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We present the cosmological implications from final measurements of clustering using galaxies,
quasars, and Lyα forests from the completed Sloan Digital Sky Survey (SDSS) lineage of experi-
ments in large-scale structure. These experiments, composed of data from SDSS, SDSS-II, BOSS,
and eBOSS, offer independent measurements of baryon acoustic oscillation (BAO) measurements
of angular-diameter distances and Hubble distances relative to the sound horizon, rd, from eight
different samples and six measurements of the growth rate parameter, fσ8, from redshift-space
distortions (RSD). This composite sample is the most constraining of its kind and allows us to
perform a comprehensive assessment of the cosmological model after two decades of dedicated spec-
troscopic observation. We show that the BAO data alone are able to rule out dark-energy-free
models at more than eight standard deviations in an extension to the flat, ΛCDM model that allows
for curvature. When combined with Planck Cosmic Microwave Background (CMB) measurements
of temperature and polarization, under the same model, the BAO data provide nearly an order of
magnitude improvement on curvature constraints relative to primary CMB constraints alone. In-
dependent of distance measurements, the SDSS RSD data complement weak lensing measurements
from the Dark Energy Survey (DES) in demonstrating a preference for a flat ΛCDM cosmological
model when combined with Planck measurements. The combined BAO and RSD measurements
indicate σ8 = 0.85 ± 0.03, implying a growth rate that is consistent with predictions from Planck
temperature and polarization data and with General Relativity. When combining the results of
SDSS BAO and RSD, Planck, Pantheon Type Ia supernovae (SNe Ia), and DES weak lensing
and clustering measurements, all multiple-parameter extensions remain consistent with a ΛCDM
model. Regardless of cosmological model, the precision on each of the three parameters, ΩΛ, H0,
and σ8, remains at roughly 1%, showing changes of less than 0.6% in the central values between
models. In a model that allows for free curvature and a time-evolving equation of state for dark
energy, the combined samples produce a constraint Ωk = −0.0022 ± 0.0022. The dark energy con-
straints lead to w0 = −0.909 ± 0.081 and wa = −0.49+0.35

−0.30, corresponding to an equation of state
of wp = −1.018 ± 0.032 at a pivot redshift zp = 0.29 and a Dark Energy Figure of Merit of 94.
The inverse distance ladder measurement under this model yields H0 = 68.18 ± 0.79 km s−1Mpc−1,
remaining in tension with several direct determination methods; the BAO data allow Hubble con-
stant estimates that are robust against the assumption of the cosmological model. In addition, the
BAO data allow estimates of H0 that are independent of the CMB data, with similar central values
and precision under a ΛCDM model. Our most constraining combination of data gives the upper
limit on the sum of neutrino masses at

∑
mν < 0.115 eV (95% confidence). Finally, we consider the

improvements in cosmology constraints over the last decade by comparing our results to a sample
representative of the period 2000–2010. We compute the relative gain across the five dimensions
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spanned by w, Ωk,
∑
mν , H0, and σ8 and find that the SDSS BAO and RSD data reduce the total

posterior volume by a factor of 40 relative to the previous generation. Adding again the Planck,
DES, and Pantheon SN Ia samples leads to an overall contraction in the five-dimensional posterior
volume of three orders of magnitude.

I. INTRODUCTION

Understanding the energy content of the Universe, the
physical mechanisms behind cosmic expansion, and the
growth of structure are the primary challenges of cos-
mology. Developmental milestones for the current stan-
dard model of these properties, the spatially-flat ΛCDM
model, include measurements of the expansion history
using Type Ia supernovae (SNe Ia) in the 1990’s, which
provided the first evidence for cosmic acceleration [1, 2],
and studies of perturbations in the cosmic microwave
background (CMB), which provided the first convincing
evidence for a nearly flat geometry [3–6] when assuming
weak priors and fitting results from the BOOMERanG
[7] and MAXIMA [8] CMB experiments. These obser-
vations showed that prior suggestions that the ΛCDM
model would solve some of the emerging problems in cos-
mology were particularly adroit [9, 10]. At around the
same time as these observations, the first measurements
of the baryon and matter densities from the shape of the
power spectrum from the 2dFGRS [11] were published
[12]. The combination of the galaxy survey data and
CMB data is particularly strong for breaking degenera-
cies inherent to either method individually: combining
early 2dFGRS and CMB data meant that, at around the
turn of the century, the physical baryon and cold dark
matter densities were known to 10% and 8% respectively,
and the Hubble parameter to 7% within the flat ΛCDM
model [13].

The first decade of the 21st century witnessed a strong
advancement in the precision with which the parame-
ters of this standard model were known, without demon-
strating significant tension with this model. This came
through dedicated CMB experiments including ACT [14],
SPT [15] and the Wilkinson Microwave Anisotropy Probe
[WMAP; 16]. SN Ia observations continued to improve in
sample size and analysis methodology [17–25], and direct
measurements of the local expansion rate using Cepheid
variables and SNe Ia led to estimates of H0 with better
than 4% precision [26, 27]. During this same approxi-
mate period, the 2dFGRS and Sloan Digital Sky Survey
[SDSS; 28] galaxy surveys became sufficiently large to
clearly measure the Baryon Acoustic Oscillation (BAO)
feature in the clustering of galaxies [29, 30] and use this
as a robust cosmological probe [31]. Combined, these
experiments offered strong evidence supporting the sim-
ple six parameter ΛCDM cosmological model consisting
of the baryon density (Ωb), dark matter density (Ωc),
Hubble Constant (H0), amplitude of primordial pertur-
bations (As), power-law spectral index of primordial den-
sity perturbations (ns), and reionization optical depth
(τ). The 5-year WMAP data [32], combined with the
SDSS-II BAO data [31] and the union SN sample [33],

led to measurements of the physical baryon and cold dark
matter densities to 3%, and the Hubble parameter to 2%
[34] within the framework of the ΛCDM model.

The last ten years have seen significant advances in cos-
mology through CMB observations, improved calibration
of systematic errors in SNe Ia studies, and large area
spectroscopic surveys. Gravitational lensing from the
CMB has provided important, high signal-to-noise mea-
surements of structure growth in the low redshift universe
[35, 36]. CMB lensing has been supplemented by increas-
ingly robust and statistically sensitive estimates of weak
lensing based on galaxy shapes, including CFHTLenS
[37], KiDS [38, 39], Dark Energy Survey [DES; 40, 41],
and Hyper Suprime-Cam survey [HSC; 42, 43]. Improve-
ments in the statistical precision from weak lensing pro-
grams have begun through joint analysis of multiple data
sets, using consistent priors, modeling of the power spec-
trum, and redshift distributions [e.g., 44].

While broad support for the flat ΛCDM model remains
amongst measurements, a number of increasingly wor-
rying discrepancies are appearing. For example, mea-
surements of the Hubble constant from the distance lad-
der technique [SH0ES; 45] and those from the Planck
CMB measurements [46], are in tension, as discussed fur-
ther in Section IV B. Additionally, albeit at lower levels
of discordance, weak lensing measurements [e.g., 38, 39]
tend to find lower levels of cosmological structure than
found from redshift-space distortions or predicted from
the amplitude of the Planck CMB power spectrum (see
Section II C 3).

The continuing development of massive spectroscopic
surveys over the last decade is of particular interest to
this study. Spectroscopy of galaxies and quasars over
wide areas allows precise measurements of cosmic expan-
sion history with BAO and measurements of the rate of
structure growth with redshift space distortions (RSD).
The largest spectroscopic survey to date is the Baryon
Oscillation Spectroscopic Survey [BOSS; 47], which was
the primary driver for SDSS-III [48]. In operations span-
ning 2009–2014, BOSS completed spectroscopy on more
than 1.5 million galaxies as faint as i = 19.9 and more
than 160,000 z > 2.1 quasars as faint as g = 22. In 2012,
the first BAO measurements from BOSS were published
[49], just before the final results from the WMAP CMB
experiment. At this point, the data were sufficient to set
interesting constraints on models that go beyond ΛCDM.
For example, an analysis under a flat ΛCDM model with
neutrinos using the final WMAP data, an estimate of
H0 = 73.8±2.4 km s−1 Mpc−1 [50], and the BOSS BAO
measurements [49], together with those from the 6dFGS,
SDSS-II and WiggleZ surveys [51–53] led to a 95% up-
per limit of 0.44 eV on the sum of the neutrino masses
[54]. Adding measurements of luminosity-distance ra-
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tios from a large sample of SNe Ia [23–25] led to con-
straints consistent with a cosmological constant when al-
lowing a Chevallier-Polarski-Linder (CPL) parameteriza-
tion [55, 56] of dark energy, indicating w0 = −1.17+0.13

−0.12

and wa = 0.35+0.50
−0.49 in a model with a flat universe [54].

Within the ΛCDM model, the errors on the physical
baryon density, cold dark matter density were now at
the level of 2%, and the Hubble Constant 1.3%.

Final measurements of the CMB-calibrated BAO scale
from the BOSS experiment led to 1% precision mea-
surements of the cosmological distance scale for red-
shifts z < 0.75 [57] and 2% precision measurements at
z = 2.33 [58, 59]. By the time that the final results
from BOSS were ready, the Planck satellite had released
its 2015 CMB measurements [60], surpassing the preci-
sion afforded by WMAP. In combination, the 2015 CMB
power spectrum measurements from the Planck satel-
lite together with BOSS constrain the rate of structure
growth at the level of 6% and constrain the sum of the
neutrino masses to be less than 160 meV at 95% con-
fidence [57]. With these data, the constraints on the
physical matter density and Hubble Constant within the
ΛCDM model were both at the level of 0.6%.

So far, there have been four generations of SDSS con-
ducted from the 2.5-meter Sloan Telescope [61] at the
Apache Point Observatory. The extended Baryon Oscil-
lation Spectroscopic Survey [eBOSS; 62]1 is the cosmo-
logical survey within SDSS-IV [63]. Using the same spec-
trographs used for BOSS [64], eBOSS concluded 4.5 years
of spectroscopic observations of large-scale structure on
March 1, 2019. eBOSS extends the BOSS analysis using
galaxies as direct tracers of the density field to measure
BAO and RSD to higher redshifts, and increases the num-
ber of quasars used for Lyα forest studies. It also marks
the last use of the Sloan Telescope for galaxy redshift sur-
veys designed to measure cosmological parameters using
BAO and RSD techniques, with SDSS now focusing on
other exciting astronomical questions [65].

In this paper, we characterize the advances made in
constraining the cosmological model over the last decade,
focusing specifically on the impact of the BOSS and
eBOSS spectroscopic programs. A summary of the key
results from this work, as well as a few additional fig-
ures, can be found in the SDSS webpages2. The study
presented in this work is part of a coordinated release of
the final eBOSS measurements of BAO and RSD in the
clustering of luminous red galaxies [LRG; 66, 67], emis-
sion line galaxies [ELG; 68–70], and quasars [71, 72]. At
the highest redshifts (z > 2.1), the coordinated release
of final eBOSS measurements includes measurements of
BAO in the Lyα forest [73]. An essential component of
these studies is the construction of data catalogs [74, 75],
mock catalogs [76–78], and galaxy mocks based on N-

1 https://www.sdss.org/surveys/eboss/
2 https://www.sdss.org/science/cosmology-results-from-eboss/

body simulations for assessing theoretical systematic er-
rors [79–82]. A summary table of the BAO and RSD mea-
surements, with links to supporting studies and legacy
figures describing the measurements can be found in the
SDSS webpages3.

In all, the SDSS, BOSS, and eBOSS surveys provide
galaxy and quasar samples from which BAO can be mea-
sured covering all redshifts z < 2.2, and Lyα forest ob-
servations over 2 < z < 3.5. The aggregate precision of
the expansion history measurements is 0.70% at redshifts
z < 1 and 1.19% at redshifts z > 1, while the aggregate
precision of the growth measurements is 4.77% over the
redshift interval 0 < z < 1.5. With this coverage and
sensitivity, the SDSS experiment is unparalleled in its
ability to explore models of dark energy.

