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We introduce an improved version of the Eccentric, Non-spinning, Inspiral-Gaussian-process Merger
Approximant (ENIGMA) waveform model that utilizes a more stable and robust numerical method
to smoothly connect the analytical relativity-based inspiral evolution with the numerical relativity-
based merger phase. We find that this ready-to-use model can: (i) produce physically consistent
signals, without reporting any failures, when sampling over 1M samples that were randomly chosen
over the m{1, 2} ∈ [5M�, 50M�] parameter space, and the entire range of binary inclination angles;
(ii) produce waveforms within 0.04 seconds, averaged over 1000 iterations, from an initial gravita-
tional wave frequency fGW = 15 Hz and at a sample rate of 8192 Hz; and (iii) reproduce the physics
of quasi-circular mergers, since its overlap with SEOBNRv4 waveforms is O ≥ 0.99 assuming advanced
LIGO zero detuned high power noise configuration, and signals generated from fGW = 15 Hz. We
utilize ENIGMA to compute the expected signal-to-noise ratio (SNR) distributions of eccentric binary
black hole mergers assuming the existence of second and third generation gravitational wave detec-
tor networks. For second generation detectors, we assume the geographical location and detection
sensitivities of the twin LIGO detectors, Virgo, KAGRA, LIGO-India, and a LIGO-type detector in
Australia. For third generation detectors, we assume the geographical location of second generation
detectors, and use the proposed sensitivities of the Cosmic Explorer and the Einstein Telescope. In
the context of advanced LIGO-type detectors, we find that the SNR of eccentric mergers is always
larger than quasi-circular mergers for systems with e0 ≤ 0.4 at fGW = 10 Hz, even if the timespan
of eccentric signals is just a third of quasi-circular systems with identical total mass and mass-ratio.
For Cosmic Explorer-type detector networks, we find that eccentric mergers have similar SNRs
than quasi-circular systems for e0 ≤ 0.3 at fGW = 10 Hz. Systems with e0 ∼ 0.5 at fGW = 10 Hz
have SNRs that range between 50%-90% of the SNR produced by quasi-circular mergers, even if
these eccentric signals are just between a third to a tenth the length of quasi-circular systems. For
Einstein Telescope-type detectors, we find that eccentric mergers have similar SNRs than quasi-
circular systems for e0 ≤ 0.4 at fGW = 5 Hz. The most eccentric events in our sample, e0 ∼ 0.6
at fGW = 5 Hz, merge at least five times faster than quasi-circular systems, and may be detectable
with SNRs between 50%-85% the SNR of quasi-circular mergers with identical binary components.

I. INTRODUCTION

The gravitational wave (GW) detection of binary black
hole (BBH) mergers with the advanced LIGO [1, 2] and
advanced Virgo [3] detectors is now a common occur-
rence [4–6]. As these detectors gradually reach their
target sensitivity, and more detectors join the existing
GW detector network, it is expected that an ever in-
creasing number of GW observations will enable statis-
tical analyses that may shed new and detailed informa-
tion about the astrophysical origin of compact binary
sources [7–10]. In this paper we are particularly inter-
ested in BBHs formed in dense stellar environments, such
as core-collapsed globular clusters or galactic nuclei, and
are expected to enter the frequency band of ground-based
GW detectors with non-negligible eccentricity [11–50].
Recent studies suggest that the expected detection rate
of eccentric BBH mergers for second generation detectors
is about 100 mergers per cubic Gpc per year [51], and
about 1700 mergers per cubic Gpc per year for binary

neutron star mergers [52]. For third generation detec-
tors, it may be possible to observe from several hundred
to a few thousand eccentric mergers per cubic Gpc per
year [28, 53].

The study and modeling of eccentric BBH systems has
gained traction in recent years. Waveform models that
describe the GW emission of these sources has rapidly
evolved from inspiral-only GW models [28, 45, 54–61], to
semi-analytical and machine-learning based models that
describe the inspiral-merger-ringdown evolution of these
GW sources [62–68]. Numerical relativity has also been
used to obtain insights into the non-linear dynamics of
these systems throughout merger and ringdown [69–73],
and to study the impact of higher-order waveform modes
for the detection of eccentric BBH mergers [74]. Recent
studies have also shed light on how to extract signatures
of dynamical formation in GW sources detected by ad-
vanced LIGO and Virgo [51, 75–78], estimate the eccen-
tricity of GW signals [53], including the recent detection
GW190425 [79].
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In this article we introduce an improved version of the
inspiral-merger-ringdown ENIGMA waveform model [62],
which describes the GW emission of non-spinning BHs
that evolve on moderately eccentric orbits, to compare
the signal-to-noise (SNR) distribution of quasi-circular
and moderately eccentric BBH mergers. This study is
motivated by a number of observations, e.g., it has been
documented in the literature that GWs emitted by BBHs
that evolve on moderately eccentric orbits exhibit the
following properties [69]: (i) the waveform amplitude of
eccentric signals tends to be larger than that of quasi-
circular ones during the early inspiral evolution; (ii) GWs
produced by eccentric BBH mergers are shorter than
those of quasi-circular BBH mergers. In view of these
observations, one may naturally like to explore the astro-
physical scenarios in which eccentric and quasi-circular
BBH mergers have similar SNR distributions, and to
quantify the eccentricity threshold at which condition (i)
above no longer compensates for condition (ii) leading to
BBH mergers that produce GWs whose SNRs are lower
than quasi-circular ones. This article aims to shed light
on these points in the context of second and third gener-
ation, ground-based GW detector networks.

