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We investigate the gravitational effect of large-scale radiation perturbations on small-scale struc-
ture formation. In addition to making the growth of matter perturbations scale dependent, the
free-streaming of radiation also affects the coupling between structure formation at small and large
scales. We study this using Separate Universe N-body simulations to compute the (isotropized)
squeezed-limit matter bispectrum and the linear halo bias. Our results show that the scale depen-
dence in the growth of long-wavelength matter perturbations, caused by radiation, translates into
these quantities acquiring a non-trivial scale-dependence at k . 0.05 Mpc−1. In a universe with ra-
diation composed of cosmic microwave background photons and three species of massless neutrinos,
the bias of halos with b = 2 at high k will decrease by 0.29%, 0.45% and 0.8% between k = 0.05
Mpc−1 and k = 0.0005 Mpc−1 at redshifts z = 0, 1, and 3 respectively. For objects with b � 1,
these differences approach 0.43%, 0.68% and 1.2% respectively.

I. INTRODUCTION

Along with the cosmic microwave background (CMB),
observations of large-scale structure in the Universe are
an important tool for obtaining constraints on cosmolog-
ical parameters. The key observables therein include cor-
relation functions of tracers of the matter density fluctu-
ation, such as galaxies, quasars, or the intensity of emis-
sion and absorption lines from intergalactic gas. Corre-
lation functions of these tracers, for instance their power
spectrum and bispectrum, produce biased estimates of
correlations of the matter density field. At large scales,
however, there is a linear relationship between fluctua-
tions in the tracer population and fluctuations in the un-
derlying matter density field. This proportionality fac-
tor relating the two is called the bias of the tracer (see,
e.g. [1], for a review). Accurately modeling these ob-
servables requires precise predictions for both the bias
of tracers and the gravitational evolution of the matter
density field, two non-trivial challenges arising from the
non-linear nature of structure formation.

Density fluctuations in the early universe evolved
through gravitational collapse into structures like the
galaxies and the galaxy clusters observable today. In a
universe with only a cosmological constant Λ and cold
dark matter (CDM), the growth of matter density fluc-
tuations in the linear regime is scale-independent (for a
review, see [2]). The presence of free-streaming compo-
nents, such as CMB photons and neutrinos, introduces
a new scale into the dynamics of structure formation:
namely their respective free-streaming scales. A free-
streaming scale acts as a Jeans scale in the sense that
a free-streaming component does not cluster with CDM
below this scale. This causes the growth of matter den-
sity fluctuations at scales smaller than the free-streaming
scale to be suppressed in comparison to the growth at
larger scales (e.g. [3]). This is a well-known effect on
the linear growth of matter density fluctuations which,
as we show, modifies the coupling between structure for-

mation at small and large scales non-trivially. Specifi-
cally, we will show that free-streaming introduces a scale-
dependence to the halo bias and the squeezed-limit mat-
ter bispectrum. It is important to note that while the
free-streaming scale for massless particles is the Hubble
scale (c/aH), the effects we study persist down to ob-
servable scales (k ∼ 5 × 10−2 Mpc−1). The new scale-
dependent changes are small (. 1% on the halo bias for
z . 3), but potentially important for future measure-
ments that demand exquisite control over systematics
for galaxy clustering observations on large scales (for ex-
ample, those targeting primordial non-Gaussianity with
fNL ∼ 1 [4, 5]). Moreover, these changes to nonlinear
structure are a real gravitational effect of radiation at
late times that should nonetheless be quantified.

In this paper, we use the Separate Universe technique
to compute responses of small-scale observables to large-
scale background matter and radiation density fluctua-
tions. A long-wavelength matter density perturbation
affects the cosmic expansion history locally as would be
observed by a small-scale observer situated within it.
The long-wavelength density perturbation can thus be
absorbed into the background cosmology to yield a set
of local cosmological parameters governing the growth of
small-scale structure within the long-wavelength density
perturbation. Performing N-body simulations within this
Separate Universe gives a way to obtain the responses of
small-scale observables to the background density pertur-
bation well beyond the linear level. This technique has
been used to determine halo and void bias, the position-
dependent power spectrum, and position-dependent one-
point statistics in ΛCDM cosmologies [6–21]. A frame-
work to extend the Separate Universe technique beyond
ΛCDM was presented in [22] and applied to cosmolo-
gies with massive neutrinos [23], dynamical dark energy
[24, 25], and isocurvature modes [25, 26].

Throughout this paper, we work in a flat νΛCDM
cosmology with cosmological parameters as given in Ta-
ble I. We will vary the energy density in radiation and
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Tcmb Ωcdm Ωb σ8 ns YHe h

2.725 K 0.25 0.05 0.83 0.95 0.24 0.7

TABLE I: Parameters of the background cosmology. We as-
sumed the Universe is flat and when we varied the energy
density in radiation, we adjusted the value of ΩΛ to satisfy
ΩΛ = 1 − Ωcdm − Ωb − Ωrad.

accordingly adjust the value of ΩΛ to satisfy ΩΛ =
1 − Ωcdm − Ωb − Ωrad. Note that we specify the helium
abundance separately, rather than adjusting for consis-
tency with big bang nucleosynthesis [27], because we will
consider examples with very large deviations from the ra-
diation density in the standard cosmology. For the pur-
poses of this work, we regard baryons and CDM together
as a single fluid with Ωc = 0.30. Henceforth “CDM”
or matter with subscript ρc refers to both CDM and
baryons. The linear evolution of density perturbations
is obtained using the public code CLASS [28].

