduced density operators. For instance, S(R) := −Tr[ρR log(ρR)] with the
reduced density operator ρR := TrB′CD[|Ψ〉〈Ψ|].

In the context of the Hayden-Preskill thought experiment, we are interested in the mutual information
I(R,B′D) of |Ψ〉 under the assumptions dA � dB and dD � dC . To this end, we examine I(R,B′, D) =
I(R,C,D). We say that UAB is strongly scrambling when the tripartite information is nearly minimum,
I(R,C,D) ≈ −2NA with NA = log dA. Then, we find

−2NA ≈ I(R,B′, D) = I(R,B′) + I(R,D)− I(R,B′D) ≈ −I(R,B′D), (2.4)

where we have used I(R,B′) = 0 and I(R,D) ≈ 0.1 Thus, I(R,B′D) ≈ 2NA is nearly maximal.
The mutual information decreases if there are noise effects stemming from the interactions with the

environment [27, 55]. Such interactions create entanglement between the principle system and environment,
which in turn reduces the entanglement within the principle system, and hence, the information shared
between A and BD, I(R,B′D), decreases.

In what follows, we employ the Rényi-2 mutual information

I(2)(R,B′D) := S(2)(R) + S(2)(B′D)− S(2)(RB′D), (2.5)

with S(2)(R) := − log Tr[ρ2R]. Although it is different from the mutual information I(R,B′D), by noting
S(ρ) ≥ S(2)(ρ) for an arbitrary density operator ρ,2 we find that I(2)(R,B′D) gives a lower bound on
I(R,B′D):

I(2)(R,B′D) = log dA + S(2)(B′D)− log dC ≤ log dA + S(B′D)− log dC = I(R,B′D). (2.6)

Therefore, the large I(2)(R,B′D) guarantees the large I(R,B′D), and thus the small I(R,C,D). The Hayden-
Peskill protocol measures I(2)(R,B′D) via the quality of teleportation.

2.2 Ideal protocol
The Hayden-Peskill thought experiment implies that there exists a quantum channel VDB′ such that the
input state on A can be transferred to R′ if the quantum channel UAB is given by a scrambling dynamics and
ND ≥ NA + ε for a small number ε [1],

VDB′ |Ψ〉 = . (2.7)

An analogous protocol to transmit an arbitrary state on A to R′ is explained in Appendix B. Yoshida and
Kitaev found such a quantum channel VDB′ [13] that consists of the following three operations (Hayden-
Preskill protocol):

1. Extend the Hilbert space by attaching HA′ ⊗HR′ and prepare an EPR state, |EPR〉A′R′ .
2. Apply a backward evolution U∗A′B′ on HA′ ⊗HB′ to find a state |Φ̃〉.
3. Project the state |Φ̃〉 onto |EPR〉DD′ .

1 This may be understood from the argument that a local observer on D cannot retrieve the input information on A after the
scrambling dynamics UAB . Indeed, provided UAB is a Haar random unitary, one can show that I(R,D) = NA + ND − S(RD) ≤
NA+ND−S(2)(RD) = I(2)(R,D) ≈ (dAdD)/(dBdC) with S(2)(RD) = − log Tr[ρ2RD]. We here used Tr[ρ2RD] ≈ (dAdD)−1+(dBdC)

−1.
See Appendix A for details.

2More generally, S(n)(ρ) ≥ S(n+1)(ρ) holds for S(n)(ρ) := 1
1−n

log Tr[ρn] and n ≥ 1. Note that S(1)(ρ) := limn→1 S
(n)(ρ) = S(ρ).
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Then, the resultant quantum state |Φ〉 is given by

|Φ̃〉 = (UAB ⊗ U∗A′B′)(|EPR〉RA ⊗ |EPR〉BB′)⊗ |EPR〉A′R′),

|Φ〉 =
ΠDD′ |Φ̃〉√
PEPR

=
1√
PEPR

,
(2.8)

where ΠDD′ := |EPR〉〈EPR|DD′ is the projection operator onto |EPR〉DD′ . The circuit shown in the red
region corresponds to V in Eq. (2.7). The normalization factor PEPR is given by

PEPR = Tr[ΠDD′ |Φ̃〉〈Φ̃|] =
1

d2AdBdD
, (2.9)

which is the probability of the state |Φ̃〉 being successfully projected onto |EPR〉DD′ . Then, the fidelity, FEPR,
between |Φ〉 and |EPR〉RR′ quantifies the teleportation quality:

FEPR = Tr[ΠRR′ |Φ〉〈Φ|] =
1

d3AdBdDPEPR
=

1

d2APEPR
. (2.10)

As discussed in Ref. [13], the quantity PEPR is identified with an averaged OTOC,

〈OTOC〉 :=

∫
Haar

dOAdODTr[OAOD(t)O†AO
†
D(t)]. (2.11)

Hence, the teleportation quality FEPR carries the information of the OTOC in the absence of noise effects:

FEPR =
1

d2A〈OTOC〉
. (2.12)

The strong decay of averaged OTOC results in the high quality of teleportation in the absence of decoherence.
For the later purpose, we briefly discuss the results of PEPR and FEPR when the evolution operator U

is given by a Haar random evolution. In this case, the corresponding dynamics efficiently scrambles the
information of input states. The projection probability PEPR (2.9) is reduced to (see Appendix A):

PHaar
EPR =

1

d2 − 1

[
d2B + d2C −

d2C
d2A
− 1

]
≈ 1

d2A
+

1

d2D
− 1

d2Ad
2
D

. (2.13)

The associated fidelity (2.10) takes the form,

FHaar
EPR =

1

d2AP
Haar
EPR

≈ 1

1 + (dA/dD)2
. (2.14)

Therefore, the teleportation works almost perfectly when dD � dA is satisfied, as implied by ND ≥ NA + ε.
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2.3 Noisy protocol
OTOCs serve as proxies of scrambling or quantum chaos of a given quantum system. In particular, their
decays imply that the corresponding quantum dynamics is scrambling. It is, however, very challenging to
measure the decay of OTOC stemming from the scrambling on a quantum computer when the noise effects
of the quantum device are not negligible because such effects also induce the decay of OTOC.

On the other hand, FEPR increases when the system is scrambling while the noise effects likely to induce
the decay of FEPR. In particular, when quantum channels UAB and U∗A′B′ are subject to the decoherence
effect modeled by the depolarizing channel (2.16), one can show [14],

F decoh
EPR =

δ

d2AP
decoh
EPR

=
2I

(2)(R,B′D)

d2A
, (2.15)

where the noise effect is characterized by 0 ≤ δ ≤ 1, satisfying δ = 2I
(2)(R,B′D)P decoh

EPR . More importantly,
F decoh

EPR is directly related to the Rényi-2 mutual information I(2)(R,B′D). Therefore, it is easier to quantify
the scrambling by using F decoh

EPR than directly measuring OTOCs.
We spell out the derivation of Eq. (2.15). We replace the quantum channel U (and U∗) with the following

depolarizing channel [12],

Q[ρ] = (1− p)(UAB ⊗ IAB)ρ(U†AB ⊗ IAB) + p
ICD
dCdD

⊗ TrAB [ρ], (2.16)

for an arbitrary density operator ρ : HA ⊗HB ⊗HAB → HA ⊗HB ⊗HAB . AB stands for the spatial region
complementary to AB. The error probability p characterizes the strength of decoherence. This channel
models the decoherence induced by an application of the Hamiltonian evolution operator U . Namely, the
information of input state on AB is lost with probability p. The channel is graphically represented by

