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It has long been known that gravitational waves from compact binary coalescing sources are
responsible for a first-order displacement memory effect experienced by a pair of freely falling test
masses. This constant displacement is sourced from the non-vanishing final gravitational-wave
strain present in the wave’s after-zone, often referred to as the non-linear memory effect, and is
of the same order of magnitude as the strain from the outgoing quadrupole radiation. Hence, this
prediction of general relativity is verifiable experimentally by measurement of the final relative
separation between test masses that comprise gravitational-wave detectors. In a separate context,
independent calculations have demonstrated that exact, sandwich, plane wave spacetimes exhibit a
velocity memory effect: a non-zero relative velocity, gained by a pair of test masses in free fall, after
the passage of a gravitational wave. In this paper, we find that in addition to the known constant
displacement memory effect test masses experience, a velocity memory effect at leading order arises
due to the non-linear nature of gravitational waves from compact binary sources. We discuss the
magnitude of the first-order velocity memory effect in the context of observing gravitational-wave

radiation from super massive binary black hole mergers in LISA.

I. INTRODUCTION

Since 2015, gravitational waves from dozens of com-
pact binary coalescence (CBC) sources have been de-
tected by the LIGO and Virgo experiments [1, 2]. CBC
sources are astrophysical pairs of compact objects, such
as black holes, white dwarfs, or neutron stars, that emit
gravitational-wave radiation as they merge together from
orbiting under the pull of each other’s gravity. Obser-
vation of such high energy astrophysical events now al-
lows physicists to test the rich predictions of the theory
of general relativity using gravitational-wave strain data
[3—11].

One of the curious predictions of the full non-linear
theory of general relativity is memory effects — physi-
cally observable phenomenon that leave the final state of
gravitational-wave detectors ever so slightly altered with
respect to their initial undisturbed state. Memory effects
are of interest to those who study general relativity be-
cause they are found to have direct ties to asymptotic
symmetry and soft graviton theorems [12-14], as well as
the black hole information paradox [15]. Calculations
of memory effects using asymptotically flat spacetimes,
for example using the Bondi-Metzner—Sachs formulation
[16, 17], have been carried out in [13, 18-21]. Tests
of gravitational-wave memory effects from astrophysi-
cal sources have been conducted using gravitational-wave
strain data from the LIGO and Virgo detectors in [7, 9-
11], from the Parkes Pulsar Timing Array [22], and from
NANOGrav [23, 24]. Signal-to-noise ratios of the mem-
ory effect from a population of super massive binary black
hole mergers have been computed with respect to the
LISA detector’s strain spectral sensitivity in [25, 26]. In
addition, memory effects are not unique to gravitational-
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wave radiation, since electromagnetic pulses can also pro-
duce memory effects [27-30], as can even neutrino bursts
[31, 32].

Memory effects can be thought of as belonging to two
categories [33]: null memory arises when radiation or
mass-less particles escape from a system to null infin-
ity !, and ordinary memory arises when there is a final
recoil of the system relative to its initial center of mass
frame 2. In this paper, in so far as we follow [36] and [38],
we focus on the null memory contribution sourced from
the gravitational-wave energy flux (non-linear memory)
in CBC sources, although we also refer to sandwich plane
gravitational waves for demonstrative purposes.

Depending upon the circumstances of the
gravitational-wave detector, memory effects may
manifest as a relative change in displacement or as
a relative change in velocity between a pair of freely
falling test masses. In particular, in certain interesting
detection situations, asymptotic memory effects from
physical sources induce first-order displacement or
velocity memory effects in remotely situated detectors
[35, 39-41]. In this paper, and in the language of [42],
we compute the sub-leading velocity memory effect as it
arises from gravitational-wave radiation from compact
binary sources. As Harte indicates in [43], a first-order
velocity memory effect which is not sub-leading, would
not arise from compact binary sources. For purposes of
brevity, we omit the sub-leading qualifier in the further
discussion.

1 Null memory which arises from non-gravitational sources is some-
times referred to as linear memory [34], since the effect is linear
in the stress tensor of the matter fields. We reserve the term
non-linear memory [35] for the effects of a flux of gravitational
waves to null infinity, since the flux is quadratic in (derivatives
of) the strain from a gravitational-wave source.

2 [34-37] have sometimes referred to this as linear memory, but we
do not choose that language.



The displacement memory effect is the phenomenon
by which test masses in free fall, and initially at rest,
suffer a permanent relative displacement after the pas-
sage of a gravitational wave. One of the first examples
of displacement memory was in the case of astrophysical
events that emit ordinary memory, such as a flyby event
between two compact binary objects [39]. It was later
shown by [35] that the non-linear memory from compact
binary sources also induces a first-order relative displace-
ment in test masses far away.

The velocity memory effect presents itself as a non-zero
difference in the relative velocity between two neighbor-
ing geodesics, after a gravitational-wave passes through
their space. To calculate the magnitude of this relative
velocity, we solve the equations of motion for test par-
ticles under general initial conditions, in a particularly
useful coordinate system, and study the relative motion
between a pair of test masses during the gravitational
wave’s after-zone.

Ground-based detectors, such as LIGO and Virgo, are
composed of a network of test masses that are suspended
by pendulums. These test masses effectively respond
freely to the strain induced by the passage of gravita-
tional waves travelling perpendicularly to the plane of the
detector, and move predominantly along the directions of
the detector arms. This motion is only partially free, as
it is constrained to move on an arc via its point of sus-
pension. In principle, a velocity memory effect in these
ground-based detectors would be limited by the suspen-
sion’s constraint, so to fully consider the effects one would
need to examine a coupled system. In practice, controls
at work within the functioning detector will counteract
any velocity memory effect long before the constraining
pendulum effect does so.

By contrast, LISA [44] is a future space-based
gravitational-wave detector comprised of three freely
falling test masses, housed in individual spacecrafts,
forming an equilateral triangle with arm-length Ly =
2.5 x 10? meters. LISA will observe low-frequency gravi-
tational waves, of which super massive binary black hole
mergers are the most promising sources [45], for a maxi-
mum observation duration of ten years.