The rest of this article is organized as follows. Sec-
tion II provides a brief description of the new features in
the ENIGMA waveform model [62], and a number of bench-
mark analyses we have conducted to thoroughly test it.
Section III introduces data analysis tools that we use
throughout this article. In Section IV we describe the
second and third generation GW detector networks con-
sidered in this study, including the power spectral den-
sities (PDSs) used to represent each GW detector. We
present and discuss our results in Sections IV A and IV B.
We summarize our findings and future work in Section V.

II. ENIGMA WAVEFORM MODEL

The ENIGMA model has two pieces. The first combines
post-Newtonian (PN) results that describe the dynamics
of moderately eccentric BBH mergers, and encompasses
instantaneous, tails and tails-of-tails contributions, and a
contribution due to non-linear memory [62, 80–82]. This
framework is equivalent to the PN approximant TaylorT4
at 3PN order in the zero eccentricity limit. ENIGMA also
incorporates higher-order PN corrections for the energy
flux of quasi-circular binaries and gravitational self-force
corrections to the binding energy of compact binaries up
to 6PN order. The equations of motion that describe the
orbital dynamics and the radiative evolution of the sys-
tem are expressed in terms of the gauge-invariant quan-

tity x = (M ω)
2/3

, where M represents the total mass
of the binary and ω is the mean orbital frequency. We
use this parametrization because it provides an accurate
description of eccentric BBH mergers when directly com-
pared to numerical relativity simulations [54, 62, 83].

The second part of the ENIGMA model is a stand-alone
merger waveform. Since ENIGMA is constructed under the

assumption that moderately eccentric compact binaries
circularize before merger, this part of the model is de-
signed to describe the late inspiral-merger-ringdown of
quasi-circular BBHs. The merger part is constructed
using Gaussian process emulation [84], i.e., we train a
machine learning algorithm to do interpolation using a
dataset of numerical relativity waveforms that describe
non-spinning BHs on quasi-circular orbits [85]. Once
trained, this Gaussian emulator produces merger wave-
forms within milliseconds. We then conduct an optimiza-
tion procedure to identify the optimal time at which we
can smoothly connect the inspiral and merger pieces of
the waveform model. The inclusion of higher-order post-
Newtonian and self-force corrections improves the mod-
eling of the inspiral phase, facilitating its attachment to
the merger waveform during the late-time inspiral evolu-
tion. We fine-tune this late-time attachment condition
by maximizing the overlap, computed using advanced
LIGO zero detuned high power configuration and a min-
imum filtering frequency of 15Hz, between quasi-circular
ENIGMA waveforms and SEOBNRv4 waveforms [86]. By
construction, the higher-order PN and self-force results
we use to model the inspiral evolution of ENIGMA are reli-
able for eccentricities e0 ≤ 0.6—see the analytical expres-
sions used for this purpose in Appendix A of [63]. Fur-
thermore, since we also assume that the binary systems
circularize prior to attaching the quasi-circular merger
waveform, the waveform approximant will only attach
a merger waveform is the residual eccentricity prior to
merger is≤ 0.01. If this condition is not met, then the ap-
proximant will output an error stating that the residual
eccentricity is too large to attach a quasi-circular merger
waveform.
New features of the ENIGMA model The two key im-
provements to ENIGMA are in the merger attachment and
the handling of the binary inclination angle.

For the merger attachment, we sample the range Mω ∈
[0.02, 0.1] in steps of 1 × 10−4, and for each frequency
value, Mωi, we construct a complete ENIGMA waveform
whose merger phase is attached at Mωi. Each of these
waveforms is then compared with an SEOBNRv4 waveform
that describes the same binary system, densely covering
the parameter space m{1, 2} ∈ [5M�, 50M�].