= (1− p) +
p

dCdD
. (2.17)

Replacing U and U∗ with the corresponding depolarizing channels in Eq. (2.9), we find

P decoh
EPR =

1

d2AdBdD
= (1− p)2PEPR + (2p− p2)

1

d2D
. (2.18)

By noting that PEPR (2.9) is lower-bounded by max(1/d2A, 1/d
2
D) [14], we observe

PEPR − P decoh
EPR = (2p− p2)

(
PEPR −

1

d2D

)
≥ (2p− p2)

(
max

( 1

d2A
,

1

d2D

)
− 1

d2D

)
≥ 0, (2.19)

i.e., the depolarizing channel always suppresses PEPR, or equivalently, the corresponding averaged OTOC (2.20).
We remark that, even in the presence of decoherence, P decoh

EPR is identified with the averaged OTOC [13],

P decoh
EPR = 〈OTOC〉decoh =

∫
Haar

dOAdODTr[OAÕD(t)O†AO
†
D(t)], (2.20)
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with

ÕD(t) = (1− p)U†ODU + p
I

d
TrOD. (2.21)

The fidelity F decoh
EPR is computed in the same way:

F decoh
EPR =

1

d3AdBdDP
decoh
EPR

=
1

d2AP
decoh
EPR

[
(1− p)2 + (2p− p2)

1

d2D

]
. (2.22)

In order to make a connection to the Rényi-2 mutual information I(2)(R,B′D), we compute Rényi-2 en-
tropies S(2)

B′D = − log(Tr[ρ2B′D]) and S(2)
RB′D = − log(Tr[ρ2RB′D]) associated with the stateQAB(|EPR〉〈EPR|RA⊗

|EPR〉〈EPR|BB′). We start with S(2)
B′D:

2−S
(2)

B′D = Tr[ρ2B′D] =
1

d2Ad
2
B

=
dD
dB

P decoh
EPR , (2.23)

which leads to

P decoh
EPR =

dC
dR

2−S
(2)

B′D = 2S
(2)
C −S

(2)
R −S

(2)

B′D . (2.24)

Next, we compute S(2)
RB′D:

2−S
(2)

RB′D = Tr[ρ2RB′D] =
1

d2Ad
2
B

=
dAdD
dB

P decoh
EPR F decoh

EPR . (2.25)
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Hence, we find Eq. (2.15),

F decoh
EPR =

2S
(2)
C −S

(2)

RB′D

d2AP
decoh
EPR

=
2I

(2)(R,B′D)

d2A
, (2.26)

with I(2)(R,B′D) = S
(2)
R + S

(2)
B′D − S

(2)
RB′D.

Interestingly, the decay of P decoh
EPR does not lead to the increase in F decoh

EPR . Instead, the decoherence induces
the decay of F decoh

EPR due to the decrease of I(2)(R,B′D), which is attributed to the leakage of mutual informa-
tion to environment. Therefore, the effects of scrambling and decoherence induce the distinct consequences in
the behavior of F decoh

EPR . This is the reason why we favor F decoh
EPR to diagnose the information scrambling over

P decoh
EPR or OTOCs. In the following section, we demonstrate these observations by carrying out numerical

simulations of the protocol in the Ising spin chain and the YM-Ising model.

3 Diagnosis of scrambling in Ising spin chain
We demonstrate the ideas discussed in the previous section by applying the protocol to the Ising spin chain,

HIsing = −
N−1∑
i=1

ZiZi+1 − h
N∑
i=1

Xi −m
N∑
i=1

Zi, (3.1)

where (Xi, Yi, Zi) are the Pauli matrices (σx, σy, σz) defined on the i-th site, and N denotes the number of
sites. We consider the three sets of parameters: (i) h = m = 0, (ii) h = 1, m = 0, (iii) h = −1.05, m = 0.5.
The first system is the classical Ising model, and the second one is the transverse-field Ising model at the
critical point. Both of them are integrable systems. The third one is known to be a chaotic system [56]. We
numerically simulate the Hayden-Preskill protocol with U given by the Hamiltonian evolution UIsing (3.2) to
compute PEPR (P decoh

EPR ) and FEPR (F decoh
EPR ) as functions of t. The configuration of input and output Hilbert

spaces are shown in Fig. 1 (d = 28, dA = 2, and dD = 22).

Figure 1: The configuration of input and output Hilbert spaces of evolution operator UIsing. The states
on HA and HD are respectively represented by red and blue wires. The rest of wires in input and
output wires are the states on HB and HC , respectively.

The Hamiltonian evolution operator is implemented by using the Suzuki-Trotter product formula [57, 58],

UIsing =
(

e−i
t
M (−

∑N−1
i=1 ZiZi+1−m

∑N
i=1 Zi)e−i

t
M (−h

∑N
i=1Xi)

)M
= e−iHIsingt +O(t2/M). (3.2)

Their explicit implementations in terms of elementary quantum gates are delegated to Appendix C. For the
noisy simulation, we replace all the CNOT gates appearing in the protocol with the depolarizing channels as
follows,

CNOTρCNOT→ (1− p)CNOTρCNOT + p
I

d
⊗ Tr[ρ]. (3.3)

This replacement is motivated by the fact that multi-qubit entangling gates are the dominant source of errors
inducing decoherence in near-term quantum hardware. Note that it is not identical to the depolarizing channel
introduced in the previous section. Nevertheless, it still reflects the essential feature that the Hamiltonian

8



evolution is subject to the decoherence effect.3 We remark that 2(N − 1) CNOT operations are used in each
Suzuki-Trotter step of Eq. (3.2) (4(N − 1) CNOT operations with UAB and U∗A′B′ combined), and the noise
effects accumulate as the Hamiltonian evolution proceeds.

0 2 4 6 8 10
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0.0

0.2

0.4

0.6

0.8

1.0

P
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P
R

N = 8, NA = 1, ND = 2, dt = 0.1

Haar
(h = 0,m = 0)

(h = 1.0,m = 0)

(h = −1.05,m = 0.5)

(a) PEPR

0 2 4 6 8 10
t

0.0

0.2

0.4

0.6

0.8

1.0

F
E

P
R

N = 8, NA = 1, ND = 2, dt = 0.1

Haar
(h = 0,m = 0)

(h = 1.0,m = 0)

(h = −1.05,m = 0.5)

(b) FEPR

Figure 2: The ideal Hayden-Preskill recovery protocol with U = UIsing. (a) The projection proba-
bility (2.9). (b) The fidelity (2.10). The parameters on each panel are N := log d, NA := log dA,
ND := log dD, and dt := t/M . The green, red, and blue points correspond to (h,m) = (0, 0) [classical],
(1.0, 0) [critical], and (−1.05, 0.5) [chaotic], respectively. The black line represents the PEPR (2.13) and
FEPR (2.14) computed with U given by a Haar random unitary operator.

Figure 2 shows the t-dependence of PEPR and FEPR in the absence of noise effects. Remember that the
former is equivalent to the averaged OTOC (2.11). In the chaotic spin chain, PEPR decays to almost saturate
and remains at the value of Haar random unitary case. This is in contrast to the other integrable spin chains.
The consistent behaviors are observed in the computation of FEPR. We emphasize that the relation (2.10) in
the ideal case implies that PEPR and FEPR carry exactly the same information. Namely, the decay of PEPR
indicates the growth of FEPR and vice versa. See Appendix D for system-size dependence of PEPR/FEPR.