In the case where test masses are not initially at rest
with respect to each other, such as would be expected
to occur with the LISA detector [44], we find that,
as a direct generalization of the work of Christodoulou
[35], a velocity memory effect that is O(h) also oc-
curs for gravitational-wave radiation from compact bi-
nary sources. This first-order velocity memory effect is
sourced by the non-linear memory effect from compact
binaries, results in a change in the relative velocity be-
tween freely falling test masses, and has received little
attention to date. There are other velocity memory ef-
fects which have received some attention in the literature
[14, 40, 41, 46-54]. These velocity memory effects can
arise in several distinct situations, and their order in the
gravitational-wave strain is dependent on factors such as
test-mass initial conditions and the support of the strain

profile, as detailed in the contents of Table I. The results
presented in this paper are consistent with discussion on
the first-order velocity memory effect in [39-41, 50], the
second-order treatment in [49], and the numerical results
of [46].

The contents of this paper are outlined as follows: In
the next section, we derive the polarizations for the non-
linear memory strain far away from a CBC source. Next,
we motivate a plane wave spacetime that is useful for cal-
culating velocity memory effects. We then integrate the
equations of motion for a pair of test masses under the
influence of a polarized gravitational wave in our cho-
sen plane wave spacetime. In Sec. III, we discuss the
lessons learned from calculating the velocity memory ef-
fect for a generalized sandwich wave pulse profile. In Sec.
IV, we estimate the magnitude of the first-order veloc-
ity memory effect from a typical CBC source amenable
to detection by LISA. The Appendix is structured as fol-
lows: Sec. A contains the full derivation of the non-linear
memory strain and Sec. B provides the coordinate trans-
formations between various plane wave spacetimes.

II. FRAMEWORK

Before we present the results of the velocity memory
effect from sandwich waves in Sec. III and the first-order
velocity memory effect from compact binary sources in
Sec. IV, we give a summary of the framework for cal-
culating memory effects from general gravitational-wave
strain profiles. In Sec. IIA, we derive the plus and
cross polarizations of the non-linear memory strain in
a transverse-traceless (TT) gauge, by projecting onto a
surface normal to the direction of propagation at the lo-
cation of the detector. In Sec. II B, we discuss a family of
plane wave spacetime candidates and choose an ideal ba-
sis to perform our velocity memory effect calculation. In
Sec. IT C we integrate the equations of motion in our cho-
sen coordinate system and discuss general characteristics
of velocity memory effects. At the end of this section, we
derive useful memory formulae for calculating the veloc-
ity memory effect given a time-dependent gravitational-
wave profile.

A. Non-linear Memory Strain from CBC Sources

The complete derivation of the non-linear memory
strain’s polarizations is given in Appendix A, but we in-
clude a brief summary of it below. We use a convenient
choice of orientation between the source and detector
frames as outlined in [36-38, 55]. Given an anisotropic
gravitational-wave energy flux dF/dtdS2, we can calculate
the non-linear, hereditary, memory strain at a fixed dis-
tance R away from a CBC source, as experienced by an
observer located at 6%, ¢* in the source’s spherical coor-
dinate system. In a generic linearized gauge, the memory



tensor is given in [36, 38, 55, 56],
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We use spherical angular coordinates 6’,¢’, defined in
the source’s Cartesian coordinate frame (2/,y’,2’). The
angular integral is taken over the solid-angle d§Y =
sin(0')df’d¢’ on the sphere of radius R centered on
the source. Above, n/(6’,¢') is defined as the gen-
eral unit radial vector directed from the source to d)’
with components: 77/ = (cos¢’sin@’,sin 6’ sin¢’, cos§’).
The observer’s angular position is encoded in N (6*, ¢*),
defined as the unit line-of-sight vector drawn from
the source to the observer with components: N =
(cos ¢* sin 0, sin 6* sin ¢*, cos 6*).

To separate the time information from the angular in-
formation in the memory’s integrand above, we decom-
pose the gravitational waves on the surface of radius R
using a spin weighted spherical harmonic basis of spin
weight minus two, with time-dependent coefficients. For
the simple case of an equal-mass, non-spinning, binary
black hole merger, the dominant contribution to the out-
going gravitational-wave energy flux can be well approxi-
mated by just the quadrupole the (I = 2, m = |2|) modes.
Relative to a frame at the detector and aligned with that
centered on the source, we can encode the information
in the gravitational-wave radiation, transverse to its di-
rection of propagation, with a simple separation of the
strain into +, X polarizations. With this specification,
and after computing the angular integrals, the cross po-
larization contribution vanishes. The plus polarization
of the non-linear memory strain as a function of time
and the binary’s inclination angle, defined as the angle
between the source’s angular momentum vector and the
line-of-sight to the observer, is
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Note: the final gravitational-wave strain that arrives at
the detector far away from a CBC source can be de-
scribed as a linear combination of spherical harmonic
strain modes, of which the (I = 2,m = 0) mode con-
tains the largest contribution of the non-linear memory
signal [11, 37, 56, 57]. Schematically we can think of the
total detected plus polarization strain as comprised of
two distinct pieces by R (t) ~ h9(t) + 7™ (t). In Sec.
IV we use the memory contribution of Eq. 2 to calculate
the first-order velocity memory effect experienced by a
pair of freely falling test masses.

In the process of obtaining Eq. 2 we projected
the memory tensor h;; onto a transverse-traceless ba-
sis to decompose the strain into individual polariza-
tions AL and A°™. In his Living Review article

[58], Blanchet outlines a generic way of developing the
transverse-traceless (TT) projection of an outgoing wave
onto the surface of a sphere centered on the source. How-
ever, as with the polar coordinates themselves, this pro-
jection has the potential to break down when the observer
lies along the coordinate axis, so a projection onto the R?
Cartesian plane, tangent to the sphere, may sometimes
be more appropriate. This Cartesian projection will be
used to discuss the TT gauge below and also enables a
more general discussion of plane-fronted waves, for which
exact solutions are known in general relativity [59-62]
and have been widely studied [14, 49, 51, 52, 54, 63—65],
even in connection with gravitational-wave memory ef-
fects [11, 13, 25, 26, 37, 48, 55, 56, 66-68]. In the next
subsection, we introduce additional background on plane
wave spacetimes before calculating the geodesics of parti-
cles as a function of the gravitational-wave strain profile.