In Section II, we present the cosmological back-
ground and the signatures in the key observational
probes. This section is intended to provide a high
level background that will put the SDSS spectroscopic
surveys into the broader context for relatively new
readers. In Section III, we present the data samples for
the cosmological analyses performed in this work. In
Section IV, we discuss the impact of SDSS BAO distance
measurements on single parameter extensions to ΛCDM,
relative to SNe Ia and CMB probes. We also demon-
strate the key contributions from BAO measurements
in the well-known tension between local measurements
of H0 and estimates extrapolated from high-redshift
observations. In Section V, we discuss RSD and weak
lensing measurements both in constraining the relative
abundance of dark energy and in testing predictions
of growth under an assumption of General Relativity
(GR). In Section VI, we present the cosmological model
that best describes all of the observational data used in
this work. We conclude in Section VII by presenting
the substantial advances in our understanding of the
cosmological model that have been made in the last
decade and the role that the BOSS and eBOSS programs
play in those advances.

II. COSMOLOGICAL MODEL AND
OBSERVABLE SIGNATURES

The BOSS and eBOSS surveys have fostered the de-
velopment of the BAO technique to percent-level preci-
sion over a larger redshift range than any other probe of
the distance-redshift relation. RSD measurements from
BOSS and eBOSS offer constraints on structure growth
over nearly as large a redshift range. Meanwhile, in the
last ten years, the CMB maps produced by the Planck
satellite have allowed precise constraints on the condi-
tions of the Universe at the time of last scattering and

3 https://www.sdss.org/science/final-bao-and-rsd-measurements/

https://www.sdss.org/surveys/eboss/
https://www.sdss.org/science/cosmology-results-from-eboss/
https://www.sdss.org/science/final-bao-and-rsd-measurements/
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on the angular diameter distance to that epoch. With
probes of the late-time expansion history, the evolution
of cosmic expansion can be extrapolated from the CMB
to today’s epoch under models with freedom for curva-
ture, dark energy density, dark energy equation of state,
and neutrino mass. SNe Ia measurements remain the
most effective way to constrain expansion history at red-
shifts below z < 0.5, while the BOSS and eBOSS BAO
measurements cover redshifts 0 < z < 2.5 and rely on a
model that is well-understood because it is based in sim-
ple physics. Large weak lensing surveys have measured
cosmic shear to constrain the local matter density and
amplitude of fluctuations, while RSD measure the change
in the fluctuation amplitude with time through measure-
ments of the gravitational infall of matter. As will be
presented in the analysis of this paper, the full suite of
these complementary measurements allows a comprehen-
sive assessment of the cosmological model.

In this section, we provide an overview of the cosmo-
logical model and a pedagogical summary of the observa-
tional signatures in BAO, RSD, CMB, SNe Ia, and weak
lensing surveys that we use to provide new constraints on
that model. This section is intended to provide the key
details of the cosmological models and data sets that are
explored in the remainder of the paper. The discussion
will be familiar to the reader experienced in multi-probe
cosmology constraints and will offer the highlights for
additional study for the less experienced reader.

A. Background Models and Notation

Throughout this paper we employ the standard cosmo-
logical model based on the Friedmann-Robertson-Walker
metric where the scale factor, a, is unity today and is re-
lated to redshift by a(t) = (1+z)−1. The evolution of the
scale factor with time describes the background expan-
sion history of the Universe, governed by the Friedmann
equation, normally written as

H2(a) =
8πG

3
ρ(a)− kc2

a2
. (1)

H ≡ ȧ/a is the Hubble parameter and ρ(a) is the to-
tal energy density (radiation + matter + dark energy).
The curvature constant k parameterizes the global curva-
ture of space. An open universe is represented by k < 0
and a closed universe by k > 0. The curvature term
can be expressed in terms of an effective energy density
through −kc2/a2 = (8πG/3)ρk(a). However, we note
that a Universe that is globally flat (k = 0) will appear
to have a non-zero mean curvature due to horizon-scale
fluctuations in the matter density field. These large-scale
fluctuations place a fundamental limit on constraints on
the curvature term under inflationary models that best
describe CMB fluctuations, and the detectable limit is
roughly one part in 10,000 [83].

We define the dimensionless density parameter of each

energy component (x) by the ratio

Ωx =
ρx
ρcrit

=
8πG

3H2
ρx (2)

so that
∑

Ωx = 1, where the sum is over all energy
components including the curvature. Density param-
eters and ρcrit always refer to values at z = 0 un-
less a dependence on a or z is stated explicitly, e.g.,
Ωx(z). We will frequently refer to the present-day (t0)
Hubble parameter H0 through the dimensionless ratio
h ≡ H0/100 km s−1 Mpc−1. The dimensionless quantity
ωx ≡ Ωxh

2 is proportional to the physical density of com-
ponent x at the present day.

The energy components considered in our models are
pressureless (cold) dark matter (CDM), baryons, pho-
tons, neutrinos, and dark energy. The densities of CDM
and baryons scale as a−3; we refer to the density parame-
ter of these two components together as Ωcb. The energy
density in radiation (Ωr) scales as a−4; in the standard
cosmological model, Ωr is dynamically negligible in the
low redshift universe probed by spectroscopic surveys.
However, the radiation density is dominant at very high
redshift, where it receives contributions from the elec-
tromagnetic CMB radiation (ωγ , known exquisitely well)
and from neutrinos (at temperature T higher than the
rest energy mν):

ωr(T > mν) = ωγ + ων =

[
1 +

7

8

(
4

11

)4/3

Neff

]
ωγ ,

(3)
with Neff = 3.044 in the standard case with three neu-
trino species [84] (note: following precedent, we use
Neff = 3.046 throughout, as in Mangano et al. [85]).
Other potential contributions to radiation energy density
are traditionally parameterized in terms of their change
to the effective number of neutrino species, ∆Neff , re-
gardless of whether they represent extra neutrino species
or other light degrees of freedom.

While the effect of neutrinos in cosmology has been
detected through their contribution to the radiation en-
ergy density in the CMB [46], we have not yet reached
the sensitivity to detect their mass. However, the de-
tection of neutrino oscillations in terrestrial experiments
strongly implies that at least two species are massive and
that at least one species is now non-relativistic [see 86,
for a recent review] The energy density of neutrinos with
non-zero mass scales like radiation at early times when
the particles are ultra-relativistic. Once cosmic expan-
sion reduces their kinetic energy below the rest mass,
the neutrinos transition towards dark matter behavior.
For neutrinos with non-degenerate mass eigenstates, the
transition to non-relativistic energies will happen at dif-
ferent epochs for the three eigenstates. In practice, for
realistic neutrino masses, the transition occurs after the
epoch of the last scattering in the CMB, but before the
epochs observed by spectroscopic surveys. Therefore, we
can safely assume that the most massive neutrino species
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are ultra-relativistic at epochs relevant for the CMB and
act as dark matter at epochs probed by galaxy surveys
[87].

At the current level of precision, cosmological mea-
surements are sensitive only to the sum of neutrino mass
eigenvalues [87–91], thus allowing a simple modeling of
neutrino masses with a single parameter,

∑
mν . We use

νΛCDM to refer to the flat ΛCDM model with this ex-
tra free parameter. Following standard convention, our
total matter density at redshift z = 0 therefore includes
neutrinos, Ωm = Ωcb + Ων .

Finally, the dark energy component is approximately
constant in time and thus dominates the late-time evo-
lution of the Universe (all the other components scale at
least with a−2). Conventionally, the dark energy compo-
nent is parameterized in terms of its pressure-to-density
ratio, w = pDE/ρDE (c = 1 units). We consider three
basic phenomenological possibilities for w:

w(a) =


−1

w

w0 + wa(1− a),

(4)

corresponding to cosmological constant, constant equa-
tion of state, and equation of state in the form of the
CPL parameterization, respectively.

For the three cases in equation (4), the energy density
of dark energy can be analytically integrated into

ρDE(a)

ρDE,0
=


1

a−3(1+w)

a−3(1+w0+wa) exp[−3wa(1− a)].

(5)

We describe these models as ΛCDM, wCDM and
w0waCDM, respectively. By default, these models as-
sume a flat geometry, but we also consider versions of
these with free curvature. Dark energy models where Ωk
is allowed as a free parameter are referred to as oΛCDM,
owCDM and ow0waCDM. All of these models are nested
in the sense that they contain ΛCDM as a special limit,
with w = w0 = −1, wa = 0, and Ωk = 0.

B. Growth of Structure in the Cosmological Model

The cosmic expansion history is determined by the
mean energy densities of the components in the Universe
and their evolution with time. The structure growth
history reflects the evolution of density perturbations
against the background of cosmic expansion. Density
perturbations in the matter are described by their rela-
tive perturbations

δ(x, t) ≡ ρm(x, t)− ρ̄m(t)

ρ̄m(t)
, (6)

where ρ̄m(t) is the mean matter density of the Universe
and x is the comoving coordinate. In this paper we ignore

theoretical subtleties related to choice of gauge, because
on the sub-horizon scales of interest, the Newtonian de-
scription is fully adequate.

To the first order in perturbation theory, the growth
of fluctuations with time is specified by a single, scale-
independent growth factor, D(t):

δ(x, t) = D(t)δ(x, t0), (7)

where D(t0) = 1 and D(t) satisfies

D̈ + 2H(z)Ḋ − 3

2
ΩmH

2
0 (1 + z)3D = 0 . (8)

Strictly speaking, this equation only holds for a single
fluid. However, it describes the low-redshift universe very
well, since gravitational evolution drives the multiple flu-
ids towards a common over-density field. Therefore, in
cosmological models consistent with GR, the growth of
density fluctuations can be predicted uniquely for a given
expansion history. In this work, we use growth measure-
ments to probe dark energy, to measure the amplitude
of the current matter density perturbations to test for
tension in the cosmological model, as well as to test GR
as the model for gravity on cosmological scales.

The linear growth rate is often expressed as a differ-
ential in the linear growth function with respect to the
scale factor

f(z) ≡ d lnD

d ln a
. (9)

In standard cosmological models under GR, the growth
rate can be approximated as f(z) ∝ Ωm(z)0.55 [92–94].
However, with the same expansion history, theories of
modified gravity may predict different rates of structure
growth, which motivates a simple parameterization to
modifications to f(z) ∝ Ωm(z)γ , where departures from
γ = 0.55 correspond to departures from GR. Another
strong prediction from GR is that the two metric poten-
tials Ψ and Φ (corresponding to time and space pertur-
bations of the metric) are the same (Ψ = Φ). This is
not necessarily so in theories of modified gravity, and the
difference in the two potentials (known as gravitational
slip) can affect the difference between the trajectories of
relativistic and non-relativist particles.

In this work, we follow the analysis of Abbott et al.
[95] to test for more general deviations from GR. Starting
from scalar metric perturbations in the conformal New-
tonian Gauge, represented as ds2 = a2(τ)[(1 + 2Ψ)dτ2 −
(1−2Φ)δijdxidxj ] with conformal time τ defined through
dτ = dt/a(t), this phenomenological model allows modi-
fication to the Poisson equations, or equivalently, to the
time-variation of the gravitational constant and gravita-
tional slip [e.g., 96]. A time-dependent parameter µ(a)
plays a similar role to the γ parameter in modifying the
growth rate. The model also allows a perturbation of the
potential for massless particles relative to matter parti-
cles through the time-dependent parameter Σ(a). These
two parameters provide linear perturbations to the GR
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form of gravity according to the relations

k2Ψ = − 4πGa2(1 + µ(a))ρδ , (10)

k2(Ψ + Φ) =− 8πGa2(1 + Σ(a))ρδ , (11)

where k is the wavenumber and δ is the comoving-gauge
density perturbation. Both µ(a) and Σ(a) are equal to
zero at all redshifts in GR. This parameterization has the
advantage that the Σ term can be constrained indepen-
dently by weak lensing with only mild degeneracy with µ.
The RSD measurements probe the response of matter to
a gravitational potential and therefore provide indepen-
dent constraints on the µ term. Again, following Abbott
et al. [95], we describe the redshift evolution of µ and Σ
as

µ(z) = µ0
ΩΛ(z)

ΩΛ
, Σ(z) = Σ0

ΩΛ(z)

ΩΛ
. (12)

Finally, neutrinos can affect the measured growth of
fluctuations. While ultra-relativistic, they free-stream
out of over-densities and thus suppress growth on scales
smaller than their free-streaming length [e.g., 87]. The
dominant effect is a decrease in the amplitude of fluctu-
ations at low redshifts compared to extrapolations from
the CMB under a model with zero neutrino mass.