For this calibration procedure, we use standard tools,
namely, if h and s denote ENIGMA and SEOBNRv4 wave-
forms, Sn(f) the power spectral density (PSD) of a given

GW detector, and h̃(f) the Fourier transform of h(t), the
noise-weighted inner product between h and s is given by

(h|s) = 2

∫ f1

f0

h̃∗(f)s̃(f) + h̃(f)s̃∗(f)

Sn(f)
df . (1)

For calibration purposes, we set the initial GW frequency
to f0 = fGW = 15 Hz, and use the zero detuned high
power noise curve for advanced LIGO [87] with f1 =
4096 Hz. The waveforms are produced at a sample rate
of 8192 Hz. The overlap between h and s is defined as
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O(h, s) = max
tc φc

(
ĥ|ŝ[tc, φc]

)
with (2)

ĥ = h (h|h)
−1/2

, (3)

where ŝ[tc, φc] indicate that the normalized waveform ŝ
has been time- and phase-shifted. We then determine
the attachment frequency value Mω∗ that maximizes the
overlap between the two aforementioned waveform fami-
lies across the parameter space under consideration, and
use it to compute the exact attachment time tattach. The
previous description summarizes the method utilized to
calibrate ENIGMA in [62]. However, one realizes that this
procedure only tells us that when the orbital frequency
during inspiral meets the condition ωinspiral > ω∗ then we
know that tattach lies within the range [t − dt, t]. Thus,
our accuracy is dependent on the size of dt, which for
values we have used to describe binary black hole merg-
ers, i.e., dt = {1/4096s, 1/8192s}, dt may be inaccurate.
To address this limitation and better compute tattach,
we have implemented the bisection root finding method
on the range [t − dt, dt] to determine the exact value of
tattach. After this addition, we have tested and found
that tattach so obtained is sufficiently accurate up to the
limit of floating point precision. Figure 1 shows the dif-
ference between the two methodologies used to construct
complete ENIGMA waveforms.
Using the aforementioned approach to produce complete
ENIGMA waveforms, Figure 2 presents the overlap between
our newly recalibrated ENIGMA model in the quasi-circular
limit and SEOBNRv4 waveforms. It is worth pointing out
that when we tested waveform production at scale, we
found that we can randomly sample the parameter space
shown in Figure 2, and produce 1M waveforms error free.
In contrast, about 1% of these waveforms would not be
produced with the previous version of ENIGMA due to in-
stabilities in the merger attachment routine.
The second improvement to ENIGMA is the handling of
the binary inclination angle. In the original version of
ENIGMA, the calibration was conducted assuming zero in-
clination. We relax that assumption in this study. While
for quasi-circular mergers the inclination angle enters the
amplitude of the plus and cross polarizations as a triv-
ial multiplicative factor, the inclination angle modifies
the amplitude of the plus and cross polarizations in a
non-trivial fashion even at the leading-order PN correc-
tion level, as shown in Eqs. (8) and (9) in [63]. In this
version of ENIGMA we now provide a robust handling of
the inclination angle when smoothly connecting the in-
spiral and merger waveforms. To get a glimpse of the
importance of the inclination angle in the morphology
of eccentric mergers, Figure 3 presents the real part of
the waveform strain that describes a BBH merger with
e0 = 0.3 at fGW = 9 Hz, mass-ratio q = 3 and total mass
M = 60M�.

Figure 3 shows that in stark contrast with quasi-
circular mergers, changing the inclination angle from
i = 0 to i = π/2 does not lead to a simple reduction

of the waveform amplitude by an overall factor of 1/2.
Rather, we see that the morphology of the two wave-
forms is rather different, see e.g., the slope of the sig-
nals near the peaks and valleys. One may understand
these changes by looking at Equations (8) and (9) in [63].
There we see that the inclination angle enters in two dif-
ferent pieces. The first one, proportional to 1 + cos2 i,
is also present in quasi-circular mergers. However, the
second piece, proportional to ∼ sin2 i, is the one driving
the changes in the morphology of the waveforms.

In Section IV we explore in detail the impact of the bi-
nary inclination angle in the SNR distributions of eccen-
tric BBH mergers for second and third generation GW
detector networks. We introduce a minimal set of data
analysis tools we require for such analyses in the following
section.