B. Plane Wave Spacetimes

We review the plane wave spacetime formalism in the
context of calculating the velocity memory effect for a
general set of gravitational-wave polarizations. We dis-
cuss the drawbacks associated with calculating memory
effects in the commonly used transverse-traceless gauge.
After we define a suitable set of coordinates to calcu-
late the velocity memory effect, we use the memory ef-
fect formulae derived at the end of Sec. IIC to study
the second-order effects from sandwich waves in Sec. III
and evaluate the first-order effects for gravitational waves
from CBC’s in Sec. IV.

We first validate the plane wave approximation, for the
detection scenario of gravitational-wave radiation from
super massive binary black hole mergers in LISA. Con-
sider the scenario of a gravitational-wave detector with
arm-length L, at a fixed distance R away from a compact
binary source, observing a gravitational wave of wave-
length Agw. Then, to first order in the path length dif-
ference, A ~ L?/2R, induced by the curvature of the
gravitational wave-front, we require A << Agw. Such
a condition ensures that the spherical wave can be con-
sidered flat over the arm-length of the detector and the
gravitational-wave phase is uniform throughout. With
an estimate of the typical distance to a super massive
binary black hole merger set to R = 1 giga-parsec and
given a minimal gravitational wavelength of ~ 3 x 10°
meters for LISA, we require our detector arm-length to
be L << 10'7 meters, for the plane wave approxima-
tion to be valid at the location of observation. For the
proposed arm-length of LISA [44], this condition is well
satisfied.

Finding a useful plane wave spacetime to carry out
the physical predictions of general relativity is a little
tricky, as history has shown, with the infamous plane
wave spacetime dispute between [69] and [59], later con-
sidered by Richard Feynman who coined this problem
as the “sticky bead problem” in the famous Chapel Hill



conference of 1957 [70]. Examples of plane wave space-
times appropriate for our discussion are given in the
Baldwin-Jeffery-Rosen (BJR) coordinate system [60, 69]
(in transverse-traceless gauge), and Brinkmann [61] co-
ordinate system (a locally Lorentz gauge [71, 72]). The
coordinate transformations between these spacetimes are
summarized in Fig. 3 of Appendix B.

Transverse-Traceless Gauge

For those grounded in general relativity, the familiar
linearized TT gauge is a frequent choice when studying
the influence of weak, polarized gravitational waves on
the proper separation of test particles. In this gauge,
the gravitational plane wave must be weak, such that
O(h) << 1. A (local) line element in the TT gauge
(z,%,2,t), with the temporal profile of the metric per-
turbation defined as h(f + z/c¢) having two polarizations
4+, X, with the wave front parallel to the Z-y plane and
travelling in the —Z direction is,

ds® = Adt* + (1 + hy ) dz® + (1 — hy) di?
+ 2hy dxdy + dz°. (3)

Although familiar, the TT gauge is not an ideal choice
of coordinates to study the dynamics of test particles
arising from the velocity memory effect. The momentum
in the Z-g plane is explicitly conserved; if a particle begins
at rest, then it remains at rest even after the wave has
passed by. This feature of the TT gauge impedes our
ability to study the velocity memory effect, for which we
expect the final velocity, after the wave has passed by, to
be non-zero even for particles initially at rest.

We note in passing that the T'T gauge arises as a partic-
ular example of the more general Baldwin-Jeffery-Rosen
coordinates (see [49] for discussion) which have some-
times been used for examining exact plane wave solu-
tions. However, the BJR coordinates are known to be
singular, hence, we will not pursue them further here.
Instead, we consider a spacetime in which the coordi-
nates of freely falling test masses are time dependent,
non-singular, and allow for a change in the final momen-
tum after a gravitational wave passes by.

Locally Lorentz Frame

We now consider a gauge based on a locally Lorentz
frame (£, 2,7, ). This local Lorentz frame can be thought
of as a proper reference frame of an observer located at
the origin, such that the metric tensor must have two
defining properties: at the spatial origin (2 = 0), the
metric tensor reduces to the flat Minkowski spacetime
(local) and the first derivatives of the metric tensor also
vanish (Lorentz) at the origin. The line element in this
coordinate system, under the influence of a plane gravi-
tational wave h(f + 2/c), exactly equivalent to h(t+ Z/c)

(see Fig. 3 in Appendix B for details), is
P R P
ds® = (=14 — ) 2di® +da? +dp* + (1 + — ) dz?
2c2 2c2
D .
+ —dtdz, (4)
c
where we define the gravitational-wave potential in terms

of the polarization strains as,

Ot + 2/c,,9) = shy (3% — §7) + hu @7, (5)

N | =

where a dot represents a derivative with respect to the
argument of h. This locally Lorentz coordinate choice is
better equipped to study the dynamical response of test
masses to gravitational plane waves since the relative sep-
aration between a pair of test particles will just be the
difference in their positional coordinates, as pointed out
in the discussion of [71]. In addition, the momentum
in the horizontal £ — ¢ plane is not explicitly conserved
since the line element explicitly depends on the Z, § coor-
dinates. This property has an interesting feature: if par-
ticles begin at rest before the gravitational wave, then
they may not necessarily be at rest after the wave has
passed by.

