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ABSTRACT: We use covariant phase space methods to study the metric and tetrad formula-
tions of General Relativity in a manifold with boundary and compare the results obtained
in both approaches. Proving their equivalence has been a long-lasting problem that we solve
here by using the cohomological approach provided by the relative bicomplex framework.
This setting provides a clean and ambiguity-free way to describe the solution spaces and
associated symplectic structures. We also compute several relevant charges in both schemes
and show that they are equivalent, as expected.
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I Introduction

Space-time boundaries play a prominent role in classical and quantum General Relativity
(GR). Their applications range from black hole thermodynamics [1, 2] to the study of
radiative modes at scri [3—6]. They are also fundamental to describe isolated and dynamical
horizons [7—11] or in the definition of physical charges [12-15]. Boundary terms also control
the dynamical properties of some midisuperspace models with “conical singularities” at
spatial infinity such as Einstein-Rosen waves coupled to massless scalar fields [16-19].

Classical GR defined in a space-time without boundary may be alternatively described by
the first order Hilbert-Palatini (or Holst) action in terms of tetrads or the Einstein-Hilbert
Lagrangian in metric variables. In particular, the corresponding Hamiltonian descriptions
are equivalent. Moreover, by employing standard covariant phase space (CPS) methods, it
is possible to see that their respective symplectic potentials differ by an exact form. Thus,
when this form is integrated over a Cauchy slice 3, the result vanishes as a consequence
of Stokes’ theorem. This shows that the presymplectic forms corresponding to the metric
and the tetrad formalisms are equivalent in the space of solutions.

The situation changes substantially when boundaries (possible at conformal infinity) are
present. Some of the concerns regarding the equivalence of the tetrad and metric formu-
lations may be attributed to the choice of bulk and boundary Lagrangians. In fact, many
discrepancies found and discussed in the literature [20-23] are to be expected since the
boundary dynamics is not always explicit and the solution spaces are not fully specified.
To avoid these problems, it is crucial to choose variational principles such that the equiva-
lence of the dynamics they describe, both in the bulk and at the boundaries, is guaranteed.
The choice of the bulk and boundary Langrangians will determine the presymplectic struc-
ture in the solution space as well as the Noether charges.

The purpose of this paper is to prove that the metric and tetrad formulations are equiv-
alent in the CPS framework with Dirichlet boundary conditions (BC) and (homogeneous)
Neumann BC (the same methods can be applied to other BC). This proof has profound
physical implications. Although at first sight this may appear as a purely mathematical re-
sult, non-equivalence would make physical quantities formulation-dependent. For instance,
the conserved charges might differ at conformal infinity and/or at the black hole horizon.
As suggested in [20], this would have repercussions in the thermodynamics of black holes.

To prove the equivalence, we will rely on the relative bicomplex framework, a formalism
developed in [15] which is cohomological in nature so no ad hoc choices are required.
This formalism will allow us to establish the equality of the metric and tetrad symplectic
potentials in the relative cohomology (equality up to a relative exact form as explained
in the appendix). Consequently, the respective presymplectic forms in the solution space
are equivalent and, as expected, there is a precise correspondence between the Noether
charges in both formulations. As a direct result of our discussion, we will consider the
asymptotically flat case and rederive the well-known formula for the ADM energy.

The paper is structured as follows. In the next section, we present some of the geometric
concepts relevant for the implementation of the CPS-algorithm developed in [15]. In III,
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we apply this algorithm to the metric formulation of GR. Section IV presents an analogous
study for the tetrad (or vielbein) formalism. In Section V both formulations are compared
and shown to be equivalent. We present our conclusions in the last section of the paper. We
have also included in appendix A a short summary of the relative bicomplex framework
together with some computational details. Throughout the paper, we will use a mixed
notation combining explicit indices and index-free expressions. The idea is to use each of
them whenever they are useful: the former is more standard and sometimes more explicit,
while the latter simplifies significantly some of the computations. For the benefit of the
reader, relevant results are presented in both notations.

IT The geometric arena

II.1 M as a space-time

Let M be a connected and oriented n-manifold admitting a foliation by Cauchy hypersur-
faces. Without loss of generality, M = I x X for some interval I = [t;, ty], (t; < ty) and
some (n — 1)-manifold ¥ with boundary 0% (possibly empty). Denoting ¥; = {¢;} x ¥ and
Yr = {ty} x X, we split OM into three distinguished parts

aM:EanLMUZf

where ¥; ¢ are the “lids” and 9, M := I x 0 the “lateral boundary”. M = I x is a manifold
with corners 0%; U 0%, which, as a set are 9(0,M). The following diagram summarizes
relevant notational information about embeddings and the induced geometric objects.

(E,%D,{a,b,...}) (t.n%) (Mjg,v, {oz,@...})
(lu“)T T(Jﬂ/") (IL1)
(82,7,5, {a,B,...}) W (8M,g,7,{54,3,...})

The entries in each 4-tuple in (II.1) are: the manifold, the (non-degenerate) metric or
pulled-back metric, its associated Levi-Civita connection, and the abstract indices used to
describe tensors in the manifold. The arrow labels specify the notation used for embeddings
and normal unit vector fields. Horizontal arrows are associated with future pointing normal
unit vector fields and vertical arrows are used for outward pointing normal unit vector fields
at the boundary. The notation just introduced is not consistent for the bottom lid ¥;, as
it may be thought of as a spacelike hypersurface embedded by 2; or considered as part of
OM. ¥; often appears as the boundary of M, so we choose the outwards (past pointing)
convention in this case. An overline is often used to denote objects that live exclusively at
the boundary, such as g, which in index notation reads 957 Notice that the embeddings »
and J are fixed since the boundaries are also fixed. However, ¢ and 7, which embed (X, 0X)
into (M, 0M), can be chosen among the Cauchy embeddings satistying «(9%) C 9, M.

As (M, g) is oriented, we have the metric volume form vol, that assigns the value 1 to every
positive orthonormal basis. We orient > and d,M with vol, and volg, respectively given by

*(1voly) = —naU%vol, 7 (tgvoly) = v U%volg (I1.2)



for every vector field U. These orientations are the ones for which Stokes’ theorem holds
in its usual form. Finally, 0¥ can be oriented as the boundary of ¥. Thus vols is given by

7 (epvoly) = paVivoly — i* (147, volg) = +mgW *voly (IL.3)

Notice that if we use Stokes’ theorem from O M to 0(0.M) = 0%; U 0%¢, a minus sign
appears in the integral over 0%;.