Figure 3 shows the computations of P decoh
EPR and F decoh

EPR in the presence of decoherence effects. Here, we
introduce the decoherence by replacing all the CNOT gates with the depolarizing channels (3.3). In the
left panel, the decay of P decoh

EPR is observed even in the integrable spin chains. This computation manifestly
demonstrates that it is hard to discriminate the scrambling effects from the noise effects because both of
them induce the decrease of P decoh

EPR , or equivalently averaged OTOC (2.20). On the other hand, the effects
of decoherence and scrambling are distinguishable when F decoh

EPR is used as shown in the right panel. The
scrambling raises F decoh

EPR while the decoherence suppresses it. This is because the decoherence is caused by
the entanglement between the principle system and environment, which reduces the entanglement, and hence
the mutual information, between R and B′D.

4 Diagnosis of scrambling in Yang-Mills-Ising model
Having seen the application of the Hayden-Preskill protocol to the transverse Ising model, we turn to the prob-
lem of more physical interest, SU(2) Yang-Mills theory. We give a brief recap of the Hamiltonian formulation
of the lattice SU(2) Yang-Mills (YM) theory based on the Kogut-Susskind formulation [53].

The link variable Uµ(x), a 2 × 2 matrix-valued operator, is defined on the link from a site x to x + eµ,
where eµ is the unit vector along the µ = x, y direction. We introduce the generators of left and right

3CNOT operations also appear in the preparation of initial EPR pairs and EPR measurements. However, the number of CNOTs
in the Hamiltonian evolution scales linearly in t, and hence, the associated noise effects eventually dominate those caused by CNOTs
for creating and measuring EPR pairs.
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Figure 3: The Hayden-Preskill recovery protocol with U = UIsing in the presence of decoherence (3.3).
(a) The projection probability (2.18). (b) The fidelity (2.15). The parameters on each panel are
N := log d, NA := log dA, ND := log dD, dt := t/M , and p is the error probability (3.3). The green,
red, and blue points correspond to (h,m) = (0, 0) [classical], (1.0, 0) [critical], and (−1.05, 0.5) [chaotic],
respectively. The black line represents the PEPR (2.13) and FEPR (2.14) computed with U given by a
Haar random unitary operator without decoherence effects.

transformation, EaL(x, µ), and EaR(x, µ) [a = x, y, z], which satisfy

[EaL(x, µ), Uν(y)] = −T aUµ(x)δµνδx,y, (4.1)
[EaR(x, µ), Uν(y)] = Uµ(x)T aδµνδx,y, (4.2)

[EaL(x, µ), EbL(x, ν)] = iεabcEcL(x, µ)δµνδx,y, (4.3)

[EaR(x, µ), EbR(x, ν)] = iεabcEcR(x, µ)δµνδx,y, (4.4)

where T a is the generator of SU(2) that satisfies [T a, T b] = iεabcT c with the Levi-Civita symbol εabc. The gen-
erators EaR(x, µ) and EbL(x, ν) are not independent, but related to the parallel transport as−U†ν (x)EL(x, ν)Uν(x) =
ER(x, ν), where ER/L(x, ν) =

∑
a T

aEaR/L(x, ν). This leads to the constraint,

E2(x, µ) =
∑
a

EaL(x, µ)EaL(x, µ) =
∑
a

EaR(x, µ)EaR(x, µ). (4.5)

The Hamiltonian is given as the sum of electric and magnetic parts,

H = HE +HB (4.6)

HE =
∑
x,µ

1

2
E2(x, µ), (4.7)

HB = −K
2

∑
x

(trU�(x) + trU†�(x)), (4.8)

where U�(x) = tr[Ux(x)Uy(x + ex)U†x(x + ey)U†y (x)]. K is the coupling constant, which is inversely pro-
portional to the square of the gauge coupling g. HE is the electric part of the Hamiltonian, while HB is
the plaquette Hamiltonian; it involves the Wilson loop operator. In addition, the theory is restricted to the
physical Hilbert space |Ψ〉 by the Gauss law constraints:∑

µ

(EaL(x, µ) + EaR(x− eµ, µ)) |Ψ〉 = 0. (4.9)
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Figure 4: Two-leg ladder model of SU(2) Yang-Mills theory

The Gauss law constraints represent the conservation law of electric flux at a site x. In what follows, we will
consider a two-leg ladder geometry shown in Fig. 4.

4.1 Yang-Mills-Ising model
With the suitable truncation scheme detailed in Appendix E, the SU(2) lattice YM theory in a two-leg
ladder geometry can be mapped to the spin chain, which we call Yang-Mills-Ising (YM-Ising) model, and the
resultant Hamiltonian of the spin chain has the form,

H =

N∑
i=0

3

16
(3− 2Zi − Zi−1Zi)−K

N−1∑
i=0

1

16
Xi(1 + 3Zi−1)(1 + 3Zi+1), (4.10)

with Z−1 = ZN = 1 representing open boundary conditions. This serves as an effective model of the SU(2)
lattice gauge theory in the sense that the model has the SU(2) gauge symmetry, and satisfies the nonabelian
Gauss law constraints. However, the dimension of the representation of SU(2) (equivalent to the dimension
of the Hilbert space) is significantly reduced; we use only the spin 0 and 1/2 representations i.e., up to the
first nontrivial representation. Although an extrapolation to the infinite-dimensional representation is needed
to discuss the original lattice YM theory, we anticipate that the essential features of the nonabelian gauge
symmetry and Gauss law constraints are incorporated into the truncated theory.

4.2 Numerical simulation
We study information scrambling on the YM-Ising model on the basis of the Hayden-Preskill protocol with
the configuration shown in Fig. 5 (d = 28, dA = 2, and dD = 22).

Figure 5: The configuration of input and output Hilbert spaces of evolution operator UYM. The states
on HA and HD are respectively represented by red and blue wires. The rest of wires in input and
output wires are the states on HB and HC , respectively. A and D are kept away from the boundaries
to reduce possible boundary effects.

The unitary evolution operator UYM with the aforementioned Hamiltonian is implemented using the
Suzuki-Trotter decomposition formula:

UYM =
(

e−i
t
M (− 3

16

∑N
i=0(2Zi+Zi−1Zi))

×
N−1∏
i=0

e−i
t
M (−K

16Xi)e−i
t
M (− 3K

16 XiZi−1)e−i
t
M (− 3K

16 XiZi+1)e−i
t
M (− 9K

16 XiZi−1Zi+1)
)M

= e−iHYMt +O(t2/M).

(4.11)
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The 10N − 14 CNOT operations are required in each Suzuki-Trotter step. Since it is five times as large as
that in the Ising spin chain, the YM-Ising model suffers from stronger decoherence effects when computing
the Trotter evolution on a noisy quantum simulator.
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Figure 6: The ideal Hayden-Preskill recovery protocol with U = UYM. (a) The projection probabil-
ity (2.9). (b) The recovery fidelity (2.10). The parameters on each panel are N := log d, NA := log dA,
ND := log dD, and dt := t/M . The green, red, and blue points correspond to K = 0, K = 0.5, and
K = 2, respectively. The black line represents the PEPR (2.13) and FEPR (2.14) computed with U
given by a Haar random unitary operator.