The & — 3 equations of motion in the local Lorentz
frame are,

A2 (et + 221 e
g (' +2)1 .

where 7 is an affine parameter and a prime denotes a
derivative with respect to 7. In what follows we will
choose vV2u = 7 as an affine parameter with v de-
fined as vV2u = t + Z/c, see path C of Fig. 3 for de-
tails. Then, since (' + 2'/c) = V2u' = 7/, it follows
that (ct’ + 2)2/c> = 1 and, more generally, d/dr =
(1/v2)d/du. In addition, we consider a particle con-
fined to the 2 = 0 plane, in which case d/du = /2d/dt
and d/dr = d/dt. Then, under the influence of a linearly
plus polarized gravitational wave, the acceleration in the
Z direction is,

Pi_1dh(i),
a2 2 gz

(8)

After integration by parts, for a general initial velocity,
the velocity that test masses experience is,

vs = O(1) + %m@ _ %hm + o). )

The O(1) term comes from the initial velocity of a test
mass. Here is another advantageous feature of a locally
Lorentz frame: a constant non-zero gravitational-wave
strain value in a wave’s after-zone (such as the non-linear
memory component in Eq. 2) contributes, at first order,



to the total velocity of a test particle at a particular time,
given a non-zero initial velocity. Such a feature is impor-
tant to the physical case of the test masses that comprise
a gravitational-wave detector such as LISA, since they
are never truly at rest to begin with, and are constantly
influenced by extraneous sources of motion such as tidal
forces, stray electrostatic fields, and thermal excitation.
[44]. For the remainder of the paper, and to be consis-
tent with the work of [14, 46], we calculate the velocity
memory effect in a local Lorentz frame, specifically using
the Brinkmann coordinates.

Brinkmann Coordinates

We have found that in a locally Lorentz frame, the
velocity memory effect is expected to naturally present
itself during the wave’s after-zone under general condi-
tions. We introduce Brinkmann coordinates, for which
the metric is an exact solution to the full non-linear Ein-
stein field equations, and illustrate how this set of coor-
dinates is equivalent to a local Lorentz frame. For sim-
plicity, we choose our transverse spatial axes x,y to be
aligned with the two polarizations of the gravitational
wave. The Brinkmann coordinates (z,y, u,v) are global,
harmonic, and describe a gravitational plane wave where
the line element is

ds® = §;;dx'dz? + 2c®dudv + K;j(u)z'z?du®.  (10)

The pulse profiles A, (u), Ay (u) are free functions en-
coded in Kj;; via:

Kij(u)z'z? = %AJr(u) (952 — y2) + Ax(u)zy, (11)

where Kj;j, a trace-free 2x2 matrix with independent
pulse polarization profiles, satisfies the two-dimensional
wave equation as (K j(u)z’z’) = 0. The time-like vari-
able u is an affine parameter. The trivial coordinate
transformation between the Brinkmann coordinates and
alocally Lorentz Cartesian frame is described by the path
C in Fig. 3. The potentials between the two coordinate
systems are related by ®(f+2/c, #,9) = K;j(u)z's? with
A(u) = h(u(t + 2/c)).

Note: although the individual momenta in the spa-
tially transverse z- and y-directions are not conserved,
the equation for conservation of total momentum can be
used to solve for v(u) along a particle’s trajectory, imply-
ing that the v(u) coordinate does not give an indepen-
dent equation of motion. Since momentum conservation
does not hold strictly in the transverse plane, we can ex-
pect inherent divergences in the positions of test-particles
when the final positions of test masses are taken to ex-
tremes, such as u — oco. However, this is true even in
the A(u) = 0 Yu Newtonian case, for particles initially
moving with some constant relative velocity. We recog-
nize the existence of these non-coordinate singularities,
or physical “divergences”, when using the Brinkmann co-
ordinates [65] and stress that these divergences are to be

physically expected. However, to avoid explicitly encoun-
tering such divergences in our calculations, we integrate
our equations of motion over a real and finite domain of
u, such as [ug,uy], in Sec. III. Here, up will always be
fixed to occur before the initial arrival of a given gravi-
tational wave of interest, and u; (not necessarily fixed)
will typically occur some time later, after the passage of
the wave.

The equations of motion in the Brinkmann coordinates
effectively reduce to a classical (time-dependent spring
constant) two-dimensional particle motion problem, pa-
rameterized by u. Solving the Euler-Lagrange equations
yields,

A’z 1
i) (Ayz + Axy), (12)
d?y 1

This linear coupled set of second-order ordinary differ-
ential equations are in general solved numerically given
a set of initial conditions and pulse profiles. We can
see that the polarized pulse profiles A, Ax in the
Brinkmann coordinate system are related to the second
derivatives of the polarized gravitational-wave strains in
the local Lorentz frame h,,hy by comparing Eq. 12,
Eq. 13 to Eq. 6, Eq. 7 respectively.

For the remainder of the paper, we consider only the
subset of pulse profiles A(u), such that the following limit
condition is met:

B
lim A(u)du # +oo. (14)
ﬁA)OO _B

This limiting condition ensures that a given set of po-
larized pulse profiles A »(u), will result in a final, and
finite, constant velocity memory between test particles.
This limiting condition also implies a condition on the
displacement trajectories: the relative separation be-
tween a pair of test masses, in the after-zone, must
diverge linearly or slower to infinity. Note: the plus
contribution of the non-linear memory strain derived in
Sec. IT'A satisfies this limit condition of Eq. 14, since
A(u) = h(u(t + 2/c)).

In this section, we reviewed plane wave spacetimes and
introduced the Brinkmann coordinates. We highlighted
features of the Brinkmann coordinates that make them
useful for studying the velocity memory effect. In the
next section, we integrate the equations of motion in
Brinkmann coordinates, and solve for the geodesics of
test masses for general initial conditions. We investigate
how different initial conditions, and bounding properties
of the pulse profile, give rise to velocity memory effects
that arise at different orders in the perturbative expan-
sion.



