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I Introduction

Space-time boundaries play a prominent role in classical and quantum General Relativity
(GR). Their applications range from black hole thermodynamics [1, 2] to the study of
radiative modes at scri [3–6]. They are also fundamental to describe isolated and dynamical
horizons [7–11] or in the definition of physical charges [12–15]. Boundary terms also control
the dynamical properties of some midisuperspace models with “conical singularities” at
spatial infinity such as Einstein-Rosen waves coupled to massless scalar fields [16–19].

Classical GR defined in a space-time without boundary may be alternatively described by
the first order Hilbert-Palatini (or Holst) action in terms of tetrads or the Einstein-Hilbert
Lagrangian in metric variables. In particular, the corresponding Hamiltonian descriptions
are equivalent. Moreover, by employing standard covariant phase space (CPS) methods, it
is possible to see that their respective symplectic potentials differ by an exact form. Thus,
when this form is integrated over a Cauchy slice Σ, the result vanishes as a consequence
of Stokes’ theorem. This shows that the presymplectic forms corresponding to the metric
and the tetrad formalisms are equivalent in the space of solutions.

The situation changes substantially when boundaries (possible at conformal infinity) are
present. Some of the concerns regarding the equivalence of the tetrad and metric formu-
lations may be attributed to the choice of bulk and boundary Lagrangians. In fact, many
discrepancies found and discussed in the literature [20–23] are to be expected since the
boundary dynamics is not always explicit and the solution spaces are not fully specified.
To avoid these problems, it is crucial to choose variational principles such that the equiva-
lence of the dynamics they describe, both in the bulk and at the boundaries, is guaranteed.
The choice of the bulk and boundary Langrangians will determine the presymplectic struc-
ture in the solution space as well as the Noether charges.

The purpose of this paper is to prove that the metric and tetrad formulations are equiv-
alent in the CPS framework with Dirichlet boundary conditions (BC) and (homogeneous)
Neumann BC (the same methods can be applied to other BC). This proof has profound
physical implications. Although at first sight this may appear as a purely mathematical re-
sult, non-equivalence would make physical quantities formulation-dependent. For instance,
the conserved charges might differ at conformal infinity and/or at the black hole horizon.
As suggested in [20], this would have repercussions in the thermodynamics of black holes.

To prove the equivalence, we will rely on the relative bicomplex framework, a formalism
developed in [15] which is cohomological in nature so no ad hoc choices are required.
This formalism will allow us to establish the equality of the metric and tetrad symplectic
potentials in the relative cohomology (equality up to a relative exact form as explained
in the appendix). Consequently, the respective presymplectic forms in the solution space
are equivalent and, as expected, there is a precise correspondence between the Noether
charges in both formulations. As a direct result of our discussion, we will consider the
asymptotically flat case and rederive the well-known formula for the ADM energy.

The paper is structured as follows. In the next section, we present some of the geometric
concepts relevant for the implementation of the CPS-algorithm developed in [15]. In III,
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we apply this algorithm to the metric formulation of GR. Section IV presents an analogous
study for the tetrad (or vielbein) formalism. In Section V both formulations are compared
and shown to be equivalent. We present our conclusions in the last section of the paper. We
have also included in appendix A a short summary of the relative bicomplex framework
together with some computational details. Throughout the paper, we will use a mixed
notation combining explicit indices and index-free expressions. The idea is to use each of
them whenever they are useful: the former is more standard and sometimes more explicit,
while the latter simplifies significantly some of the computations. For the benefit of the
reader, relevant results are presented in both notations.

II The geometric arena

II.1 M as a space-time
Let M be a connected and oriented n-manifold admitting a foliation by Cauchy hypersur-
faces. Without loss of generality, M = I × Σ for some interval I = [ti, tf ], (ti < tf ) and
some (n− 1)-manifold Σ with boundary ∂Σ (possibly empty). Denoting Σi = {ti}×Σ and
Σf = {tf} × Σ, we split ∂M into three distinguished parts

∂M = Σi ∪ ∂LM ∪ Σf

where Σi,f are the “lids” and ∂LM := I×∂Σ the “lateral boundary”.M = I×Σ is a manifold
with corners ∂Σi ∪ ∂Σf , which, as a set are ∂(∂LM). The following diagram summarizes
relevant notational information about embeddings and the induced geometric objects.

(
Σ, γ,D, {a, b, . . .}

) (
M, g,∇, {α, β, . . .}

)
(
∂Σ, γ,D, {a, b, . . .}

) (
∂M, g,∇, {α, β, . . .}

)
(ı,nα)

(,µa)

(ı,mα)

(,να) (II.1)

The entries in each 4-tuple in (II.1) are: the manifold, the (non-degenerate) metric or
pulled-back metric, its associated Levi-Civita connection, and the abstract indices used to
describe tensors in the manifold. The arrow labels specify the notation used for embeddings
and normal unit vector fields. Horizontal arrows are associated with future pointing normal
unit vector fields and vertical arrows are used for outward pointing normal unit vector fields
at the boundary. The notation just introduced is not consistent for the bottom lid Σi, as
it may be thought of as a spacelike hypersurface embedded by ıi or considered as part of
∂M. Σi often appears as the boundary of M, so we choose the outwards (past pointing)
convention in this case. An overline is often used to denote objects that live exclusively at
the boundary, such as g, which in index notation reads gαβ. Notice that the embeddings 
and  are fixed since the boundaries are also fixed. However, ı and ı, which embed (Σ, ∂Σ)
into (M,∂M), can be chosen among the Cauchy embeddings satisfying ı(∂Σ) ⊂ ∂LM.

As (M, g) is oriented, we have the metric volume form volg that assigns the value 1 to every
positive orthonormal basis. We orient Σ and ∂LM with volγ and volg, respectively given by

ı∗(ι~Uvolg) = −nαUαvolγ ∗(ι~Uvolg) = ναU
αvolg (II.2)
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for every vector field ~U . These orientations are the ones for which Stokes’ theorem holds
in its usual form. Finally, ∂Σ can be oriented as the boundary of Σ. Thus volγ is given by

∗(ι~V volγ) = µaV
avolγ −→ ı∗(ι ~Wvolg) = +mαW

αvolγ (II.3)

Notice that if we use Stokes’ theorem from ∂LM to ∂(∂LM) = ∂Σi ∪ ∂Σf , a minus sign
appears in the integral over ∂Σi.

II.2 From M-vector fields to F-vector fields
Let F be a space of tensor fields on M (sections of a certain bundle E π→M) that may be
thought of as an infinite dimensional differential manifold where we assume that the usual
differential objects—like tensor fields, the exterior derivative d , the interior derivative ,
the wedge ∧∧, or the Lie derivative —are well defined (see the appendix of [15] for more
details about this and other technicalities). As a reminder for the reader, most objects
defined over the space of fields are denoted with a double font. Given a vector field ξα on
M , let us associate to it a canonical vector field Xξ on F . To that purpose, we assume that
ξ is tangent to ∂LM but not necessarily to Σi and Σf (notice that we can always extend
the interval [ti, tf ] to avoid problems at the lids) and take advantage of the fact that a field
φr (r ranging over the number of fields of the theory) can be interpreted in two ways:

• As a tensor field on M. That is, a section φr : M → Er of some bundle Er π→ M

such that φrp := φr(p) ∈ Erp := π−1(p). In particular, we can take its Lie derivative
(Lξφr)p = ∂τ |0(ϕξτ )∗φrp, where {ϕξτ}τ ⊂ Diff(M) is the flow of ξ. If F is reasonable
enough, as it is the case in this paper, we will have Lξφ ∈ F .