Figure 6 shows the t-dependence of PEPR and FEPR in the absence of noise effects. We see that PEPR
decays to the value computed with Haar random evolutions for K > 1. On the other hand, the decay becomes
weak for K < 1, and PEPR ceases to decay for K � 1, as is evident from the K = 0 limit where our model
is reduced to the classical Ising model with the longitudinal field. In view of the original link variables, the
K = 0 limit becomes the free theory of rigid rotators that should show no signal of the information scrambling.
In Fig. 7, K-dependences of PEPR and FEPR are shown in more detail. Figures 7(a) and (b) are plotted for
the time rescaled by K, in which the curves with different values of K mostly overlap. This is because the
chaotic dynamics is dominated by the term proportional to K, that is, the magnetic term. Then, the results
of different values of K coincide by rescaling the time by each K. Without the rescaling, a larger K leads to
larger initial growth rate of FEPR. Furthermore, as shown in Figs. 7(c) and (d), PEPR (FEPR) at late times
take the values slightly above (below) the Haar random value for K & 1. While their late-time behaviors do
not depend on the systems size N , the decay (growth) of PEPR (FEPR) start earlier for a smaller system size
due to the shorter distance between the subsystems A and D. See Appendix D for more on the system-size
dependence and later time behavior of PEPR/FEPR.

Although more quantitative analyses with larger system sizes and larger cutoff of representations are
certainly demanded, the high teleportation quality observed in the YM-Ising model implies that the scrambling
also occurs in the original lattice YM theory since the number of qubits participating in the local interaction
increases and the spreading of information becomes more prominent as cutoff increases.

Finally, we turn to the computation of P decoh
EPR and F decoh

EPR in the presence of decoherence effects (Fig. 8).
Here, we introduce the decoherence by the same procedure as the case of Ising spin chain (3.3). In the left
panel, the decay of P decoh

EPR is observed even in K = 0, that is, the classical spin chain. On the other hand, the
effects of decoherence and scrambling are distinguishable in the case of F decoh

EPR as shown in the right panel.
These features are the same as those observed in the Ising spin chain.
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(c) PEPR at late time
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Figure 7: The Hayden-Preskill recovery protocol with U = UYM in the absence of decoherence. The
projection probability (a) and the recovery fidelity (b) against the rescaled time Kt. The lower panels
show the K-dependence of the late-time values of PEPR (c) and FEPR (d). The blue data are the
values of PEPR (FEPR) at t = 1000, and the red data are obtained by averaging PEPR (FEPR) over the
time duration 100 ≤ t ≤ 1000. The solid and dotted black lines represent those by the Haar random
evolution and classical Ising Hamiltonian (YM-Ising model at K = 0).

5 Summary and discussion
We demonstrated how the Hayden-Preskill protocol can be applied to diagnose the information scrambling of
a given Hamiltonian dynamics under decoherence. To this end, we performed the numerical simulations with
the Hamiltonian evolution of the Ising spin chain and the YM-Ising model.

The real-time simulations of the Ising spin chain show that the fidelity FEPR is well suited to extract
the signal of information scrambling even in the presence of decoherence. This is because the scrambling
results in the growth of FEPR while the decoherence modeled by the depolarizing channel leads to its decay.
The behavior of FEPR should be contrasted to those of PEPR or OTOCs, which can decay both due to
the scrambling and decoherence effects. Hence, our study suggests that the measurement of FEPR in the
Hayden-Preskill protocol is favorable to quantify the information scrambling on a near-term quantum device.

The protocol has also been applied to the SU(2) lattice Yang-Mills theory in a two-leg ladder geometry
with a suitable truncation of the Hilbert space that retains the exact SU(2) gauge symmetry. The Yang-
Mills theory was formulated in a way that its real-time dynamics is efficiently simulated with the limited
computational resource; gauge-redundant states are eliminated upon application of the Gauss’ law constraint,
and the Hilbert space is truncated after mapped to the spin basis. In the present work, we retained the gauge-
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Figure 8: The Hayden-Preskill recovery protocol with U = UYM in the presence of decoherence (3.3).
(a) The projection probability (2.18). (b) The recovery fidelity (2.15). The parameters on each panel
are N := log d, NA := log dA, ND := log dD, dt := t/M , and p is the error probability (3.3). The green,
red, and blue points correspond to K = 0, K = 0.5, and K = 2, respectively. The black line represents
the PEPR (2.13) and FEPR (2.14) computed with U given by a Haar random unitary operator without
decoherence effects.

invariant Hilbert space on each plaquette with j ≤ jmax = 1/2 in the spin basis (jmax is cutoff of the spin
quantum number). Then, the Yang-Mills Hamiltonian on a ladder geometry has been mapped to the simple
spin Hamiltonian, that is, the YM-Ising model (4.10). The model serves as an effective model that would
reproduce the original lattice Yang-Mills theory as we set jmax to a sufficiently large value. Employing the
evolution operator with the YM-Ising Hamiltonian, we numerically performed the Hayden-Preskill protocol.
As a result, we observed the growth and late-time saturation in FEPR, implying the information scrambling
of the YM-Ising model. While the scrambling in the original lattice Yang-Mills theory is yet to be confirmed
from our study, it is anticipated that it also shows the signal of scrambling because the spread of information
can be more prominent as the cutoff jmax taken to be large. This can be studied by the same numerical
analysis with increasing jmax, that is left to a future study.

Finally, we remark that we formulated our entire protocols so that they can be directly implemented
on digital quantum computers, and the numerical simulations were indeed performed on classical simulators
provided by IBM Qiskit. We anticipate that the simulations presented here will be implemented on a near-
term quantum device in the near future.
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A Hayden-Preskill protocol with Haar random unitary evolution
We present the computations of Tr[ρ2RD] used for Eq. (2.4) and PEPR (2.9) provided the evolution operator
U is a Haar random unitary operator, which is obtained by integrating U over rank-d unitary operators with
the Haar measure. d is the dimension of the Hilbert space that U acts on. For an arbitrary function f and a
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unitary operator V , the integral over the Haar measure satisfies the following properties:∫
dU = 1,

∫
df(U) =

∫
df(UV ) =

∫
df(V U). (A.1)

In this Appendix, we will repeatedly use the following Haar integral formulas:∫
dU Ui1j1U

∗
i2j2 =

δi1i2δj2j1
d

, (A.2)∫
dU Ui1j1Ui2j2U

∗
i3j3U

∗
i4j4 =

δi1i3δi2i4δj1j3δj2j4 + δi1i4δi2i3δj1j4δj2j3
d2 − 1

− δi1i3δi2i4δj1j4δj2j3 + δi1i4δi2i3δj1j3δj2j4
d(d2 − 1)

. (A.3)

We first calculate the purity Tr[ρ2RD] of the reduced density operator ρRD = TrB′C [|Ψ〉〈Ψ|],

ρRD =
1

dAdB
, (A.4)

which is used to compute I(2)(R,D) (2.4). Then, the associated purity is

Tr[ρ2RD] =
1

d2Ad
2
B

=
1

d2Ad
2
B

Ua1b1c1d1Ua2b2c2d2U
∗
a2b1c1d2U

∗
a1b2c2d1 . (A.5)
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Its Haar integral is∫
dU Tr[ρ2RD]

=
1

d2Ad
2
B

∫
dU Ua1b1c1d1Ua2b2c2d2U

∗
a2b1c1d2U

∗
a1b2c2d1

=
1

d2Ad
2
B

[δa1a2δb1b1δa2a1δb2b2 δc1c1δd1d2δc2c2δd2d1 + δa1a1δb1b2δa2a2δb2b1 δc1c2δd1d1δc1c2δd2d2
d2 − 1

− δa1a2δb1b1δa2a1δb2b2 δc1c2δd1d1δc2c1δd2d2 + δa1a1δb1b2δa2a2δb2b1 δc1c1δd1d2δc2c2δd2d1
d(d2 − 1)