I.C. B [h] (ex. sandwich wave) |B[h], B[h] (ex. CBC case) Blh], Blh]
w(uo) # 0,v0 = 0| QAT + QT — La(uo) [ Widu,| QAT+ OMT + O(h?), ouT+ 1 (iw) +Oh?),
x(uo) # 0,00 # 0 O(1) + OH) + O(h?) O(1) — 3 (hyi) + O(R*) |O(1) — L (hyd) + 1 (iz+x + O(h?)
z(ug) = 0,v0 # 0 0(1) + Oy + O(h7) O(1) + O(h) + O(h?) O(1) + O(h) + O(h?)

TABLE I: In this table, we summarize at what order terms in the velocity memory effect arise based on assumptions about
the gravitational-wave strain’s support and initial conditions of the test masses. These results can be seen directly in the form
our velocity equation Eq. 18 is written. The first column corresponds to the initial conditions. It is implicit that there are
third and higher order terms in all cases. For simplicity we include just the velocity gained in the x direction and a linearly
polarized wave, hx = 0. We use the notation B[f(x)] which means the function f(z) has bounded support. If the B is crossed
out denoted as B[f(z)], it means this function does not have bounded support. It is also implied if a function f(z) has bounded
support, than so do it’s derivatives. The case of the Christodoulou displacement memory effect is referred to in the CBC case.

C. Integrating the Brinkmann Equations of Motion

To calculate the final displacements and velocities test
particles experience due to a polarized plane gravita-
tional wave, we first solve the equations of motion over a
finite domain of u. We integrate the acceleration equa-
tions once, from ug to some u < uy, such that

u 1 w v,
/ Zdu = 3 (/ hyzdu +/ hxydu> , (15)
u uo Uo

u 1 v v
/ jdu = 3 (—/ hiydu —|—/ hxxdu) ,  (16)
uQ uQ Uuo

where we explicitly equate Ay »(u) = hy x(u) in the
equations of motion, with derivatives with respect to u.
To carry out the integration of the terms on the right-
hand side, we use integration by parts, for example,

/uu hywdu = (hx) :O - ((hi’) :O - /uu hjﬁdu) . (17)

The first term on the right-hand side, that involves the
product of the current position of the particle and the
amplitude of the derivative of the gravitational wave, is
the contribution to the velocity memory effect observed
in previous first-order calculations [39, 41, 50]. The sec-
ond term, proportional to the product of the amplitude
and the current velocity, will be the contribution to the
first-order velocity memory effect from CBC’s in Sec. IV.
The third term on the right-hand side is implicitly second
and higher order in the amplitude and, as we will further
discuss in Sec. III, will contain a term proportional to
the energy density of the wave itself, for sandwich waves.

Substituting the right-hand side of Eq. 12 and Eq. 13
into the integrand above, for the # and §j terms, gives the
following exact solutions for the velocities test particles

experience in Brinkmann coordinates:

u u

() = a(uo) + 5 ()| = S 0h)||

+ - (/ h+h+$du +/ h+hxydu>
4 uo uo

1. . u 1 NE
+§(h><y)’ _i(hxy)‘

Uuo Uuo

+ 1 (—/ hxh+ydu+/ hxhxxdu> ’ (18)
uo uo

u u

0 = gluo) - 5| + 50|

uo uo

+ i(hxa:) w §(hxx) e

1 LR uo
+ 1 </ hxh+zdu—|—/ hxhxydu) . (19)
uo uo

By writing the equations of motion in this convenient
form, it is relatively simple to separate out the terms
that contribute to the velocity memory effect at O(h) and
those that enter at a higher order. A summary of which
assumptions lead to explicit first-order and second-order
velocity memory is given in Table I.

The corresponding displacement curves can be calcu-
lated by integrating the above velocity equations once,

Uuo

u

z(u) = z(uo) —|—/ &(u)du, (20)

Uo

u

y(w) = y(uo) + / (). (21)

Uo

Given a set of initial conditions xg, yo, @ (uo),y(ug) and
strains hy (u), by (u), we evaluate the velocity and dis-
placement equations above, at some finite value uy. To
clarify, we define the velocity memory effect as the final,



constant, non-zero, relative velocity gained by a pair of
particles due to the presence of gravitational waves. A
maximal transient velocity will be imparted to each test
mass during the passage of the wave, as the integrated
velocity equations above suggest. However, that is not a
real memory effect and is instead just an aspect of the
passing gravitational wave.

In this section, we derived the necessary equations to
calculate the velocity memory effect for arbitrary pulse
profiles and initial conditions. In Sec. IV we use the
memory contribution of Eq. 2 to calculate the velocity
and displacement memory effect up to O(h) in the per-
turbative expansion. However, prior to calculating ve-
locity memory effects from CBC sources, we discuss the
lessons learned when calculating the velocity memory ef-
fect for pulse profiles that have bounded support, such
as sandwich waves, in Sec. III.

III. VELOCITY MEMORY EFFECT FROM
SANDWICH WAVES

We highlight characteristics of the velocity memory ef-
fect which arises for initially stationary test masses, un-
der the influence of a gravitational sandwich wave. We
compare results from numerically integrating the equa-
tions of motion, and using perturbation theory to ap-
proximate the final velocity, in Fig. 1. In this section, we
show that the velocity memory effect that arises in the
sandwich wave case is second, and higher, order in the
amplitude of the wave.

A common pulse profile to study particle orbits in
Brinkmann coordinates is the sandwich wave, as exam-
ined in [46] and [47]. The sandwich wave pulse profile
has the general form of

3

A+(u) = 7L+(As,0'§u) = W (

Ase*%“) L (22)

To calculate the velocity memory effect from sandwich
waves, we input Eq. 22 into the right-hand side of Eq.
18 and Eq. 19, specify the initial conditions between test
masses, and evaluate the integrals.

We begin our experiment by placing two test parti-
cles on the x — y plane: one at the origin, that under-
goes no change during and after the sandwich wave, and
one at an arbitrary point (zg,y0). We interpret the fi-
nal relative velocities and positions with respect to a
reference frame centered at the particle placed on the
origin. Since we integrate over a time interval [ug,uy],
which corresponds to before and after the wave, we set
h(uo) = h(us) = h(uo) = h(us) = 0. We explicitly make
use of the following assumptions in our analysis: (i) the
particle at (zg,yo) initially begins at rest relative to the
particle at the origin and (ii) A(u) has bounded support.
We simplify our calculation by considering only a linearly
polarized pulse profile so that hy = 0 for all w. Under
these assumptions, and using the exact equations of Eq.