I1.2 From M-vector fields to F-vector fields

Let F be a space of tensor fields on M (sections of a certain bundle £ = M) that may be
thought of as an infinite dimensional differential manifold where we assume that the usual
differential objects—Ilike tensor fields, the exterior derivative dl, the interior derivative g,
the wedge A, or the Lie derivative £—are well defined (see the appendix of [15] for more
details about this and other technicalities). As a reminder for the reader, most objects
defined over the space of fields are denoted with a double font. Given a vector field £* on
M, let us associate to it a canonical vector field X¢ on F. To that purpose, we assume that
¢ is tangent to .M but not necessarily to ¥; and ¥ (notice that we can always extend
the interval [t;, 7] to avoid problems at the lids) and take advantage of the fact that a field
¢" (r ranging over the number of fields of the theory) can be interpreted in two ways:

e As a tensor field on M. That is, a section ¢" : M — E" of some bundle E" 5 M
such that ¢, := ¢"(p) € £ = 771 (p). In particular, we can take its Lie derivative
(Led™)p = 8T|o(<,0§)*¢;, where {5}, C Diff(M) is the flow of £. If F is reasonable
enough, as it is the case in this paper, we will have L¢¢ € F.

e As a point of F. A vector field X¢ of F is a section of the tangent bundle T'F i.e.
(X¢)gp :=Xe(¢) € TyF =2 F. The last isomorphism comes from the fact that the field
space F is linear in this case. The non-linear case is not as straightforward, but it is

possible to carry out similar constructions in concrete examples.

Taking into account these remarks, we define
(Xg)o = Leg” = Ly ¢" = Led" (IL.4)

Notice that d¢" (which appears in the definition of the Lie derivative £ through Cartan’s
magic formula) has to be interpreted as the exterior derivative of the evaluation function.

11.3 CPS-Algorithm
This paper relies heavily on the results of [15]. For convenience, a summary has been
included in the appendix, but we list here the main steps of the CPS-algorithm since it
will be used throughout the paper. This algorithm provides an ambiguity-free method to
construct a presymplectic structure in the space of solutions canonically associated with
the action of the theory.

0. Given the action S : F — R describing the dynamics of a particular field theory,
choose any Lagrangian pair (L, ) such that

S:/L— 7
M oM
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1. Compute dL = E,. A d¢" + d© and choose any © compatible with the previous
expression (uniquely defined up to a d-exact form).

2. Compute df — 50 = b, A d¢” — df over 9. M and choose any admissible 6.
3. Define Sol(S) = {¢ € F | E.(¢) =0, b.(¢) =0} and the inclusion g : Sol(S) — F.
4. Compute the presymplectic structure canonically associated with S
Q% :=d (/ 1O — z*H) — Qs = 75 Q
by %

where 2 : ¥ < M is any Cauchy embedding and 7 := 1|9y : 0% < 9, M its restriction.
Qs does not depend on 1.

It is important to notice that it is not always possible to perform the second step. If b,
and 6 do not exist (their existence does not depend on the chosen ©), that means that the
theory is not well defined and hence we will have to change F and/or the action (hence
(L,0)) to ensure that the equality holds. Once we have the presymplectic structure, the
following two steps provide important additional information about the theory at hand.

5. Study symmetries; i.e. find out if X¢ is a d-symmetry and obtain the §-currents and
Je =1L — L @ % k=
75__57 £ Qé::/ngf/zk
Je = —Lgﬁ — ux,0 b

6. Compare €ds with the presymplectic structure obtained in the standard Hamiltonian

&-charges.

formulation.

IIT General Relativity in terms of metrics

Step 0: Action

Let us consider the following spaces of metrics on M
FI = Met(M) FI = (g € Met(M) | § := g fixed}

that we will refer to as Neumann and Dirichlet metrics respectively. Here Met(M) is the
space of Lorentzian metrics on M such that the lateral boundary is time-like and the lids
are space-like (it is an open set of the space of all Lorentzian metrics on M ). Consider also

the actions Sg(,n) and Sgn)

(m)
m m Lyy (9) = (Rg — 2A)volg
S(GR)(g) /LSEH / EGHY 2m) ) 2Tr-(F)vol
GHY\9) = —4llg(fA )Volg

but suitably restricted to these spaces of metrics. Our Lagrangian pair (L](Enﬁ), KE;H)Y) consists

both equal to

of the Einstein-Hilbert term with cosmological constant in the bulk and the Gibbons-
Hawking-York term on the lateral boundary. R, denotes the g-scalar curvature (following
the signs conventions of [24]), voly and volg the metric volume forms, and K the extrinsic
curvature of 9yM C M given by

_ 1,
K:zijﬁgg = Kf—]ajﬁv vg
where I/ is the g-normal vector field to OpM with v,v* = +1.
4



Step 1 and 2: Variations

According to the computations given in the appendix, we have

ALy = EZY) A dgas + dO(y,) ALy — 7" Omy = D) A G5 — By
where
Eo;g (g) — RiCaB _ & — A gaﬁ VOlg BEZ (g) = — (K&B — Kgag) VOlg
(m) 2 (m)
@(m) (g) = LWvolg 9(m) (g) = L‘-/‘VOlg
W, = VPdgas — g7 Vadgs, Va = —120°dgas

Step 3: Space of solutions

Once we know the basic variations, we can compute the variation of the action
d,S £ / B2 (g) Adgas — / - 07 (9) Adgz (IIL.1)

where = denotes equality up to integrals over the lids. Notice that those integrals are
unimportant because the values of the dynamical fields on the lids are kept fixed when

(m)

obtaining the equations of motion of the theory. The solutions obtained from Sy

given by metrics g € F ](Vm) satisfying Einstein’s equations E(,,) (9) = 0 and the Neumann

are

boundary condition B(m) (g9) = 0, whereas those from Sgn) correspond to metrics g € F gn)
satisfying Einstein’s equation and no additional BC. Indeed, in the latter case the boundary
integral of (III.1) vanishes as a consequence of the Dirichlet BC introduced a priori on the
definition of F (Dm).

Remark III.2

It is important to realize that a boundary term must be included in the two theories that
we consider (i.e. when no a priori BC are imposed on the space of fields and with Dirichlet
BC). Otherwise, as explained in section I1.3, the second step cannot be performed and thus
the space of solutions is not well defined. Nonetheless, it is possible to impose homogeneous
Neumann BC a priori and include a different boundary term [25] (which vanishes for
dimension 4). However, as we have shown, this is not necessary. Finally, it is worth noting
that non-trivial BC may lead to constrained variations, which must be properly handled.