• As a point of F . A vector field Xξ of F is a section of the tangent bundle TF i.e.
(Xξ)φ := Xξ(φ) ∈ TφF ∼= F . The last isomorphism comes from the fact that the field
space F is linear in this case. The non-linear case is not as straightforward, but it is
possible to carry out similar constructions in concrete examples.

Taking into account these remarks, we define

(Xrξ)φ = Lξφr ≡ Xξφ
r = Lξφr (II.4)

Notice that dφr (which appears in the definition of the Lie derivative through Cartan’s
magic formula) has to be interpreted as the exterior derivative of the evaluation function.

II.3 CPS-Algorithm
This paper relies heavily on the results of [15]. For convenience, a summary has been
included in the appendix, but we list here the main steps of the CPS-algorithm since it
will be used throughout the paper. This algorithm provides an ambiguity-free method to
construct a presymplectic structure in the space of solutions canonically associated with
the action of the theory.

0. Given the action S : F → R describing the dynamics of a particular field theory,
choose any Lagrangian pair (L, `) such that

S =
∫
M
L−

∫
∂M

`
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1. Compute dL = Er ∧ dφr + dΘ and choose any Θ compatible with the previous
expression (uniquely defined up to a d-exact form).

2. Compute d`− ∗Θ = br ∧ dφr − dθ over ∂LM and choose any admissible θ.

3. Define Sol(S) = {φ ∈ F | Er(φ) = 0, br(φ) = 0} and the inclusion S : Sol(S) ↪→ F .

4. Compute the presymplectic structure canonically associated with S

ı
S := d

(∫
Σ
ı∗Θ−

∫
∂Σ
ı∗θ

)
−→ S = ∗

S
ı
S

where ı : Σ ↪→M is any Cauchy embedding and ı := ı|∂Σ : ∂Σ ↪→ ∂LM its restriction.
S does not depend on ı.

It is important to notice that it is not always possible to perform the second step. If br
and θ do not exist (their existence does not depend on the chosen Θ), that means that the
theory is not well defined and hence we will have to change F and/or the action (hence
(L, `)) to ensure that the equality holds. Once we have the presymplectic structure, the
following two steps provide important additional information about the theory at hand.

5. Study symmetries; i.e. find out if Xξ is a d-symmetry and obtain the ξ-currents and
ξ-charges.

Jξ := ιξL− XξΘ
ξ := −ιξ`− Xξθ

Qı
ξ :=

∫
Σ
ı∗Jξ −

∫
∂Σ
ı∗ξ

6. Compare S with the presymplectic structure obtained in the standard Hamiltonian
formulation.

III General Relativity in terms of metrics

Step 0: Action
Let us consider the following spaces of metrics on M

F (m)
N = Met(M) F (m)

D = {g ∈ Met(M) | g := ∗g fixed}

that we will refer to as Neumann and Dirichlet metrics respectively. Here Met(M) is the
space of Lorentzian metrics on M such that the lateral boundary is time-like and the lids
are space-like (it is an open set of the space of all Lorentzian metrics on M). Consider also
the actions S(m)

N and S(m)
D both equal to

S(m)
GR (g)=

∫
M
L

(m)
EH (g)−

∫
∂LM

`
(m)
GHY(g)

L
(m)
EH (g) = (Rg − 2Λ)volg

`
(m)
GHY(g) = −2Trg(K)volg

but suitably restricted to these spaces of metrics. Our Lagrangian pair (L(m)
EH , `

(m)
GHY) consists

of the Einstein-Hilbert term with cosmological constant in the bulk and the Gibbons-
Hawking-York term on the lateral boundary. Rg denotes the g-scalar curvature (following
the signs conventions of [24]), volg and volg the metric volume forms, and K the extrinsic
curvature of ∂LM ⊂M given by

K := 1
2
∗L~νg ≡ Kαβ = αα

β

β
∇ανβ

where ~ν is the g-normal vector field to ∂LM with νανα = +1.
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Step 1 and 2: Variations
According to the computations given in the appendix, we have

dL(m)
EH = Eαβ(m) ∧ dgαβ + dΘ(m) d`(m)

GHY − 
∗Θ(m) = bαβ(m) ∧ dgαβ − dθ(m)

where

Eαβ(m)(g) = −
(

Ricαβ −
(
Rg
2 − Λ

)
gαβ

)
volg bαβ(m)(g) = −

(
Kαβ −Kgαβ

)
volg

Θ(m)(g) = ι ~Wvolg θ(m)(g) = ι~V volg
Wα = ∇βdgαβ − gβγ∇αdgβγ Vα = −αανβdgαβ

Step 3: Space of solutions
Once we know the basic variations, we can compute the variation of the action

dgS L=
∫
M
Eαβ(m)(g)∧∧dgαβ −

∫
∂LM

bαβ(m)(g)∧∧dgαβ (III.1)

where L= denotes equality up to integrals over the lids. Notice that those integrals are
unimportant because the values of the dynamical fields on the lids are kept fixed when
obtaining the equations of motion of the theory. The solutions obtained from S(m)

N are
given by metrics g ∈ F (m)

N satisfying Einstein’s equations E(m)(g) = 0 and the Neumann
boundary condition b(m)(g) = 0, whereas those from S(m)

D correspond to metrics g ∈ F (m)
D

satisfying Einstein’s equation and no additional BC. Indeed, in the latter case the boundary
integral of (III.1) vanishes as a consequence of the Dirichlet BC introduced a priori on the
definition of F (m)

D .

Remark III.2
It is important to realize that a boundary term must be included in the two theories that
we consider (i.e. when no a priori BC are imposed on the space of fields and with Dirichlet
BC). Otherwise, as explained in section II.3, the second step cannot be performed and thus
the space of solutions is not well defined. Nonetheless, it is possible to impose homogeneous
Neumann BC a priori and include a different boundary term [25] (which vanishes for
dimension 4). However, as we have shown, this is not necessary. Finally, it is worth noting
that non-trivial BC may lead to constrained variations, which must be properly handled.

Step 4: Symplectic form
Given a Cauchy embedding ı : Σ ↪→M , we compute the presymplectic structure canonically
associated with the action as

ı
(m) = d

(∫
Σ
ı∗Θ(m) −

∫
∂Σ
ı∗θ(m)

)
Using the results of the previous sections and the computations of the appendix, we obtain:

ı
(m) = 1

2

∫
Σ
nαδλησαβζg

βρgζφdgηρ ∧∧∇λdgσφvolγ

− 1
2

∫
∂Σ

(
nαgβηµλ +mανβgηληη

λ
λ

)
dgαβ ∧∧dgηλvolγ

(III.3)
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As indicated in (II.1), nα is the g-normal to ı(Σ) ⊂ M , νβ is the g-normal to ∂LM ⊂ M ,
mα is the pushforward of the g-normal to ı(∂Σ) ⊂ ∂LM , and µλ is the pushforward of the
γ-normal to ∂Σ ⊂ Σ. We have also used the generalized Kronecker delta

δβ1 ···βs
α1···αs =

∣∣∣∣∣∣∣∣
δβ1
α1 · · · δ

βs
α1

...
...

δβ1
αs · · · δ

βs
αs

∣∣∣∣∣∣∣∣
Step 5: Charges
The Noether currents associated with an arbitrary vector field ξα tangent to the lateral
boundary are computed in the appendix. The result is

J
(m)
ξ = dQ(m)

ξ + 2 ?g (ιξẼ(m)) 
(m)
ξ = ∗Q

(m)
ξ − 2 ?g (ιξ b̃(m))

where Q(m)
ξ = ?gdξ is the ξ-Noether potential and (Ẽ(m), b̃(m)) are the 2-tensors that

multiply the top-forms in (E(m), b(m)). As usual, ?g is the g-Hodge dual operator and, in
order to ease the notation, we represent also by ξ the 1-form metrically equivalent to the
vector field ξ. The ξ-charge is then given by

Qı
ξ,(m) = 2

∫
Σ
ı∗ ?g

(
ιξẼ(m)

)
+ 2

∫
∂Σ
ı∗ ?g

(
ιξ b̃(m)

)
(III.4)

The last expression, when pulled back to Sol(S(m)
N ) ⊂ F (m)

N , vanishes as expected because
the theory is Diff-invariant [15]. However, over Sol(S(m)

D ) ⊂ F (m)
D , the boundary integral is

not necessarily zero as b(m) does not vanish in general. Notice that fixing the metric on the
boundary breaks Diff-invariance.