We begin with a review of the Separate Universe for-
malism in Sec. II. While our goal is to study the effects of
large-scale radiation perturbations, we first present cal-
culations of the effects due to neutrinos with degenerate
masses in Sec. III. We vary both the number of species
and the mass per species, demonstrating non-trivial
scale-dependent effects in the limit mν → 0. We also
demonstrate that the effects are insensitive to the com-
position of the radiation by comparing results for mass-
less neutrinos to photons, while holding Ωrad fixed. For
our N-body simulations, presented in Sec. IV, we chose a
cosmology with 28 massless neutrinos, corresponding to
a radiation density today of Ωrad = 3.711× 10−4, which
is about an order of magnitude larger than the radiation
density in our Universe. This large value of Ωrad is chosen
so that we can reliably measure the effects of radiation on
the power spectrum response and halo bias with a rea-
sonable number of simulations. We present our results
obtained from Separate Universe N-body simulations in
Sec. V. In Sec. VI we show that the scale-dependence
of the Lagrangian response bias obtained from N-body
simulations can be accurately modeled using the power
spectrum response computed using one-loop perturba-
tion theory. In Sec. VII we discuss the scale dependence
and redshift dependence of the Eulerian bias computed
using this model in a cosmology similar to our own, with
three massless neutrinos.

II. CONSTRUCTION OF THE SEPARATE
UNIVERSE

An observer within a large-scale perturbation to the
matter density, δc, will observe small-scale density per-
turbations against a background matter density which
includes δc in addition to the unperturbed matter den-
sity ρc in the global universe,

ρcW = ρc(1 + δc) . (1)

The long-wavelength perturbation δc can be absorbed
into the background cosmic expansion to yield a set of
local cosmological parameters. Choosing the CDM frame
to define the local scale factor gives [22],

aW = a (1 + δc(kL, a))
− 1

3 ≈ a
[
1− δc(kL, a)

3

]
, (2)

where kL is the wave number of the perturbation. The
local Hubble rate is then,

HW = H

[
1− 1

3
δc
′(kL, a)

]
, (3)

where ′ = d
d log a . This construction assumes the existence

of a universal time coordinate shared by both the Sepa-
rate Universe and the Global Universe. This requires δc
to be specified in the synchronous gauge[22]. Also, the
Separate Universe construction requires that the Sepa-
rate Universe scale factor aW obey the acceleration equa-
tion; this is only possible in the synchronous gauge as
explained in [22]. The Separate Universe by construc-
tion is dependent on wave number kL of the large-scale
background density perturbation. Scale-dependent evo-
lution of δc leads to scale-dependent Separate Universe
responses of the small-scale observables.

The growth of matter density perturbations is sup-
pressed on scales below the Hubble scale due to the
free streaming of massless neutrinos and CMB photons
[3]. This scale-dependent growth is illustrated in Fig-
ure 1, which plots the evolution of δc(a, k) at different
large scales, normalized to δc0 = δc(a = 1). Modes
with longer wavelengths, which include coherent pertur-
bations in CDM, photons, and massless neutrinos, grow
faster than modes with shorter wavelengths due to the
free streaming of neutrinos and photons on subhorizon
scales.

A. Linear Growth Factor Response

We are interested in quantifying how small-scale ob-
servables are modified by the presence of long-wavelength
modes δc(a, kL) that span the range of scales shown in
Fig. 1. We will refer to the changes in small-scale observ-
ables, due to the presence of long-wavelength modes as
Separate Universe responses. As has been demonstrated
in previous works [20, 23–25], much about the Separate
Universe responses can be understood by studying how
the evolution of linear matter perturbations is modified
in the Separate Universe.

By construction, only the CDM (and baryon) compo-
nent clusters on scales k � aH. The linear growth factor
of small-scale CDM density perturbations in the Sepa-
rate Universe, denoted DW , is given by the usual linear
growth equation with the scale factor, Hubble rate, and
matter density replaced by those in the Separate Universe
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FIG. 1: (Top) Evolution of δc(kL, a)/δc(kL, a = 1) for differ-
ent values of kL. (Bottom) Evolution of δc(kL, a)/δc(kL↓ =
5 × 10−2 Mpc−1, a) for different values of kL. In this fig-
ure, the effects of radiation have been enhanced by setting
Ωrad = 3.7 × 10−4.

cosmology,

d2DW

d log a2
W

+

(
2 +

d logHW

d log aW

)
dDW

d log aW
=

3

2

ΩcWH
2
0W

H2
Wa

3
W

DW ,

(4)

where ΩcWH
2
0W = ΩcH

2
0 . The Separate Universe linear

growth factor can be expanded around the global uni-
verse linear growth factor, D. To linear order in δc(kL, a),
we denote this as DW = D + ε(kL), where

D′′ +

(
2 +

H ′

H

)
D′ − 3

2

ΩcH
2
0

H2a3
D = 0 , (5)

ε′′ +

(
2 +

H ′

H

)
ε′ − 3

2

ΩcH
2
0

H2a3
ε =

2

3
δ′cD

′ (6)

+
3

2

ΩcH
2
0

H2a3
δcD .