Step 4: Symplectic form

Given a Cauchy embedding z : ¥ < M, we compute the presymplectic structure canonically
associated with the action as

Q! :d(/ O — [ 7 )
(m) El (m) BZZ (m)

Using the results of the previous sections and the computations of the appendix, we obtain:

1
V) = /E n°N 6% 6¢d g, AVdg,gvol,

m)
1 A N A

(IIL.3)
- = 82(710‘9577/1 + m*Pg" ]nj)\)d\gag/\d\gmv017

2
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As indicated in (IL.1), n® is the g-normal to #(X) C M, v# is the g-normal to ;M C M,
m® is the pushforward of the g-normal to 7(0X) C d;M, and p* is the pushforward of the
~v-normal to 0¥ C X. We have also used the generalized Kronecker delta

o e
§hBs —

a1

5& cee §Bs

Qs

Step 5: Charges

The Noether currents associated with an arbitrary vector field £% tangent to the lateral
boundary are computed in the appendix. The result is

ng) — dQém) + 2%y (LgE(m)) jém) = ]*Qém) — 2%y (ng(m))

where Qém) = %4d¢ is the &-Noether potential and (E(m),l;(m)) are the 2-tensors that
multiply the top-forms in (£, B(m)). As usual, x4 is the g-Hodge dual operator and, in
order to ease the notation, we represent also by & the 1-form metrically equivalent to the

vector field £. The &-charge is then given by

Qg (m) =2 /Z g (16Bmy) +2 [T g (1ghem) (IT1.4)

The last expression, when pulled back to SOI(SS\T)) C F ](Vm), vanishes as expected because
the theory is Diff-invariant [15]. However, over Sol(Sgn)) CF I(Dm), the boundary integral is
not necessarily zero as B(m) does not vanish in general. Notice that fixing the metric on the

boundary breaks Diff-invariance.

Step 6: comparing with the Hamiltonian formulation
If we consider 0¥ = @, the equivalence between the CPS presymplectic form obtained in

step 4 and the canonical ADM presymplectic form has been established in [26, 27]. The
case with boundaries is not as straightforward and will be studied elsewhere.

The asymptotically flat case

As a further application of the CPS-algorithm, let us obtain the ADM energy of an asymp-
totically flat space-time (see [28, 29] for similar approaches). For that purpose, consider
M =¥ x R endowed with the Minkowski metric gg = —dt?> + ¢. Then ¥ is a 3-manifold
with Euclidean metric o and boundary % = S2, a 2-sphere of o-radius ro. Take a small
perturbation h € Ty, Met(M), such that h := 5*h = 0 (compatible with the Dirichlet con-
dition, otherwise the charge is zero as the theory is Diff-invariant). The {-charge given by
(IT1.4) restricted to the space of solutions is given by

Qe =2 /a y Exmz(K o _ K% )voly

Expanding the integrand in terms of h, and labeling with a circle the quantities associated
with go (the “background” objects), we obtain

o

Qe =2 /6 . Ex(iTig+ Ly i) (I?EBJFE;J(EB — (K +L,K)(§% ~ £,5°) ) (volz+ Lyvol,) + - -
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where we omit higher order terms in h as they vanish when rqg — oo if we consider &€ :=n
and the inertial foliation {{t} x X}; (in particular, we take 77 = 0).

Using the decomposition of the normal v, = —v;n, + I/J and some of the results of section
A.2, we have

. Ng + V1V 1 _ vy
£hm5 = j%[h <ale|a) = up <|1/T’]gdna — madeL>
VL
TE

1 -1
= et (2”6*”%“%) o

1. J
= —5&at O hg, +0 = —2&E T hg, =0
where we have used that 7, = 0, £ = n and the fact that £ is tangent to the lateral boundary

(hence we can replace h with h, which is zero). Notice that the previous computation is
performed at the point gy in the space of fields and at the lateral space-time boundary.

This computation together with T%LE = EE takes care of the first parenthesis of Q¢. The last
one can also be easily computed by using the variation of the volume given in section A.2.

Let us now deal with the term in the second parenthesis. First notice that K™ vanishes

when contracted with £€5 (in coordinates this would be K "y, while £,5°° = h = 0. A
long but straightforward computation gives the following variations

- - ——7 1 o o
Exbgi K™ = 36 (Vshag — 20" Vahs,
L,F = 2oy (Vo MWah Leagd (S,m "Wah
hK— §Zalb’y (Vg QB—V Va 57) — 56 f (Vg alg—QV Va /37)—
le , 7 1
— 5Da(FVF 5 sh)a) + 567V  Lagas€ v hoy
As the result is independent of the Cauchy slice, we introduce coordinates {t,x1,x2,x3}
and take, as we mentioned before, a Cauchy slice given by ¥ = {t = ¢y}, then
V= 7(07 xT1,T2, $3)
To
Notice that everything is constant along the t-direction (which is the £ direction because
1 = 0;). Thus we have

2 B 2 B 1 9 2 D -2

K35 = Ja15Vavs Kap = %(51437“0 — TATR) K= -
where here A, B = 1,2, 3 label the coordinates. Finally, notice that the integral of hKvols
goes to zero in the limit rg — oo and Lgf( = (0 because the normal is constant along the
foliation. Putting everything together, we obtain

Q¢ = /82 (Ii{ + ’YBCVA (%AhBC - %th,q>)volg 4.

A final comment is now in order. As we can see we have a divergent constant term in the
limit rg — oco. To remove it, we introduce the following ro-dependent boundary Lagrangian

]

Uy = 2(Tr5(K) — Trg(K) ) vol

By doing this, the constant term does not appear, the limit is well defined, and we recover
the well-known expression for the ADM energy.

—7-



IV General relativity in terms of tetrads

Notation

In order to introduce the tetrad formulation for GR, we will use internal abstract indices
as discussed, for instance, in [30-32]. For the convenience of the unfamiliar reader, we have
included this short subsection with the basic ingredients. The more familiar reader can go
directly to equation (IV.2), where we introduce some new notation.