]
=

1

d2Ad
2
B

[dAd2Bd2CdD + d2AdBdCd
2
D

d2 − 1
− dAd

2
BdCd

2
D + d2AdBd

2
CdD

d(d2 − 1)

]
=
dBdC + dAdD

d2 − 1
− dBdD + dAdC

d(d2 − 1)

≈ 1

dAdD
+

1

dBdC
,

(A.6)

where we assumed d� 1 in the last line.
We next compute PEPR (2.9):

PEPR =
1

d2AdBdD
=

1

d2AdBdD
Ua1b1c1d1Ua2b2c2d2U

∗
a1b2c1d2U

∗
a2b1c2d1 . (A.7)

Its Haar integral is computed as∫
dU PEPR

=
1

d2AdBdD

∫
dU Ua1b1c1d1Ua2b2c2d2U

∗
a1b2c1d2U

∗
a2b1c2d1

=
1

d2AdBdD

[δa1a1δb1b2δa2a2δb2b1 δc1c1δd1d2δc2c2δd2d1 + δa1a2δb1b1δa2a1δb2b2 δc1c2δd1d1δc2c1δd2d2
d2 − 1

− δa1a1δb1b2δa2a2δb2b1 δc1c2δd1d1δc2c1δd2d2 + δa1a2δb1b1δa2a1δb2b2 δc1c1δd1d2δc2c2δd2d1
d(d2 − 1)

]
=

1

d2AdBdD

[d2AdBd2CdD + dAd
2
BdCd

2
D

d2 − 1
− d2AdBdCd

2
D + dAd

2
Bd

2
CdD

d(d2 − 1)

]
=

1

d2 − 1

[
d2B + d2C −

d2C
d2A
− 1

]
≈ 1

d2A
+

1

d2D
− 1

d2A

1

d2D
,

(A.8)

where we assumed d� 1 in the last line.

16



B State teleportation
Given a quantum channel UAB : HA ⊗ HB → HC ⊗ HD and a state |ψ〉A ∈ HA, we consider the following
quantum state [1]:

(IC ⊗ VDB′)(UAB ⊗ IB′)(|ψ〉A ⊗ |EPR〉BB′) = . (B.1)

Here, we consider transmitting some pure state |ψ〉A on HA to HR′ . A concrete teleportation protocol VDB′
is as follows [13, 14]:

1. Extend the Hilbert space by attaching HA′ ⊗HR′ and prepare an EPR state, |EPR〉A′R′ .
2. Apply a backward evolution U∗A′B′ on HA′ ⊗HB′ to find a state |Φ̃ψ〉.
3. Project the state |Φ̃ψ〉 onto |EPR〉DD′ .

Then, the resultant quantum state |Φψ〉 is given by

|Φ̃ψ〉 = (UAB ⊗ U∗A′B′ ⊗ IR′)(|ψ〉A ⊗ |EPR〉BB′ ⊗ |EPR〉A′R′),

|Φψ〉 =
ΠDD′ |Φ̃ψ〉√

PψEPR

=
1√
PψEPR

,
(B.2)

where ΠDD′ := |EPR〉〈EPR|DD′ is the projection operator on |EPR〉DD′ . The normalization factor PψEPR is
given by

PψEPR = Tr[ΠDD′ |Φ̃ψ〉〈Φ̃ψ|] =
1

dAdBdD
. (B.3)

Let us evaluate the quality of teleportation by computing the following fidelity,

FψEPR = Tr[Πψ
R′ |Φψ〉〈Φψ|] =

1

dAdBdDP
ψ
EPR

(B.4)
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with Πψ
R′ = |ψ〉〈ψ|R′ .

Finally, we make a connection between (PψEPR, F
ψ
EPR) and (PEPR, FEPR). Taking a Haar average of |ψ〉 in

Ref. (B.4), we find∫
Haar

dψPψEPRF
ψ
EPR =

1

dAdBdD(d2A − 1)

(
1− 1

dA

)
[d3AdBdDPEPRFEPR + d2AdBdDPEPR]

=
dA

dA + 1
PEPR

(
FEPR +

1

dA

)
.

(B.5)

In the absence of decoherence effects (ideal case), where PEPRFEPR = d−2A (2.10) holds, it is reduced to∫
Haar dψPψEPRF

ψ
EPR = (PEPR + d−1A )/(dA + 1).

C Quantum circuits
We present the quantum circuits used in our simulations. All the quantum operations consist of the following
three elementary gates. Note that the time flows from left to right in the circuit diagrams presented in this
Appendix.

• Hadamard gate:

H =
1√
2

(
1 1
1 −1

)
. (C.1)

• Phase (Z-rotation) gate:

RZ(θ) = e−i
θ
2Z =

(
e−i

θ
2 0

0 ei
θ
2

)
. (C.2)

• CNOT gate:

•
=


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 . (C.3)

The matrix representation of a single-qubit operation is given on the basis (|0〉 |1〉), and that of two-qubit
operation is given on the basis (|00〉 |01〉 |10〉 |11〉), where |0〉 (|1〉) is an eigenstate of Z operator, Z|0〉 = |0〉
(Z|1〉 = −|1〉).

A 2N -qubit EPR state, |EPR〉 = 1
2N/2

∑2N−1
i=0 |ibin〉A ⊗ |ibin〉B with ibin being a N -digit binary represen-

tation of i, is created as follows e.g., for N = 3:

|EPR〉 =

|0〉A H •
|0〉A H •
|0〉A H •
|0〉B
|0〉B
|0〉B

. (C.4)

In general, N CNOT gates are required to create a 2N -qubit EPR state.
Next, we consider an 2N -qubit EPR measurement/projection. Given an arbitrary 2N -qubit input state,
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the measurement circuit e.g., for N = 3 is as follows:

• H

• H

• H
. (C.5)

The input state is successfully projected onto an EPR state when the measurement result on the right end
of circuit reads “000000” on Z-basis. A 2N -qubit EPR measurement uses N CNOT gates. In the rest of this
Appendix, we show how to implement the time evolution operators used in the main text.

C.1 Ising spin chain
Upon application of the Suzuki-Trotter decomposition, the time evolution operator of the Ising spin chain is
given by

UIsing =
(

e−i
t
M (−

∑N−1
i=1 ZiZi+1−m

∑N
i=1 Zi)e−i

t
M (−h

∑N
i=1Xi)

)M
. (C.6)

It is implemented with the following two quantum gates:
• Ising-coupling gate:

e−i
θ
2Z⊗Z =

• •
RZ(θ)

. (C.7)

• X-rotation gate:

e−i
θ
2X = H RZ(θ) H . (C.8)

Thus, implementing UIsing at each Suzuki-Trotter step requires 2(N − 1) CNOT gates.