Step 6: comparing with the Hamiltonian formulation
If we consider ∂Σ = ∅, the equivalence between the CPS presymplectic form obtained in
step 4 and the canonical ADM presymplectic form has been established in [26, 27]. The
case with boundaries is not as straightforward and will be studied elsewhere.

The asymptotically flat case
As a further application of the CPS-algorithm, let us obtain the ADM energy of an asymp-
totically flat space-time (see [28, 29] for similar approaches). For that purpose, consider
M = Σ × R endowed with the Minkowski metric g0 = −dt2 + σ. Then Σ is a 3-manifold
with Euclidean metric σ and boundary ∂Σ = S2

r , a 2-sphere of σ-radius r0. Take a small
perturbation h ∈ Tg0Met(M), such that h := ∗h = 0 (compatible with the Dirichlet con-
dition, otherwise the charge is zero as the theory is Diff-invariant). The ξ-charge given by
(III.4) restricted to the space of solutions is given by

Qξ = 2
∫
∂Σ
ξαmβ(Kαβ −Kgαβ)volγ

Expanding the integrand in terms of h, and labeling with a circle the quantities associated
with g0 (the “background” objects), we obtain

Qξ = 2
∫
∂Σ
ξα(

◦
mβ + hmβ)

( ◦
K
αβ + hK

αβ− (
◦

K+ hK)(
◦
gαβ− hg

αβ)
)
(volσ+ hvolγ)+ · · ·
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where we omit higher order terms in h as they vanish when r0 →∞ if we consider ξ := n

and the inertial foliation {{t} × Σ}t (in particular, we take ~n = ∂t).

Using the decomposition of the normal να = −ν⊥nα+ν>α and some of the results of section
A.2, we have

hmα = αα h

(
nα + ν⊥να
|ν>|

)
= h

( 1
|ν>|

ααdnα −mα
ν⊥
|ν>|

dν⊥

)
= 1
| ◦ν>|

αα h

(−1
2 nαn

βnγdgβγ

)
−mα

◦
ν⊥
| ◦ν>| hν⊥

= −1
2ξαξ

βξγhβγ + 0 = −1
2ξαξ

β
ξ
γ
hβγ = 0

where we have used that ◦ν⊥ = 0, ξ = n and the fact that ξ is tangent to the lateral boundary
(hence we can replace h with h, which is zero). Notice that the previous computation is
performed at the point g0 in the space of fields and at the lateral space-time boundary.

This computation together with
◦
mβ = ξβ takes care of the first parenthesis of Qξ. The last

one can also be easily computed by using the variation of the volume given in section A.2.
Let us now deal with the term in the second parenthesis. First notice that

◦

K
αβ vanishes

when contracted with ξαξβ (in coordinates this would be
◦

K
tt), while hg

αβ = h = 0. A
long but straightforward computation gives the following variations

ξαξβ hK
αβ = 1

2ξ
αξβ

( ◦
∇~νhαβ − 2νγ

◦
∇αhβγ

)
hK = 1

2 ı
α
a ı
β
b γ

ab
( ◦
∇~νhαβ − νγ

◦
∇αhβγ

)
− 1

2ξ
αξβ

( ◦
∇~νhαβ − 2νγ

◦
∇αhβγ

)
−

− 1
2
◦

Da

(
γabα

b
αα(ι~νh)α

)
+ 1

2ξ
ανβL~ngαβξγνµhγµ

As the result is independent of the Cauchy slice, we introduce coordinates {t, x1, x2, x3}
and take, as we mentioned before, a Cauchy slice given by Σ = {t = t0}, then

~ν = 1
r0

(0, x1, x2, x3)

Notice that everything is constant along the t-direction (which is the ξ direction because
~n = ∂t). Thus we have

◦

Kαβ = αα
β

β

◦
∇ανβ

◦

KAB = 1
r3

0
(δABr2

0 − xAxB)
◦

K = D − 2
r0

where here A,B = 1, 2, 3 label the coordinates. Finally, notice that the integral of h
◦

Kvolσ
goes to zero in the limit r0 → ∞ and ιξK = 0 because the normal is constant along the
foliation. Putting everything together, we obtain

Qξ =
∫
∂Σ

( ◦
K + γBCνA

( ◦
∇AhBC −

◦
∇BhCA

))
volσ + · · ·

A final comment is now in order. As we can see we have a divergent constant term in the
limit r0 →∞. To remove it, we introduce the following r0-dependent boundary Lagrangian

`(r0) = 2
(
Trg(

◦

K)− Trg(K)
)
volg

By doing this, the constant term does not appear, the limit is well defined, and we recover
the well-known expression for the ADM energy.
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IV General relativity in terms of tetrads

Notation
In order to introduce the tetrad formulation for GR, we will use internal abstract indices
as discussed, for instance, in [30–32]. For the convenience of the unfamiliar reader, we have
included this short subsection with the basic ingredients. The more familiar reader can go
directly to equation (IV.2), where we introduce some new notation.

Let V →M be a Minkowski vector bundle i.e with typical fiber V, an n-dimensional vector
space with internal indices {I, J, . . .}, endowed with a Minkowskian metric η, which in
abstract index notation reads ηIJ . This metric allows us to define the η-metric volume
form ε, the η-Hodge dual ?η, and the η-trace Trη (see [33] for a recent review). The latter
is given by

Trη(α ∧ β) = ηI1J1 · · · ηI1JrαI1···Ir ∧ βJ1···Jr

Tetrads are bundle isomorphisms TM → V. In abstract index notation they look like eIα,
so it is clear that a tetrad, together with the non-degenerate metrics gαβ and ηIJ , provides
a way to swap space-time and internal indices. It is also clear from the index notation
that tetrads can be identified with sections of the product bundle V ⊗ T ∗M i.e. elements
of Γ(V ⊗ T ∗M), the set of V-valued 1-forms over M , although in practice it would be more
useful to identify them with V -valued 1-forms overM . This is the case, for instance, ifM is
parallelizable (an example would be a non-compact manifold admitting a spinor structure
[34]). In that case it is enough to work with coframes which, loosely speaking, are the local
version of a tetrad. Indeed, a coframe eIα(p) at p ∈ M is a linear ismorphism TpM → V

satisfying
gαβ(p) = ηIJe

I
α(p)eJβ(p)

Equivalently, a coframe can be thought of as an orthonormal basis in T ∗pM . When M is
parallelizable, coframes can be identified with global covector fields but, otherwise, they
can only be considered as local covector fields, [32].