Let YV — M be a Minkowski vector bundle i.e with typical fiber V, an n-dimensional vector
space with internal indices {I,J,...}, endowed with a Minkowskian metric 7, which in
abstract index notation reads nry. This metric allows us to define the n-metric volume
form ¢, the n-Hodge dual x,, and the n-trace Tr, (see [33] for a recent review). The latter
is given by

Tr(a A B) ="t o rag L A By,

Tetrads are bundle isomorphisms TM — V. In abstract index notation they look like el
so it is clear that a tetrad, together with the non-degenerate metrics g,s and 7, provides
a way to swap space-time and internal indices. It is also clear from the index notation
that tetrads can be identified with sections of the product bundle V ® T*M i.e. elements
of T(V ® T*M), the set of V-valued 1-forms over M, although in practice it would be more
useful to identify them with V-valued 1-forms over M. This is the case, for instance, if M is
parallelizable (an example would be a non-compact manifold admitting a spinor structure
[34]). In that case it is enough to work with coframes which, loosely speaking, are the local
version of a tetrad. Indeed, a coframe eé(p) at p € M is a linear ismorphism T,M — V
satisfying
9o (p) = nrsel(p)e} (p)

Equivalently, a coframe can be thought of as an orthonormal basis in TyM. When M is
parallelizable, coframes can be identified with global covector fields but, otherwise, they
can only be considered as local covector fields, [32].

It is also useful to introduce objects with more indices, the so-called generalized tensor

fields t € T'(V®P @ V*®1 @ TM®" @ T*M®®), where V* — M is the dual bundle of the
Bi-Bp J1--Jr We

Minkowski bundle. In index notation, generalized tensor fields look like by ocr Iy I

denote as QF(M) the space of k-forms on M with  totally upper antisymmetric internal
indices. Using Greek abstract indices {«, 3,...} for M and capital Latin letters {I,J,...}
for the internal indices, an element of QF(M) will be written as

I e o, [ dy]
Way oy = w[al-nak]

To ease the notation, space-time indices will often be omitted and we will simply write

whIr, Using the generalized Kronecker delta with internal indices, 51‘]11.'.'.'1‘]2, we define the
graded wedge {- A -} : QF(M) x QI'(M) — Q¥F™(M)
1

{A AN B}Il..-lrjl---JS = @6£1...£T§11...§55AKl---KT AN BLl"'Ls (IV.l)

(this is analogous to the usual space-time wedge, although we have included curly brackets
— not necessary, strictly speaking — as a reminder for those readers who may prefer explicit
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indices) and the graded bilinear product [-A-] : QF(M) x Q7(M) — in;”_Z(M)

Ky Ky 1Ly Ls M
[AABIL oy dyedor =00 AR koM ABY (IV.2)

where the symbol A will be called the ledge (Lie wedge). The previous operation is performed
by contracting the last index of A with the first one of B and anti-symmetrizing the
remaining ones. Although not necessary for our purposes, it is worth mentioning that
Q(M) with the ledge product

[A/‘\B][J :A[K/\BKJ —AJK/\BKI

is a Lie algebra. Moreover, notice that {e Ae};; = 2¢! A e’. The rest of the paper will use
the following straightforward formula.

Tr (0 A {B A7) = —Th, (@A f] A7) a e Q3(M), By eQi(M)  (IV.3)

Constructing the geometric objects

Consider {e!} a co-frame, such that e7,...;, e/t A--- Aeln defines a volume form on M. We
define the Lorentzian e-metric

g="Tr(e®e) = gap = 1I€h¢}4

together with its g-Levi-Civita connection V. We can now define the dual frame {E{'},
given by the relations
I
Bpeb=gy  Bgel=uf
as well as the e-connection w defined by

VxEr = w(X)KIEK = V,Ef = wMKIE?( = wMKI = effV“E‘f‘

which can be proven to uniquely determine w. Notice that the internal indices of w are

lﬂJ = —wl‘f]. Notice also that we have the

covariant derivative of forms over QL (M) given by

antisymmetric once the second one is raised w

Da = da + [wAq] ac QL(M)

where here and in the following, we will sometimes omit the internal indices when not
needed. Let us also denote the associated e-Christoffel as I', the e-torsion as 7', the e-
curvature as R, and the w-curvature as F', which are given by

VEIEJ:FKIJEK = eIPKIJ:wKJ
Tor(E;, Ey) =T, EyL = Yy, = " (Tor(Er, Ey))
Riem(E;, E;)Ex = R, ,EL = L — (Riem(E[, EJ)EK)

1
F:dw+§[w/-\w] FIJ:dw1J+w1K/\wKJ

where Tor and Riem are the torsion and the Riemannian curvature of the g-Levi-Civita
connection. In particular Tor = 0. It is interesting to notice that, as mentioned in the
introduction of this section, we are using EY and eé to transform the space-time indices in

-9 —



Tor and Riem into internal indices in order to define 1" and R. From the previous equations,
the following relations are easy to derive

1
Fl, = §RIJKL6K A el 7Y, = Dek(Er, Ey) (IV.4)
It is also straightforward to show that the following properties hold
(D*Q)1,..1, = [FAQ)L,..1, DFy; =0 Del =0

Step 0: Action

Let us consider the following spaces of non-degenerate tetrads on M

.7:](\?) ={ec Q(M) |erel € .Fj(vm)}
Fi {e e QU (M) | erel € .F](\,m) and e := j'e ﬁxed}

that we will refer to as Neumann and Dirichlet tetrads, respectively. The actions Sg\t,) and

S%) are both defined by the same expression

L®(e) := Lgﬁ) (Trn(e ® e))

) (o) — t I
SGR(G) _ /M L )(e) — /GLME( )(6) Z(t)(6) — Z(GW;I)Y (Tr,,(e ® 6))

but suitably restricted to these spaces of tetrads. Notice that, essentially, we have only
performed a “change of variables” from ¢ to e through the (surjective but not injective)
map

®(e)ap = nrsehe}

Indeed, we have S®) = ®*S(™) = S(™) 6 &. Since @ is Lorentz invariant, the tetrad action
is also Lorentz invariant i.e. if ¥ € SO(1,3), then S(V.e) = S(e). By using (IV.4), it is
possible to show that the Lagrangian admits the following explicit expression

1 A 1 A
LW(e) = 5 1T <(F — pien 6}> Axp{e N 6}) = SEIIKL (F”fgel/\eﬁ AeBnel (1V.5)

Finding a useful explicit expression for the boundary Lagrangian requires more work. Let us
define the “internal” normal N7 := 1ze! € QY(M), which satisfies NjeL = 0 and NyNT = 1,
and the “internal” projector 7§ = 17§ — N'N;. With these elements at hand, together with
EITKL = volagﬂ/(;Ef‘EgE}(Ez and (I1.2), it is easy to rewrite () as