C.2 YM-Ising model
Upon application of the Suzuki-Trotter decomposition, the time evolution operator of the Yang-Mills-Ising
model (4.10) is given by

UYM =
(

e−i
t
M (− 3

16

∑N
i=0(2Zi+Zi−1Zi))

×
N−1∏
i=0

e−i
t
M (−K

16Xi)e−i
t
M (− 3K

16 XiZi−1)e−i
t
M (− 3K

16 XiZi+1)e−i
t
M (− 9K

16 XiZi−1Zi+1)
)M

(C.9)

with Z−1 = ZN = 1. It is implemented with the following gates in addition to those presented so far:
• XZ gate:

e−i
θ
2X⊗Z =

H • • H

RZ(θ)
. (C.10)

• ZXZ gate:

e−i
θ
2Z⊗X⊗Z =

• •
H • • H

RZ(θ)

. (C.11)

Thus, implementing UYM at each Suzuki-Trotter step requires 10N − 14 CNOT gates.
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D More numerical analyses of PEPR and FEPR

D.1 Suzuki-Trotter decomposition versus Exact evolution
The Suzuki-Trotter decomposition introduces a systematic error due to its temporal discretization of the
Hamiltonian evolution. Here, we show that the Suzuki-Trotter error is well suppressed in our simulations.
Figures 9 and 10 are the numerical results of PEPR and FEPR with the Suzuki-Trotter decomposition and exact
Hamiltonian evolution. Indeed, there are no significant deviation between the results using the decomposition
and exact evolution.
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Figure 9: The Hayden-Preskill recovery protocol for the Ising spin chain in the absence of decoherence.
(a) The projection probability. (b) The recovery fidelity. The data points are obtaind by the compu-
tation with the Suzuki-Trotter decomposition applided to the evolution operator, while the curves are
obtaind by the exact Hamiltonian evolution.
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Figure 10: The Hayden-Preskill recovery protocol for the YM-Ising model in the absence of deco-
herence. (a) The projection probability. (b) The recovery fidelity. The data points are obtaind by
the computation with the Suzuki-Trotter decomposition applided to the evolution operator, while the
curves are obtaind by the exact Hamiltonian evolution.
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D.2 System-size dependence
We here study how the projection probability PEPR and the recovery fidelity FEPR change as the system
size is varied. We computed them for the critical and chaotic Ising models with the number of lattice sites
N = 6, 7, and 8 (Fig. 11). The smaller the system size is, the earlier the decay of PEPR and growth of FEPR
start because the distance between the subsystems A and D are smaller. The qualitatively same behavior is
observed in case of the YM-Ising model (Fig. 12).
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Figure 11: The Hayden-Preskill recovery protocol for the Ising spin chain in the absence of decoherence.
The projection probability (a), and the recovery fidelity (b) are computed with system sizes N = 6, 7, 8.
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Figure 12: The Hayden-Preskill recovery protocol for the YM-Ising model with K = 2 in the absence
of decoherence. The projection probability (a), and the recovery fidelity (b) are computed with system
sizes N = 6, 7, 8.

D.3 Late-time behaviors of PEPR and FEPR in YM-Ising model
In order to confirm that PEPR and FEPR in the YM-Ising model saturate at certain values close to the one
from the Haar random evolution at late times, we computed their evolutions up to Kt = 1000 as shown in
Fig. 13 (the plots of their evolutions up to Kt = 100 are shown in Fig. 7).
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Figure 13: The Hayden-Preskill recovery protocol for the YM-Ising model in the absence of decoher-
ence. The projection probability (a), and the recovery fidelity (b) against the rescaled time Kt.

E Formulation of YM-Ising model
We present the reduction of the lattice Yang-Mills Hamiltonian (4.6) on a ladder geometry to the spin
Hamiltonian, the Yang-Mills-Ising model (4.10), by employing a suitable truncation of the Hilbert space.

E.1 Schwinger boson representation of YM theory
We compute the matrix elements of the lattice Yang-Mills Hamiltonian (4.6) in terms of the Schwinger
bosons [59]. Although we will consider a two-leg ladder geometry shown in Fig. 4, we here formulate a general
two-dimensional cartesian lattice system.

First, we write the chromo-electric fields using the Schwinger bosons. Since the chromo-electric fields are
generators of SU(2), they can be identified as the angular momentum operator, and written by using the
creation and annihilation operators of the spin doublet bosons (Schwinger bosons) as

EaL(x, µ) = a†(x, µ)T aa(x, µ), EaR(x, µ) = b†(x, µ)T ab(x, µ), (E.1)

where a = (a↑, a↓), a† = (a†↑, a
†
↓) [b = (b↑, b↓), b† = (b†↑, b

†
↓)] are the two component annihilation and creation

operators of the Schwinger bosons, which are defined on the left (right) end of a link. In the Schwinger-boson
formalism, the constraint (4.5) implies

NL(x, µ)|Ψ〉 = NR(x, µ)|Ψ〉, (E.2)

where NL = a†a = a†↑a↑ + a†↓a↓, and NR = b†b = b†↑b↑ + b†↓b↓ are the number operators of the Schwinger
bosons. Namely, the number of Schwinger bosons living on each end of a link must be the same.

Next, we write the link operator using the Schwinger bosons. Using the Schwinger bosons, the link operator
is written as U = UL(a)UR(b) with

UL(a) =
1√

NL + 1

(
a†↓ a↑
−a†↑ a↓

)
, UR(b) =

(
b†↑ b†↓
−b↓ b↑

)
1√

NR + 1
. (E.3)

Using the commutation relations between creation and annihilation operators, Eqs. (E.1), and (E.3) repro-
duces those between the chromo-electric fields, and link operators in Eqs. (4.1)-(4.4).

E.2 Physical states
Here, we explicitly construct the physical states of the two-leg ladder system. To this end, we solve the Gauss
law constraint

∑
µ (EaL(x, µ) + EaR(x− êµ, µ)) |Ψ〉 = 0 imposed at each vertex. Let us focus on a vertex
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Figure 14: Label of a physical state of SU(2) Yang-Mills theory in a two-leg ladder geometry.
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<latexit sha1_base64="qeXktUYcRk1u1bLdR1kCVUAhG3Q="></latexit>

jk

<latexit sha1_base64="AoGxq6Yja9N7cINy8HVyXTt9ua4="></latexit>

ji
<latexit sha1_base64="h0XH+VvrCVAnW2EsDfgrp46weXs="></latexit>

jj

<latexit sha1_base64="qeXktUYcRk1u1bLdR1kCVUAhG3Q="></latexit>

jk

<latexit sha1_base64="AoGxq6Yja9N7cINy8HVyXTt9ua4="></latexit>

ji

<latexit sha1_base64="h0XH+VvrCVAnW2EsDfgrp46weXs="></latexit>

jj
<latexit sha1_base64="AoGxq6Yja9N7cINy8HVyXTt9ua4="></latexit>

ji
<latexit sha1_base64="tnRy88xqb2p1aQUgk+kUb3MTYJ0="></latexit>

ji+1

<latexit sha1_base64="QjA8hpiLQCpfrQYRbWVJHMq9bxc="></latexit>

j0i

<latexit sha1_base64="qeXktUYcRk1u1bLdR1kCVUAhG3Q="></latexit>

jk

<latexit sha1_base64="AoGxq6Yja9N7cINy8HVyXTt9ua4="></latexit>

ji
<latexit sha1_base64="h0XH+VvrCVAnW2EsDfgrp46weXs="></latexit>

jj

<latexit sha1_base64="qeXktUYcRk1u1bLdR1kCVUAhG3Q="></latexit>

jk

<latexit sha1_base64="QjA8hpiLQCpfrQYRbWVJHMq9bxc="></latexit>

j0i
<latexit sha1_base64="fFs0s7sw6nJTJBuSLmxrQxR7B9U="></latexit>

j0j

<latexit sha1_base64="h0XH+VvrCVAnW2EsDfgrp46weXs="></latexit>

jj

<latexit sha1_base64="APfa7WRr4XVI8ZLejZ9bVi2MSK8="></latexit>

j0k <latexit sha1_base64="/9O4Zj0n3PyXlPnem5RKg7ggy0g="></latexit>|ji, mii

<latexit sha1_base64="k6miBzcrEZRslPbFUhzhOV5gvjU="></latexit>|jj , mji
<latexit sha1_base64="YbMUx5RoT3XHocdeDhumyf2Nllg="></latexit>|jk, mki