18 and Eq. 19, we calculate the final velocity in each di-
rection at some finite u after the pulse’s duration, where
the strain and it’s derivatives effectively vanish.

The velocity memory effect for sandwich waves, with
initially stationary test masses, is

i(uf) = fix(uo) /uf h2 du+ O(h?), (23)
iug) =~ y(uo) /uf du+ 0. (24

Above, we include all the terms that arise at second or-
der in the gravitational-wave amplitude, and it is implicit
that there are third and higher order terms on the right-
hand sides. Since the sandwich wave has bounded sup-
port, there is no velocity memory effect contribution at
first order in h(u). The source of the second-order term
in these velocity memory equations is proportional to a
quantity similar to the integral of the energy density h? of
the gravitational waves [49], hence, this contribution to
the overall velocity memory effect does not scale linearly
with the amplitude of the plane wave.

0.75
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050 --—--- approximate O(h?)

0.25

0.00

-0.25

Vi (ur)

—-0.50

-0.75

-1.00 :

-1.25
1073 1072 1071 10° 10t

As [1/5]

FIG. 1: This plot summarizes the results of numerically in-
tegrating the Brinkmann equations of motion versus approx-
imating the equations of motion with perturbation theory.
The red dotted curve (approximate) shows how much the
O(hQ) energy density term contributes to the total velocity
memory effect at a fixed amplitude of the sandwich wave. The
solid blue curve (exact) is calculated from numerically inte-
grating the metric, which includes all terms. We begin to see
agreement between the two curves as the amplitude decreases
below As ~ 0.5 sec™ 2, implying that for weaker gravitational
sandwich waves, the velocity memory is well approximated by
just the energy density term. Higher order terms are respon-
sible for the disagreement between the two curves for larger
amplitudes. For reference, the sandwhich wave studied in [46]
had an amplitude of As =1 sec” 2.

To compare the contribution of the second-order term
in Eq. 23 and Eq. 24, to the total velocity memory effect,



we numerically integrate our equations of motion and
solve for the final velocity a sandwich wave induces in a
particle that begins at rest, initially at a position of (1,1).
We then vary the amplitude A, at a fixed 0 = 1 sec?
and plot the results in Fig. 1. As the amplitude of the
sandwich wave gets smaller, the velocity memory effect is
well approximated by the second-order term discussed in
this section. As the amplitude grows larger, terms that
are higher order than O(h?) explain the disagreement
between the two curves in Fig. 1.

Integrating the velocity curves &(u) and y(u) and eval-
uating at some uy, we arrive at an equation for the dis-
placement memory effect in this scenario as,

2(uy) = (o) (1 _ i/uuf d /uu hidu) + O, (25)

y(uys) = y(uo) (1 — i/u:f dit /uu hidu) + O(h%). (26)

This non-zero difference in final test particle positions
due to a double integral of a second-order term was ac-
tually known nearly two decades before the results of [35],
in [73], with the use of a Kundt metric [62].

Thus far, we have studied the velocity memory ef-
fect case for large, and moderate, amplitudes of plane
waves. To describe memory effects in realistic space-
based gravitational-wave detectors from CBC sources,
where the gravitational-wave strain scales as 1/r, we re-
strict our memory effect formulae to first-order in the
gravitational wave.

IV. VELOCITY MEMORY EFFECT FROM
COMPACT BINARY SOURCES

In this section, we show how the non-linear memory
contribution (Eq. 2) from CBC sources, induces a first-
order velocity memory effect in a pair of initially non-
stationary test masses, such as those that comprise LISA.
We discuss some implications of observation for the ve-
locity memory effect in LISA.

As discussed earlier in Sec. IT A, the gravitational-wave
strain from CBC’s can be thought of as a combination of
oscillatory and non-oscillatory modes. Since the haa(?)
oscillatory mode from CBC sources has bounded sup-
port, it contributes to the first-order displacement mem-
ory effect only through terms that require an integra-
tion of the oscillatory mode with respect to time. How-
ever, this contribution is negligible since the area under
haa(t) for a non-spinning circularized binary roughly av-
erages to zero over sufficiently many cycles. For sim-
plicity, we set h(to) = h(to) = 0 since we are concerned
with changes in the relative velocity, and displacement,
from to to ty. In addition, the first-order term in the
velocity memory effect, proportional to the product of
the initial separation and the current value of the first
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derivative of the strain A(t;), vanishes for gravitational-
wave radiation from CBC’s after the merger takes place
in-band. We write the first-order velocity and displace-
ment memory effect equations for CBC sources as a
difference from their respective O(1) Newtonian terms
Ny, Ny = z(to) + @(to)T, y(to) + y(to)T, with an initial
relative velocity of vg = \/22(to) + 9%(to), and total in-
tegration time of T' = t; — to. After careful evaluation
we find,

du(ty)

. . ]' mem
VBE2(tg) + 32 () = SvohT(tr,0), (2)

1
Sx(ty) = a(ty) — Ny = 629 + i(to) <2Th$em(tf, L)

- / N hmem (¢, L)di) . (28)

to
. 1 mem
Sy(ty) = y(ty) — Ny = — 6y© — y(to) <2Th+ (ty,0)

- / N hmem (¢, L)dlf) . (29)

to

The first-order velocity memory effect from CBC’s in
Eq. 27, written as the magnitude of the change in ve-
locity, is sourced from a constant final non-zero memory
strain value h™°™ (¢, ¢) which results in a linearly diverg-
ing relative separation between freely falling test masses
that comprise a detector. This first-order velocity mem-
ory effect arises due to the non-vanishing of the integral
in Eq. 2 for a CBC system. This is in contrast to the
velocity memory effect in Eq. 23 and Eq. 24, which orig-
inated simply due to the passage of a sandwich wave. We
denote the constant displacement memory effect in Eq.
28 and Eq. 29, as predicted by [35], using 62 and §y©,
where these terms are a product of the initial separa-
tion and the final memory strain value. The two newer
contributions to the final displacement memory effect,
are multiplied by the initial velocity in Eq. 28 and Eq.
29, hence, vanish for particles that are initially at rest.
Above, Eq. 27 to 29 encompass the after-zone motions
of test masses, such as those that comprise future space-
based gravitational-wave detectors, due to the non-linear
memory contribution from compact binary sources.