@(t)(e) = —E[JKLNI'DNJ Anel ael

where

DN’ = dN’ + [wAN)! = dN’ + &7, AN! (IV.6)

is the induced covariant derivative over the boundary given by the pullback connection
© = 7*w. Recall also that & := j*e which, in turn, allows us to define its dual ES := g% Jé%
which satisfies

Efel =35 Efez =1

@ —
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With these ingredients, it is possible to obtain a better expression for 7 by considering
261IKL ((NIdNJ - ;w”) - NIDNJ) ANl ek
= —e1JKL (w” + 2N]wJKNK) nef nel = —ep e’ (nf( — 2NINK) Nel nel
= —exL@" A (vA + N/ Ny) (’Y{( - NINK) Nyp el Avge
= —vErbersn®™ (vivk — (VAN'Ni = N/ Navge) = NYNANNie) neP ne€
= —vBvEvAVKEIK L A NEP A e
which is zero as all four internal indices of € are projected. This identity allows us to obtain,
as already done for instance in [35, 36], the alternative expression

_ 1 1
1 (e) = —§Trn(({N/\dN}—w)/\*n{é/\é}) = ekt NN —@" ) aef aet (1v.7)

Step 1 and 2: Variations

As before, we rely on the results and computations of the appendix to obtain
dL® = B A del + do d2® — 700 = bt A de’ — dp
where
E§t)(e) = —[*y FlayAe], = %QJKLF(IX)L Ae’
B (e) = [#y {N A AN} — @) A, — 2o de™) wy {N N}y Ny =
— %gIJKL@NK ANANE — By A6’ — 2(LEJdéK)5JKRSNR A SNy

1 1
o) = §Trn(*,7 {ene} N d\w) = ieuKLeK A el A dw!!

1

o) = 5Tn,(*,, {ene} A{N A d\N}) = eryrre Nel A NT AANY
A A L

F(IAJ) =F — gej/\e‘] = (F— 6{6/\e}>

Step 3: Space of solutions

The solutions derived from S%) are non-degenerate tetrads e € }-](Vt) satisfying E}t)(e) =0

and the “Neumann” boundary condition B(It)(e) = 0. The solutions obtained from S([L;) are

tetrads e € F g) satisfying E}t)(e) = 0 and no additional condition at the boundary (the
Dirichlet BC are part of the definition of F g)).

Step 4: Symplectic form

Given a Cauchy embedding ¢ : ¥ < M, we have

2y —d( [re0 - [ r40)
2 ox

Using the results of the previous section, we immediately obtain

) 1
(t) 25 /Z Trn(*n d‘{e A e}/\d\w)
1

=5 [ T, (s d{e A2} AN AN} + %y {e Ae} A {dN ANY)
2 Jox
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Step 5: Charges

A direct computation using the definition of the &-current Jg(t) leads to

1 1
Jg(t) = §T1"17 (2[*,7F(A) Ae]Atge—xyD{eNe} Niew+sy{ene} AN (Le—Lx, )w) —dTr,,(i*n{e/\e}/\ng>

where we have used ¢ F' = (L¢ — Dig¢)w, which follows from Cartan’s magic formula. The
second term of Jf(t) vanishes as the torsion De is zero, while the third one is also zero as a
consequence of (I1.4) and the fact that the only background object is 7, which is “constant”.
Thus we obtain

1 1
Jg(t) _ Trn<L56 A E(t)> _ dTl"n(§ *n {eNe} A ng) — Qét) = —§Trn(*,7 {ene} A Lgu))

Jg(t) is then exact over the space of solutions with &-potential Qét). Similarly, we have for
the boundary

30—l = -

= Tr (0 + [y ({N A AN} = @) A2] A 1ge)

Tr({N A (Le = Lx IN) Asy{e Ae} =20, ({N A AN} = @) A {ige A e}

= Tr,(1ze A b))

In the last equality, a term may seem to be missing according to the definition of b but, in
fact, such term vanishes as a consequence of &/ N; = 0. We then conclude that the &-charges

are given by

Qe = /Ez*Tr,,(Lge A E(t)) — ./82 i*Trn(Lgé A E(t)) (Iv.8)

This expression, when pulled-back to SOI(S%)) c F ](\';), vanishes as expected because the
theory is Diff-invariant [15]. However, over Sol(Sg)) CF g) the boundary integral will not
be zero in general, as b®) does not necessarily vanish (fixing the tetrad on the boundary

breaks the invariance under diffeomorphisms).

Step 6: comparing with the Hamiltonian formulation

From Step 6 of the CPS-algorithm in the metric formalism and the following section, the
equivalence is assured when no boundaries are present. The case with boundaries is again
not as straightforward and it will be studied elsewhere.

V  Metric versus Tetrad formulation

We have obtained in the previous sections the presymplectic structure over the space of
solutions for both the metric and tetrad formulations together with their £-charges. In this
section, we prove that the spaces can be naturally mapped, that their symplectic structures
are equivalent (without considering the internal gauge freedom), and that the £-charges are
equal.

- 12 —



V.1 Space of solutions

Let us first show the correspondence between the solution spaces of metric and tetrad
gravity. To this end, we define the maps

Oy Fy) = o op: Fy — FY
both obtained by assigning the following metric to a given tetrad
®(e) =Tr(e®e) = ®(e)ap = 1€}

Of course, in the Dirichlet case the compatibility condition 95 = N1 Jéééé must hold for
®p to be well defined. On one hand, it is well known that @ is surjective but not injective.
For instance, ®(—e) = ®(e). In fact, it can be proved that ®(e) = ®(¢’) if and only if
ey = W, e; for some ¥ € SO(1,3).