, (E.4)

in which the local state is expressed by |jimi〉|jjmj〉|jkmk〉 = |Ni↑Ni↓〉|Nj↑Nj↓〉|Nk↑Nk↓〉 with ja = (Na↑+

Na↓)/2 and ma = (Na↑−Na↓)/2 (a = i, j, k). |Na↑Na↓〉 is the eigenstate of the number operators a†↑a↑ (b
†
↑b↑)

and a†↓a↓ (b†↓b↓) with the eigenvalues Na↑ and Na↓. We have introduced the spin basis, which is useful for
solving the Gauss law constraint. The Gauss law constraint forces the local spin states contacted at a vertex
to be the spin singlet. The singlet resulting from the composition of the three spins is

|ji, jj , jk〉 :=

ji∑
mi=−ji

jj∑
mj=−jj

jk∑
mk=−jk

(
ji jj jk
mi mj mk

)
|ji,mi〉|jj ,mj〉|jk,mk〉, (E.5)

where
(
ji jj jk
mi mj mk

)
is the Wigner 3-j symbols. By construction, this satsifies 〈ji, jj , jk|jl, jm, jn〉 = δilδjmδkn.

The states |ji, jj , jk〉 exists only if the triangle conditions |ji − jj | ≤ jk ≤ ji + jj and ji + jj + jk ∈ Z are
satisfied. By using the creation and annihilation operators, one can directly check that the electric fields
vanish on this state, i.e., (EaR(i) + EaL(j) + EaL(k))|ji, jj , jk〉 = 0. Using the singlet, the gauge invariant local
states defined on vertices in lower and upper legs can be labeled by three indices on the links connecting the
vertices:
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Here, we choose the order of j′is clockwise.
The U(1) constraint NL(x, µ)|Ψ〉 = NR(x, µ)|Ψ〉 implies the vertices connecting to a link share the same

spin j. We label the spins by ji and j′i for horizontal links on the y = 0 and y = 1, respectively. We also label
the spins on the vertical links of x = i by j′′i (See Fig. 14). We can express a physical state by using the spins
of links, j = (j0, · · · jN−1; j′0, · · · j′N−1; j′′0 , · · · , j′′N ) as

|j〉 :=

N∏
i=0

|ji−1, j′′i , ji〉|j′i−1, j′i, j′′i 〉. (E.7)

Here j−1 = j′−1 = jN = j′N = 0 from the open boundary condition. We note that not all ji’s are independent.
They must satisfy the triangle conditions. In numerical simulations, we truncate the spin’s maximum value,
jmax, to make the dimension of the Hilbert space finite. In this paper, we will consider a model with
jmax = 1/2.

E.3 Matrix elements of Hamiltonian
We here evaluate the matrix elements of the Hamiltonian H = HE + HM . Because |j〉 is an eigenstate of
HE , the matrix elements of HE are the sum of all spins:

〈k|HE |j〉 =

N∑
i=0

(ji(ji + 1)

2
+
j′i(j

′
i + 1)

2
+
j′′i (j′′i + 1)

2

)
δk,j . (E.8)
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The magnetic part needs more consideration. Since HM consists of plaquettes, let us first evaluate the single
plaquette,
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in which the plaquette operator tr(UiUjU
†
kU
†
l ) acts on a state |ja, jl, ji〉|ji, jj , jb〉|jd, jk, jl〉|jk, jc, jj〉.

Noting Ui = UL(ai)UR(bi), the plaquette operator can be decomposed into local operators on the vertices:

tr(UiUjU
†
kU
†
l ) = tr

(
[UR(bi)UL(aj)][UR(bj)U

†
R(bk)][U†L(ak)U†R(bl)][U

†
L(al)UL(ai)]

)
, (E.10)

where, we used the cyclic property of the trace. In addition, introducing

L++(b, a) =
1√

a†↑a↑ + a†↓a↓ + 1
(b†↑a

†
↓ − b

†
↓a
†
↑)

1√
b†↑b↑ + b†↓b↓ + 1

, (E.11)

L−+(b, a) =
1√

a†↑a↑ + a†↓a↓ + 1
(−b↓a†↓ − b↑a

†
↑)

1√
b†↑b↑ + b†↓b↓ + 1

, (E.12)

L+−(b, a) =
1√

a†↑a↑ + a†↓a↓ + 1
(b†↑a↑ + b†↓a↓)

1√
b†↑b↑ + b†↓b↓ + 1

, (E.13)

L−−(b, a) =
1√

a†↑a↑ + a†↓a↓ + 1
(−b↓a↑ + b↑a↓)

1√
b†↑b↑ + b†↓b↓ + 1

, (E.14)

we can write the local operations as

UR(bi)UL(aj) =

(
L++(bi, aj) L+−(bi, aj)
L−+(bi, aj) L−−(bi, aj)

)
, UR(bj)U

†
R(bk) =

(
L+−(bj , bk) −L++(bj , bk)
L−−(bj , bk) −L−+(bj , bk)

)
,

U†L(ak)U†R(bl) =

(
−L−−(ak, bl) L−+(ak, bl)
L+−(ak, bl) −L++(ak, bl)

)
, U†L(al)UL(ai) =

(
−L−+(al, ai) −L−−(al, ai)
L++(al, ai) L+−(al, ai)

)
.

(E.15)

Using these, we can express the plaquette operator as the sum of L’s

tr(UiUjU
†
kU
†
l ) =

∑
si,sj ,sk,sl=±1

Lsisj (bi, aj)Lsjsk(bj , bk)Lsksl(ak, bl)Lslsi(al, ai). (E.16)

Each Ls′s(b, a) locally acts on the Hilbert space defined on a single vertex, so that it is enough to consider
the action of Ls′s(b, a) on it. Let us consider the local state |ji, jj , jb〉. Since Ls′s(b, a) is written by the
creation and annihilation operators of the Schwinger bosons, we can calculate the action of Ls′s(b, a). Recall
|ji,mi〉 = |Ni↑, Ni↓〉 with ji = (Ni↑ +Ni↓)/2 and mi = (Ni↑ −Ni↓)/2; we can calculate a†i↑|ji,mi〉 as

a†i↑|ji,mi〉 = a†i↑|Ni↑, Ni↓〉 =
√
Ni↑ + 1|Ni↑ + 1, Ni↓〉 =

√
ji +mi + 1|ji +

1

2
,mi +

1

2
〉. (E.17)

Similarly, we have

ai↑|ji,mi〉 =
√
ji +mi|ji −

1

2
,mi −

1

2
〉, (E.18)

a†i↓|ji,mi〉 =
√
ji −mi + 1|ji +

1

2
,mi −

1

2
〉, (E.19)

ai↓|ji,mi〉 =
√
ji −mi|ji −

1

2
,mi +

1

2
〉. (E.20)
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Using these relations, we find the action of Lsisj (bi, aj) on |ji, jj , jb〉:

Lsisj (bi, aj)|ji, jj , jb〉

=

ji∑
mi=−ji

jj∑
mj=−jj

jb∑
mb=−jb

(
ji jj jb
mi mj mb

)

×
(
si

√
(ji + simi + 1+si

2 )(jj − sjmj +
1+sj
2 )

(2ji + 1)(2jj + 1 + sj)
|ji +

si
2
,mi +

1

2
〉|jj +

sj
2
,mj −

1

2
〉

− sj

√
(ji − simi + 1+si

2 )(jj + sjmj +
1+sj
2 )

(2ji + 1)(2jj + 1 + sj)
|ji +

si
2
,mi −

1

2
〉|jj +

sj
2
,mj +

1

2
〉
)
|jb,mb〉.