C. Observable Signatures

1. The CMB

The temperature of the CMB is uniform across the sky
to one part in 100,000; beyond this level, anisotropies
appear at all observable scales. The angular power spec-
trum of the CMB can be predicted to high precision based
on an inflationary model and an expansion model. The
fluctuation modes corresponding to scales greater than
one degree were larger than the Hubble distance at the
time of the last scattering and capture the initial condi-
tions imprinted at the end of inflation (ns and its deriva-
tive). At smaller scales, the sound waves that propagate
in the ionized universe due to photon-baryon coupling
imprint the characteristic acoustic oscillations into the
CMB power spectrum. The relative amplitudes of the
peaks of the oscillations provide information on the en-
ergy contents of the Universe while the spacing of the
peaks provides a BAO ‘standard ruler’ whose length can
be computed using straightforward physics.

Using the latest CMB results under an assumption of a
ΛCDM cosmology, the BAO feature has a comoving scale
of 147.18± 0.29 Mpc [46], set by the distance rd traveled
by sound waves between the end of inflation and the de-
coupling of baryons from photons after recombination,

rd =

∫ ∞
zd

cs(z)

H(z)
dz, (13)

where zd is the redshift of the drag epoch and cs is the
sound speed. Not to be confused with the redshift at

the time of last scattering, the drag epoch corresponds
to the time when the baryons decouple from the photons,
around a redshift z = 1020. In the standard cosmologi-
cal models explored here, rd can be computed given the
physical densities of dark matter (ωc), baryonic matter
(ωb), and the radiation content of the Universe. The
radiation content can be determined from the tempera-
ture of the CMB and the effective number of neutrino
species (Neff). Combined, these abundances determine
the shape and position of the BAO peak in comoving
space that can then be used as a standard ruler. Be-
cause the CMB provides an image of the oscillations at
the epoch of last photon scattering, the BAO scale has
not reached its maximum size, but it can still be mea-
sured at very high precision to provide a constraint on
the angular diameter distance to a redshift of z ∼ 1100.

Because the proton-electron plasma does not recom-
bine instantaneously, the last scattering surface has a fi-
nite thickness. Photon diffusion also results in damping
at the smallest scales, leading to a diffusion scale that
depends on the expansion rate and energy densities. The
effect of damping on the power spectrum therefore allows
constraints on the energy densities of relativistic par-
ticles, primordial helium abundance, dark matter, and
baryon matter at the time of last scattering. Finally,
the signal from the CMB records the integrated ioniza-
tion history of hydrogen and the integrated formation of
structure in the form of polarization and lensing signals.
Characterization of polarization and lensing in the CMB
thus provides information about the integrated optical
depth (τ) to the surface of last scattering and the effects
of neutrinos on the growth rate of structure. One of the
main challenges in interpreting the high signal-to-noise
CMB data is the modeling of foreground contamination,
whether from dust emission, induced polarization, or ra-
dio sources. For a review of experimental and analysis
methods to extract cosmological information from the
CMB, see Staggs et al. [97] and Planck Collaboration
et al. [98].

2. BAO measurements from spectroscopic surveys

The same sound waves that appear as acoustic oscilla-
tions in the CMB appear in the clustering of matter at
later times, although with a weaker amplitude due to the
coupling of baryonic matter with dark matter [e.g., 99].
For this reason, survey volumes of several Gpc3 are re-
quired to reach percent-level precision constraints on the
BAO feature. The dark matter distribution that records
the BAO feature cannot be probed directly, and is instead
traced by galaxies, quasars, or absorption line systems
corresponding to neutral hydrogen or other material in
the intergalactic medium.

The cosmological parameters used to calibrate the
characteristic BAO scale rd are typically derived from
CMB observations. The rd scale can also be derived from
Big Bang Nucleosynthesis (BBN) measurements (giving
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constraints on ωb) in combination with measurements of
expansion history (giving constraints on Ωm), if the early
universe is assumed to be a mixture of radiation, baryonic
matter, and cold dark matter with three neutrino species.
With a calibrated rd, the BAO scale can be used to make
absolute distance measurements as a function of redshift.
Or rd can be treated as a nuisance parameter, allowing
multiple BAO measurements over a range of redshifts to
be used for relative measures of the cosmic expansion
history.

In a spectroscopic survey, the BAO feature appears in
both the line-of-sight direction and the transverse direc-
tion. Along the line-of-sight direction, a measurement of
the redshift interval, ∆z, over which the BAO feature ex-
tends, provides a means to directly measure the Hubble
parameter, H(z) = c∆z/rd. Equivalently, it measures
the Hubble distance at redshift z,

DH(z) =
c

H(z)
. (14)

Along the transverse direction, the BAO scale corre-
sponds to an angle, rd = DM (z)∆θ. Measuring the angle
∆θ subtended by the BAO feature at a given redshift pro-
vides a means to estimate the (comoving) angular diam-
eter distance, DM (z), which depends on the expansion
history and curvature as

DM (z) =
c

H0
Sk

(
DC(z)

c/H0

)
. (15)

Here the line-of-sight comoving distance is

DC(z) =
c

H0

∫ z

0

dz′
H0

H(z′)
(16)

and

Sk(x) =


sin(
√−Ωkx)/

√−Ωk Ωk < 0,

x Ωk = 0,

sinh(
√

Ωkx)/
√

Ωk Ωk > 0.

(17)

When considering the dependence of rd on cosmology, the
quantities that the BAO measurements directly constrain
are DM (z)/rd and DH(z)/rd. The BAO measurements
were also historically summarized by a single quantity
representing the spherically-averaged distance,

DV (z) ≡
[
zD2

M (z)DH(z)
]1/3

, (18)

or more directly DV (z)/rd. The powers of 2⁄3 and 1⁄3
approximately account for two transverse and one radial
dimension and the extra factor of z is a conventional nor-
malization. Today we almost always specify the trans-
verse and radial BAO as two independent measurements
with correlated error bars instead, unless the signal-to-
noise ratio is low.

For measurements using discrete tracers with suffi-
ciently high number density, the BAO feature in clus-
tering measurements can be sharpened through a pro-
cess known as ‘reconstruction’ [100]. Reconstruction uses

the observed three-dimensional map of galaxy positions
to infer their peculiar velocities. Each galaxy tracer is
then moved to a position that is approximately where
the galaxy would reside if there were no bulk flows. The
process removes the dominant non-linear effect from the
BAO feature, which is smearing caused by the large-scale
bulk flows. Reconstruction recovers almost all theoret-
ically available information in the BAO. In the SDSS
analyses, the fitting to reconstructed data is performed
with minimal information from the broadband clustering
signal, in an attempt to isolate the BAO signal.

A review of BAO as a probe for cosmology is presented
in Section 4 of Weinberg et al. [101], and a discussion
on the BAO measurement in practice can be found in
Appendix A.

3. RSD measurements from galaxy surveys

The galaxy redshifts used in spectroscopic BAO mea-
surements can also be used to study anisotropic cluster-
ing. There are two primary ways in which anisotropy
is introduced into the large-scale clustering of matter:
the Alcock-Paczynski (AP) effect [102] and the RSD ef-
fect from the growth of structure [103]. The AP effect
arises in clustering statistics as a deviation from phys-
ically isotropic signal due to an incorrect translation of
angular and radial (redshift) separations to physical ones
(e.g. from lack of knowledge of the true cosmology; see
Appendix A). The AP effect thus serves as a way to mea-
sure the product of H(z) and DM (z), offering additional
constraints on dark energy and curvature [e.g., 104].

The RSD effect arises from the growth of structure
[103] and is observed due to the bulk flow of matter in
response to the gravitational potential of matter over-
densities. The peculiar velocities introduce additional
redshifts on top of those caused by cosmic expansion,
leading to an increase in the measured amplitude of ra-
dial clustering relative to transverse clustering on large
scales. The resulting anisotropy is correlated with the
rate at which structure grows. The growth rate f(z)
from equation (9) can also be expressed as

f =
∂ lnσ8

∂ ln a
, (19)

where σ8(z) describes the amplitude of linear matter fluc-
tuations on a comoving scale of 8h−1Mpc. The RSD
measurements provide constraints on fσ8, which charac-
terizes the amplitude of the velocity power spectrum.

The AP and RSD signals are partially degenerate,
which limits the AP signal that can be extracted from
measurements of clustering [e.g., 105]. A review of RSD
and AP as a probe for cosmology is presented in Section 4
of Weinberg et al. [101], while a discussion of the RSD
measurement in practice can be found in Appendix A.
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4. Weak lensing

As RSD probe the response of matter to a gravita-
tional potential, gravitational lensing probes the response
of photons to a gravitational potential. Gravitational
lensing can be observed in several forms in cosmic sur-
veys, we focus on the weak lensing regime in this work.
More specifically, we use cosmic shear measurements of
weak lensing and galaxy-galaxy lensing measurements in
performing cosmological constraints.

Cosmic shear shows up as distortions on the order of
1% that appear in the images of background galaxies due
to lensing by the integrated foreground mass distribution.
By introducing correlations of neighboring galaxy shapes
due to shared foregrounds, cosmic shear allows direct in-
ference of the gravitational potential gradients integrated
along the line of sight. If these correlations are com-
puted over discrete intervals over a range of redshifts, a
smooth, three-dimensional mapping of the matter distri-
bution can be deduced. The direct observable in lensing
surveys is the cosmic shear power spectrum, with an am-
plitude that scales approximately as Ω2

mσ
2
8 in the linear

regime. However, weak-lensing measurements are often
in the non-linear regime, and also depend on relative dis-
tances through the lens equation. The relative balance
between Ωm and σ8 in the measurement depends on a
number of factors within CDM models, as described in
Jain and Seljak [106]. For the redshifts probed by current
surveys, around the benchmark ΛCDM model, the red-
shift evolution of the amplitude of the cosmic shear power
spectrum is best described by the approximate combina-
tion

S8 ≡ σ8(Ωm/0.3)0.5. (20)

A review of cosmic shear methodology and its challenges
as a probe for cosmology can be found in Section 5 of
Weinberg et al. [101].

In addition to shear measurements, we also use galaxy-
galaxy lensing results in Section VI to provide addi-
tional information on the galaxy clustering measurements
obtained in photometric surveys. Galaxy-galaxy lens-
ing measurements probe the local gravitational potential
around specific classes of galaxies. For the cosmology
studies presented here, these measurements give insight
into mass density profiles, thus providing important in-
formation on the bias of the galaxies used as tracers in
the photometric clustering measurements.

5. Type Ia supernovae

Type Ia supernovae are generally believed to occur
when a white dwarf approaches the Chandrasekhar mass
limit due to mass accretion or merger. This class of
SN is easily characterized with spectroscopy due to the
strong calcium and silicon lines and lack of hydrogen
and helium lines. While SNe Ia are not perfect stan-
dard candles, their diversity can be described by the SN

light curve width (hereafter X1) and SN color at max-
imum brightness (hereafter C). The distance modulus,
µ = 5log10[DL(z)/10pc], is then given by

µ = m∗B − (MB − αX1 + βC), (21)

where m∗B is the observed SN peak magnitude in rest-
frame B band [107]. Here DL is the luminosity distance,
which follows the relation DL = DM (1+z). The quantity
MB characterizes the SN Ia absolute magnitude, while α
and β describe the change in magnitude with diversity
in width and color, respectively. The linear dependence
between SN property and peak magnitude follows from
the empirical observation that brighter SNe Ia are also
slower to rise and/or bluer in color [see 108, 109]. Beyond
those two dominant effects, a residual diversity related
to host galaxy properties was also found [e.g., 25], with
brighter SNe occurring in more massive galaxies. This
effect is usually accounted for by considering that the
SN Ia absolute magnitude is different depending on the
host stellar mass, such as in [110]:{

MB = M1
B if Mstellar < 1010M�;

MB = M1
B + ∆M otherwise.

(22)

The model assumes that SNe Ia with identical color, light
curve shape and galactic environment have on average
the same intrinsic luminosity for all redshifts. Note that
the hypothesis of redshift independence can be checked
with data for ∆M , α, and β and so far has been found
to be consistent with observations [e.g., 111].

If the above model is sufficiently accurate, the mea-
sured SN distance modulus traces the redshift depen-
dence of luminosity distance. The absolute magnitude
can be calibrated using nearby SNe Ia and Cepheid vari-
ables, giving a distance ladder from which H0 can be
computed. A review of supernova astrophysics and their
use in cosmology to constrain the dark energy equation-
of-state can be found in Goobar and Leibundgut [112].