We now give an order of magnitude estimate of the
relative separation induced by the first-order velocity
memory effect, between test masses that comprise LISA,
over the detector’s total observation duration. Con-
sider the scenario of a pair of test masses, that com-
prise a single arm of the LISA detector and, moving
with an initial zeroth-order relative velocity of O(m/s)
due to orbital dynamical motion of the spacecrafts [44].
Since the velocity memory effect induces a constant drift
in separation between test masses in the wave’s after-
zone, it will contribute to the total path-length dif-
ference measured between the pair of masses. This



DC (f = 0) path-length difference is on the order of
O(vgh™e™T) m, where T is the total integrated obser-
vation time. For a gravitational-wave memory ampli-
tude from a super massive binary black hole merger be-
tween max{h™*™} ~ [10717,10722] (see [25] for predicted
rates of memory amplitudes), and an observation dura-
tion of ten years, the velocity memory effect will induce
DC path-length differences, between a pair of spacecrafts,
that are O(10 to 10~*) nano-meters. Formulating a prac-
tical method to resolve this path-length difference, from
known DC displacement noise contributions in LISA, is
beyond the current scope of this paper.

V. CONCLUSION

In this paper, we calculated the first-order velocity
memory effect from CBC sources and found that the non-
linear memory strain, which remains at a constant value
after the wave has passed by, is also responsible for a
constant final velocity experienced by freely falling test
masses initially in motion, thereby generalizing the his-
toric results of [35, 39-41]. We showed that the velocity
memory effect from compact binary sources in LISA will
induce small DC path-length differences over the detec-
tor’s lifetime. We expect these differences from the ve-
locity memory effect, to be orders of magnitude smaller
than other sources of DC displacement noise, however, we
leave a detailed calculation of this comparison for future
work. Our results suggest a novel, physical, prediction of
general relativity: freely falling test masses will diverge
linearly with a constant velocity, proportional to the fi-
nal value of the non-linear memory strain, in contrast to
the constant displacement of the Christodoulou memory
effect.
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Appendix A: Non-linear Hereditary Memory
Integral

Given an anisotropic gravitational-wave energy flux,
we can represent the non-linear memory strain at fixed
distance R away from a CBC source, in an arbitrary lin-
earized gauge, as (given in [55] [56] [38] [36]),

/oy

1 —n/lNl

t
hij(t, Q) = iG /ﬁ dt B dY' (A1)

" Rt 52 dtdsY’

— 00

We use spherical angular coordinates €', ¢’, defined
in the source’s Cartesian coordinate frame (z/,y’,z’).
The angular location of the observer on the sphere
(6%, &™), centered with respect to the source, is at a dis-
tance R away from the source. The angular integral is
taken over the solid-angle dQ' = sin(6')df'd¢’. Above,
n'(0',¢") is defined as the general unit radial vector di-
rected from the source to d€) with components: 7’ =
(cos ¢’ sin®’,sin 6’ sin ¢’, cos@’). The observer’s angular
position is encoded in N (6%, ¢*), defined as the unit line-
of-sight vector drawn from the source to the observer with
components: N = (cos ¢* sin 0*, sin 6* sin ¢*, cos 6*).
Following the convention of [55] and [38] we set the di-
rection from the source to the observer along the source’s
2 axis so that the unit vector N = (0,0,1). This simpli-
fies the dot product in the denominator as 1 — n/lNl =
1 —cosf’. We include a diagram of the orientation con-
vention used to derive the final memory strain in Fig.
2.

Earth

N(6", ¢")
nl(gl, ¢I)
dq’

FIG. 2: This diagram summarizes the orientation convention
used to integrate over the solid angle in the memory equation.
We align the Earth along the CBC source’s 2’ axis. L is the
direction of angular momentum of the CBC and is perpendic-
ular to the plane of rotation.

For a CBC source, the gravitational-wave energy flux
is defined as [56],
dE 2.3
O = ()P
dtdQ) 167G

Here, the complex valued h(t, Q) = h (¢, Q) —ihy(t,9Q) is
the gravitational-wave strain, where we have used short-

(A2)



hand notation to describe the real part by taking the
complex conjugate on the right-hand side so that the net
energy flux is real and always positive. The derivative
is with respect to time t. Gravitational waves can be
decomposed onto a spin-2 weighted spherical harmonic
basis (s = —2,l,m) so that we can separate the time
information from the angular information,

h(t,€2) = P () V5 (). (A3)
Including multiple higher harmonic spherical modes in
the memory integral , which enriches the phenomenology
of the memory strain, has been carried out in [56], how-
ever, for our calculation, using the dominant quadrupole
(I = 2,m = |2|) mode as the primary driver of the energy-
flux is sufficient. In actuality, the non-linear memory part
of the outgoing gravitational-wave radiation contributes
to the overall energy flux, however, compared to the first-
order memory signal, this memory of memory has been
shown to be orders of magnitude smaller, and hence for
our calculation negligible [56].