III. DATA ANALYSIS TOOLKIT

The SNR of a detector network is given by the sum of
the power of the individual detectors [89]

ρ2N =

ND∑
k=1

ρ2k , (4)

where ND is the number of detectors and where we define
the individual SNRs as

ρ2k = 2

∫ f1

f0

|hk(f)|2
Sh(f)

df, (5)

where hk(f) is the waveform projected onto the k-th de-
tector. Averaging over the polarization angle, ψ, we ob-
tain

〈
ρ2N
〉

= 2
∑
k

(F 2
+,k + F 2

×,k)

∫ f1

f0

|h(f)|2
Sh(f)

df, (6)

where F+,k and F×,k are the antenna patterns of the
individual detectors. As noted in [90], this integral does
not depend on k and may therefore be taken outside the
sum. Following the conventions described in [90], the
antenna pattern functions are given by

F+ = sin η[a cos(2ψ) + b sin(2ψ)], (7)

F× = sin η[b cos(2ψ)− a sin(2ψ)], (8)

where the functions a and b are given by
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FIG. 1. Comparison between the original ENIGMA model in [62], and the model introduced in this article that has been
recalibrated with the updated SEOBNRv4 model found in LIGO’s Algorithm Library [88]. The binary black hole system used
for this comparison has total mass M = 40M�, mass ratio q = 4, and initial eccentricity e0 = 0.1 at a gravitational wave
frequency fGW = 25 Hz. The left panel shows the phase difference φ1−φ2 between the gravitational wave templates around the
point in time where the merger-ringdown part is attached to the inspiral part. Differences before that point are due to using
a different time integration method and interpolation scheme. Phase differences beyond that are due to the updated matching
parameters obtained when recalibrating against SEOBNRv4. The right panel shows the + polarization of the gravitational wave
strain during the same time interval. The shaded area is the pre-attachment inspiral region and the non-shaded area is the
merger-ringdown part.
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FIG. 3. Real part of the waveform strain produced by a binary
black hole merger with parameters e0 = 0.3 at a gravitational
wave frequency of fGW = 9Hz, mass-ratio q = 3 and total
mass M = 60M�. Note the impact of the inclination angle
in the amplitude of the waveform signal for two sample cases
i = {0, π/2}.



5

Detector Label Longitude Latitude Orientation
LIGO Livingston L 90◦ 46’ 27.3” W 30◦ 33’ 46.4” N 208.0◦(WSW)
LIGO Hanford H 119◦ 24’ 27.6” W 46◦ 27’ 18.5” N 279.0◦(NW)
VIRGO, Italy V 10◦ 30’ 16” E 43◦ 37’ 53” N 333.5◦(NNW)
KAGRA, Japan K 137◦ 10’ 48” E 36◦ 15’ 00” N 20.0◦(WNW)
LIGO India LI 74◦ 02’ 59” E 19◦ 05’ 47” N 270.0◦(W)
AIGO, Australia A 115◦ 42’ 51” E 31◦ 21’ 29” S 45.0◦(NE)

TABLE I. Geographical location of the gravitational wave interferometers considered in this study.

a =
1

16
sin(2χ)[3− cos(2β)][3− cos(2θ)] cos[2(φ+ λ)]+

1

4
cos(2χ) sin(β)[3− cos(2θ)] sin[2(φ+ λ)]+

1

4
sin(2χ) sin(2β) sin(2θ) cos(φ+ λ)+

1

2
cos(2χ) cos(β) sin(2θ) sin(φ+ λ)+

3

4
sin(2χ) cos2(β) sin2(θ) , (9)

b = cos(2χ) sin(β) cos(θ) cos[2(φ+ λ)]−
1

4
sin(2χ)[3− cos(2β)] cos(θ) sin[2(φ+ λ)]+

cos(2χ) cos(β) sin(θ) cos(φ+ λ)−
1

2
sin(2χ) sin(2β) sin(θ) sin(φ+ λ) . (10)

The source location is determined by the spherical coor-
dinates on the sky, (θ, φ); and (β, λ) indicate the latitude
and longitude location of GW detectors; the bisector of
the GW detector’s arms points in the χ direction which is
measured counter-clockwise from East. The GW detec-
tor arms have an opening angle η. As described in [90], in
this coordinate system the celestial coordinates (θ, φ) are
aligned with latitude and longitude in such a way that the
equators of both systems coincide, and (θ = π/2, φ = 0)
is in the zenith direction above (β = 0, λ = 0). In what
follows, we present results for

ρ̃ = 〈ρ2N 〉1/2 . (11)

Furthermore, since we want to compare the SNR dis-
tribution of eccentric BBH populations with respect to
quasi-circular BBH mergers, we will present our results
using the metric

∆ρ̃ = 100× ρ̃(e0; θ, φ)− ρ̃(e0 = 0; θ, φ)

ρ̃LHV(e0 = 0; θ∗, φ∗)
, (12)

where ρ̃(e0; θ, φ) is the detector network SNR of a BBH
system with initial eccentricity e0 at a GW frequency f0;
ρ̃(e0 = 0; θ, φ) is the detector network SNR for the same
BBH system but now assuming it is quasi-circular; and
ρ̃LHV(e0 = 0; θ∗, φ∗) is the maximum SNR of a quasi-
circular BBH population across the sky assuming a net-
work consisting of GW detectors located at the LIGO
Livingston (L), LIGO Hanford (H) and Virgo (V) sites—
or LHV from now on.