D. Combining measurements

The measurements of the redshift-distance relation
through BAO, AP, and SNe Ia provide tests of extended
models for dark energy and cosmic expansion that are
only weakly constrained with CMB data alone. Generally
speaking, the SNe Ia data provide a high precision con-
straint of the luminosity distance–redshift relation in the
dark-energy dominated regime while the BAO and AP
measurements sample the matter-dominated regime and
the epoch of matter-dark energy equality. Likewise, the
measurements of growth of structure through RSD and
weak lensing allow additional tests on the background ex-
pansion and on whether GR describes the rate of struc-
ture growth. Measurements of the redshift-distance rela-
tion and growth of structure allow tests of the neutrino
mass by constraining the effects on both the cosmic ex-
pansion after the CMB formation and the amplitude of
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TABLE I. Symbols and Definitions of Cosmological Parameters

Parameter Definition
Ωm density parameter of matter
Ωc density parameter of cold dark matter
Ωb density parameter of baryons
ΩΛ density parameter of cosmological constant
ΩDE density parameter of dark energy
Ωk curvature parameter
ωc = Ωch

2 physical density parameter of cold dark matter
ωb = Ωbh

2 physical density parameter of baryons
H0 current expansion rate (Hubble constant)
h H0/100 km s−1Mpc−1

θMC approximate angular scale of sound horizon (CosmoMC)
As power of the primordial curvature perturbations at k = 0.05 Mpc−1

σ8 amplitude of matter fluctuation on 8h−1Mpc comoving scale
ns power-law index of the scalar spectrum
τ Thomson scattering optical depth due to reionization
Neff effective number of neutrino-like relativistic degrees of freedom
w (w0) dark energy equation of state, w = pDE/ρDE (c = 1 units)
wa time derivative of dark energy equation of state parameter (eq. 4)∑
mν sum of neutrino masses

matter fluctuations relative to amplitude of CMB fluctu-
ations. The sensitivity of the latter approach is limited
by our knowledge of optical depth τ to the last scatter-
ing surface. Alternative approaches to constrain the neu-
trino mass rely on measuring the redshift-dependence of
growth directly with clustering data or scale-dependence
of the matter power spectrum [87, 113, 114] but are not
explored here.

For fitting the measurements, model calculations
throughout this paper are made with CosmoMC [115]. Fig-
ures are produced with the GetDist Python package
[116]. The model parameters are summarized in Table I,
while parameterizations and priors are described in Ap-
pendix B. We stress that choice of parameterization is
sometimes important – the shape and visual overlap of
marginalized contours can be significantly impacted, es-
pecially in a prior-dominated regime. In all cases that
use information from the shape of the power spectrum,
we hold Neff fixed to its baseline value. In the major-
ity of the studies presented in this paper, the priors we
assume on free parameters do not impact the posterior
distributions when CMB data are included in the likeli-
hoods. We refer to this series of priors as those with the
‘CMB’ parameterization. In the cases where we study
the expansion history without the CMB (Section IV), we
use the ‘background’ parameterization. In all studies, the
same priors are used for curvature, the dark energy equa-
tion of state, or neutrino masses in the cases that those
parameters are fit to the data. Those priors are reported
in the ‘extended’ portion of the table in Appendix B.

III. DATA AND METHODOLOGY

In this section, we provide an overview of the different
measurements used in our primary cosmological analysis,
including: Baryon Acoustic Oscillations (BAO), Redshift
Space Distortions (RSD), Cosmic Microwave Background
(CMB), Supernovae (SN) and Weak Lensing (WL). The
samples we use in this work and the naming conven-
tions we choose are summarized in Table II. We present
the state-of-the-art results, and discuss how the different
probes have evolved during the last decade.

A. SDSS BAO and RSD Measurements

The study presented in this work characterizes the im-
pact of BAO and RSD measurements from spectroscopic
galaxy and quasar samples obtained over four genera-
tions of SDSS. A summary of the BAO-only measure-
ments is found in Table III and in the top panel of Fig-
ure 1. In these measurements, the broadband clustering
signal that carries information on the AP effect or RSD
is effectively deweighted to capture only the BAO signa-
ture. These measurements are used to explore the impact
of BAO measurements on models for dark energy in Sec-
tion IV. Results from the full-shape fits, without informa-
tion from reconstructed BAO measurements, are found
in the central region of Table III. These measurements
include information from the AP effect and are used to
explore the impact of growth measurements in Section V
A summary of the BAO and RSD measurements, includ-
ing information from the AP effect and reconstruction,
is also found in Table III and Figure 1. These measure-
ments are used to perform the global cosmology fitting
in Sections VI and VII. The background to each of these
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TABLE II. Data sets for cosmology analyses.

Name Data Combination Cosmology Analysis
BAO DM (z)/rd and DH(z)/rd from BAO measurements of all SDSS tracers Section IV
RSD fσ8(z) from all SDSS tracers, marginalizing over DM (z)/rd and DH(z)/rd Section V
SDSS DM (z)/rd, DH(z)/rd, and fσ8(z) of all SDSS tracers Sections VI,VII
CMB T&P Planck TT, TE, EE, and lowE power spectra Sections IV,V
CMB lens Planck lensing measurements Section V
Planck Planck temperature, polarization, and lensing measurements Sections VI,VII
SN Pantheon SNe Ia measurements Sections IV,VI,VII
WL DES cosmic shear correlation functions Section V
DES DES 3×2 measurements (cosmic shear, galaxy clustering, and galaxy-galaxy lensing) Sections VI,VII

measurements is summarized below and described in de-
tail in the relevant references. All results in Table III
reflect the consensus values in the cases where multiple
measurements are made.

In this paper we only include large-scale structure
based measurements from SDSS experiments. These are
consistent with those from other experiments, including
6dFGS [51] and WiggleZ [53]. However, the non-SDSS
experiments do not add significantly to the measurements
from SDSS: for example, Carter et al. [117] showed that
6dFGS only adds enough information to provide an im-
provement of ∼ 16% on the SDSS MGS results at low
redshift, while the WiggleZ sample has less than 10% of
the effective volume of the BOSS CMASS sample (see
Table 1 of Beutler et al. 118). Given issues with overlap
between samples and the resulting complicated covari-
ance, we simply do not include these data.

Main Galaxy Sample (MGS) (0.07 < z < 0.2):
The first two generations of SDSS (SDSS-I and -II) pro-
vided redshifts of nearly one million galaxies [124]. SDSS
galaxies were selected with 14.5 < r < 17.64 over a
contiguous footprint of 6,813 deg2 to perform cluster-
ing measurements. The sample was further refined to
cover the redshift range 0.07 < z < 0.2, include the
bright objects with Mr < −21.2, and include red ob-
jects with g − r > 0.8. The resulting sample contains
63,163 galaxies intended to occupy the highest mass ha-
los while providing a roughly uniform number density
over the full redshift interval. The sample was used to
perform a BAO measurement from the reconstructed cor-
relation function [119] and an RSD measurement from
the anisotropic correlation function [120], both at an ef-
fective redshift zeff = 0.15. The BAO measurement was
characterized with DV (z)/rd and the RSD fit was per-
formed using the post-reconstruction BAO fit as a prior.
The likelihoods from this work are found in the Supple-
mentary Data associated with Howlett et al. [120]. We
refer to this sample as the ‘Main Galaxy Sample’ (MGS)
in the table and throughout the paper.

BOSS DR12 Galaxies (0.2 < z < 0.6): Over the
period 2009–2014, BOSS performed spectroscopy to mea-
sure large-scale structure with galaxies over the redshift

4 http://sdss.physics.nyu.edu/vagc/lss.html

interval 0.2 < z < 0.75. BOSS obtained redshifts for
1,372,737 galaxies over 9,376 deg2 from which the fi-
nal galaxy catalog was produced for clustering measure-
ments [125]. The sample was divided into three red-
shift bins covering 0.2 < z < 0.5, 0.4 < z < 0.6, and
0.5 < z < 0.75 for studies of BAO and RSD. For each
redshift bin, seven different measurements of BAO, AP,
and RSD were performed [126–132] based on the galaxy
correlation function or power spectrum. Following the
methodology of Sánchez et al. [133], these measurements
were combined into a single consensus likelihood span-
ning DM (z)/rd and DH(z)/rd for the BAO-only mea-
surements and DM (z)/rd, DH(z)/rd, and fσ8(z) for the
combined BAO and RSD measurements. These results
were computed over all three redshift intervals after fully
accounting for systematic errors and covariances between
parameters and between redshift bins [57]. We refer to
the 0.2 < z < 0.5 and 0.4 < z < 0.6 samples as the
‘BOSS Galaxies’.

eBOSS Galaxies and Quasars (0.6 < z < 2.2):
eBOSS began full operations in July 2014 to perform
spectroscopy on luminous red galaxies (LRGs), emis-
sion line galaxies (ELGs), and quasars and concluded
on March 1, 2019. eBOSS obtained reliable redshifts
for 174,816 LRGs over the interval 0.6 < z < 1 in an
area of 4,103 deg2. The targets for spectroscopy were se-
lected from SDSS riz imaging data and infrared sky maps
from the Wide-field Infrared Survey Explorer [WISE;
134]. The LRG selection [135] was optimized to cover
0.6 < z < 1 with a median redshift z = 0.72. The sample
was supplemented with the galaxies in the z > 0.6 tail
of the BOSS DR12 redshift distribution, but over the
full 9,376 deg2 of the BOSS footprint. The addition of
BOSS galaxies more than doubles the total sample size
to 377,458 redshifts while slightly lowering the effective
redshift. This ‘eBOSS LRG’ sample was used to measure
DM (z)/rd and DH(z)/rd using a catalog of reconstructed
galaxy positions. In addition, the sample was used to
perform a joint DM (z)/rd, DH(z)/rd, and fσ8(z) mea-
surement in both the correlation function [66] and the
power spectrum [67].

Covering an area of 1,170 deg2, eBOSS also obtained
reliable redshifts for 173,736 ELGs over the redshift range
0.6 < z < 1.1. These targets were identified in grz pho-
tometry from the Dark Energy Camera [DECam; 136]

http://sdss.physics.nyu.edu/vagc/lss.html
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FIG. 1. Top: Distance measurements from the SDSS lineage of BAO measurements presented as a function of redshift.
Measurements include those from SDSS MGS [119, 120], BOSS galaxies [57], eBOSS LRGs [66, 67], eBOSS ELGs [69, 70], eBOSS
quasars [71, 72], the BOSS+eBOSS Lyα auto-correlation, and the BOSS+eBOSS Lyα-quasar cross-correlation measurements
[73]. Also shown are the BAO measurements from 6dFGS [51] and WiggleZ [53] for comparison to measurements from other
redshift surveys. Red points correspond to transverse BAO, green points to radial BAO, and blue to an isotropic BAO
measurement. The red, green, and blue theory curves are not fit to the BAO data; they are the Planck bestfit predictions for a
flat ΛCDM model. Bottom: Growth rate measurements from the SDSS lineage of fσ8 measurements as a function of redshift.
The measurements match the BAO samples except for z > 2, where we do not report a measurement of the growth rate. In
addition to the SDSS measurements, we include the FastSound [121], Vipers [122], 6dFGS [123] and WiggleZ measurements
for comparison. As for the upper panel, the theory curve is not a fit, but a bestfit Planck model.

following the selection algorithms presented in Raichoor
et al. [137]. These star-forming galaxies were spectro-
scopically confirmed with high efficiency due to their
strong emission lines that are easily detectable with the
BOSS spectrographs [64] to z = 1.1. The ‘eBOSS ELG’
sample reaches an effective redshift zeff = 0.85. We per-
formed an isotropic BAO fit to measure DV (z)/rd [68, 70]
and a combined RSD and BAO analysis to constrain
fσ8(z), DH(z)/rd and DM (z)/rd from both the correla-
tion function [69] and the power spectrum [70]. Because
the likelihoods are not well-described by a Gaussian dis-
tribution, we use the full likelihoods in the cosmology
fitting.

Finally, the ‘eBOSS quasar’ sample includes 343,708
reliable redshifts with 0.8 < z < 2.2 over 4,699 deg2.
The sample selection [138] was derived from WISE in-
frared and SDSS optical imaging data; 18% of these
quasars identified by the algorithm had been observed
in SDSS-I, -II, or -III. The sample was used to measure
DM (z)/rd, DH(z)/rd, and fσ8(z) from both the corre-
lation function [71] and the power spectrum [72]. The
consensus BAO-only results were determined without re-
construction. The full-shape DM (z)/rd, DH(z)/rd, and
fσ8(z) measurements were therefore not combined with
the BAO-only measurements.