To solve these equations, we need to impose appropri-
ate initial conditions for DW and ε. Since we want results
that are accurate at O(Ωrad), including for larger values
of Ωrad than in our own Universe, we impose initial con-
ditions in the radiation dominated era (ai ≈ 10−6). In
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FIG. 2: The response of the linear growth factor (Eq. (10) to
the long wavelength modes shown in Fig. 1. The dashed
line is the same quantity computed in an exactly matter-
dominated Separate Universe (= 13/21).

this case, the global universe linear growth factor is,

D = C1 log

(
a

aH

)
, (7)

where aH � ai is the scale factor at horizon entry for the
small-scale mode and C1 is an integration constant. The
large-scale density perturbation in the radiation domi-
nated era is outside the horizon and varies as δc ∝ a2 at
ai. Plugging this into Eq. (6), we obtain

ε = C1
1

3
δc(a, kL) + C2 + C3 log(a) , (8)

where C2 and C3 are integration constants. We only keep
the term ∝ δc ∝ a2 as by definition, ε vanishes as δc → 0.
Thus, up to an overall normalization factor, we obtain
the initial conditions,

Di = log

(
ai
aH

)
, εi =

1

3
δc(ai, kL) . (9)

Using the above initial conditions, we can solve for ε
and D to obtain the linear growth response,

RD(kL, a) ≡ ∆ logDW

∆δc
=

ε

Dδc
, (10)

where RD , defined above, depends on redshift and on
the kL of the long wavelength mode δc.

Figure 2 shows the linear growth factor response as a
function of the scale factor for Separate Universes built
from different long-wavelength modes (i.e. different val-
ues of kL) with Ωrad = 3.7 × 10−4. It is apparent from
Fig. 2 that even in the matter-dominated era this re-
sponse differs from its counterpart in the exactly matter
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dominated (EdS) universe which is equal to 13/21 (de-
noted by the dashed line in Fig. 2). This is due to the
high value of the radiation density we have assumed here.
For the standard amount of radiation composed of CMB
photons at temperature Tcmb = 2.725 K and three mass-
less neutrinos, the linear growth factor response at z = 0
agrees with the EdS prediction to within . 0.01%.

III. ANALYTICAL RESULTS

A broad goal of this work is to understand how free-
streaming components such as neutrinos or photons affect
the coupling between small-scale structure formation and
large-scale density perturbations. At lowest order, this
nonlinear coupling can be expressed in terms of the Sep-
arate Universe linear growth factor response, computed
in the preceding section (Eq. (10)).

The presence of free-streaming components introduces
a scale dependence to the evolution of large-scale den-
sity perturbations δc(kL, a), and thus causes the linear
growth factor response to be dependent on kL, unlike
its counterpart in purely CDM and ΛCDM cosmologies.
From Fig. 2, we see that the linear growth factor response
increases with increasing kL. It is therefore instructive
to look at the relative linear growth factor response with
respect to its asymptotic value at low kL,

Rrel(kL, a) ≡ RD(kL, a)

RD(kL0, a)
, (11)

where kL0 = 1 × 10−4 Mpc−1 is a reference large-scale
wave number chosen such that the linear growth factor
response RD(kL, a) is sufficiently close to its kL → 0
asymptotic value. We define the step in the linear growth
factor response as the asymptotic value ofRrel in the limit
of large kL,

Rstep(a) ≡ Rrel(kL & 0.06 Mpc−1) . (12)

In the following subsections we will discuss how the step
in the linear growth factor response evolves with redshift
and depends on the masses and energy densities of the
free-streaming particles. We will also demonstrate that
for massless particles, the kL dependence of the relative
linear growth factor response is insensitive to the com-
position of the free-streaming component.

A. Dependence on particle mass and energy
density

The relative linear growth factor response transitions
from a lower value at small kL to a larger value at high kL.
The value of kL at which the relative linear growth factor
response in Eq. (11) starts increasing above 1, depends
on the free-streaming scale of the particles. For parti-
cles with a typical speed vth, the free-streaming scale in
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FIG. 3: Relative linear growth factor response, Eq. (11), for
neutrinos of different masses but common temperature. The
location of the step feature depends on the particle mass,
in this case implemented as neutrinos with the standard
temperature, Tν ≈ 1.7 × 10−4 eV, and degenerate masses
0.05, 0.025, 0.01 and 0.0 eV. These curves do not have a com-
mon number of species nor energy density of neutrinos, the
number of states was adjusted to produce the same asymp-
totic value at high kL.

0 5 10 15 20 25 30
Nν

1.00

1.02

1.04

1.06

R
st

ep
(z

=
0)

mν = 0.05 eV

mν = 0.025 eV

mν = 0.01 eV

mν = 0.0 eV

FIG. 4: The amplitude of the step in the linear growth factor
response, Eq. (12) vs number of neutrino species Nν at z = 0
for neutrinos of degenerate mass mν = 0.05, 0.025, 0.01 and
0.0 eV.

proper coordinates is given by [3],

λfs ∝ vth/H . (13)

For massless neutrinos the free-streaming scale is just the
Hubble scale, c/H, whereas for massive neutrinos vth ∝
Tν/mν . Thus, at fixed temperature, the free-streaming
scale is larger for neutrinos with smaller mass.