On the other hand, we have that S®) = S(™) o & so
de SR = de (ST 0 ®) = da(o) St 0 dl®

It is easy to check that d.® is surjective. Hence, the relation between the spaces of solutions
is clear: ife € SOI(S(C?R), then ®(e) € Sol(Sg}f{)) andif g € Sol(Sg) ), then every e € ®~1({g})
belongs to Sol(Sg)R). This is equivalent to

o} =d "So 1
Sol(S%) = 'S0l (ST \

V.2 Presymplectic structures

Let us now compare Q’(m) and ta) by looking at their symplectic potentials. For that
purpose, we perform the “change of variable” g = ®(e) := eles in (G(m),é(m)). First, we
notice that instead of working with ©,,), it is more convenient to work with its g-dual

(*gOm))" = (xgtyyvolg)H = WH (V.2)
where W, := VvAd 9uB— g8 V,dg.s was obtained in step 1 of section III. Using the variation
dwit ™ = (def )V, E*" + BNV, def — (eardef; + egrdel,) E*FV, EFY — EPRel(dV)
which follows from the definition of w{;’ , and the definition of W*#, we obtain on one hand

W =2EY g, dw! 4 (sU)* U = (¢°" B¢ — gP*EY)def (V.3)

where (0U)" := =V U is the codifferential. On the other hand, a standard computation
using the definition of the g-Hodge star operator leads to

(x,©D) = 2% 5 dw!! (V.4)

Taking the Hodge dual of (V.3), using (V.2) and (V.4), and the fact that for k-forms we
have %k, = (—1)¥=FF1Id and x,0 = (—1)*dx,, we finally obtain

O(m) = *gW = xg % O 4 5,0U = 01 + dx, U
- 13 -



Once we have taken care of the bulk terms, we focus on the boundary ones. If we use
EIJKL = volam(;E‘f‘E?EZ(Eg, N = v, E}, and dNT = —NJLEId\éJ, we can obtain on one
hand

(é(t))aﬁ = €IJKL( K ) N[d‘NJ

= —(voly) ﬂvéeleéE7 E{ (e5e é 75 a)I/UEINRLE delt

= —2Ng(s* LgVOlg)Eangud\eﬁ = (tpvolg)ss
where U := —2Ngrg"%deZ. On the other hand, using (A.8), we compute the following
expression

0(m) — 0 — 3" (xgU) = Lpvolg — 1gvolg — xgg LU = L(V U - 7 1) vol,

where Vg := —j%(1dg), was obtained in the step 2 of section III. Notice that we have
made a small abuse of notation because 7" is a 1-form so an index must be raised with
the help of g. Finally, we show that this last expression is in fact zero

Vo _ o _ gaﬁjgngaua“
gaﬂjgyam](e d\eg + eéd\e‘]) + 2NR§aBd\é gaﬂ]gguﬁya( HEF — gUaEg)d\e{;

= —Njgaﬁd‘é* g ﬁm]e vode? +2NRgaﬁd\e —gO‘BNLd\e —|—ga'31/"77LKeKd\e

=0
which proves that
O(my = 0 + 7" (xgU) (V.5)
Putting everything together, we finally obtain the main result of the paper
(@(m), é(m)) = (@“), 9<t>) +d (%, U, 0) (V.6)

Hence, the symplectic potentials are equal up to a relative exact form. Notice that the
fact that the LHS comes from the metric formalism while the RHS comes from the tetrad
formalism is not a problem because the LHS is implicitly evaluated at the e-dependent
metric ®(e) := nryele’.

Taking now the d-exterior derivative of (V.6), integrating over a Cauchy slice (X2,0Y%),
and using the relative Stokes’ theorem (A.2), we obtain the desired equality of the two
presymplectic forms Q) and €, (see appendix A.1 for a brief account of the relative
framework). More specifically, we have

(20 = 2" | (V.7)

A final comment is in order now: the previous formula says that both presymplectic struc-
tures are equivalent modulo the gauge freedom given by the kernel of ®,. This gauge free-
dom is present in the tetrad formalism and originates in the SO(1, 3)-invariance of ® but
it has no metric counterpart. In particular, this means that €;) has more degenerate di-
rections than €2,,). This can be neatly understood by noticing that if we consider a curve

U, € SO(1,3) and its associated vector V := % o U, -ecT,FY, we have

d d * *
UV = 7| Bre) = go| () =0 = ey, Ry = by, PR = & (403 Rm)) = 0
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V() is a nonzero vector which belongs to the kernel of € (as a consequence of being in the
kernel of ¥,) so it is a gauge vector field. However, the metric counterpart Vim) =¥V =0
is not gauge because by definition the zero vector is not gauge. Finally, the equivalence of
the charges (II1.4) and (IV.8) is obvious as both theories are equivalent, implying that b,
and b*) are equivalent as well.

VI Conclusions

In this paper, we have studied the metric and tetrad formulations for general relativity on a
manifold with boundary. By considering the appropriate bulk and boundary Lagrangians,
we have shown that both theories are equivalent and hence, as one would expect, they are
symplectically equivalent in the covariant phase space. Here we have focused on Dirichlet
and Neumann BC, but any other BC will give the same results as long as the metric and
tetrad actions are in a suitable correspondence.

It has been known for some time that, in the absence of boundaries, the metric symplectic
current €,y := dO(,,) is equal to the tetrad symplectic current Q® .= de® up to an
exact form dA (and thus cohomologically equal). Therefore, their presymplectic forms over
the space of solutions are equivalent since the integral of dA over a Cauchy slice ¥ is
zero according to Stokes’ theorem. On the other hand, if one considers a space-time with
boundaries, the boundary-free covariant phase space procedure fails. This is due to some
ambiguities that arise in the construction of the presymplectic form that hinder the direct
comparison between metric and tetrad formulations. This has caused some discrepancies
in previous works [20, 22, 23], but as we have shown, these difficulties arise because the
traditional covariant phase space methods are only suited for the boundary-free case.

When boundaries are present, it is necessary to use more sophisticated techniques, like the
relative bicomplex framework [15]. Following the ideas of that formalism, we obtain the
main result of the paper: the metric symplectic currents (£2(,,), @()) 1= (dO(ypy, d@(m)) and
the tetrad symplectic currents (Q®), M) := (de®, d@(t)) are equal up to a relative exact
form d(A,a). This implies, in particular, that they are equal in the relative cohomology
(see appendix A.l for the relevant definitions) and that their presymplectic forms over
the space of solutions are equivalent. Indeed, the relative Stokes’ theorem tells us that the
integral of d(A, @) over a relative Cauchy slice (3, 0%) is zero. Furthermore, we have proved
that the Noether charges are equivalent as expected. Finally, we have applied the covariant
phase space methods to the asymptotically flat case to recover the well-known formula for
the ADM energy.
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A Ancillary material

A.1 Mathematical background

Relative bicomplex framework

In this section we include a summary of the definitions and results of [15]. Consider an
n-dimensional manifold M with boundary OM (possibly empty) and a space of fields F
defined on it (sections of a bundle E — M). The geometric structure of F may be under-
stood by studying the infinite jet space of E. However, it is also possible to deal with F as
is customary in the physics literature: by considering it as an infinite dimensional manifold
endowed with standard operations such as the exterior derivative d, the interior product e,
or the Lie derivative £. Physical field theories are described in terms of locally constructed
fields over the space M x F, a space consisting of points of M and fields over M.