Lyman-α Forest Samples (1.8 < z < 3.5): The
complete BOSS sample contains the spectra of 157,845
quasars at 2.0 < z < 3.5 that are free of significant
broad absorption lines. These quasar targets were se-
lected using a variety of techniques [139] to measure fluc-
tuations in the transmission of the Lyman-α (Lyα) for-
est due to fluctuations in the density of neutral hydro-
gen. The auto-correlation of the Lyα forest and its cross-
correlation with 217,780 quasars at 1.8 < z < 3.5 led to
2% precision measurements of the BAO distance scale at
zeff = 2.33 [58, 59].

Several techniques, such as those using photometric
variability [140], were used to select new z > 2.1 quasars
to observe in eBOSS. In addition, 42,859 quasars with low
signal-to-noise BOSS spectra were re-observed in eBOSS
to better measure the fluctuations in the Lyα forest. Fi-
nally, improvements to the analysis methods enabled the
use of a larger wavelength range for determining the for-
est. The final sample used to trace the Lyα forest has
210,005 quasars at z > 2.1, consisting of the original
sample from BOSS and the sample from eBOSS. A total
of 341,468 quasars with z > 1.77 were used for cross-
correlation studies with the Lyα forest.

The final eBOSS results are presented in du Mas des
Bourboux et al. [73]. The auto- and cross-correlation
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TABLE III. Clustering measurementsa for each of the BAO and RSD samples used in this paper.

Parameter MGS BOSS Galaxy BOSS Galaxy eBOSS LRG eBOSS ELG eBOSS Quasar Lyα-Lyα Lyα-Quasar

Sample Properties
redshift range 0.07 < z < 0.2 0.2 < z < 0.5 0.4 < z < 0.6 0.6 < z < 1.0 0.6 < z < 1.1 0.8 < z < 2.2 z > 2.1 z > 1.77
Ntracers 63,163 604,001 686,370 377,458 173,736 343,708 210,005b 341,468c

zeff 0.15 0.38 0.51 0.70 0.85 1.48 2.33 2.33
Veff (Gpc3)d 0.24 3.7 4.2 2.7 0.6 0.6

BAO-Only Measurementse (Section IV)

DV (z)/rd 4.47 ± 0.17 18.33+0.57
−0.62

DM (z)/rd 10.23 ± 0.17 13.36 ± 0.21 17.86 ± 0.33 30.69 ± 0.80 37.6 ± 1.9 37.3 ± 1.7
DH(z)/rd 25.00 ± 0.76 22.33 ± 0.58 19.33 ± 0.53 13.26 ± 0.55 8.93 ± 0.28 9.08 ± 0.34

RSD-Only Measurements (Section V)
fσ8(z) 0.53 ± 0.16 0.500 ± 0.047 0.455 ± 0.039 0.448 ± 0.043 0.315 ± 0.095 0.462 ± 0.045

BAO+RSD Measurements (Sections VI and VII)
DV (z)/rd 4.51 ± 0.14
DM (z)/rd 10.27 ± 0.15 13.38 ± 0.18 17.65 ± 0.30 19.5 ± 1.0 30.21 ± 0.79 37.6 ± 1.9 37.3 ± 1.7
DH(z)/rd 24.89 ± 0.58 22.43 ± 0.48 19.78 ± 0.46 19.6 ± 2.1 13.23 ± 0.47 8.93 ± 0.28 9.08 ± 0.34
fσ8(z) 0.53 ± 0.16 0.497 ± 0.045 0.459 ± 0.038 0.473 ± 0.041 0.315 ± 0.095 0.462 ± 0.045

a Uncertainties are Gaussian approximations to the likelihoods for each tracer ignoring the correlations between measurements
b The number of tracers reported for the Lyα-Lyα measurement corresponds to the number of sightlines, or forests.
c Number of tracer quasars is used for the Lyα-quasar study.
d The effective volume, Veff , is quoted here in Gpc3 using a flat ΛCDM model with Ωm = 0.31 and h = 0.676.
e The measurements for MGS, the two BOSS galaxy samples, eBOSS LRG, and eBOSS ELG are performed after reconstruction.

measurements can also be combined into a single esti-
mate of DM (z)/rd and DH(z)/rd with associated covari-
ances [73], resulting in a 25% reduction in the area of the
contours relative to the BOSS DR12 studies. The un-
certainties quoted in Table III correspond to a Gaussian
approximation of the real likelihood, but in our analysis
we use the full (non-Gaussian) likelihood.

In du Mas des Bourboux et al. [73], we also presented
a 4% measurement of the redshift-space distortion pa-
rameter of the Lyα forest, βF . However, βF can not be
readily translated into a measurement of fσ8, since the
response of Lyα forest fluctuations to a velocity gradient
is unknown [141, 142].

Summary of SDSS Measurements and System-
atic Errors: From the BOSS and eBOSS clustering
analyses with galaxies and quasars, the main systematic
errors in BAO and RSD estimates arise from modeling of
the two-point statistics, the choice of fiducial cosmology
taken as a reference for coordinate transformation and
power spectrum template, and from the observational ef-
fects. The systematic errors also have larger effect on
the RSD analyses than the BAO analyses. The estima-
tion of the systematic errors was done in a similar fashion
for all tracers although some differences in the treatment
remain and are outlined in the following.

The modeling systematic errors are studied using ac-
curate mocks based on N-body simulations for which the
cosmology is known [79, 81, 82]. Special care is taken to
estimate the effect of having a fixed fiducial cosmology

for calculating distances and shape of the template for
the two-point statistics. In detail, we measure the range
of the differences between true and recovered values ob-
tained by fitting to mocks where the true and fiducial
cosmologies do not match. The distribution of cosmolo-
gies spanned by the mocks acts as a prior on ‘allowed
cosmologies’. All galaxy and quasar tracers used both
blind and non-blind mocks to assess their modeling sys-
tematic errors. Variations of the Halo Occupation Dis-
tribution parameterizations are also taken into account.
For the BOSS Galaxy, ELG, and LRG samples, the mod-
eling systematic error is further reduced by scaling the σ8

value according to the isotropic dilation factor measured
independently in the data and in each set of mocks (see
Appendix A). For the quasar sample, the redshift deter-
mination is an order of magnitude less precise than for
the galaxies and requires special modeling. The system-
atic effect of redshift errors on the two-point statistics is
estimated using the N-body mocks [82] and is comparable
in size to the systematic errors in modeling.

Observational effects are studied using approximate
mocks that are modified to account for the observational
conditions [76, 77]. This includes the dependence of the
spectroscopic success rate on the signal-to-noise ratio of
the spectra, the treatment of fiber collisions, and the
variations of the density of targets for different photo-
metric conditions in the imaging data. For the ELGs
and quasars, fiber collisions are taken into account at the
model level and their effect is reduced.
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More details about the sets of mocks used to estimate
these errors are presented in the papers describing the
mocks and the papers describing the individual measure-
ments [66–72]. In summary, for the LRG full-shape anal-
ysis, the overall systematic errors amount to about 40 to
60% of the statistical error depending on the parameters.
The systematic errors for the ELG measurement reaches
the same level although with different sources of system-
atic effects. For the quasars, the systematic errors are at
the level of 30% of the statistical error for all parameters.

Several tests for systematic errors were performed for
the Lyα BAO studies, such as tests on mock spectra,
modeling of the broadband signal in the correlation func-
tion, and assessment of metal and sky contributions to
the Lyα transmission estimates. The central values of
the DM/rd and DH/rd estimates did not change signif-
icantly during these tests and no additional systematic
errors were included in the reported BAO results. To ac-
count for the somewhat non-Gaussian errors on DM/rd
and DH/rd, we generated 1000 realizations to estimate
the translation of the ∆χ2 from each measurement in the
parameter space to confidence intervals on the BAO pa-
rameters. The BAO measurements reported in Table III
include this correction.

Summary of SDSS Likelihoods: The final
DM (z)/rd, DH(z)/rd, and fσ8(z) measurements cover
eight distinct redshift intervals. The systematic errors
and consensus estimates are assessed in the studies that
report the final measurements and incorporated directly
into the covariance matrices used in this study. Covari-
ances between the two BOSS galaxy measurements are
propagated to this study through the same covariance
matrix reported in Alam et al. [57].

We find that the expected statistical correlation be-
tween clustering measurements derived from the eBOSS
samples is negligibly small and we thus include no covari-
ance between them in our cosmological analyses. This
decision for the covariance between the quasar clustering
measurements, the Lyα auto-correlation measurements,
and the Lyα-quasar cross-correlation measurements was
justified using mock catalogs that demonstrated negligi-
ble correlation. For the galaxy and quasar samples, the
correlation within the overlapping volume can be esti-
mated as

Co =
P1P2

(P1 + 1/n1)(P2 + 1/n2)
, (23)

where P represents the power-spectrum amplitude and
n is the number density. We use the effective P value in
[74] and determine an effective 1/n value based on the
effective volume. For both the correlation between the
quasars and the ELGs and between the quasars and the
LRGs, we find Co is less than 0.1, implying any correla-
tion with the quasar sample is negligible. Within their
overlapped volume, the expected correlation between the
ELGs and LRGs is higher, as each sample has a peak
nP > 1. However, over the full 0.6 < z < 1.0 overlap
range, we find Co = 0.24. Accounting for the fact that

the ELG footprint is significantly smaller than the LRG
footprint again reduces the expected correlation to less
than 0.1.

Upon final acceptance for publication, the final likeli-
hoods for the MGS, BOSS galaxy, and eBOSS measure-
ments will all be found on the public SDSS svn repos-
itory5 and in the Github repository6. The full likeli-
hood is reported for BAO-only studies in the MGS, ELG,
and Lyα forest samples. The BAO-only results for the
BOSS galaxy, eBOSS LRG, and eBOSS quasar samples
are recorded as a covariance matrix. We refer to the
combination of these measurements as the ‘BAO’ mea-
surements throughout the paper. The combined fits for
BAO, AP, and RSD results are recorded as a full likeli-
hood for the MGS and ELG samples, while the results for
the BOSS galaxy, eBOSS LRG, and eBOSS quasar sam-
ples are recorded in a single covariance matrix. We refer
to these data samples as the ‘RSD’ samples when no in-
formation from reconstruction is used and the likelihoods
are collapsed to a single dimension on fσ8. We refer to
the full analyses of reconstructed BAO and full-shape
AP+RSD fitting as the ‘SDSS’ sample. In all cases, the
likelihoods include both statistical and systematic errors.

B. CMB, SNe, and WL Measurements

The BAO measurements from the four generations of
SDSS are complemented by relative distance measure-
ments from SNe Ia. The SDSS RSD measurements are
complemented by WL measurements from CMB and re-
cent imaging programs. CMB anisotropies from all-sky,
space-based surveys are used throughout to provide a
baseline of high redshift, cosmological measurements. Fi-
nally, we compare the local value of the Hubble expansion
parameter derived from various combinations of CMB,
BAO, SNe Ia, and BBN to the most recent results us-
ing local measurements. Neither the BBN nor the H0

estimates are directly used in any other cosmological fit-
ting and are not discussed any further in this section,
although the BBN constraints on ωb are used to inform
priors in several growth measurements. In the remain-
der of this section, we discuss the results from the CMB,
SNe Ia, and WL studies that we use to assess progress in
building the cosmological model.