Figure 3 shows the relative linear growth factor re-
sponse for neutrinos with masses 0.05, 0.025, 0.01 and
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FIG. 5: The amplitude of the step in the linear growth factor
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0.0 eV, computed at z = 0 with a fixed neutrino back-
ground temperature. This plot shows that the relative
growth response steps up at smaller scales for neutri-
nos of higher mass due to the decreasing free-streaming
scale. For the plot in Fig. 3, we have adjusted the neu-
trino abundances to match the asymptotic values of the
growth response at high kL in order to clearly illustrate
the changes in the location of the growth response step.

The step in the linear growth factor response increases
with an increase in the energy density of light particles
(with Ωc constant). In Fig. 4 we show the amplitude
of the linear growth response step for both massive and
massless neutrinos for different values of Nν and mν

at redshift z = 0. The size of the response step at a
given redshift increases with increasing energy density
(∼ mνNν for mν & 0.01 eV) of the light particles. Fig-
ure 4 shows a non-trivial linear growth response step for
Nν = 0. We interpret this as the growth factor response
step due to the presence of photons. Photons, like neu-
trinos, are free streaming at late times (after recombina-
tion) and would be expected to have a similar effect on
the growth factor response as massive neutrinos. We will
verify this in Sec. III B.

For a fixed energy density of free-streaming particles
at a given redshift, the asymptotic value of the growth
response step at high kL also depends on the mass of
the free-streaming particles. This is evident from Fig. 5
where we have plotted the amplitude of the growth re-
sponse step as a function of the neutrino mass for fixed
neutrino energy density at z = 0. Notably, fixing the en-
ergy density in neutrinos of different masses at z = 0 does
not fix the energy densities at higher redshifts, where the
neutrino momentum can contribute significantly to the
neutrino energy. Fig. 5 shows that neutrinos of low mass
with the same energy density at z = 0 generate a bigger
growth response than their higher mass counterparts. We
attribute this to the fact that, with fixed Ων at z = 0,
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FIG. 6: Relative linear growth factor response, Eq. (11), for
different massless neutrino densities with Ωrad,0 = 1.01 ×
10−3. Here fν is the fraction of the radiation energy den-
sity carried by massless neutrinos, fν = Ων/(Ων + Ωγ). The
fractional difference between the different curves is . 5×10−4.

low mass neutrinos have a higher energy density at earlier
times than neutrinos of higher masses.

B. Dependence on composition

Since we are studying the gravitational effects of large-
scale perturbations in radiation, we expect that the par-
ticular composition of the radiation (e.g. if it is photons,
massless neutrinos, or some other relativistic particle)
is unimportant. Yet, in our Universe photons and neu-
trinos have different cosmological histories owing to dif-
ferent decoupling times. Specifically, since we start our
solutions to DW and ε deep in the radiation dominated
era when photon and neutrino perturbations evolve dif-
ferently, one may worry that this could cause DW to
depend on composition. We study this by considering
the growth response for different kL in the presence of
different photon and massless neutrino energy densities
producing the same total radiation energy density. Fig-
ure 6 shows the kL dependence of the relative growth
response at z = 0, for difference fractions of Ων and Ωγ
at fixed Ωrad = 1.01 × 10−3. From this plot, it follows
that there is no significant difference between the effect of
photons and that of massless neutrinos on the response of
small-scale structure formation to large-scale CDM den-
sity perturbations.

C. Dependence on redshift

Figure 7 shows the amplitude of the step in the linear
growth factor response between large and small scales
evaluated using Eq. (11) normalized to unity at redshift
z = 0. It is evident from Fig. 7 that the amplitude of the
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FIG. 7: The step in the linear growth factor response normal-
ized to unity at z = 0 plotted as a function of redshift for 28
species of neutrinos with different masses.

step depends more strongly on the redshift in a universe
with massless neutrinos than in a universe with massive
neutrinos. This can be attributed to the fact that at late
times the energy density of massless neutrinos falls faster
with the expansion of the universe than that of massive
neutrinos.

IV. SEPARATE UNIVERSE SIMULATIONS

We performed N-body simulations in the Separate Uni-
verse to obtain the response of structure formation at
small scales to the long-wavelength density perturbations
in the non-linear regime. We used a modified version
of the N-body code Gadget-2 [29], which reads in a list
of tabulated values for (aW , HW ), and interpolates from
this list rather than computing the expansion history us-
ing cosmological parameters. Our simulations began at
a Separate Universe scale factor aWi corresponding to a
redshift of z = 49 in the global universe. We constructed
initial conditions with an initial power spectrum

PW (k, ai) =

[
DWi

D0

]2

P (k, a0) (14)

where a0 = 1 is the scale factor today, DWi is the Sepa-
rate Universe linear growth factor at the initial redshift,
and D0 is the linear growth factor in the global universe
at a0 = 1. P (k, a0) is the linear CDM + baryon power
spectrum at a0, computed using CLASS with the cosmo-
logical parameters given in Table I, including 28 massless
neutrinos. PW (k, ai) is initial power spectrum in the Sep-
arate Universe. We then generated realizations of Gaus-
sian random fields, which we evolved to the initial scale
factor aWi = 0.02 using second order Lagrangian Pertur-
bation Theory (2LPT) [30] in the matter-radiation domi-
nated Separate Universe [23]. We carried out the simula-

tions until the time corresponding to aW = a0(1− δc0/3)
where a0 = 1, i.e. up to the same physical present time
as the global universe.