It is also useful to introduce objects with more indices, the so-called generalized tensor
fields t ∈ Γ(V⊗p ⊗ V∗⊗q ⊗ TM⊗r ⊗ T ∗M⊗s), where V∗ → M is the dual bundle of the
Minkowski bundle. In index notation, generalized tensor fields look like tβ1···βp J1···Jr

α1···αs I1···Iq . We
denote as Ωk

r (M) the space of k-forms on M with r totally upper antisymmetric internal
indices. Using Greek abstract indices {α, β, . . .} for M and capital Latin letters {I, J, . . .}
for the internal indices, an element of Ωk

r (M) will be written as

ωI1···Ir
α1···αk = ω

[I1···Ir]
[α1···αk]

To ease the notation, space-time indices will often be omitted and we will simply write
ωI1···Ir . Using the generalized Kronecker delta with internal indices, δJ1···Jm

I1 ···Im , we define the
graded wedge {· ∧ ·} : Ωk

r (M)× Ωm
s (M)→ Ωk+m

r+s (M)

{A ∧B}I1···IrJ1···Js := 1
r!s!δ

K1···KrL1···Ls
I1 ···Ir J1 ···Js AK1···Kr ∧BL1···LS (IV.1)

(this is analogous to the usual space-time wedge, although we have included curly brackets
– not necessary, strictly speaking – as a reminder for those readers who may prefer explicit
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indices) and the graded bilinear product [·∧· ·] : Ωk
r (M)× Ωm

s (M)→ Ωk+m
r+s−2(M)

[A∧· B]I1...Ir−1J1...Js−1 := δ
K1...Kr−1L1...Ls−1
I1 ...Ir−1 J1 ...Js−1

AK1...Kr−1M ∧BM
L1...Ls−1 (IV.2)

where the symbol∧· will be called the ledge (Lie wedge). The previous operation is performed
by contracting the last index of A with the first one of B and anti-symmetrizing the
remaining ones. Although not necessary for our purposes, it is worth mentioning that
Ωk

2(M) with the ledge product

[A∧· B]IJ = AIK ∧BK
J −AJK ∧BK

I

is a Lie algebra. Moreover, notice that {e ∧ e}IJ = 2eI ∧ eJ . The rest of the paper will use
the following straightforward formula.

Trη
(
α ∧ {β ∧ γ}

)
= −Trη

(
[α∧· β] ∧ γ

)
α ∈ Ω∗2(M), β, γ ∈ Ω∗1(M) (IV.3)

Constructing the geometric objects
Consider {eIα} a co-frame, such that εI1···Ine

I1 ∧ · · · ∧ eIn defines a volume form on M . We
define the Lorentzian e-metric

g = Trη(e⊗ e) ≡ gαβ = ηIJe
I
αe
J
β

together with its g-Levi-Civita connection ∇. We can now define the dual frame {EαI },
given by the relations

EαI e
I
β = gαβ EαI e

J
α = ηJI

as well as the e-connection ω defined by

∇XEI = ω(X)KIEK ≡ ∇µEαI = ω K
µ IE

α
K ≡ ω K

µ I = eKα ∇µEαI

which can be proven to uniquely determine ω. Notice that the internal indices of ω are
antisymmetric once the second one is raised ωIJµ = −ωJIµ . Notice also that we have the
covariant derivative of forms over Ωr

s(M) given by

Dα = dα+ [ω∧· α] α ∈ Ωr
s(M)

where here and in the following, we will sometimes omit the internal indices when not
needed. Let us also denote the associated e-Christoffel as Γ, the e-torsion as T , the e-
curvature as R, and the ω-curvature as F , which are given by

∇EIEJ = ΓKIJEK ≡ eIΓKIJ = ωKJ

Tor(EI , EJ) = TLIJ EL ≡ TLIJ = eL
(
Tor(EI , EJ)

)
Riem(EI , EJ)EK = RLKIJEL ≡ RLKIJ = eL

(
Riem(EI , EJ)EK

)
F = dω + 1

2[ω∧· ω] ≡ FIJ = dωIJ + ωIK ∧ ωKJ

where Tor and Riem are the torsion and the Riemannian curvature of the g-Levi-Civita
connection. In particular Tor = 0. It is interesting to notice that, as mentioned in the
introduction of this section, we are using EαI and eIα to transform the space-time indices in
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Tor and Riem into internal indices in order to define T and R. From the previous equations,
the following relations are easy to derive

F IJ = 1
2R

I
JKLe

K ∧ eL TLIJ = DeL(EI , EJ) (IV.4)

It is also straightforward to show that the following properties hold

(D2α)I1···Ir = [F ∧· α]I1···Ir DFIJ = 0 DeI = 0

Step 0: Action
Let us consider the following spaces of non-degenerate tetrads on M

F (t)
N = {e ∈ Ω1

1(M) | eIeI ∈ F (m)
N }

F (t)
D =

{
e ∈ Ω1

1(M) | eIeI ∈ F (m)
N and e := ∗e fixed

}
that we will refer to as Neumann and Dirichlet tetrads, respectively. The actions S(t)

N and
S(t)
D are both defined by the same expression

S(t)
GR(e) =

∫
M
L(t)(e)−

∫
∂LM

`(t)(e)
L(t)(e) := L

(m)
EH

(
Trη(e⊗ e)

)
`(t)(e) := `

(m)
GHY

(
Trη(e⊗ e)

)
but suitably restricted to these spaces of tetrads. Notice that, essentially, we have only
performed a “change of variables” from g to e through the (surjective but not injective)
map

Φ(e)αβ = ηIJe
I
αe
J
β

Indeed, we have S(t) = Φ∗S(m) = S(m) ◦ Φ. Since Φ is Lorentz invariant, the tetrad action
is also Lorentz invariant i.e. if Ψ ∈ SO(1, 3), then S(Ψ.e) = S(e). By using (IV.4), it is
possible to show that the Lagrangian admits the following explicit expression

L(t)(e) = 1
2Trη

((
F − Λ

12{e ∧ e}
)
∧ ?η{e ∧ e}

)
= 1

2εIJKL
(
F IJ−Λ

6 e
I∧eJ

)
∧eK∧eL (IV.5)

Finding a useful explicit expression for the boundary Lagrangian requires more work. Let us
define the “internal” normal N I := ι~νe

I ∈ Ω0
1(M), which satisfies NIe

I
α = 0 and NIN

I = 1,
and the “internal” projector γIJ := ηIJ −N INJ . With these elements at hand, together with
εIJKL = volαβγδEαI E

β
JE

γ
KE

δ
L and (II.2), it is easy to rewrite `(t) as

`(t)(e) = −εIJKLN IDNJ ∧ eK ∧ eL

where
DNJ = dNJ + [ω∧· N ]J = dNJ + ωJI ∧N I (IV.6)

is the induced covariant derivative over the boundary given by the pullback connection
ω = ∗ω. Recall also that e := ∗e which, in turn, allows us to define its dual EαI := gαβηIJe

J
β

which satisfies
EαI e

I
β

= gα
β

EαI e
J
α = γKI
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With these ingredients, it is possible to obtain a better expression for `(t) by considering

2εIJKL
((
N IdNJ − 1

2ω
IJ
)
−N IDNJ

)
∧ eK ∧ eL

= −εIJKL
(
ωIJ + 2N IωJKNK

)
∧ eK ∧ eL = −εIJKLωKJ

(
ηIK − 2N INK

)
∧ eK ∧ eL

= −εIJKLωKA(γJA +NJNA)
(
γIK −N INK

)
∧ γKB eB ∧ γLCeC

= −γKB γLCεIJKLωKA
(
γJAγ

I
K − (γJAN INK −NJNAγ

I
K)−NJNAN

INK

)
∧ eB ∧ eC

= −γKB γLCγJAγIKεIJKLωKA ∧ eB ∧ eC

which is zero as all four internal indices of ε are projected. This identity allows us to obtain,
as already done for instance in [35, 36], the alternative expression

`(t)(e) = −1
2Trη

((
{N∧dN}−ω

)
∧?η{e∧e}

)
= −1

2εIJKL(2N IdNJ−ωIJ)∧eK∧eL (IV.7)