We define the relative pair (M, N) with N C M being a submanifold N <y M of codi-
mension 1 of M. In this paper, we will always assume N C 0M. Then, we have that the
relative boundary of the pair is defined as

(M, N) := (M \ N,dN)

which satisfies 8 = 0 and 9(M,dM) = @. The space of relative forms and the generaliza-
tions of some familiar operators to the present case are defined as

QF(M,N) := QF(M) & Q*Y(N) d(A,a) == (dA4, 7*A — da)
(A, a) == (A, —ipa) x4(A, @) 1= (%g A, xga)
Fr(4,a) = (£4,(fIn)a) d(A,a) = (dA, da)

where V' := V|y has to be tangent to N. Notice that d? = 0, hence, we can define the
so called relative cohomology H*(M, N). Two classes [(A1,a1)], [(Az2,a2)] € H*(M, N) are
equal if and only if there exists (B,b) € Q=1 (M, N) such that (Ay,a;) = (Az, az)+d(B,b).
The integral of a relative top-form (A,a) € Q"(M,N) over the relative pair (M, N) is

defined as
/ (4,a) ;:/ A—/ a (A1)
(M,N) M N

We have the relative Stokes’ theorem given by

/ d(B,T) = / J(B,) (A.2)
(M,N) 9, N)

which in turn implies that (A.1) for N = OM is well defined on relative cohomology
because d(M,dM) = @. We introduce now the space of forms Q%) (M x F) of degree r in
M (horizontal part) and s in F (vertical part). Endowed with the wedge product A, this
space becomes a bigraded algebra with two exterior derivatives: the horizontal d, which
increases r in one unit, and the vertical d|, increasing s in one unit. The wedge product A
restricted to (k,0)-forms coincides with A. We will often abuse notation and use the latter.
If we replace (M, d) by the relative pair ((M, N),d), we can define the relative bicomplex

Q) (M, N) x F) =0} (M x F) 0 9" (N x F)

loc loc loc

where the loc subscript indicates that we only consider (r, s)-forms which are locally con-
structed i.e. a form « evaluated at p only depends on p, ¢(p), and finitely many of the
derivatives of ¢ at p.

17 -



Lagrangians and actions
Definition A.3
We define a Lagrangian pair as an element of

Lag(M) = Q"% ((M,oM) x F)

- *foc
Remember that

Lo =L +dY

[(Ll, zl)] = [(L27 ZQ)] ZQ - 21 + ]*Y - dg

(La, lg) = (L1, 1) +d(Y,7)

Definition A.4
A local action is a map S : F — R of the form

s@=[ (L) (A.5)
(M,&M)

for some local Lagrangian pair (L,¢) € Lag(M).

Definition A.6
(Li, 0;) € Lag(M) are [-equivalent, which we denote as (L1,01) F (L2, 0l2), if for every
¢ € F, we have

[ @@= [ (L))
(M,OM)

(M,9M)
In this work, we have only considered contractible bundles, for which the [-equivalence
is the same as the cohomological equivalence (a proof was given in [15]). Nevertheless, if
the bundles are not contractible, it is still possible to keep track of the ambiguities that
arise from the fact that there exist non-zero Lagrangians [(L, )] # 0 whose Euler-Lagrange
equations and BC are zero.

Variations
We assume that the action is defined in such a way that it is possible to find Euler-Lagrange
equations and boundary equations (E,b), and symplectic potentials (0, 6), such that

dL = E, Adg" +dO d? — 70 = b, Adg" — dd (A.7)

where r labels the fields of the theory ¢ = (¢!,...,¢®) € F. If this is not possible, the
theory is ill-posed and we have to change the space of fields F and/or the action S. The
symplectic potentials (0, 6) are defined up to a relative exact form. The space of solutions
is

Sol(S) :={¢ € F | (E,b)(¢) = 0}

Symplectic structure
We define the symplectic currents as (Q,®) := d(©, #). The relevant object is the relative
integral of the symplectic currents over a Cauchy embedding ¢ : (X,0%) — (M, 9,M)

QL ::/ dv*(0,0) € Q*(F)
(,05)

It can be proved that the pull-back of Qg to the space of solutions is independent of the
Cauchy embedding, endowing Sol(S) with a presymplectic structure canonically associated
with S.
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Currents and charges

Given some vector field £ tangent to the lateral boundary, we define the &-currents and
the &£-charges as

(JerJe) = e (L, D) — 1z, (0, ) Q= /@ e 7e) € 20(F)

The &-charges in general depend on the chosen Lagrangians and on the embedding. If we
compare the £-charges associated with two embeddings we obtain the following flux law

S R A SO (Le — £ )(L,D)

(NvaLN)

where N is the manifold bounded by the Cauchy slices 11 (X) and 22(X). In general, the
charge Qé is not the Hamiltonian of the vector field X¢ because

a0 = ux @+ [0 (1B b 1097+ [0t~ £2)(0.)

az) (£,0%)

The {-charge is the Hamiltonian of X¢ over (Sol(S),Qs) if and only if the last integral
vanishes.

A.2 Some computations in the metric case

Let us start off with a list of some of the well-known variations of the relevant objects used
in the metric formalism

1
o (d‘v)aﬁ'y = §ga“ (Vﬁd‘gm + Vydigg,, — Vud\gm)
o d(g™")* = —gg™dg,.,
e dRicg, = Vo (dV)%5, — V5(dV)“,,
o dy, = %Vﬁzﬂd\gmya
o dR = —Ric*dg,s + V*VPdg.s — VOV,dg

\
o divol, = d7gvolg

1
o dK 5= 5(1(&51/ vPdgas + J575 5 (Vodlgap — "Vadg,s — uﬂvgd\gua))

o d(TrgK) = é(ng\g —1*VPdgas — K7dg 5 — V7 (15 (sdg)s))

where dg := go‘ﬁd\gag stands for the g-trace of dig,s (not to be confused with the variation
of the determinant of g, which we do not use in this paper). Besides, we use the notation

(tpdg)g := v¥dgags.