We identified halos in our simulations at redshifts z = 0
and z = 1 using the Rockstar halo finder [31]. Rockstar
uses a friends-of-friends algorithm to find halos, and then
assigns halo masses using a spherical overdensity calcu-
lation around each halo’s center of mass. The friends-of-
friends halos are grown radially outward until the spher-
ically averaged density crosses a threshold, defined by
ρTH = ρ̄c∆. We used the virial threshold, so that ∆ is
redshift dependent and defined such that ρTH is the virial
density at a given redshift. While Rockstar computes the
spherical overdensity in Separate Universe comoving co-
ordinates, the density thresholds are computed with re-
spect to the global cosmology, so the threshold factor ∆
must be adjusted for the Separate Universe halos. If ∆
and ∆W set the density thresholds in the global universe
and Separate Universe respectively,

ρ∆ = ρW∆W =⇒ ∆W =
∆

1 + δc(a)
≈ ∆(1− δc(a))

(15)
We also used a modified version of the spherical overden-
sity mass assignment, which computes continuous values
for the halo masses rather than the discrete masses from
counting particles (see [12, 25] for details).

We ran our simulations in a box of comoving length
700 Mpc with 6403 particles. We chose to restrict our
halo catalogs to halos containing more than 100 par-
ticles and quote our results for halos containing more
than 374 particles, corresponding to a halo mass of
M = 2× 1013 M�.

We ran pairs of overdense and underdense Separate
Universe simulations with δc0 = ±0.01 for two long-
wavelength modes spanning the step visible in Fig. 3,
kL = 5×10−2 Mpc−1 and kL = 5×10−4 Mpc−1, we will
refer to these wave numbers as k↓ and k↑, respectively.
We carried out 110 such pairs of simulations and boot-
strap averaged over any quantities measured from them
to estimate statistical errors. For each pair of overdense
and underdense simulations, we used the same initial re-
alization of the Gaussian random field so that cosmic
variance largely canceled in the Separate Universe re-
sponses we measured [23].

Our simulation box length of 700 Mpc is within the
Hubble scale at all times (the comoving Hubble scale is
≈ 1.12 Gpc at aWi to ≈ 4 Gpc at z = 0) so that we
could safely neglect the clustering of radiation within our
simulations, since it only affects super-Hubble scales.

V. RESULTS FROM N-BODY SIMULATIONS

A. Power Spectrum Response

The small-scale matter power spectrum in presence of a
background large-scale CDM density perturbation differs
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FIG. 9: The growth contribution to the power spectrum re-
sponse, Rgrowth, for different long-wavelength modes at z = 3.
The points show results from N -body simulations in the Sep-
arate Universe, while the curves show predictions from 1-loop
perturbation theory.

from the global matter power spectrum. We define the
power spectrum response Rtot by the equation,

∆P

P
= Rtot(k, kL)δc(kL) , (16)

where ∆P (k, kL) is the difference between power spectra
in the separate and global universes, computed at fixed
proper wave number k/a. At leading order, Rtot is inde-
pendent of δc and can be computed using the overdense
and underdense pairs of Separate Universe simulations.

The power spectrum response Rtot can also be ob-
tained from the squeezed limit of the CDM + baryon
bispectrum spectrum averaged over the angle between
the short and long mode wave vectors [13],

lim
kL→∞

B(k, k′, kL) ≈ RtotP (kL)P (k) . (17)

The power spectrum response Rtot can be decomposed
as,

Rtot(k, kL) = Rgrowth(k, kL) +Rdilation(k) +Rρ (18)

where Rgrowth denotes the fractional change in the matter
power spectrum at a fixed comoving k; Rdilation is the
contribution due to the difference in comoving k in the
global and Separate Universes; and Rρ is the contribution
due to the difference in the background matter densities
against which density contrasts are computed in both
the cosmologies [10]. The terms Rdilation and Rgrowth are
artifacts of the Separate Universe construction and can
be determined from the global universe power spectrum,

Rdilation(k) = −1

3

d log
(
k3P

)
d log k

, (19)

Rρ = 2 . (20)

The dynamical quantity Rgrowth encodes the different
growth rates of matter perturbations in presence of a
long-wavelength mode. We can compute Rgrowth using
pairs of Separate Universe simulations by computing the
power spectra in the overdense and underdense universes
for the same comoving k. We divided our simulation box
into a grid with 6403 cells and obtained the density fluc-
tuations in position space using a cloud-in-cell density
assignment. We then Fourier transformed the density
fluctuation field using FFTW3 [32]. Rgrowth is then given
by

R̂growth =
P̂ (k, a|δ+

c0)− P̂ (k, a|δ−c0)

2δc(a)P̂ (k, a|δc0 = 0)
, (21)

where δ±c0 = ±0.01 are the values of δc at redshift z = 0 in

the overdense and underdense simulations, and P̂ denotes
the matter power spectrum computed from the simula-
tions. We approximated P (k, a|δc = 0) as the average
power spectra from the overdense and underdense simu-
lations, which differs from the true global power spectrum
only at order O(δ2

c ).
Figures 8 and 9 show the power spectrum growth re-

sponse Rgrowth computed at z = 1, 3 and bootstrap av-
eraged over 110 pairs of Separate Universe simulations.
The solid curves in those plots show the power spectrum
response computed using 1-loop perturbation theory. To
compute the 1-loop power spectrum response we have,

d logPW,1−loop
dδc

=
d logP1−loop

d logD

[
d logDW

dδc

]
, (22)
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with d logDW /dδc being the linear growth factor re-
sponse RD(kL, a) defined in Eq.(10). P1−loop = Plin +
2P13 + P22 where Plin ∝ D2 is the linear power spec-
trum and P22, P13 ∝ D4 are the non-linear corrections at
1-loop. Therefore,

d logP1−loop(k, a)

d logD(a)
= 2

[
1 +

P22(k, a) + 2P13(k, a)