The WMAP satellite launched on June 30, 2001 and
ceased scientific operations on August 19, 2010. The cos-
mological measurements based only on the final WMAP
sample provide constraints of Ωch

2 = 0.1138 ± 0.0045
and Ωbh

2 = 0.02264 ± 0.00050 in a flat ΛCDM model
[16]. The Planck satellite [143] operated from 2009–
2013 to measure CMB temperature and polarization

5 https://svn.sdss.org/public/data/eboss/mcmc/trunk/

likelihoods
6 https://github.com/evamariam/CosmoMC_SDSS2020

https://svn.sdss.org/public/data/eboss/mcmc/trunk/likelihoods
https://svn.sdss.org/public/data/eboss/mcmc/trunk/likelihoods
https://github.com/evamariam/CosmoMC_SDSS2020
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anisotropies to scales as small as 5′. These measure-
ments allow very precise constraints on the matter con-
tent and early expansion history of the Universe, espe-
cially in the limit of a ΛCDM cosmology. An analysis
under the assumption of a flat ΛCDM model using only
Planck temperature and polarization data leads to con-
straints Ωch

2 = 0.120 ± 0.001, Ωbh
2 = 0.0224 ± 0.0001,

ns = 0.965 ± 0.004, and τ = 0.054 ± 0.007 [46]. As the
latest generation of CMB experiment, Planck therefore
provides a factor of 4.5 improvement over WMAP on
the precision of the dark matter density and a factor of
5 improvement on the precision of the baryonic matter
density. When computing constraints using the baseline
Planck measurements, denoted CMB T&P throughout,
we use the Plik likelihoods for the TT, TE, EE, and
lowE power spectra [144]. The data cover multipoles in
the range 30 ≤ ` ≤ 2508 for the TT power spectrum and
30 ≤ ` ≤ 1996 for the power spectra that include po-
larization. When including additional lensing data from
Planck denoted ‘CMB lens’, we use the likelihoods from
Planck Collaboration et al. [36] computed over lensing
multipoles 8 ≤ ` ≤ 400. When using temperature, polar-
ization, and lensing data together, we refer to the sample
simply as ‘Planck’. The full likelihoods for Planck and
WMAP measurements are found in the Planck public re-
lease of 2018 Cosmological parameters and MC chains7

and the WMAP 2013 public release8, respectively.
At the time that eBOSS began observations, the lead-

ing SNe Ia cosmology studies stemmed from the ‘joint
light-curve analysis’ (JLA) sample. These 740 SNe Ia
lightcurves were taken from low redshift surveys [21, 22],
the SDSS-II Supernova Survey [2005–2007; 19, 145], the
Supernova Legacy Survey [SNLS, 2003–2008; 23–25], and
high redshift space-based observations with the Hubble
Space Telescope [18]. A major effort in the analysis fo-
cused on reducing systematic uncertainties in the photo-
metric calibration of the SNLS and SDSS surveys. For
a flat ΛCDM cosmology using only the SNe from this
sample, the constraints on the matter content of the
local universe were found to be Ωm = 0.295 ± 0.034,
including systematic errors [110]. More recently, the
‘Pantheon sample’ of 1,048 SNe Ia was used in a com-
prehensive cosmology analysis. This sample includes
the full set of spectroscopically confirmed SNe Ia from
PanStarrs [146] supplemented by SNe Ia observed at
low redshift [17, 21, 22, 147–149], the SDSS and SNLS
samples, and with HST [18, 150–153]. While the in-
crease in sample size since the JLA analysis is signifi-
cant, the largest improvement in precision results from
new cross-calibration of all ground-based measurements

7 https://wiki.cosmos.esa.int/planck-legacy-archive/

index.php/Cosmological_Parameters with a description of
the CosmoMC implementation at https://cosmologist.info/

cosmomc/readme_planck.html
8 https://lambda.gsfc.nasa.gov/product/map/current/

likelihood_get.cfm

to the PanStarrs photometric system. Using only this
SN sample with the systematic uncertainties leads to a
constraint Ωm = 0.298 ± 0.022 in a flat ΛCDM model
[111]. Within the basis of a flat ΛCDM, the Pantheon
sample therefore offers a factor of 1.5 improvement in
precision over the JLA sample. Systematic errors are still
significant and dominated largely by photometric uncer-
tainties of each sample, the calibration uncertainties of
the lightcurve model, and the assumption of no redshift
dependence of MB . The statistical and systematic un-
certainties are captured in a covariance matrix with an
element for each supernova following the methodology of
Conley et al. [24]. The statistical component of the uncer-
tainties contributes only to the diagonal elements while
the off-diagonal elements are dominated by systematic er-
rors arising from common uncertainties in bandpass and
zeropoint calibration. We primarily use measurements
of individual SNe Ia from the Pantheon sample in mak-
ing cosmological constraints and refer to this as the ‘SN’
sample. The covariance matrix for both the JLA sample
and the Pantheon sample can be found at the Barbara
A. Mikulski Archive for Space Telescopes (MAST)9 and
are included with the CosmoMC installation.

Several recent programs [e.g., 37, 38, 42–44] have re-
ported cosmology constraints from measurements of cos-
mic shear. Because we are not able to account for co-
variances between these results due to shared system-
atic errors, we do not attempt an analysis on the com-
bined weak lensing results. Instead, as an example of
how weak lensing data impact cosmological constraints,
we focus here on the results from the Dark Energy Sur-
vey (DES) conducted with the Dark Energy Camera
[136]. DES released an analysis of cosmic shear using
the first year of data covering an area exceeding 1000
deg2 with more than 20 million galaxy shape measure-
ments. Tomographic cosmic shear measurements were
performed after assigning source galaxies to redshift bins
spanning the intervals 0.20 < z < 0.43, 0.43 < z < 0.63,
0.63 < z < 0.90, and 0.90 < z < 1.30. The data are
used under an assumption of a ΛCDM model to con-
strain the combination of Ωm and σ8 represented by
S8 = 0.782 ± 0.027 at 68% confidence [154]. As in the
DES analysis, we only use scales in the cosmic shear
correlation functions that are expected to have contri-
butions from baryonic effects of less than 2%. These
studies are denoted ‘WL’ in Section V. In addition to
cosmic shear measurements, we use the 3×2pt DES Year
1 results in the analysis presented in Sections VI and
VII, where the additional correlation functions are com-
puted from galaxy clustering and galaxy-galaxy lensing.
Following Krause et al. [155], we only use information
from the correlation function on comoving scales larger
than 8h−1Mpc for the galaxy clustering measurements
and 12h−1Mpc for the galaxy-galaxy lensing. We use

9 https://archive.stsci.edu/prepds/ps1cosmo/

https://wiki.cosmos.esa.int/planck-legacy-archive/index.php/Cosmological_Parameters
https://wiki.cosmos.esa.int/planck-legacy-archive/index.php/Cosmological_Parameters
https://cosmologist.info/cosmomc/readme_planck.html
https://cosmologist.info/cosmomc/readme_planck.html
https://lambda.gsfc.nasa.gov/product/map/current/likelihood_get.cfm
https://lambda.gsfc.nasa.gov/product/map/current/likelihood_get.cfm
https://archive.stsci.edu/prepds/ps1cosmo/
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the CosmoMC implementation of the DES likelihood1011

with covariance matrix, power spectra measurements and
nuisance parameters in agreement with Troxel et al. [154],
Krause et al. [155], and Abbott et al. [41]. The combined
3×2pt sample is referenced simply as ‘DES’.

IV. IMPLICATIONS OF EXPANSION HISTORY
MEASUREMENTS

In this section we discuss measurements of the back-
ground expansion history, with an emphasis on the BAO
measurements from SDSS. We use the Planck temper-
ature and polarization data (CMB T&P), the SN data
from Pantheon, and the BAO data from SDSS. The BAO
data, summarized in the BAO-only section of Table III,
include measurements from galaxy, quasar and Lyα for-
est samples. It is this wide redshift range that enables the
tight constraints on cosmological parameters presented in
this section.

We start in Section IV A with a discussion on the role
of BAO and SN measurements on single parameter exten-
sions to the ΛCDM. By adding measurements of the ex-
pansion history, we show that we can break parameter de-
generacies present in the CMB results, leaving combined
fits that are always consistent with a flat ΛCDM model.
The combined probes also offer some of the most com-
petitive constraints on neutrino mass without adding any
information from growth of structure. In Section IV B,
we show that the BAO data enable estimates of H0 that
are robust against the assumption of cosmological model
and estimates that are independent of CMB anisotropies
altogether.

A. Impact of BAO Measurements on Models for
Single Parameter Extensions to ΛCDM

We first report the results in the simplest cosmology,
that of a spatially flat universe where dark energy can be
explained by a cosmological constant (ΛCDM). As shown
in Table IV, CMB data alone are sufficient to constrain
the dark energy density parameter to roughly 1% preci-
sion. Adding the BAO and SN data improves this con-
straint by a factor of 1.5 for this simplest model of the
expansion history.

Figure 2 shows the residuals of the BAO and SNe Ia
distances with respect to the ΛCDM model favored by
the Planck temperature and polarization data. The BAO
and SNe Ia data have a combined χ2/DoF < 1 with re-
spect to this model, indicating very good agreement. In

10 https://github.com/cmbant/CosmoMC/blob/master/batch3/

DES_lensing.ini
11 https://github.com/cmbant/CosmoMC/blob/master/batch3/

DES.ini

order to highlight how BAO and SNe Ia data comple-
ment the CMB results in models with a single-parameter
extension to ΛCDM, in Figure 2 we also show the predic-
tion for three models that are allowed by Planck, but are
ruled out by measurements of the low redshift expansion
history: an oΛCDM model with the Planck-favored value
of Ωk = −0.044 (dashed red); a wCDM model with the
Planck-favored value of w = −1.585 (dot-dashed green);
and a ΛCDM model with the Planck 95% upper limits
on the sum of the neutrino masses of

∑
mν = 0.268 eV

(solid blue)12.

In the next sub-sections, we present in detail how BAO
and SNe Ia can break strong degeneracies present in the
CMB data when studying single-parameter extensions to
the ΛCDM model.

1. Expansion history and curvature

The Planck temperature and polarization data alone
offer strong constraints within the oΛCDM model, but
with degenerate posteriors as shown in both panels of
Figure 3. The consequences of these degeneracies are
quantified in Table IV, where the uncertainty on ΩΛ in
this model is five times larger than in a flat ΛCDM model.
The preference for a closed universe, with a significance
slightly above 95% confidence, is discussed in detail in
[156] and [46]. As shown in Figure 2, the predictions
from the closed universe favored by the CMB (dashed
red lines) are disallowed at high confidence by both the
BAO and the SN data.

In an oΛCDM model, BAO measurements at different
redshifts constrain different combinations of (Ωm, Ωk,
rdH0/c). When we combine BAO results over a wide
redshift range, we are able to break internal degeneracies
and provide independent constraints on these parameters
[e.g., 104]. Table IV and the left panel of Figure 3 show
that BAO measurements alone lead to ΩΛ = 0.636+0.085

−0.070,
an ∼ 8σ confidence detection of a cosmological constant
without any information from the CMB or SNe Ia data.
The SNe Ia data alone also favor a flat geometry, but are
not as constraining as BAO. Using only SNe Ia leads to
a detection of ΩΛ = 0.73± 0.11.

The right panel of Figure 3 demonstrates that includ-
ing either BAO or SN data reduces the parameter de-
generacies in the CMB data. The ΩDE results in the
CMB T&P + BAO entries in Table IV are almost the
same in ΛCDM and oΛCDM models. The combina-
tion of BAO and CMB data favors a flat universe with
Ωk = −0.0000± 0.0018.

12 The slight change in neutrino mass compared to the Planck anal-
ysis is due to our use of an updated version of CosmoMC.

https://github.com/cmbant/CosmoMC/blob/master/batch3/DES_lensing.ini
https://github.com/cmbant/CosmoMC/blob/master/batch3/DES_lensing.ini
https://github.com/cmbant/CosmoMC/blob/master/batch3/DES.ini
https://github.com/cmbant/CosmoMC/blob/master/batch3/DES.ini
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TABLE IV. Marginalized values and 68% confidence limits in ΛCDM and one-parameter extensions using only expansion
history and CMB temperature and polarization measurements.