Variations
With those variations and the Lagrangians (L](EH),KE;"I?Y) = ((R — 2A)voly, —2K volg), we
have

(LG ) = (Bmys bmy ) A dg + d (O ny, O )
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where

B = ((g - A) g8 — Ricaﬁ> vol, B(aj) — (KEB - Kgaﬁ) volg
®(m) = LWvOIg 9(m) = VVOI*
W = (g°g™ — g**¢"")Vrdigg,, V" = —57g** o adgas

Symplectic form

The symplectic currents are given by

- - dg
Q(m) = d\@(m) = Ld\WVOIH — Lwd\volg = L(dW — W/\2> vol,

_ - dg
W(m) = dO() = typvolg — tpdvoly = L(dV VA= 5 ) volg

To ease the notation, here we are using the parenthesis for the interior product instead of
a subscript. These terms can then be rewritten as follows

d 1 1 1
Jap <dWB . /\29) = 5000, AV dg + ngﬁgwd\gw/\vad\gm + id\g/\vﬁd\gaﬂ
1 HA B
— id\gAVad\g — g"digg, AVZdigan

1 1
= —fégg‘Zgﬁng(z’d\gnpAVAd\gmp + *V"(gﬁ)‘d\gag Adgp»)

__— 2783
dve — Va/\?g = gO‘V d\g <5 M(ezdlg)s +]§g°‘ﬁ{ ' (epdg)y ANdgas

1
- *L—»d‘g/\(b sdg)s + = (L,yd\g)@ /\d\g}

1 1

= anﬂjg(wd‘g)ﬂ A = v7)digy, = 59 ]ﬂ(Lﬁd‘g)ﬂ Adig
Consider a Cauchy embedding ¢ : ¥ < M, where we have the g-normal n® to +(X) C M,
the g-normal m® to 2(0X) C 9,M, the y-normal p® to 0¥ C ¥, and the induced metric
v = 1*g. We denote also m® := j2m® and My = zg u?. Integrating the symplectic current
over (X,0%) we obtain the presymplectic form

IR
(R :/ (2 m)r ¥ (m =
(m) (z,az)z( (m)> &m) (IL3)

| __— __
_ _/ e (dwa - W"‘/\dg> vol, — / M (dva — VA dg) vols
b 2 ox 2

1 A
= 5/2 n® 5ag2g5pgg¢d\gnp AV dgggvol,
1 A XA
— 5/82 (nagﬂn,u +mePgh jnj)\)d\gaﬂ Adgprvoly

Notice that we have used Stokes’ theorem, Gauss’ lemma (to write the covariant derivative
V of M in terms of the covariant derivative D of ¥ and its extrinsic curvature) together with
the fact that T,,, := gm‘d\gaﬁ Adg, is antisymmetric (which kills the extrinsic curvature
terms) to take n,V,T*" to the boundary.
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Charges

The &-currents are given by

(ng)vjém)) = L{(Lg;l) ’ Eé}n;I)Y) - 4X5 (@(m)7 é(m)) = (LELJ(EWITI)’ Lng’IZ{)Y> - (LVT/VOIQ7 LVV01§)

= ((R 2A) volg,2KL ~volz ) ( - volg )

volg, ¢

ILW ILV

= (L{(R — 2A)§_)f axél/f/}volg, {2K§ }Vol )
- (*g {(R —20)€ — agiV},*g{QKg - axg‘7})
Using the definition of the Ricci and Riemann tensor together with (II.4), we obtain

(R - 2A)£a - ILXEWa = (5d£)a + 2(L§E)a

where 0 is the codifferential (which is equal to minus the divergence) and E( ah )= E / voly
(the prefactor multiplying the volume form in F,,)). Meanwhile, at the boundary

2KET — iy VT = 2KE7 + gaﬁ 512 (Vaks + Vsta)

LGN 5( (d€)as ~ 26aV50")

= 2KE + 5 (150" (d€)ap — 207K 1)

= 2K — g K&+ 575 (10E) 5

= —2(zb)% + (7" 1pd€)"
where b := b/volg. Thus, using that for 2-forms the equality dx4 = x4d holds, we can write

(ng),ng) - (*g 8dE + 2%y 1o, ~2 35 12D+ Hi5 dg)
= 2x0(E,B) + (d g A&, 57 (v A HE + #15d8) ) = 28,0(E.D) + (90, 0)
where in the first line we have used the operator #a = *,(v A o) which satisfies
kg 0 =V N\ F#Ha+ FHipa and IH# =50 (A.8)

A.3 Some tetrad computations

Variations
dL® = %d\Tr,, (*n{e ANe} A (F — —{e A e}))
1 A
= §Trn (2*77 {deAe} NF +xp{e Ne} NdF — 3 % {de/\e}/\{e/\e}) =
1V.3)

:;Tr,,<2*77F/\{e/\de}—|—*n{e/\e}/\1)dw—/;*n{e/\e}/\{e/\de}> av.

:Tr,7< [xn Fa)Ae] /\de—l*nD{e/\e}/\dw> —|—dTr< *n{e/\e}/\d\w)

de® — el = —%d\Tr,,(({N ANAN} — @) AHp{e A e}) —JTr (1 *n {e ANe} A d\w) =
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= —%Trn<({d\]\7 AAN} + {N AddN}) Axy{e A2} + 2({N AN} — @) Axy{de A e} ) =
= —%Trn(Q{d\N NAN} Axp{enet +d({N AN} A x,{eAe})

— 2{N NN} Awy{de A2} + 2% ({N AN} = @) A {de Ae}) =
= —Trn({d\N AAN} A xg{e A&} —{N AN} A x,{de A&}

— ({N ANAN} — @) Ae] A d\é) —dTr, <;{N ANAN} A 5p{e A e})

Let us prove that the first term vanishes. First notice that el!//KLNMl ¢ Q(M) = {0}.
Thus

0= 55[IJKLNM]éK ANer, NdN1 A (LEJd\éM) =

= (! RENM 4 REMNT 4 REMINT 4 9 EMIINE e Ao, A ANT A (v denr) =

= el B le nep AANT ANy = — xp {e Ae}rg AANT AdN

where we have used dN; = —NJLEId\éJ, N'E¥ =0, NIdN; = 0, and N'e; = 0. Let us
now rework the second term to obtain the desired expression of page 11

Tr,

({N AANY Ay {de Ae}) = (N ADN} %51 Jrer{de AeyEL

2N'dN7eryk(de™) net = 2N Np(iprde™)er ke (de”) ne”

—ONINperskr (LEJ (d\éR A deE A éL) +def A (10de®) A et + deft A de® A 7”)
—2N!'NgerskL (0 +deft A (LEJdéK) nel + 0) = —2NINR5UKL(1@JdéK) A el A deft

—Ngerrr(igrde®){N A&}t Ade” = —2Ng(1zsde™) x,{N A&}k A de”
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