IV. SIGNAL-TO-NOISE RATIO
DISTRIBUTIONS FOR SECOND AND THIRD

GENERATION GRAVITATIONAL WAVE
DETECTOR NETWORKS

We consider second and third generation, ground-
based GW detector networks, whose geographical loca-
tions are listed in Table I. We use the following nomen-
clature in Table I: LIGO Livingstone: L; LIGO Hanford:
H; Virgo: V; KAGRA: K; LIGO India: LI; and a gravi-
tational wave detector in Australia, AIGO, is labelled as
A.

The PSD of each detector used in these studies was ob-
tained from the open source files at [87, 91], and are
shown in Figure 4. Note that we have assumed that the
opening angle of all detectors is η = π/2. The actual
networks we consider for second-generation GW detec-
tors are:

• L+H+V. Herein we assume the target PSD for ad-
vanced LIGO for both L&H, and the target PSD for
V.

• L+H+V+K. As the network above, and now also using
the target PSD for K.

• L+H+V+K+LI+A. As the network above, and setting
the PSDs for LI&A to be the same as for L.

For third generation detector networks that involve
Cosmic Explorer [92] or the Einstein Telescope, we will
consider the same geographical locations for individual
detectors as listed in Table I, and replace PSD with the
target sensitivity of Cosmic Explorer and the Einstein
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model the sensitivity of these second and third generation
gravitational wave detectors.

Telescope, configuration D (ET-D) [93, 94], as described
in [87, 91].

To motivate the results we present in the following
sections, in Figure 5 we present a waveform that de-
scribes the merger of a BBH with component masses
(50M�, 10M�), and e0 = 0.5 at fGW = 4 Hz. The signal
is whitened with the target PSDs for advanced LIGO,
Cosmic Explorer and the ET-D. We notice that Cosmic
Explorer and ET-D magnify amplifications in the ampli-
tude of the waveform that are driven by orbital eccen-
tricity. The key point is that these amplifications occur
at lower frequencies, or early times in the waveform sig-
nal, in such a way that when we compute the SNR of
these eccentric mergers, amplitude magnifications com-
pensate for the shrinkage in timespan that is also driven
by orbital eccentricity. For this particular case, this ec-
centric waveform is just a fifth the length of its quasi-
circular counterpart. However, as we discuss below, the
SNR of eccentric and quasi-circular systems are compa-
rable. These observations will drive the presentation of
our results in the following sections.

A. SNR distributions for second generation
detector networks

In this section we present our findings for second gen-
eration detector networks. We have found that we can
extract the most physics from the observation of eccen-
tric BBH mergers when we take into the account two key
properties that drive the evolution of eccentric mergers,
i.e., the reduction in the length of waveform signals, and
the rate at which SNR is accumulated.

To motivate this discussion, Figure 6 presents SNR
distributions of eccentric BBH mergers, normalized with

respect to quasi-circular BBH systems, assuming eccen-
tricities e0 ≤ 0.5 measured at fGW = 9Hz. The SNR
distributions are computed by setting f0 = 11 Hz and
f1 = 4096 Hz in Eq. (5), and assuming a single advanced
LIGO detector.

The panels in Figure 6 present results for BBH systems
with total masses 20M� ≤M ≤ 100M� and mass-ratios
1 ≤ q ≤ 5. These panels show the interplay between total
mass and mass-ratio in the SNR distribution of eccentric
mergers. These results show that heavier binaries have
larger SNRs, and that they tend to have shorter duration
in band. These results show that the SNR of eccentric
mergers will be between [0.8−1.2]×SNR of quasi-circular
mergers that have the same mass-ratio and total mass.
The most dramatic finding in these studies is that for
these extreme scenarios in which the SNR of e0 ∼ 0.5
mergers is similar to quasi-circular events, the waveform
length of eccentric systems is about eight times shorter
for equal mass systems, and five times shorter for q =
5 systems. In other words, the rate at which SNR is
accumulated for eccentric mergers is significantly faster
than for quasi-circular mergers. We will study this point
in further detail below.
In order to provide a visual representation of the
importance of having access to a global detector
network, we have quantified the SNR sky distribu-
tion for a few sample cases with component masses
m{1, 2} = {(30M�, 30M�) , (50M�, 10M�)}, with eccen-
tricities e0 ≤ 0.5 measured at fGW = 9Hz. The SNR
distributions are computed by setting f0 = 11 Hz and
f1 = 4096 Hz in Eq. (5). Highlights of these results in-
clude:

• Figure 7 shows that for systems with component
masses (30M�, 30M�), a gradual increase in eccen-
tricity drives a corresponding boost in SNR. This
effect reaches a maximum for e0 = 0.4, with a
net SNR increase of ∆SNR ∼ 12% with respect
to quasi-circular systems. Systems with larger ec-
centricity, e0 = 0.5, have similar SNRs than quasi-
circular mergers. In other words, for e0 ≥ 0.4 BBH
mergers the increase in amplitude of the signal at
lower frequencies no longer compensates for the
shrinkage in the waveform length. We can extract
this information by looking at the sky maps from
top to bottom. If we now look at them from left to
right, we learn that a larger detector network in-
creases the loudness of signals across the sky, while
also forming distinct detection hot spots, e.g., see
the sky map for e0 = 0.4 assuming a 6 detector
network.

• Figure 8 shows that asymmetric mass-ratio BBH
mergers produce louder mergers than comparable
mass-ratio systems for larger values of eccentricity.
In this case, (50M�, 10M�) systems report a net
increase in SNR, ∆SNR ∼ 30% for e0 = 0.5.
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interval at the beginning of the eccentric signal). Data are normalized to have a maximum amplitude of unity.
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FIG. 6. Length and signal-to-noise-ratio of eccentric binary black hole mergers relative to quasi-circular systems. Both
panels show systems with total mass 20M� ≤ M ≤ 100M� and mass-ratios 1 ≤ q ≤ 5. In these panels, Relative SNR →
SNR(eccentric)/SNR(quasi-circular), and Relative duration→ duration(eccentric)/duration(quasi-circular).
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FIG. 7. Using the metric provided in Eq. 12, these sky maps show the relative signal-to-noise difference between eccentric
and quasi-circular black hole mergers with component masses (30M�, 30M�). We use the Mollweide projection (ϑ, ϕ) →
(π/2− θ, φ− π), averaged over polarization angles, and set the binary inclination angle to i = π/4. The range of eccentricity
increases from top to bottom, while the size of the detector network increases from left to right. Additional results for i = 0
are presented in Appendix A.
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FIG. 8. As Figure 7 but now for black hole mergers with component masses (50M�, 10M�).
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B. Third generation detector networks

We consider two configurations for third generation de-
tector networks. In these two cases the geographical lo-
cation of the GW detectors is identical to those listed in
Table I. The only difference is that we replace the PSD
of each of these detectors using the target sensitivity of
either Cosmic Explorer or ET-D.
Cosmic Explorer This is a proposed L-shaped detector,
based in the US, whose arms will be 10 times longer that
advanced LIGO’s. Details regarding Cosmic Explorer’s
layout, scale, technology and science scope may be found
at [95].

To provide a high level description of the importance
of eccentricity, total mass and mass-ratio for the obser-
vation of BBH mergers, we consider a single Cosmic Ex-
plorer detector, and compute the SNR and waveform
length of BBH systems with total mass 20M� ≤ M ≤
100, mass-ratios 1 ≤ q ≤ 5, and e0 ≤ 0.5 measured
at fGW = 9 Hz. We compute SNR distributions setting
f0 = 11 Hz and f1 = 4096 Hz in Eq. (5). We have set
these parameters for the computation of SNR to pro-
vide a direct comparison to advanced LIGO-type detec-
tors. The key difference is that Cosmic Explore provides
enhanced sensitivity at lower frequencies, as shown in
Figure 4. These results, presented in the top panels of
Figure 9, show that the SNR distributions of eccentric
and quasi-circular mergers are comparable up to eccen-
tricities e0 ≤ 0.4. However, there is a significant drop in
SNR for systems with e0 ∼ 0.5.

We also provide results to visualize the SNR sky dis-
tribution for a detector network of Cosmic Explorers for
two cases that describe BBH mergers with component
masses m{1, 2} = {(30M�, 30M�) , (50M�, 10M�)}, with
eccentricities e0 ≤ 0.5 measured at fGW = 9Hz. The
SNR distributions are computed by setting f0 = 11 Hz
and f1 = 4096 Hz in Eq. (5). Relevant findings include:

• Figure 10 shows that, for equal mass-ratio BBH
mergers, eccentric and quasi-circular systems have
comparable SNR sky distributions for e0 ≤ 0.4. We
notice that in some cold spots, quasi-circular sys-
tems are ∼ 34% louder than e0 = 0.5 BBH systems.
Compared to similar systems presented in Figure 7
for second generation detector networks, we notice
that Cosmic Explorer will be able to clearly tell
apart these two types of populations through their
SNR distributions for eccentricities e0 ≥ 0.4.