The (I = 2,m = +2) spin-weighted spherical harmon-
ics are given by [68],

1 /5 )
V220, ¢) = 8\/>(1 + cos 0)2eF29, (A4)
7r
Excluding higher order mode contribution, the approx-
imated gravitational-wave strain from the dominant
quadrupole strain modes is,

h(t,0,¢) ~ haa()Y?%(0, ) + ha—a(t)V235%(0, ¢). (A5)

To simplify our calculation, we consider non-spinning
equal-mass binaries, which allows us to relate the (I =
2, m = £2) modes via the complex conjugate ha_o = h3,
and justifies the exclusion of higher order modes in the
energy flux. This gives us the following expression for
the magnitude of the derivative of the gravitational-wave
strain,

|h\2 ~ (h22y322 + h§2y352> . (%237322 + h;ﬂﬁf) (A6)

Following the discussion of [68] and the considerations of
[74], after only including the terms that are non-negligible
averaged over one orbit, the magnitude of the derivative
of the strain becomes,

|h(t,0)|> ~ 2 (&) (cos® 0 + 6.cos® 0 + 1) |hao(t)|2(AT)

Note, the 6 used in the above equation should not be
confused with ¢, as 6 is the angle that the primary di-
rection of emission 7' (0, ¢') makes with the binary’s ro-
tation axis or angular momentum vector. Following the
orientation convention of [55], we can simplify the angu-
lar integral by orienting the source’s angular momentum

vector L to lie in the 2’ — 2’ plane. Then, we can define
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the inclination angle ¢ as the angle between L and the
direction to the observer (which we’ve chosen to be in
the 2’ direction). This allows us to write the following
equation relating the angle 6 to ¢, 8, ¢’ as outlined in [55],

cosf = sintsin @’ cos ¢’ + cosicosd'. (AB)
Note: we will concern ourselves only with circularized
binaries. While the energy flux would normally depend
on the eccentricity, we have implicitly set that to zero.

The memory strain as a function of time and the incli-
nation angle now becomes,

5 R [*

s ¢ | [t

hij (t, L) =

— 00

X / (1 + 6cos? 6 + cos* 0) {AQJ asy’, (A9)
82

where we define the tensor,

1.7
A - N
ij

1—cosf"’ (A10)

Next, we calculate the plus and cross polarizations of
the memory strain near our detector. Before carrying out
the respective angular integrals, the angular integrand is
simplified by TT projecting both the left and right-hand
sides of the memory strain Eq. A9 above. We choose a set
of coordinate axes, defined at the location of our detector,
and orient them so that the line of sight vector N points
along the 2’ axis. The TT projection on the right-hand
side acts solely on the tensor Agj defined above. Using
the projection operator P;; = d;; — N;IN; we can project
an arbitrary symmetric tensor B;; into the transverse and
longitudinal directions at the observer location by,

1
B}, = 5ijP“”Blm, (A11)
Bl = Bjx — P/P{"Bp,. (A12)

Then with these components, the transverse-traceless
part is,
BL = P/P"Byy, — %ijPmlBlm. (A13)
We now consider the case of a plane (or plane-
projected) wave travelling in the +2’ direction so that
all components of the projection operator vanish except
Py, = Py, = 1. With this convention of the polarization
basis, all the longitudinal components vanish so that the
plane wave is purely transverse and traceless with polar-
ization components,

hy =hiy = ~h3y (A14)
hy = hi) = hiT. (A15)
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A B
a~(U)~5~+sH~(f+E) " 1 1 5
ij ij ij ¢ x~x(1 _§h+)_5hxy
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5o n Z 1 i 1 2 -1 -1 ..'.
A+,x(u)=h+,x(t+z) k=2P(b+302)Pib=ata / \
x=ix u=U 1
- v=V->(X-a(l)X) )
ax (142 I ® Brinkmann
u== ”‘) - uv,x
O a(U) = PWU)TP(V) (wv,x,y)
3 Z .
v=ﬁ(—t+z) P=KP

hij(6,Q7) = hy x (8,0

hy = h{T = —hi3, hy = 7 = hy

Source Frame

.6, ¢"

FIG. 3: A schematic diagram showing the coordinate transformations between the CBC’s source frame and the following
set of plane wave spacetimes: Brinkmann, BJR, Local Lorentz (LL), and transverse traceless (T'T). The explicit coordinate
transformations are given in the four boxes to the upper left. Dashed lines correspond to approximate transformations, solid
lines correspond to exact transformations, and the dotted line corresponds to a transformation which can be characterized
exactly, but in practice, cannot be implemented exactly. This diagram helps visualize the rich coordinate relations between
plane wave spacetimes.

Hence, to calculate the plus and cross contributions of A/ligT — Ay = 1 (1+ cos ) sin 2¢'. (A19)
the memory strain we need to evaluate the following, 2
t ’ ’ / ’ .
he =W = > B / o (£) 2t Note, A;3" = —AJ" = and A[57 = AT since Aj; =
12872 ¢ J_ A;z Now we can compute the angular integrals:
TT
X / (14 6cos® 0 + cos ) {A’H} asy’, )
s (A16) Fi ()= 5/82 (14 6cos® 0 + cos? 0) (1 + cos ') cos 2¢'dCY
2
= 1—7; sin? L(17 + cos? L), (A20)
5 R [
_ 3 TT _ 2
e =W (00) = g | Ll P
TT
X / (1+6cos® 0 + cos* 0) [A’m} asy’.
82 1
(A17)  Fyx(1) = 3 /2 (14 6cos® 6 + cos® 0) (1 + cos6') sin 2¢'dY
s
=0. (A21)

Using the TT projection operators, we can evaluate,

i1 1 , , All together, we can calculate both the polarizations
A= ) (A1 — Az) = 5 (14 cost') cos2¢’, (A18) for the memory strain,



t

|hoo (t)]?dt,
(A22)

1 R
R (t,0) = T99m o sin? L(17 + cos? L) /

— 0o

with hy = 0 in this choice of polarization and basis ori-
entation. This result is in agreement with [37, 75, 76].
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Appendix B: Coordinate Transformations Between
Plane Wave Spacetimes

We provide a summary of coordinate transformations
between the TT gauge, Baldwin-Jeffery-Rosen coordi-
nates, Brinkmann coordinates, and a locally Lorentz
frame in Fig. 3.
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