(E.21)

Since Lsisj (bi, aj) commutes with the Gauss law constraints, the right hand side of Eq. (E.21) must be
proportional to |ji + si/2, jj + sj/2, jb〉, i.e., Lsisj (bi, aj)|ji, jj , jb〉 = λsisj (ji, jj , jb)|ji + si/2, jj + sj/2, jb〉.
Comparing the wave functions of Lsisj (bi, aj)|ji, jj , jb〉 and |ji + si/2, jj + sj/2, jb〉, we obtain

λ++(ji, jj , jb) =

√
(2 + jb + ji + jj)(1− jb + ji + jj)

(2ji + 1)(2jj + 2)
, (E.22)

λ−−(ji, jj , jb) =

√
(jb − ji − jj)(−1− ji − jj − jb)

(2ji + 1)(2jj)
, (E.23)

λ+−(ji, jj , jb) = −
√

(1 + jb + ji − jj)(jb − ji + jj)

(2ji + 1)(2jj)
, (E.24)

λ−+(ji, jj , jb) =

√
(1 + jb − ji + jj)(jb + ji − jj)

(2ji + 1)(2jj + 2)
. (E.25)

Similar calculations work for other vertices, |ja, jl, ji〉, |jd, jk, jl〉 and |jk, jc, jj〉. Combining these results, we
get

tr(UiUjU
†
kU
†
l )|ji, jj , jb〉|jk, jc, jj〉|jd, jk, jl〉|ja, jl, ji〉

=
∑

si,sj ,sk,sl=±1
λsisj (ji, jj , jb)λsjsk(jj , jk, jc)λsksl(jk, jl, jd)λslsi(jl, ji, ja)

× |ji +
si
2
, jj +

sj
2
, jb〉|jk +

sk
2
, jc, jj +

sj
2
〉|jd, jk +

sk
2
, jl +

sl
2
〉|ja, jl +

sl
2
, ji +

si
2
〉.

(E.26)

In the same way, we can show the action of the conjugate plaquette is the same, that is, tr(UiUjU
†
kU
†
l )|j〉 =

tr(UlUkU
†
kU
†
i )|j〉. Eventually, the plaquette Hamiltonian is written as

〈k|HM |j〉 = −K
N−1∑
i=0

∑
si,s′i,s

′′
i ,s
′′
i+1=±1

Λ(s, j)δk,j+ s
2
, (E.27)

where we define s = (0, · · · , 0, si, 0, · · · ; 0, · · · , 0, s′i, 0, · · · ; 0, · · · , s′′i , s′′i+1, 0, · · · ), and

Λ(s, j) := λsi,s′′i+1
(ji, j

′′
i+1, ji+1)λs′′i+1,s

′
i
(j′′i+1, j

′
i, j
′
i+1)λs′i,s′′i (j′i, j

′′
i , j
′
i−1)λs′′i ,si(j

′′
i , ji, ji−1). (E.28)

E.4 jmax = 1/2 model
When the maximal value of spins is restricted to 1/2, our model is significantly simplified and reduces to a
spin chain model. We call the reduced model Yang-Mills-Ising model because it is converted to the Ising spin
chain (4.10). In this case, the local Hilbert space on a vertex is four dimensional, whose basis is graphically
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expressed as
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The U(1) constraints imply that a physical state is expressed as cycles on the ladder lattice. For example,
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represent a physical state. As is in the case of the two-dimensional Ising model, a state represented by loops
can be expressed by using a state of spins on the dual lattice, and the basis of physical state is the same as
Ising ones, |σ1, σ2, · · ·σN , 〉, with σi ∈ {↑, ↓}. The above state in the SU(2) basis (E.31) can be expressed in
the Ising basis as
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= | ↑↑↓↓↑↓↑ · · · ↑〉. (E.32)

Let us now map the Hamiltonian of jmax = 1/2 to a spin chain on the dual lattice. The spin of the horizontal
link can be replaced by

ji →
1

4
(1− Zi), (E.33)

and
j′i →

1

4
(1− Zi). (E.34)

On the other hand, the vertical link is replaced by

j′′i →
1

4
(1− Zi−1Zi). (E.35)

The electric part of the Hamiltonian reduces to

HE =

N∑
i=0

1

2

[
2

1

4
(1− Zi)

(
1 +

1

4
(1− Zi)

)
+

1

4
(1− Zi−1Zi)

(
1 +

1

4
(1− Zi−1Zi)

)]
=

N∑
i=0

3

16
(3− 2Zi − Zi−1Zi),

(E.36)

where Z−1 = ZN = 1 follow from the open boundary condition. This Hamiltonian is equivalent to that of
the Ising model (3.1) with the vanishing transverse magnetic field.
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Let us move on to the magnetic part. The matrix elements of the Hamiltonian are given in Eq. (E.27).
For jmax = 1/2 model, there are four λss′ ’s, which are explicitly given as

λ++(0, 0, 0) = 1, λ−−(1/2, 1/2, 0) = 1, (E.37)

λ+−(0, 1/2, 1/2) = −1, λ−+(1/2, 0, 1/2) =
1

2
. (E.38)

Let us consider the action of trU�(i) on |σi−1, σi, σi+1〉. From Eq. (E.27), we can explicitly obtain

trU�(i)| ↑↑↑〉 =λ++λ++λ++λ++| ↑↓↑〉 = | ↑↓↑〉, (E.39)
trU�(i)| ↑↓↑〉 =λ−−λ−−λ−−λ−−| ↑↑↑〉 = | ↑↑↑〉, (E.40)

trU�(i)| ↑↑↓〉 =λ+−λ−+λ++λ++| ↑↓↓〉 = −1

2
| ↑↓↓〉, (E.41)

trU�(i)| ↑↓↓〉 =λ−+λ+−λ−−λ−−| ↑↑↓〉 = −1

2
| ↑↑↓〉, (E.42)

trU�(i)| ↓↓↑〉 =λ−−λ−−λ−+λ+−| ↓↑↑〉 = −1

2
| ↓↑↑〉, (E.43)

trU�(i)| ↓↑↑〉 =λ++λ++λ+−λ−+| ↓↓↑〉 = −1

2
| ↓↓↑〉, (E.44)

trU�(i)| ↓↑↓〉 =λ+−λ−+λ+−λ−+| ↓↓↓〉 =
1

4
| ↓↓↓〉, (E.45)

trU�(i)| ↓↓↓〉 =λ−+λ+−λ−+λ+−| ↓↑↓〉 =
1

4
| ↓↑↓〉, (E.46)

where we suppressed the indices of spins in λs,s′ . From these expressions, we can express trU�(i) as

trU�(i) =
1

16
Xi(1 + 3Zi−1)(1 + 3Zi+1). (E.47)

Eventually, the Hamiltonian of jmax = 1/2 model has the form,

HYM =

N∑
i=0

3

16
(3− 2Zi − Zi−1Zi)−K

N−1∑
i=0

1

16
Xi(1 + 3Zi−1)(1 + 3Zi+1), (E.48)

with Z−1 = ZN = 1.
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