Step 1 and 2: Variations
As before, we rely on the results and computations of the appendix to obtain

dL(t) = E
(t)
I ∧ deI + dΘ(t) d`(t) − ∗Θ(t) = b

(t)
I ∧ deI − dθ(t)

where

E
(t)
I (e) = −

[
?η F(Λ)∧· e

]
I

= 1
2εIJKLF

KL
(Λ) ∧ e

J

b
(t)
I (e) =

[
?η ({N ∧ dN} − ω)∧· e

]
I
− 2(ι

E
JdeK) ?η{N ∧ e}JKNI =

= 1
2εIJKL(2NK ∧ dNL − ωKL) ∧ eJ − 2(ι

E
JdeK)εJKRSNR ∧ eSNI

Θ(t) = 1
2Trη

(
?η {e ∧ e} ∧ dω

)
= 1

2εIJKLe
K ∧ eL ∧ dωIJ

θ(t) = 1
2Trη

(
?η {e ∧ e} ∧ {N ∧ dN}

)
= εIJKLe

K ∧ eL ∧N I ∧ dNJ

F IJ(Λ) := F IJ − Λ
3 e

I ∧ eJ =
(
F − Λ

6 {e ∧ e}
)IJ

Step 3: Space of solutions
The solutions derived from S(t)

N are non-degenerate tetrads e ∈ F (t)
N satisfying E(t)

I (e) = 0
and the “Neumann” boundary condition b(t)I (e) = 0. The solutions obtained from S(t)

D are
tetrads e ∈ F (t)

D satisfying E(t)
I (e) = 0 and no additional condition at the boundary (the

Dirichlet BC are part of the definition of F (t)
D ).

Step 4: Symplectic form
Given a Cauchy embedding ı : Σ ↪→M , we have

ı
(t) = d

(∫
Σ
ı∗Θ(t) −

∫
∂Σ
ı∗θ(t)

)
Using the results of the previous section, we immediately obtain

ı
(t) =1

2

∫
Σ

Trη
(
?η d{e ∧ e} ∧∧dω

)
− 1

2

∫
∂Σ

Trη
(
?η d{e ∧ e} ∧∧{N ∧ dN}+ ?η{e ∧ e} ∧ {dN ∧∧dN}

)
– 11 –



Step 5: Charges

A direct computation using the definition of the ξ-current J (t)
ξ leads to

J
(t)
ξ = 1

2Trη
(
2[?ηF(Λ)∧· e]∧ιξe−?ηD{e∧e}∧ιξω+?η{e∧e}∧(Lξ− Xξ)ω

)
−dTrη

(1
2?η{e∧e}∧ιξω

)
where we have used ιξF = (Lξ − Dιξ)ω, which follows from Cartan’s magic formula. The
second term of J (t)

ξ vanishes as the torsion De is zero, while the third one is also zero as a
consequence of (II.4) and the fact that the only background object is η, which is “constant”.
Thus we obtain

J
(t)
ξ = Trη

(
ιξe ∧ E(t)

)
− dTrη

(1
2 ?η {e ∧ e} ∧ ιξω

)
−→ Q

(t)
ξ := −1

2Trη
(
?η {e ∧ e} ∧ ιξω

)

J
(t)
ξ is then exact over the space of solutions with ξ-potential Q(t)

ξ . Similarly, we have for
the boundary


(t)
ξ − 

∗Q
(t)
ξ = −1

2Tr
({
N ∧ (Lξ − Xξ}N

)
∧ ?η{e ∧ e} − 2 ?η ({N ∧ dN} − ω) ∧ {ιξe ∧ e}

)
= Tr

(
0 + [?η({N ∧ dN} − ω)∧· e] ∧ ιξe

)
= Trη(ιξe ∧ b

(t))

In the last equality, a term may seem to be missing according to the definition of b(t) but, in
fact, such term vanishes as a consequence of eINI = 0. We then conclude that the ξ-charges
are given by

Qı
ξ,(t) =

∫
Σ
ı∗Trη

(
ιξe ∧ E(t)

)
−
∫
∂Σ
ı∗Trη

(
ιξe ∧ b

(t)
)

(IV.8)

This expression, when pulled-back to Sol(S(t)
N ) ⊂ F (t)

N , vanishes as expected because the
theory is Diff-invariant [15]. However, over Sol(S(t)

D ) ⊂ F (t)
D the boundary integral will not

be zero in general, as b(t) does not necessarily vanish (fixing the tetrad on the boundary
breaks the invariance under diffeomorphisms).

Step 6: comparing with the Hamiltonian formulation

From Step 6 of the CPS-algorithm in the metric formalism and the following section, the
equivalence is assured when no boundaries are present. The case with boundaries is again
not as straightforward and it will be studied elsewhere.

V Metric versus Tetrad formulation

We have obtained in the previous sections the presymplectic structure over the space of
solutions for both the metric and tetrad formulations together with their ξ-charges. In this
section, we prove that the spaces can be naturally mapped, that their symplectic structures
are equivalent (without considering the internal gauge freedom), and that the ξ-charges are
equal.
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V.1 Space of solutions
Let us first show the correspondence between the solution spaces of metric and tetrad
gravity. To this end, we define the maps

ΦN : F (t)
N → F

(m)
N ΦD : F (t)

D → F
(m)
D

both obtained by assigning the following metric to a given tetrad

Φ(e) = Trη(e⊗ e) ≡ Φ(e)αβ = ηIJe
I
αe
J
β

Of course, in the Dirichlet case the compatibility condition gαβ = ηIJe
I
αe
J
β
must hold for

ΦD to be well defined. On one hand, it is well known that Φ is surjective but not injective.
For instance, Φ(−e) = Φ(e). In fact, it can be proved that Φ(e) = Φ(e′) if and only if
e′I = Ψ J

I eJ for some Ψ ∈ SO(1, 3).

On the other hand, we have that S(t) = S(m) ◦ Φ so

deS
(t)
GR = de(S(m)

GR ◦ Φ) = dΦ(e)S
(m)
GR ◦ deΦ

It is easy to check that deΦ is surjective. Hence, the relation between the spaces of solutions
is clear: if e ∈ Sol(S(t)

GR), then Φ(e) ∈ Sol(S(m)
GR ) and if g ∈ Sol(S(t)

GR), then every e ∈ Φ−1({g})
belongs to Sol(S(t)

GR). This is equivalent to

Sol
(
S(t)

GR
)

= Φ−1Sol
(
S(m)

GR
)

(V.1)

V.2 Presymplectic structures
Let us now compare ı

(m) and ı
(t) by looking at their symplectic potentials. For that

purpose, we perform the “change of variable” g = Φ(e) := eIeI in (Θ(m), θ(m)). First, we
notice that instead of working with Θ(m), it is more convenient to work with its g-dual

(?gΘ(m))µ = (?gι ~Wvolg)µ = Wµ (V.2)

whereWµ := ∇βdgµβ−gαβ∇µdgαβ was obtained in step 1 of section III. Using the variation

dωKLµ = (deKα )∇µEαL + EαK∇µdeLα − (eαIdeIβ + eβIde
I
α)EαK∇µEβL − EβKeLγ (d∇)γµβ

which follows from the definition of ωIJµ , and the definition of Wµ, we obtain on one hand

Wµ = 2EµI ιEJdωIJ + (δU)µ Uαµ :=
(
gβµEαL − gβαE

µ
L

)
deLβ (V.3)

where (δU)µ := −∇αUαµ is the codifferential. On the other hand, a standard computation
using the definition of the g-Hodge star operator leads to

(?gΘ(t))µ = 2EµI ιEJdωIJ (V.4)

Taking the Hodge dual of (V.3), using (V.2) and (V.4), and the fact that for k-forms we
have ?g?g = (−1)k(n−k)+1Id and ?gδ = (−1)kd?g, we finally obtain