Plin(k, a)

]
.(23)

Figures 8 and 9 show with high statistical significance
that Rgrowth is dependent on kL. This dependence on kL
arises due to the scale-dependent evolution of δc in the
presence of radiation. We also see that our 1-loop calcu-
lation of the power spectrum agrees with the power spec-
trum response computed using Separate Universe simula-
tions when the small-scale wave number approaches large
scales, k . 0.3 Mpc−1. This is exactly the regime in
which 1-loop perturbation theory has predictive power.
Also, the calculation from 1-loop perturbation theory
agrees better at z = 3 with the results from Separate
Universe simulations than at z = 1, which is also ex-
pected since the evolution of matter density fluctuations
becomes more nonlinear with time.

B. Scale-dependent halo bias

We now turn to the dependence of the halo mass func-
tion in the Separate Universe on δc. We define the Sep-
arate Universe Lagrangian response bias as the variation
of the cumulative halo mass function in the Separate Uni-
verse with respect to the long-wavelength density fluctu-
ation δc,

bL(M) =
d log nW (≥M)

dδc
, (24)

where nW (≥ M) is the comoving number density of ha-
los with mass larger than M in the Separate Universe.
Calculating the Lagrangian response bias gives a calibra-
tion of the standard clustering bias of halos [12]. The
response of n(≥M) to δc arises primarily as a result of a
small change in the mass of halos within a particular mass
bin. Lower variance results are obtained using the abun-
dance matching method given in [12]. A straightforward
way to understand the abundance matching method is to
observe that,(

∆ log nW
∆ logM

)
δc

(
∆ logM

∆δc

)
n

(
∆δc

∆ log nW

)
M

= −1 ,(25)

which implies,

bL(M) =
nlogM (logM)s(logM)

n(logM)
, (26)

where

s(logM) =

(
∆ logM

∆δc

)
n

, (27)

nlogM (logM) = −dn(≥M)

d logM
. (28)

1
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)
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kL = 5.0× 10−4 Mpc−1
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b L
(M

,k
L
↓)
/b

L
(M

,k
L
↑)

bL(kL↓)/bL(kL↑)

RD(kL↓, a = 1.0)/RD(kL↑, a = 1.0)

FIG. 10: (Top) Cumulative Lagrangian bias as a function
of halo mass at z = 0. (Bottom) Relative Lagrangian bias
between kL↓ and kL↑ as a function of halo mass at z = 0.
The dashed orange line shows the ratio of the linear growth
factor responses RD(kL↓)/RD(kL↑).

To obtain these quantities, we bootstrap resampled 110
pairs of Separate Universe simulations and combined the
halo catalogs (sorted in halo mass) of the overdense and
underdense simulations respectively. We then estimated
s(M) as,

si(logMi) =
logM+

i − logM−i
2

,

where M±i are the masses of the ith most massive halos in
the overdense and underdense halo catalogs respectively

and Mi =
√
M+
i M

−
i . We used a smoothing spline to

estimate the threshold mass shift ŝ(logM) and the cu-
mulative (Lagrangian) halo mass function n̂(logM). We
also estimated the halo mass function n̂logM by taking
the spline derivative of n̂(logM). We then estimated the
Lagrangian response bias as,

b̂L(M) =
n̂logM (logM)ŝ(logM)

n̂(logM)
. (29)

We repeated this procedure with 1000 resamplings to ob-
tain the mean and the error in the mean.



9

2

4

6

8
b L

(M
)

kL = 5.0× 10−2 Mpc−1

kL = 5.0× 10−4 Mpc−1

1014

Halo Mass M�/h

1.00

1.02

1.04

1.06

b L
(M

,k
L
↓)
/b

L
(M

,k
L
↑)

bL(kL↓)/bL(kL↑)

RD(kL↓, a = 0.5)/RD(kL↑, a = 0.5)

FIG. 11: (Top) Cumulative Lagrangian bias as a function
of halo mass at z = 1. (Bottom) Relative Lagrangian bias
between kL↓ and kL↑ as a function of halo mass at z = 1.
The dashed orange line shows the ratio of the linear growth
factor responses RD(kL↓)/RD(kL↑).

As remarked before, the growth of δc in the presence
of massless neutrinos (or any energy component pos-
sessing a Jeans scale) becomes scale dependent. This
makes the halo bias dependent on the large-scale kL
[33, 34]. Figure 10 (top) and Figure 11 (top) show the
cumulative Lagrangian bias computed at redshifts z = 0
and z = 1, respectively, using abundance matching for
110 pairs of overdense and underdense simulations at
kL = 5 × 10−4 Mpc−1 and kL = 5 × 10−2 Mpc−1. Fig-
ures 10 (bottom) and 11 (bottom) plot the ratio of the
cumulative Lagrangian biases at the two values of kL as
a function of the halo mass. Figures 10 (bottom) and 11
(bottom) demonstrate with high statistical significance
that this ratio differs from unity, thus implying the de-
pendence of bL(M) on kL.