ΩDE H0[km/s/Mpc] Ωk w Σmν [eV]a

BAO 0.701+0.017
−0.015 −b − − −

ΛCDM

CMB T&P 0.6836 ± 0.0084 67.29 ± 0.61 − − −
CMB T&P + BAO 0.6881 ± 0.0058 67.60 ± 0.43 − − −
CMB T&P + SN 0.6856 ± 0.0078 67.43 ± 0.57 − − −
CMB T&P + BAO + SN 0.6890 ± 0.0057 67.67 ± 0.43 − − −
BAO 0.636+0.085

−0.070 − 0.079+0.083
−0.10 − −

oΛCDM

CMB T&P 0.561+0.050
−0.041 54.5+3.3

−3.9 −0.044+0.019
−0.014 − −

CMB T&P + BAO 0.6884 ± 0.0059 67.62 ± 0.62 0.0000 ± 0.0018 − −
CMB T&P + SN 0.670 ± 0.017 65.2 ± 2.2 −0.0061+0.0062

−0.0054 − −
CMB T&P + BAO + SN 0.6891 ± 0.0057 67.67 ± 0.60 0.0000 ± 0.0018 − −
BAO 0.728+0.017

−0.038 − − −0.69 ± 0.15 −

wCDM

CMB T&P 0.801+0.057
−0.022 −c − −1.58+0.16

−0.35 −
CMB T&P + BAO 0.695 ± 0.013 68.5+1.3

−1.6 − −1.035+0.062
−0.052 −

CMB T&P + SN 0.692 ± 0.010 68.3 ± 1.1 − −1.035 ± 0.037 −
CMB T&P + BAO + SN 0.6929 ± 0.0076 68.23 ± 0.83 − −1.027 ± 0.033 −

νΛCDM

CMB T&P 0.680+0.016
−0.0087 67.0+1.2

−0.67 − − < 0.268 (95%)
CMB T&P + BAO 0.6892 ± 0.0065 67.72 ± 0.50 − − < 0.129 (95%)
CMB T&P + SN 0.686+0.011

−0.0083 67.47+0.83
−0.65 − − < 0.174 (95%)

CMB T&P + BAO + SN 0.6898+0.0065
−0.0056 67.76+0.49

−0.44 − − < 0.124 (95%)
a The reported

∑
mν values correspond to the 95% upper limits.

b BAO measure the dimensionless quantity rdH0/c, and therefore can only provide constraints on H0 when combined with other probes.
c The constraints of CMB T&P in the wCDM model are affected by the H0 prior of H0 < 100km/s/Mpc, so no entry is provided.

2. Expansion history and dark energy

We next consider a flat wCDM model, with an ex-
tra free parameter w to describe the equation of state of
dark energy. As with the oΛCDM model, the left panel
of Figure 4 shows that the CMB temperature and polar-
ization data leave strong degeneracies between the w and
energy density parameters that determine the expansion
history. Table IV shows that the constraints on ΩDE are
again degraded by a factor of about five with respect to
the constraints in a ΛCDM model, with a shift in the cen-
tral value that is opposite in direction to the shift in the
oΛCDM model. The models with very negative values of
w favored by CMB (dot-dashed green lines in Figure 2)
are inconsistent with both the BAO and the SN data.

As shown in the left panel of Figure 4, the Planck
ΛCDM values (w = −1 and Ωm = 0.3164) lie within
the 95% confidence intervals of both the BAO data alone
and the SN data alone. The BAO data alone are able
to constrain the matter density without a strong degen-
eracy with w. Even though the SNe Ia contours have a
strong degeneracy in w–Ωm, the contours are perpendic-
ular to the degeneracy direction of the CMB contours,
so the CMB T&P+SN combination results in very tight
constraints on the wCDM model. Each of the three com-
binations, CMB T&P+BAO, CMB T&P+SN, and even
BAO+SN favor a model with a cosmological constant. As
shown in Table IV, the combination of all three datasets
results in a measurement of the equation of state of dark
energy of w = −1.027 ± 0.033, consistent with a cosmo-
logical constant.

3. Expansion history and neutrino masses

We now turn our attention to a νΛCDM model where
the sum of the neutrino masses is considered a free pa-
rameter. As shown in the right panel of Figure 4 and in
Table IV, the Planck temperature and polarization data
offer a 95% upper bound on the summed neutrino mass
of 268 meV. Neutrinos lighter than ∼ 500 meV are still
relativistic at the time of recombination, but they impact
CMB observables by modifying the late-time expansion,
in particular the angular diameter distance to the epoch
of recombination DM (zrec). Neutrino mass constraints
from the CMB are therefore degenerate with other cos-
mological parameters that modify DM (zrec), like Ωm or
H0. Late-time measurements of the expansion can break
this degeneracy, as shown in blue lines of Figure 2 and in
the right panel of Figure 4. Adding BAO or SN data re-
duces the upper bound on the sum of neutrino masses by
a factor of 2 and 1.5, respectively. Combining the three
datasets, we obtain a 95% upper limit of 124 meV.

In this subsection we have shown that measurements
of the expansion history are very complementary to
measurements of CMB temperature and polarization
anisotropies. As shown in Figure 2, both BAO and
SNe Ia are able to constrain single-parameter extensions
to ΛCDM that can not be constrained by CMB alone. As
shown in Table IV, adding BAO to the CMB data reduces
the uncertainty on ΩDE in oΛCDM models by a factor of
eight, and it excludes models with curvature that would
otherwise be favored by the CMB. Similarly, adding SN
and BAO to the CMB reduces the uncertainty on ΩDE
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FIG. 2. Demonstration of BAO, SN, and CMB constraining power as a function of redshift. To construct alternative
models, we have fixed to their best-fit ΛCDM values the quantities that are best measured by the CMB: Ωbh

2, Ωch
2 and the

angular acoustic scale DM (z = 1150)/rd. Because the sound horizon at decoupling is a function of Ωbh
2, Ωch

2 and Neff only,
the models have the same value of rd = 147.16 Mpc. Top: The Hubble diagram residuals of BAO DM (z) measurements,
presented as the ratio of the measured value of DM (z)/rd relative to the prediction for that value based on the best-fit ΛCDM
model from CMB alone. DV (z) measurements are shown as open circles. We display the CMB determination of the angular
position of the acoustic peak as a measurement of transverse BAO, and we split the redshift scale to include this data point.
Center: The Hubble diagram residuals of BAO DH(z) = c/H(z) measurements, normalized in the same manner as the
DM (z) measurements. Bottom: The Hubble diagram residuals of SNe Ia measurements, with relative normalization of the
luminosity distance estimates. In order to increase the signal-to-noise, the supernovae data were binned into 11 bins between
redshifts 0.1 and 2.5. Spacing was chosen to maintain a relatively constant signal-to-noise ratio. Since the distance modulus
varies significantly across the bin at low redshift, we have averaged the signal by averaging the inverse covariance weighted
deviations from the ΛCDM model after the absolute normalization has been fitted. The covariance matrix was taken from the
Pantheon dataset. In each case, the residuals are computed relative to the best-fit ΛCDM model from CMB alone. The curves
represent the difference between the ΛCDM model and single-parameter extensions allowed by the CMB data. The oΛCDM
model favored by Planck (Ωk = −0.044) is presented in dashed red lines, the wCDM model favored by Planck (w = −1.585)
is presented in dot-dashed green lines, and a ΛCDM model with non-zero neutrino mass is presented in solid blue lines. The
model with massive neutrinos assumes a summed mass equal to 0.268 eV, corresponding to the Planck 95% upper limit.

in wCDM models by more than a factor of five, and it
excludes models with w < −1 favored by the CMB. For
all models discussed, the combination of all three probes
results in a percent measurement of ΩDE, consistent with
ΩDE = 0.69.

B. BAO and the H0 Tension

The present-day expansion rate, H0, is one of the basic
parameters in the cosmological model because it allows
absolute estimates of the age and the current energy con-
tent of the Universe. It is one of the three fundamental
cosmological parameters that are not dimensionless (the
two other being the temperature of the CMB and the

neutrino masses). Moreover, as discussed in Hu [162]
and in Weinberg et al. [101], an accurate measurement
of H0 would allow a powerful test of dark energy mod-
els and tightened constraints on cosmological parame-
ters. However, a statistically-significant tension has been
demonstrated between direct measurements of H0 from
the local distance ladder and those estimates of H0 in-
ferred from the CMB [163]. This tension has persisted
and even increased in significance, despite significant ef-
fort to identify possible sources of systematic errors.

Measurements of the Hubble constant come in different
flavors, as shown in the compilation of studies presented
in the bottom part of Table V. An example of direct
measurement, referred here as the distance ladder, uses
parallaxes from local stars and other techniques to cali-
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FIG. 3. Cosmological constraints under the assumption of a model with a w = −1 cosmological constant with free curvature
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TABLE V. Effect of BAO measurements on Hubble constant constraints.

Dataset Cosmological model H0 (km s−1Mpc−1) Comments
CMB T&P+BAO+SN ow0waCDM 67.91 ± 0.87 Inverse distance ladder
BBN+BAO ΛCDM 67.33 ± 0.98 No CMB anisotropies
CMB T&P ΛCDM 67.28 ± 0.61 Planck 2018 [46]
CMB T&P oΛCDM 54.5+3.3

−3.9 Planck 2018 [46]
Lensing time delays ΛCDM 73.3 ± 1.8 H0LiCOW [157]
Distance ladder - 74.0 ± 1.4 SH0ES [45]
GW sirens - 70 ± 10 LIGO [158]
TRGB - 69.6 ± 1.9 LMC anchor [159]
TFR - 76.2 ± 4.3 Cosmicflows [160]
Maser galaxies - 73.9 ± 3.0 Megamaser Cosmology Project [161]

brate distances to Cepheid variables, which are in turn
used for absolute luminosity calibration of SNe Ia hosted
by nearby galaxies [e.g., 45]. The calibrated luminos-
ity is used to estimate the absolute luminosity distance
to a sample of SNe Ia that covers a redshift range suf-
ficient to minimize the effect of peculiar velocities rela-
tive to the Hubble flow. Similar efforts include the use
of other distance indicators such as the tip of the red
giant branch [TRGB; e.g., 159], Tully-Fisher relation in
galaxies [TFR; e.g., 164], or gravitational waves from neu-
tron star-neutron star mergers [e.g., 158]. These mea-
surements typically measure higher values of the Hub-
ble constant. For example, Riess et al. [45] perform a
study using SNe Ia distances calibrated from 70 long-
period Cepheids in the Large Magellanic Cloud. They
find H0 = 74.03 ± 1.42 km s−1Mpc−1, including system-
atic errors.

Other measurements of H0 involve data at higher red-
shift, and need to assume a cosmological model to ex-
trapolate the constraints to redshift zero. One example
of this indirect measurement is that obtained using time
delays in strongly-lensed quasars [e.g., 165]. Other in-
direct measurements of H0 use CMB data under strong

assumptions about the model governing the expansion
history from the last scattering surface to today. The
CMB estimates typically give considerably lower values
of the Hubble constant. The final Planck data release,
for example, finds H0 = 67.36 ± 0.54 km s−1Mpc−1 [46]
when assuming the ΛCDM model.

Explanations for the tension between direct measure-
ments and CMB estimates range from underestimated
systematic errors or modeling of the primordial power
spectrum [e.g., 166–169], to models for dark energy [e.g.,
170–172], to unmodeled pre-recombination physics that
lead to a decreased sound horizon scale [e.g., 173–178].
See [179] for a review of possible solutions to the tension.

We provide here two alternative analyses to show how
BAO measurements allow estimates of H0 that are ro-
bust against the strict assumptions of the CMB-only es-
timates. First, we combine Planck temperature and po-
larization, SN, and BAO data and allow a very flexi-
ble expansion history to demonstrate that the tension in
H0 estimates is not due to the assumptions of a ΛCDM
model. Second, we present a measurement of H0 that
uses BAO and a BBN prior that is independent of CMB
anisotropies to demonstrate that the tension is not due to
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systematic errors in the CMB data. We finish this sec-
tion presenting the combination of the BAO data with
the local distance ladder measurement, and we discuss
the low value of rd inferred from this analysis.

1. H0 and the inverse distance ladder

In this subsection we present a cosmological measure-
ment of H0 using a model for expansion history that
allows three additional free parameters beyond ΛCDM.
This approach is often referred as the inverse distance
ladder, as it relies on a calibrated distance measure
at high redshift that is then extrapolated to z = 0.
Schematically, we use information from the CMB to cal-
ibrate the BAO distances. Those in turn are used to
calibrate the absolute luminosity of SNe Ia.

Since the BAO feature follows DH(z)/rd = c/H(z)/rd
and DM (z)/rd, rather than H(z) directly, this measure-
ment relies on a calibration of the sound horizon (rd) at
the drag epoch to extract the Hubble parameter. Under
the implicit assumption of a smooth expansion history,
standard pre-recombination physics, and a well-measured
mean temperature of the CMB, rd only depends on the
cold dark matter density (Ωch

2) and the baryon density
(Ωbh

2). Thus, rd can be calibrated through constraints
arising from the full CMB temperature and polariza-
tion likelihoods, with little dependence on the late-time
history of the universe, as demonstrated in Figure 2 of
Cuesta et al. [180].

The extrapolation of H(z) measurements from BAO
to z = 0 can be done using a very flexible cosmology
because both BAO and SNe Ia relative distance mea-
surements constrain the evolving expansion rate. The
inclusion of BAO makes the technique robust to the as-
sumed properties of dark energy as was demonstrated in
earlier BOSS analyses [181].