Θ(m) = ?gW = ?g ?g Θ(t) + ?gδU = Θ(t) + d ?g U
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Once we have taken care of the bulk terms, we focus on the boundary ones. If we use
εIJKL = volαβγδEαI E

β
JE

γ
KE

δ
L, NI = ναE

α
I , and dN I = −NJ ιEIde

J , we can obtain on one
hand (

θ(t))
αβ

= εIJKL(eK ∧ eL)αβNIdNJ

= −(volg)αβγδe
I
αe
J
βE

γ
KE

δ
L(eKα eLβ − e

K
β
eLα)νσEσINRιEJdeR

= −2NR(∗ι~νvolg)σ αβg
σ µdeRµ = (ι~Uvolg)αβ

where Uµ := −2NRg
µαdeRα . On the other hand, using (A.8), we compute the following

expression

θ(m) − θ(t) − ∗(?gU) = ι~V volg − ι~Uvolg − ?g∗ι~νU = ι
(
~V − ~U − ∗ι~νU

)
volg

where V α := −αα(ι~νdg)α was obtained in the step 2 of section III. Notice that we have
made a small abuse of notation because ∗ι~νU is a 1-form so an index must be raised with
the help of g. Finally, we show that this last expression is in fact zero

V α − Uα − gαββ
β
gµβναUαµ

= −gαββ
β
ναηIJ(eIαdeJβ + eIβdeJα) + 2NRg

αβdeR
β
− gαββ

β
gµβνα(gσµEαL − gσαE

µ
L)deLσ

= −NJg
αβdeJ

β
− gαβηIJeIβν

αdeJα + 2NRg
αβdeR

β
− gαβNLdeL

β
+ gαβνσηLKe

K
β

deLσ

= 0

which proves that
θ(m) = θ(t) + ∗(?gU) (V.5)

Putting everything together, we finally obtain the main result of the paper(
Θ(m), θ(m)

)
=
(
Θ(t), θ(t)

)
+ d

(
?g U , 0

)
(V.6)

Hence, the symplectic potentials are equal up to a relative exact form. Notice that the
fact that the LHS comes from the metric formalism while the RHS comes from the tetrad
formalism is not a problem because the LHS is implicitly evaluated at the e-dependent
metric Φ(e) := ηIJe

IeJ .

Taking now the d -exterior derivative of (V.6), integrating over a Cauchy slice (Σ, ∂Σ),
and using the relative Stokes’ theorem (A.2), we obtain the desired equality of the two
presymplectic forms (t) and (m) (see appendix A.1 for a brief account of the relative
framework). More specifically, we have

(t) = Φ∗ (m) (V.7)

A final comment is in order now: the previous formula says that both presymplectic struc-
tures are equivalent modulo the gauge freedom given by the kernel of Φ∗. This gauge free-
dom is present in the tetrad formalism and originates in the SO(1, 3)-invariance of Φ but
it has no metric counterpart. In particular, this means that (t) has more degenerate di-
rections than (m). This can be neatly understood by noticing that if we consider a curve
Ψτ ∈ SO(1, 3) and its associated vector V(t) := d

dτ

∣∣∣
0

Ψτ · e ∈ TeF (t), we have

Ψ∗V(t) = d
dτ

∣∣∣∣
0

Φ(Ψτ ·e) = d
dτ

∣∣∣∣
0

Φ(e) = 0 → V(t) (t) = V(t)Φ
∗

(m) = Φ∗
(

Φ∗V(t) (m)
)

= 0
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V(t) is a nonzero vector which belongs to the kernel of (t) (as a consequence of being in the
kernel of Ψ∗) so it is a gauge vector field. However, the metric counterpart V(m) := Ψ∗V = 0
is not gauge because by definition the zero vector is not gauge. Finally, the equivalence of
the charges (III.4) and (IV.8) is obvious as both theories are equivalent, implying that b(m)
and b(t) are equivalent as well.

VI Conclusions

In this paper, we have studied the metric and tetrad formulations for general relativity on a
manifold with boundary. By considering the appropriate bulk and boundary Lagrangians,
we have shown that both theories are equivalent and hence, as one would expect, they are
symplectically equivalent in the covariant phase space. Here we have focused on Dirichlet
and Neumann BC, but any other BC will give the same results as long as the metric and
tetrad actions are in a suitable correspondence.

It has been known for some time that, in the absence of boundaries, the metric symplectic
current Ω(m) := dΘ(m) is equal to the tetrad symplectic current Ω(t) := dΘ(t) up to an
exact form dA (and thus cohomologically equal). Therefore, their presymplectic forms over
the space of solutions are equivalent since the integral of dA over a Cauchy slice Σ is
zero according to Stokes’ theorem. On the other hand, if one considers a space-time with
boundaries, the boundary-free covariant phase space procedure fails. This is due to some
ambiguities that arise in the construction of the presymplectic form that hinder the direct
comparison between metric and tetrad formulations. This has caused some discrepancies
in previous works [20, 22, 23], but as we have shown, these difficulties arise because the
traditional covariant phase space methods are only suited for the boundary-free case.

When boundaries are present, it is necessary to use more sophisticated techniques, like the
relative bicomplex framework [15]. Following the ideas of that formalism, we obtain the
main result of the paper: the metric symplectic currents (Ω(m), ω(m)) := (dΘ(m), dθ(m)) and
the tetrad symplectic currents (Ω(t), ω(t)) := (dΘ(t), dθ(t)) are equal up to a relative exact
form d(A, a). This implies, in particular, that they are equal in the relative cohomology
(see appendix A.1 for the relevant definitions) and that their presymplectic forms over
the space of solutions are equivalent. Indeed, the relative Stokes’ theorem tells us that the
integral of d(A, a) over a relative Cauchy slice (Σ, ∂Σ) is zero. Furthermore, we have proved
that the Noether charges are equivalent as expected. Finally, we have applied the covariant
phase space methods to the asymptotically flat case to recover the well-known formula for
the ADM energy.
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A Ancillary material
A.1 Mathematical background
Relative bicomplex framework
In this section we include a summary of the definitions and results of [15]. Consider an
n-dimensional manifold M with boundary ∂M (possibly empty) and a space of fields F
defined on it (sections of a bundle E →M). The geometric structure of F may be under-
stood by studying the infinite jet space of E. However, it is also possible to deal with F as
is customary in the physics literature: by considering it as an infinite dimensional manifold
endowed with standard operations such as the exterior derivative d , the interior product ,
or the Lie derivative . Physical field theories are described in terms of locally constructed
fields over the space M ×F , a space consisting of points of M and fields over M .

We define the relative pair (M,N) with N ⊂ M being a submanifold N

↪→ M of codi-

mension 1 of M . In this paper, we will always assume N ⊂ ∂M . Then, we have that the
relative boundary of the pair is defined as

∂(M,N) := (∂M \N, ∂N)

which satisfies ∂2 = 0 and ∂(M,∂M) = ∅. The space of relative forms and the generaliza-
tions of some familiar operators to the present case are defined as

Ωk(M,N) := Ωk(M)⊕ Ωk−1(N) d(A, a) := (dA, ∗A− da)
ιV (A, a) := (ιVA,−ιV a) ?g(A, a) := (?gA, ?ga)

f∗(A, a) =
(
f∗A, (f |N )∗a

)
d(A, a) = (dA, da)

where V := V |N has to be tangent to N . Notice that d2 = 0, hence, we can define the
so called relative cohomology Hk(M,N). Two classes [(A1, a1)], [(A2, a2)] ∈ Hk(M,N) are
equal if and only if there exists (B, b) ∈ Ωk−1(M,N) such that (A1, a1) = (A2, a2)+d(B, b).
The integral of a relative top-form (A, a) ∈ Ωn(M,N) over the relative pair (M,N) is
defined as ∫