• Figure 11 presents SNR sky distributions for BBH
mergers with masses (50M�, 10M�). These results
show that larger mass-ratios tend to attenuate SNR
suppression for the most eccentric systems. Notice
that while for equal mass-ratio systems with e0 ∼
0.5 the SNR drops by ∼ 36%, in this case the SNR
is ∼ 24% the SNR of quasi-circular mergers with
identical total mass and mass-ratio. This finding
is also consistent with results presented for second
generation detector networks.

In summary, we find that in the context of the Cosmic
Explorer, the SNR of eccentric and quasi-circular BBH
mergers is comparable for eccentricities e0 ≥ 0.4. As we
discuss in the following section, we can disentangle this
apparent similarity when we look at the rate at which
SNR is accumulated. We also find that quasi-circular
mergers are significantly louder than eccentric ones for
e0 ∼ 0.5.
Einstein Telescope D This is a proposed third genera-
tion detector, based in Europe, that aims to improve the
target sensitivity of advanced LIGO-type detectors by an
order of magnitude. In this study, we assume a geometry
in which the detectors arms are 10km long, L-shaped,
and consider the ET-D sensitivity curve for all calcula-
tions. Information regarding the conceptual design and
the fundamental physics that may be accomplished with
the Einstein Telescope may be found at [96, 97].

As we did for Cosmic Explorer, we begin this discus-
sion by providing a high level overview of the detectabil-
ity of eccentric BBH mergers with ET-D. It is worth
mentioning that given the planned sensitivity for ET-
D at lower frequencies, we can now produce waveforms
from fGW = 4 Hz, which enables us to explore systems
with a broader range of eccentricities, e.g., e0 ≤ 0.6. We
compute the SNR distributions setting f0 = 5 Hz and
f1 = 4096 Hz in Eq. (5).

The bottom panels in Figure 9 show that the SNR
of eccentric and quasi-circular systems is comparable for
eccentricities e0 ≤ 0.5. This is worth highlighting in
view that eccentric BBH mergers with e0 ∼ 0.5 had sig-
nificantly lower SNRs than quasi-circular mergers with
identical total mass and mass-ratio when observed with
Cosmic Explorer. In the case of ET-D, we find that
quasi-circular BBH mergers become louder than eccen-
tric mergers for e0 ∼ 0.6. We may understand this result
if we consider that the improved sensitivity of ET-D at
lower frequencies amplifies the enhancement in the wave-
form signal, driven by eccentricity corrections, thereby
compensating for the signal reduction of such highly ec-
centric systems.

We have also produce SNR sky distributions for
ET-D detector networks. For consistency, we
present results for systems with component masses
m{1, 2} = {(30M�, 30M�) , (50M�, 10M�)}, with eccen-
tricities e0 ≤ 0.6 are measured at fGW = 4Hz. The
SNR distributions are computed by setting f0 = 5 Hz
and f1 = 4096 Hz in Eq. (5). Some observations we draw
from these results include:

• We notice that for equal mass binaries, Figure 12,
the SNR sky distributions of quasi-circular and ec-
centric mergers are comparable for eccentricities
in the range e0 < 0.5. This is truly remarkable
if one considers that these eccentric systems have
less than half the timespan of their quasi-circular
counterparts. These results underscore the impact
that third generation GW detectors will have at
boosting the amplitude amplifications driven by ec-
centricity at lower frequencies, which will actually
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FIG. 9. As Figure 6, but now for Cosmic Explorer (top panels) and ET-D (bottom panels). As before, these results present
systems with total mass 20M� ≤M ≤ 100M� and mass-ratios 1 ≤ q ≤ 5.

compensate for the dramatic reduction in waveform
timespan for signals with e0 ∼ 0.5.

• As we have discussed before, asymmetric mass-
ratio systems tend to attenuate the SNR suppres-
sion in eccentric mergers. For instance, for the most
eccentric systems in our sample, see Figure 13, the
SNR reduction for e0 ∼ 0.6 mergers is about 40%
the SNR of an equivalent system with zero eccen-
tricity. In contrast, Figure 12 shows that for com-
parable mass-ratio mergers, quasi-circular systems
are 50% louder than e0 ∼ 0.6 BBH mergers with
the same total mass and mass-ratio.

These results present a number of unique properties of
eccentric mergers that may be used to differentiate them
from quasi-circular BBHs. It is worth mentioning that
while spin corrections may mimic the physics of moder-
ately eccentric mergers, as shown in [63], the effects of
eccentricity we have discussed are unique for moderate
values of eccentricity for second or third generation GW
detector networks. No spin effects are capable of ampli-
fying the waveform amplitude and shortening the wave-
form timespan in the way shown in Figures 5, 6, and 9,
or to accelerate the accumulation of SNR at the rate we
presented in this section.