VI. BIAS MODELS

It is instructive to compare the results of the halo bias
obtained using N-body Separate Universe simulations to
models of the halo bias developed in the literature. This
way, one can critically evaluate the assumptions behind

each of these models and possibly improve them, shed-
ding more light on the non-linear process of halo forma-
tion in the presence of neutrinos. According to the sim-
plest such model, the halo mass function can be regarded
as a universal function of the matter power spectrum. In
this case, the only dependence of the Lagrangian bias
on kL arises from the growth response of the power spec-
trum [23, 35]. In the Separate Universe picture, we would
therefore have,

bL(M) =
d log nW [M ;PW ]

dδc
∝ d logDW

dδc
(kL) , (30)

regardless of whether PW is the linear or non-linear power
spectrum. Following this model, the scale dependence of
the Lagrangian response bias at leading order should fol-
low the scale dependence of the Separate Universe linear
growth factor response,

bL(M,kL↓)

bL(M,kL↑)
=
RD(kL↓)

RD(kL↑)
. (31)

Figures 10 (bottom) and 11 (bottom) show our N-body
simulations results for bL(M,kL↓)/bL(M,kL↑) at red-
shifts z = 0 and z = 1 respectively. We have compared
these with the predictions from this model (shown by the
orange dashed line in both figures). The results of our
Separate Universe simulations agree, within high statisti-
cal significance, with the predictions of this model. This
agreement is stronger at z = 1 that at z = 0. The forego-
ing model gives nearly identical predictions for the scale
dependence of the halo bias as performing spherical col-
lapse in the Separate Universe. [23, 25, 34, 36]. Our
results are in agreement with the spherical collapse cal-
culations of the step in the lagrangian halo bias at z = 0
and z = 1 performed for the cosmology with 28 massless
neutrinos using the code RelicFast developed in [36].

VII. EFFECTS ON OBSERVABLES

The scale-dependent effects due to free-streaming par-
ticles, such as those in the responses of power spectra
and the halo mass function, will be present in the ob-
servables measured by cosmological surveys. For the
halo auto power spectrum, the halo bias will acquire a
scale-dependence due to the large-scale radiation pertur-
bations,

Phh(k) = b(k)2Pcdm(k) . (32)

where b = bL+1 is the Eulerian halo bias. Equation (32)
is in general not true at all scales in an arbitrary gauge
- there are additional terms that arise at near-horizon
or larger scales [37]. However in the synchronous gauge
(which is the gauge we have been working in all along),
these additional terms vanish and equation (32) holds
true at all scales [37].

Following the results of the previous section, the La-
grangian bias, to a good approximation, is proportional
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FIG. 12: Plotted is the scale dependence of the Eulerian halo
bias caused by large-scale perturbations in radiation com-
posed of CMB photons and three massless neutrinos. This
quantity is shown at several different redshifts for a fixed Eu-
lerian bias b = 2 at k↓ = 5 × 10−2 Mpc−1.
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FIG. 13: The overall amplitude of the change in the Eu-
lerian halo bias between k↓ = 5 × 10−2 Mpc−1 and k↑ =
5× 10−4 Mpc−1, plotted in Fig. 12, shown as a function of b,
the Eulerian bias at k↓.

to the response of the linear growth factor d logDW /dδc,
which depends on k (= kL). The scale-dependence of the
Eulerian bias with respect to the bias on some reference
scale, k↓, can then be computed as,

b(k)

b(k↓)
=

(
1− 1

b

)
RD(k)

RD(kL↓)
+

1

b
. (33)

where here b is the Eulerian bias computed at the scale
k↓. We choose k↓ to be the small scale corresponding to

k↓ = 5× 10−2 Mpc−1.
We now demonstrate the impact of scale-dependent

bias due to radiation for a cosmology with a more real-
istic radiation density, composed of the usual CMB pho-

ton energy density and three massless neutrinos. In Fig.
12, we have plotted the scale dependence of the Eulerian
halo bias from radiation perturbations for tracers with
an Eulerian bias b = 2 at small scales. As can be seen
from Fig. 12, the scale dependence of the halo bias is
larger at higher redshifts. The amplitude of this effect
depends on the bias of the tracer, as can be seen in Fig.
13, where we have plotted the amplitude of the step in
the halo bias as a function of the Eulerian bias b at small
scales. From both Fig. 12 and Fig. 13, it is evident
that the scale dependence of the bias becomes particu-
larly important for the clustering of halos with a large
bias, typically b ≥ 2 at higher redshifts. In particular for
objects of bias b = 2 at small scales, the large-scale bias is
less by 0.29%, 0.45% and 0.8% at redshifts z = 0, 1 and 3
respectively. For b � 1, these differences approach the
corresponding differences in the linear growth factor re-
sponse; namely 0.43%, 0.68% and 1.2% respectively.

VIII. DISCUSSION

Free-streaming components such as photons and neu-
trinos cause the evolution of CDM density perturbations
to become scale dependent. The free-streaming scale
for massless neutrinos or any extra radiation is simply
the particle horizon. Subhorizon fluctuations in the en-
ergy density of radiation get washed out due to their free
streaming, thus suppressing the growth of CDM pertur-
bations on scales smaller than the horizon. This causes
the response of small-scale structure formation to large-
scale CDM perturbations to become scale dependent. In
this paper, we investigated this effect using the Sepa-
rate Universe technique, wherein the large-scale density
perturbation is absorbed into a local expansion history,
within a finite subregion of the Universe.