(M,N)
(A, a) :=

∫
M
A−

∫
N
a (A.1)

We have the relative Stokes’ theorem given by∫
(M,N)

d(B, b) =
∫
∂(M,N)

∗(B, b) (A.2)

which in turn implies that (A.1) for N = ∂M is well defined on relative cohomology
because ∂(M,∂M) = ∅. We introduce now the space of forms (r,s)(M ×F) of degree r in
M (horizontal part) and s in F (vertical part). Endowed with the wedge product ∧∧, this
space becomes a bigraded algebra with two exterior derivatives: the horizontal d, which
increases r in one unit, and the vertical d , increasing s in one unit. The wedge product ∧∧
restricted to (k, 0)-forms coincides with ∧. We will often abuse notation and use the latter.
If we replace (M,d) by the relative pair ((M,N), d), we can define the relative bicomplex

(r,s)
loc

(
(M,N)×F

)
= (r,s)

loc (M ×F)⊕ (r−1,s)
loc (N ×F)

where the loc subscript indicates that we only consider (r, s)-forms which are locally con-
structed i.e. a form α evaluated at p only depends on p, φ(p), and finitely many of the
derivatives of φ at p.
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Lagrangians and actions
Definition A.3
We define a Lagrangian pair as an element of

Lag(M) := (n,0)
loc ((M,∂M)×F)

Remember that

[(L1, `1)] = [(L2, `2)] ≡ (L2, `2) = (L1, `1) + d(Y, y) ≡ L2 = L1 + dY
`2 = `1 + ∗Y − dy

Definition A.4
A local action is a map S : F → R of the form

S(φ) =
∫

(M,∂M)
(L, `)(φ) (A.5)

for some local Lagrangian pair (L, `) ∈ Lag(M).

Definition A.6
(Li, `i) ∈ Lag(M) are

∫∫∫
-equivalent, which we denote as (L1, `1)

∫
≡ (L2, `2), if for every

φ ∈ F , we have ∫
(M,∂M)

(L1, `1)(φ) =
∫

(M,∂M)
(L2, `2)(φ)

In this work, we have only considered contractible bundles, for which the
∫
-equivalence

is the same as the cohomological equivalence (a proof was given in [15]). Nevertheless, if
the bundles are not contractible, it is still possible to keep track of the ambiguities that
arise from the fact that there exist non-zero Lagrangians [(L, `)] 6= 0 whose Euler-Lagrange
equations and BC are zero.

Variations
We assume that the action is defined in such a way that it is possible to find Euler-Lagrange
equations and boundary equations (E, b), and symplectic potentials (Θ, θ), such that

dL = Er ∧ dφr + dΘ d`− ∗Θ = br ∧ dφr − dθ (A.7)

where r labels the fields of the theory φ = (φ1, . . . , φR) ∈ F . If this is not possible, the
theory is ill-posed and we have to change the space of fields F and/or the action S. The
symplectic potentials (Θ, θ) are defined up to a relative exact form. The space of solutions
is

Sol(S) := {φ ∈ F | (E, b)(φ) = 0}

Symplectic structure
We define the symplectic currents as (Ω, ω) := d(Θ, θ). The relevant object is the relative
integral of the symplectic currents over a Cauchy embedding ı : (Σ, ∂Σ) ↪→ (M,∂LM)

ı
S :=

∫
(Σ,∂Σ)

d ı∗
(
Θ, θ

)
∈ 2(F)

It can be proved that the pull-back of ı
S to the space of solutions is independent of the

Cauchy embedding, endowing Sol(S) with a presymplectic structure canonically associated
with S.
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Currents and charges
Given some vector field ξα tangent to the lateral boundary, we define the ξ-currents and
the ξ-charges as

(Jξ, ξ) := ιξ(L, `)− Xξ(Θ, θ) Qı
ξ :=

∫
(Σ,∂Σ)

ı∗(Jξ, ξ) ∈ 0(F)

The ξ-charges in general depend on the chosen Lagrangians and on the embedding. If we
compare the ξ-charges associated with two embeddings we obtain the following flux law

Qı2
ξ −Qı1

ξ =
∫

(N,∂LN)
(Er, br)(φ)Lξφr +

∫
(N,∂LN)

(Lξ − Xξ)(L, `)

where N is the manifold bounded by the Cauchy slices ı1(Σ) and ı2(Σ). In general, the
charge Qı

ξ is not the Hamiltonian of the vector field Xξ because

dQı
ξ = Xξ

ı
S +

∫
(Σ,∂Σ)

ı∗
(
ıξ(Er, br) ∧ dφr

)
+
∫

(Σ,∂Σ)
ı∗(Lξ − Xξ)(Θ, θ)

The ξ-charge is the Hamiltonian of Xξ over (Sol(S), S) if and only if the last integral
vanishes.

A.2 Some computations in the metric case
Let us start off with a list of some of the well-known variations of the relevant objects used
in the metric formalism

• (d∇)αβγ = 1
2g

αµ
(
∇βdgµγ +∇γdgβµ −∇µdgβγ

)
• d(g−1)αβ = −gαµgβνdgµν

• dRicβγ = ∇α(d∇)αβγ −∇β(d∇)ααγ

• dνα = 1
2ν

βνγdgβγνα

• dR = −Ricαβdgαβ +∇α∇βdgαβ −∇α∇αdg

• dvolg = dg
2 volg

• dKαβ = 1
2
(
Kαβν

ανβdgαβ + αα
β

β

(
∇~νdgαβ − νµ∇αdgµβ − νµ∇βdgµα

))
• d(TrgK) = 1

2
(
∇~νdg − να∇βdgαβ −Kαβdgαβ −∇

β(β
β
(ι~νdg)β

))
where dg := gαβdgαβ stands for the g-trace of dgαβ (not to be confused with the variation
of the determinant of g, which we do not use in this paper). Besides, we use the notation
(ι~νdg)β := ναdgαβ.

Variations
With those variations and the Lagrangians (L(m)

EH , `
(m)
GHY) =

(
(R − 2Λ)volg,−2Kvolg

)
, we

have

d(L(m)
EH , `

(m)
GHY) =

(
E(m), b(m)

)
∧ dg + d

(
Θ(m), θ(m)

)
– 19 –



where

Eαβ(m) =
((

R

2 − Λ
)
gαβ − Ricαβ

)
volg bαβ(m) =

(
Kαβ −Kgαβ

)
volg

Θ(m) = ι ~Wvolg θ(m) = ι~V volg

Wα = (gαµgβλ − gαλgβµ)∇λdgβµ V α = −gαβgαλβ
β
νλdgαβ

Symplectic form
The symplectic currents are given by

Ω(m) := dΘ(m) = ιd ~Wvolg − ι ~W dvolg = ι

(
d ~W − ~W ∧∧ dg

2

)
volg

ω(m) := dθ(m) = ιd ~V volg − ι~V dvolg = ι

(
d ~V − ~V ∧∧ dg

2

)
volg

To ease the notation, here we are using the parenthesis for the interior product instead of
a subscript. These terms can then be rewritten as follows

gαβ

(
dW β −W β ∧∧ dg

2

)
= 1

2dgαµ ∧∧∇µdg + 1
2g

σβgµλdgσµ ∧∧∇αdgβλ + 1
2dg ∧∧∇βdgαβ

− 1
2dg ∧∧∇αdg − gµλdgβµ ∧∧∇βdgαλ

= −1
2δ

λησ
αβζg

βρgζφdgηρ ∧∧∇λdgσφ + 1
2∇

η(gβλdgαβ ∧∧dgηλ)

dV α − V α ∧∧ dg
2 = gαγgβ δβ

β
dgγδ ∧∧(ι~νdg)β + β

β
gαβ

{
gαγ(ι~νdg)γ ∧∧dgαβ

− 1
2 ι

2
~νdg ∧∧(ι~νdg)β + 1

2(ι~νdg)β ∧∧dg
}

= 1
2g

αββ
β
(ι~νdg)β ∧∧(gλσ − νλνσ)dgλσ = 1

2g
αββ

β
(ι~νdg)β ∧∧dg

Consider a Cauchy embedding ı : Σ ↪→ M , where we have the g-normal nα to ı(Σ) ⊂ M ,
the g-normal mα to ı(∂Σ) ⊂ ∂LM , the γ-normal µb to ∂Σ ⊂ Σ, and the induced metric
γ = ı∗g. We denote also mα := ααm