V. CONCLUSIONS

We have introduced an improved version of the ENIGMA
model that provides a numerically stable approach to

attach the merger waveform to the inspiral evolution,
as well as the inclusion of the binary inclination angle,
which is a key feature that not only modifies the am-
plitude evolution of eccentric mergers, but also encodes
additional physics even at leading order post-Newtonian
corrections. We have tested the robustness of our wave-
form generator, finding that we can randomly sample the
m{1, 2} ∈ [5M�, 50M�] parameter space, varying the in-
clination angle, and produce over 1M physically consis-
tent waveforms without reporting any errors. We then
established its accuracy in the quasi-circular limit by
computing overlaps with the SEOBNRv4 model, finding
overlaps O ≥ 0.99 over the parameter space of applica-
bility for ENIGMA. We benchmarked ENIGMA, finding that,
averaged over 1000 iterations, it can produce a single
waveform from fGW = 15 Hz at a sample rate of 8192 Hz
within 0.04 seconds.

We then explored the properties of SNR sky distri-
butions produced by eccentric and quasi-circular BBH
mergers in the context of second and third generation
GW detectors. Our results indicate that SNR sky distri-
butions tend to present eccentric and quasi-circular merg-
ers as similar events, which may only be differentiated for
rather eccentric BBH populations. We have introduced
a complementary method to tell apart these two popula-
tions that consists of studying the rate at which SNR ac-
cumulates in eccentric mergers, demonstrating that such
approach exhibits tell-tale signatures that may not be
mimicked by other orbital effects, such as spin correc-
tions.

With these studies we introduce a ready-to-use ENIGMA



12

-0.07-0.17-0.42-1.01-2.43-5.86-14.1-34 0 0.09 0.27 0.82 2.46

 [%]

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

L+H+V
(30M , 30M )   e0=0.1 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

L+H+V+K
(30M , 30M )   e0=0.1 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

L+H+V+K+LI+A
(30M , 30M )   e0=0.1 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(30M , 30M )   e0=0.2 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(30M , 30M )   e0=0.2 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(30M , 30M )   e0=0.2 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(30M , 30M )   e0=0.3 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(30M , 30M )   e0=0.3 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(30M , 30M )   e0=0.3 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(30M , 30M )   e0=0.4 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(30M , 30M )   e0=0.4 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(30M , 30M )   e0=0.4 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(30M , 30M )   e0=0.5 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(30M , 30M )   e0=0.5 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(30M , 30M )   e0=0.5 

FIG. 10. As Figure 7, but now assuming that the PSD of each detector corresponds to the target sensitivity of Cosmic Explorer.
These results are produced assuming binary black hole mergers with component masses (30M�, 30M�). As before, we have used
the Mollweide projection, averaged over polarization angles, and set the binary inclination angle to i = π/4. See Appendix A
for results assuming i = 0.
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model that may be readily put at work to conduct GW
searches of eccentric events in similar manner to those
presented in [52, 98], or to constrain the eccentricity of
all BBH mergers detected by LIGO and Virgo to date. It
may be timely and relevant to assess the use of ENIGMA
waveforms to recover the astrophysical parameters of ec-
centric BBH mergers using well characterized eccentric
numerical relativity waveforms [69–71, 73] embedded in
real advanced LIGO noise to quantify the biases that are
introduced by noise and intrinsic waveform errors in pa-
rameter estimation studies. These studies will be pursued
in the near future.
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FIG. 11. As Figure 10 but now for component masses (50M�, 10M�).
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FIG. 12. As Figure 7, but now assuming that the PSD of each detector corresponds to the target sensitivity of ET-D. These
results are produced assuming binary black hole mergers with component masses (30M�, 30M�). As before, we have used the
Mollweide projection, averaged over polarization angles, and set the binary inclination angle to i = π/4. See Appendix A for
results assuming i = 0.
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FIG. 13. As Figure 12 but now for component masses (50M�, 10M�).
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FIG. 14. As Figure 7 but now setting the binary inclination angle to 0.

Appendix A: Additional signal-to-noise sky distributions for eccentric binary black hole mergers

In this section we present SNR sky distributions for eccentric BBH mergers with inclination angle i = 0. These
results mirror those we presented in the main body of the article for second and third generation GW detector
networks.
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FIG. 15. As Figure 14 but now for component masses (50M�, 10M�).
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FIG. 16. As Figure 10 but now setting the binary inclination angle to 0.
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FIG. 17. As Figure 16 but now for component masses (50M�, 10M�).
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FIG. 18. As Figure 12 but now setting the binary inclination angle to 0.
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FIG. 19. As Figure 18 but now for component masses (50M�, 10M�).
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