We performed N-body simulations of overdense and
underdense Separate Universes with background CDM
density perturbations of different scales in the presence
of 28 species of massless neutrinos and directly computed
the responses of the power spectrum and the halo mass
function to the background CDM density perturbations.
These responses respectively yield contributions to the
squeezed limit CDM bispectrum and the scale-dependent
halo bias in a universe with massless neutrinos (extra ra-
diation) along with CMB photons. The large number of
massless neutrino species was chosen to produce radia-
tion effects large enough to be reliably measured with a
reasonable number of simulations. We ran pairs Sepa-
rate Universe simulations for two long wavelength per-
turbations, one near the radiation free-streaming scale
at kL = 5 × 10−4 Mpc−1, and one below the radiation
free-streaming scale at kL = 5× 10−2 Mpc−1.

We found that the scale-dependent responses are insen-
sitive to the composition of the cosmic fluid’s radiation
component. We tested this by computing the growth
responses in the presence of massless neutrinos and pho-
tons separately, and found them to be indistinguishable
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(see Fig. 6). Since the scale-dependent evolution of
the long-wavelength matter perturbations is insensitive
to the radiation’s composition, the halo bias will also be
indistinguishable in the presence of photons and massless
neutrinos, as long as the total radiation energy density is
fixed.

We detected a non-trivial scale dependence in the re-
sponses for the Lagrangian halo bias and the power
spectrum. Figures 8 and 9 show with high statistical
significance that the growth contribution to the Sepa-
rate Universe response of the power spectrum is depen-
dent on the large kL at which the Separate Universe is
defined. This in turn can be attributed to the scale-
dependent growth of the corresponding matter density
perturbation δc(kL, a). Figures 10 and 11 show with
high statistical significance that the Separate Universe
Lagrangian response bias is dependent on the large-scale
wave number, kL, in a similar way. The response bias
computed using the Separate Universe technique in this
paper could be compared to the clustering bias and the
position-dependent power spectrum computed using N-
body simulations incorporating radiation perturbations
at the leading order such as in [38].

Figures 10 and 11 also show that the scale dependence
of the Lagrangian halo bias can be accurately character-
ized by the scale-dependent linear growth response in the
Separate Universe, which can be computed numerically
using perturbation theory. This is also true of the power
spectrum response in the quasilinear regime, as is evident
from the agreement between the results of N-body simu-
lations and one-loop perturbation theory calculations of
the power spectrum response plotted in Figures 8 and 9.

The agreement between our model and simulation
measurements of the scale-dependent Lagrangian re-
sponse bias is consistent with the assumption that the
halo mass function is a universal functional of the CDM
power spectrum. Using this fact, we computed the scale
dependence of the Eulerian halo bias for the more real-
istic case of three massless neutrinos and examined its
dependence on both the large-scale wave number, and
on the small-scale halo bias (Figures 12 and 13). These
plots demonstrate that the scale dependence of the Eu-
lerian halo bias is more important for cosmological ob-
servations of objects with high bias, and therefore high
mass. For this more realistic scenario, the extent of the
scale-dependent effects on both the total power spectrum
response, and the halo bias, are less than a percent at
redshift z = 0. However, these effects become more im-
portant at higher redshifts. Figures 4, 5, and 7 can be
used to estimate the size of the scale-dependent effects
for different masses of particles and at different redshifts.

The scale-dependent changes to the halo bias caused
by radiation perturbations are small, yet they are po-
tentially important for future measurements of galaxy
clustering on very large scales. Specifically, any mea-
surement that demands accuracy of halo clustering on
%-level scales can be affected. A notable example is the
search for local-type primordial non-Gaussianity using

the scale-dependent bias signature [39]. This signature,
which exhibits a ∼ 1/k2 dependence of the halo bias at
horizon scales, is thought to be a particularly robust sig-
nature of new physics during the inflationary era. This
is because, in a cosmology with Gaussian initial condi-
tions and local structure formation with only CDM and
baryons produces constant bias at large scales. There-
fore a detection of a large-scale modulation of the bias
can be interpreted as a signature of local primordial non-
Gaussianity [40]. Local primordial non-Gaussianity can
only be generated in scenarios where additional light de-
grees of freedom are present during inflation [41], so its
detection would rule out all of the simplest, single-field
slow-roll inflation models.

In this paper, we have demonstrated the existence of a
new source of scale-dependent bias on horizon scales that,
while having a different k-dependence (than the signature
of primordial non-Gaussianity), may nevertheless compli-
cate inferences about primordial physics from measure-
ments of large-scale galaxy clustering. While halo forma-
tion is still local in our Universe, the local gravitational
potential near a halo is now sensitive to both nearby
CDM and baryon perturbations as well as radiation per-
turbations at horizon-scale distances. The gravitational
impact of radiation therefore introduces an apparent non-
locality to halo bias, similar to the non-gravitational ef-
fects of radiation studied in [42]. We leave a detailed
study of the impact of scale-dependent bias from radia-
tion on measurements of primordial non-Gaussianity for
future work.
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