α and µβb := ıβb µ
b. Integrating the symplectic current

over (Σ, ∂Σ) we obtain the presymplectic form

ı
(m) =

∫
(Σ,∂Σ)

ı∗(Ω(m), ω(m))
(II.2)=
(II.3)

= −
∫

Σ
nα

(
dWα −Wα ∧∧ dg

2

)
volγ −

∫
∂Σ
mα

(
dV α − V α ∧∧ dg

2

)
volγ

= 1
2

∫
Σ
nαδλησαβζg

βρgζφdgηρ ∧∧∇λdgσφvolγ

− 1
2

∫
∂Σ

(
nαgβηµλ +mανβgηληη

λ
λ

)
dgαβ ∧∧dgηλvolγ

Notice that we have used Stokes’ theorem, Gauss’ lemma (to write the covariant derivative
∇ ofM in terms of the covariant derivativeD of Σ and its extrinsic curvature) together with
the fact that Tαη := gβλdgαβ ∧∧ dgηλ is antisymmetric (which kills the extrinsic curvature
terms) to take nα∇ηTαη to the boundary.
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Charges
The ξ-currents are given by(

J
(m)
ξ , 

(m)
ξ

)
= ιξ(L

(m)
EH , `

(m)
GHY)− Xξ(Θ(m), θ(m)) = (ι~ξL

(m)
EH , ι~ξ `

(m)
GHY)−

(
ι ~Wvolg, ι~V volg

)
=
(
(R− 2Λ)ι~ξvolg, 2Kι~ξvolg

)
−
(
ι

Xξ
~Wvolg, ι

Xξ
~V volg

)
=
(
ι
{

(R− 2Λ)~ξ − Xξ
~W
}

volg, ι
{

2K~ξ − Xξ
~V
}

volg
)

=
(
?g
{

(R− 2Λ)ξ − XξW
}
, ?g
{

2Kξ − XξV
})

Using the definition of the Ricci and Riemann tensor together with (II.4), we obtain

(R− 2Λ)ξα − XξWα = (δdξ)α + 2(ι~ξẼ)α

where δ is the codifferential (which is equal to minus the divergence) and Ẽαβ(m) := Eαβ(m)/volg
(the prefactor multiplying the volume form in E(m)). Meanwhile, at the boundary

2Kξα − XξV
α = 2Kξα + gαββ

β
να(∇αξβ +∇βξα)

~ξ⊥~ν= 2Kξα + gαββ
β

(
να(dξ)αβ − 2ξα∇βνα

)
= 2Kξα + gαβ

(
β
β
να(dξ)αβ − 2ξµKµβ

)
= −2(Kαµ − gµαK)ξµ + gαββ

β
(ι~νdξ)β

= −2(ι~ξ b̃)
α + (∗ι~νdξ)α

where b̃ := b/volg. Thus, using that for 2-forms the equality δ?g = ?gd holds, we can write(
J

(m)
ξ , 

(m)
ξ

)
=
(
?g δdξ + 2 ?g ι~ξẼ,−2 ?g ι~ξ b̃+ ∗#ι~νdξ

)
= 2?gι(Ẽ, b̃) +

(
d ?g dξ, ∗(ν ∧#dξ + #ι~νdξ)

)
= 2?gι(Ẽ, b̃) + d(?gdξ, 0)

where in the first line we have used the operator #α = ?g(ν ∧ α) which satisfies

?g α = ν ∧#α+ #ι~να and ∗# = ?g
∗ (A.8)

A.3 Some tetrad computations
Variations

dL(t) = 1
2dTrη

(
?η{e ∧ e} ∧

(
F − Λ

12{e ∧ e}
))

=

= 1
2Trη

(
2 ?η {de ∧ e} ∧ F + ?η{e ∧ e} ∧ dF − Λ

3 ?η {de ∧ e} ∧ {e ∧ e}
)

=

= 1
2Trη

(
2 ?η F ∧ {e ∧ de}+ ?η{e ∧ e} ∧ Ddω − Λ

3 ?η {e ∧ e} ∧ {e ∧ de}
)

(IV.3)=

= Trη
(
−
[
?η F(Λ)∧· e

]
∧ de− 1

2 ?η D{e ∧ e} ∧ dω
)

+ dTrη
(1

2 ?η {e ∧ e} ∧ dω
)

d`(t) − ∗Θ(t) = −1
2dTrη

((
{N ∧ dN} − ω

)
∧ ?η{e ∧ e}

)
− ∗Trη

(1
2 ?η {e ∧ e} ∧ dω

)
=
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= −1
2Trη

((
{dN ∧ dN}+ {N ∧ ddN}

)
∧ ?η{e ∧ e}+ 2({N ∧ dN} − ω) ∧ ?η{de ∧ e}

)
=

= −1
2Trη

(
2{dN ∧ dN} ∧ ?η{e ∧ e}+ d

(
{N ∧ dN} ∧ ?η{e ∧ e}

)
− 2{N ∧ dN} ∧ ?η{de ∧ e}+ 2 ?η ({N ∧ dN} − ω) ∧ {de ∧ e}

)
=

= −Trη
(
{dN ∧ dN} ∧ ?η{e ∧ e} − {N ∧ dN} ∧ ?η{de ∧ e}

− [?η({N ∧ dN} − ω)∧· e] ∧ de
)
− dTrη

(1
2{N ∧ dN} ∧ ?η{e ∧ e}

)
Let us prove that the first term vanishes. First notice that ε[IJKLNM ] ∈ Ω0

5(M) = {0}.
Thus

0 = 5ε[IJKLNM ]eK ∧ eL ∧ dNI ∧ (ιEJdeM ) =

=
(
εIJKLNM + εJKLMN I + εKLMINJ + 2εLMIJNK)eK ∧ eL ∧ dNI ∧ (ιEJdeM ) =

= −εIJKLeK ∧ eL ∧ dNI ∧ dNJ = − ?η {e ∧ e}IJ ∧ dN I ∧ dNJ

where we have used dNI = −NJ ιEIde
J , N IEαI = 0, N IdNI = 0, and N IeI = 0. Let us

now rework the second term to obtain the desired expression of page 11

Trη
(
{N ∧ dN} ∧ ?η{de ∧ e}

)
= {N ∧ dN}IJ 1

2εIJKL{de ∧ e}
KL

= 2N IdNJεIJKL(deK) ∧ eL = −2N INR(ι
E
JdeR)εIJKL(deK) ∧ eL

= −2N INRεIJKL
(
ι
E
J

(
deR ∧ deK ∧ eL

)
+ deR ∧ (ι

E
JdeK) ∧ eL + deR ∧ deK ∧ γJL

)
= −2N INRεIJKL

(
0 + deR ∧ (ι

E
JdeK) ∧ eL + 0

)
= −2N INRεIJKL(ι

E
JdeK) ∧ eL ∧ deR

= −NRεIJKL(ι
E
JdeK){N ∧ e}IL ∧ deR = −2NR(ι

E
JdeK) ?η{N ∧ e}JK ∧ deR
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