We choose an ow0waCDM model to allow for a flexi-
ble expansion history of the Universe. Note that CMB
alone can not constrain this model; as shown in Table V,
the uncertainties on H0 from CMB constraints already
increase by a factor of about six when we consider only
one parameter extensions, such as models with curvature.
The combination of CMB, BAO and SN data, however,
is able to provide a very precise measurement of H0 even
in this flexible model. Our results, presented in Table V
and in the left panel of Figure 5, have an uncertainty
better than 1 km s−1Mpc−1 and are consistent with the
low value of H0 measured by the CMB under the strict
assumption of ΛCDM.

2. H0 independent of CMB anisotropies

In the previous subsection, we showed that the value of
H0 measured by the combination of CMB, BAO and SN
data is robust under different models for curvature and
dark energy equation of state. In this section we return

to the ΛCDM model, and present a measurement of H0

that is independent of CMB anisotropies.
The combination of BAO measurements at different

redshifts can provide a precise measurement of the di-
mensionless quantity rdH0/c. To translate constraints
on this dimensionless quantity to a measurement of H0,
we use information on ωb by including BBN constraints;
ωc and H0 are also left free as they can be determined in
the fitting by the BAO data13. We use the results of re-
cent high resolution spectroscopic measurements of seven
quasar absorption systems that indicate a primordial
deuterium abundance D/H = (2.527±0.030)×10−5 [183].
Using the empirically-derived reaction cross-section [184],
the deuterium abundances imply ωb = 0.02235± 0.00037
under an assumption that Neff = 3.046. The 68% con-
fidence interval reflects the combined deuterium abun-
dance and reaction rate uncertainties.

As can be seen in the right panel of Figure 5, we ob-
tain a tight constraint on H0 only when we combine BAO
measurements from a wide redshift range. In particular,
the line-of-sight BAO measurements above z = 1 (from
quasars and the Lyα forest) provide measurements of the
expansion in the matter-dominated area, and their con-
tours have different degeneracies in the (Ωm, H0) plane.

As shown in Table V, the precision on H0 when
combining BAO measurements with a BBN prior is
0.98 km s−1Mpc−1. This result is consistent with the
findings of [185] and [186], who used BAO data from
SDSS DR12 and DR14, respectively. The central value
remains relatively unchanged from the results using
CMB, BAO and SN data in the ow0waCDM model, pro-
viding further evidence that the tension is not due to
peculiarities in the CMB anisotropy data.

3. Sound horizon at drag epoch from low redshifts

As shown above, the BAO data in combination with
information on the baryon density from the early Uni-
verse can be used to extrapolate late universe expansion
history to constrain the Hubble constant. The BAO data
can also be used to constrain the sound horizon at the
drag epoch when combined with local H0 measurements
[e.g., 180].

Figure 6 shows the 2D-contours of H0 and rd for BAO
data in combination with different datasets under the
assumption of a ΛCDM model. The BAO data alone
are completely degenerate in the H0–rd plane, however
this degeneracy can be broken by either local H0 mea-
surements, by BBN, or by CMB data. The local H0

measurements are clearly in tension with early Universe
measurements of the sound horizon. BAO and BBN data
prefer a value rd = 149.3 ± 2.7 Mpc, in good agreement

13 To estimate the radiation density we also use the absolute CMB
temperature measured by FIRAS, T0 = 2.7255 K [182].
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with the value rd = 147.06 ± 0.29 Mpc preferred by the
CMB temperature and polarization data alone. These
estimates are much larger than the BAO and distance
ladder constraint of rd = 135.8 ± 3.2 Mpc. These con-
straints on rd can also be translated into limits on the
baryon density, yielding ωb = 0.0310 ± 0.0023 for BAO
and distance ladder data. In comparison, the CMB best
fit of ωb = 0.02236 ± 0.00015 or the BBN best-fit of
ωb = 0.02235± 0.00037 are much lower.

Finally, dropping the assumption of a ΛCDM model
and including SN in our analysis of the distance ladder,
we find rd = 135.2±3.1 Mpc and ωb = 0.0375+0.0054

−0.0085 in a
ow0waCDM model. This extended distance ladder mea-
surement shows that the discrepancy between low and
high redshift measurements of the sound horizon is in-
dependent of the assumption of the cosmological model.
However, we caution that we did not take the correlation
between the SN data and the local H0 measurement into
account for our analysis.

To summarize, the BAO data allow robust, consis-
tent measurements of H0 that include freedom in ex-
pansion history beyond the strict ΛCDM assumptions in
CMB-only estimates. The BAO data allow robust, con-
sistent measurements of H0 that are insensitive to the
use of CMB anisotropies altogether if using the ΛCDM
model. In all cases, the central values remain below
H0 = 68 km s−1Mpc−1, and the uncertainties remain at
1 km s−1Mpc−1 or better.

On the other hand, the Cepheid distance ladder or
strong lensing time delays of quasars provide precise es-
timates of H0 that favor larger values of H0, or smaller
values of rd if being used to calibrate the BAO scale.
Combining their results as independent measurements
produces an estimate of H0 = 73.7 ± 1.1 km s−1Mpc−1.

This central value differs from those presented in this
work by more than four standard deviations whether we
use a multiple parameter model for expansion or the BBN
measurements of ωb. The consistency of the results high-
lights that the ‘H0 tension’ can not be restricted to sys-
tematic errors in Planck, or to the strict assumptions of
the ΛCDM model.

Both the CMB analysis and those presented here
are sensitive to the assumption of standard pre-
recombination physics that sets the scale of rd. As sum-
marized in Knox and Millea [179], there have been many
attempts to reconcile the H0 tension by modifying the
value of rd, with limited success.

V. IMPLICATIONS OF GROWTH
MEASUREMENTS

A key development of the BOSS and eBOSS surveys
is the advancement of RSD as a tool to make high preci-
sion measurements of structure growth over a wide red-
shift range. In this section, we assess the impact of those
growth measurements on the cosmological model. We
first compare the RSD measurements to DES weak lens-
ing and Planck lensing results to complement the CMB
temperature and polarization data in dark energy mod-
els. To achieve ‘RSD-only’ constraints, we marginalize
the dependency of DH and DM out of our ‘Full Shape’
measurement and use only the results on the growth,
fσ8(z). In the second part of this section, we explore the
use of growth measurements to constrain matter fluctu-
ations and to test the assumptions of GR in the cosmo-
logical model.

A. Impact of RSD Measurements on Models for
Single Parameter Extensions to ΛCDM

The constraining power of RSD is illustrated in Fig-
ure 7. The low-redshift RSD measurements alone have
sensitivity to rule out Einstein-de Sitter (Ωm = 1) models
while the higher redshift RSD measurements are sensitive
to variations in the dark energy equation of state. We
first quantify how these RSD data offer complementary
views to the WL data on single parameter extensions to
a ΛCDM cosmology.

1. Expansion history and curvature

We begin by exploring the constraints on a model
with free curvature (oΛCDM) using growth measure-
ments combined with the Planck CMB temperature and
polarization data. The marginalized 68% constraints on
key cosmological parameters are shown in the top half of
Table VI. The two-dimensional contours on Ωm and ΩΛ

are shown in the left panel of Figure 8. While the Planck
CMB data alone favor a model with negative curvature,
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models as those in Figure 2. An Einstein de Sitter model (magenta; Ωm = 1, ΩΛ = 0 and σ8(z = 0) matching that of fiducial
model) is ruled out at high confidence, further demonstrating the long-standing preference for growth measurements for models
with lower matter densities.

TABLE VI. Marginalized values and 68% confidence limits on curvature, dark energy parameters, and the amplitude of density
fluctuations using only growth and CMB temperature and polarization measurements.

Ωm ΩDE σ8 Ωk w

oΛCDM

CMB T&P 0.483+0.055
−0.069 0.561+0.050

−0.041 0.774+0.016
−0.014 −0.044+0.019

−0.014 −
CMB T&P + RSD 0.456+0.051

−0.066 0.580+0.048
−0.038 0.780+0.015

−0.013 −0.037+0.018
−0.013 −

CMB T&P + WL 0.310 ± 0.017 0.690 ± 0.013 0.806 ± 0.010 −0.0004 ± 0.0048 −
CMB T&P(+lens) + RSD + WL 0.313 ± 0.014 0.688 ± 0.011 0.8069 ± 0.0096 −0.0010+0.0044

−0.0039 −

wCDM

CMB T&P 0.199+0.022
−0.057 0.801+0.057

−0.022 0.970+0.096
−0.045 − −1.58+0.16

−0.35
a

CMB T&P + RSD 0.295+0.028
−0.034 0.705+0.034

−0.028 0.834 ± 0.030 − −1.08 ± 0.11
CMB T&P + WL 0.188+0.012

−0.046 0.812+0.046
−0.012 0.977+0.083

−0.037 − −1.61+0.13
−0.30

CMB T&P(+lens) + RSD + WL 0.275+0.024
−0.028 0.725+0.028

−0.024 0.846 ± 0.028 − −1.14 ± 0.10

a The lower bound on w is affected by the H0 prior.
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using only the Planck temperature and polarization data, while the blue contours show the results including RSD data. The
combination of RSD, DES WL, Planck lensing, and CMB is shown in red.
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the combination with all growth measurements (RSD,
WL, and CMB lensing) reduces the Ωk uncertainty by a
factor of four and leads to a model consistent with zero
curvature (Ωk = −0.0010+0.0044

−0.0039).
As shown in the residual diagram of growth mea-

surements (Figure 7), the predictions for growth in a
free-curvature oΛCDM universe have the largest devi-
ations from a ΛCDM prediction as redshift approaches
z = 0. The RSD measurements in this regime are gov-
erned largely by the MGS sample, with a precision of
36% on fσ8. As a consequence, relative to the CMB-
only constraints on curvature, those from the CMB+RSD
measurements only result in a mild shift with a slightly
reduced uncertainty (Table VI). The DES WL data, on
the other hand, offer an independent measurement of the
mass distribution, in particular using source galaxies over
the redshift range 0.20 < z < 0.43. While difficult to
visualize in a manner similar to the RSD, the WL mea-
surements offer significantly higher precision estimates in
the low redshift regime. The WL measurements, when
combined with the CMB data, substantially shift the
constraints on curvature to be consistent with flatness
(Ωk = −0.0004 ± 0.0048), with a factor of 3.4 reduction
in uncertainty. The constraining power of CMB lensing
lies in between the RSD and low redshift WL; combining
the Planck lensing with the temperature and polarization
data leads to a bestfit model consistent with the ΛCDM
model (Ωk = −0.011± 0.006; [46]).

2. Expansion history and dark energy

We next explore the constraints on a flat wCDM
model, where the equation of state w for dark energy
is constant but allowed to vary. The Planck temperature
and polarization data prefer a value of w much more neg-
ative than −1, and adding CMB lensing causes virtually
no change [46]. As shown in the right panel of Figure 8,
the combination of growth measurements with CMB data
provides constraints on w that enclose the cosmological
constant model within the 95% contours. Contrary to
the case of oΛCDM, it is the RSD data that have the
largest impact in shifting the CMB contours. As shown
in Table VI, combining WL measurements with CMB
does not significantly improve the precision on w, but
RSD measurements are able to improve the precision by
more than a factor of two.

The constraining power of RSD on w can be under-
stood from Figure 7. A more negative value of w causes
increasingly slower structure growth toward lower red-
shifts. The fσ8 measurements with BOSS and eBOSS
galaxies sample the growth rate in the redshift range
0.2 < z < 1.1, providing good constraints on the shape
of fσ8(z) around its peak and thus constraints on w.
The CMB+RSD data are therefore able to rule out
(at 4.5 standard deviations) the formal central value of
w = −1.585 preferred by CMB alone. The combina-
tion of all the growth measurements with CMB prefers a

model consistent with w = −1, at the level of 1.4σ, when
using the one-dimensional, marginalized likelihoods.

We see that CMB and growth measurements provide
factor of 2.5–4 improvements on the precision in extended
ΛCDM models when compared to CMB temperature and
polarization data alone. The growth data have the net
effect of pulling the CMB data closer to a ΛCDM model.

B. RSD Constraints on the Amplitude of Matter
Fluctuations and Tests of Gravity

Within the ΛCDM model, RSD and lensing provide a
means to integrate the rate of structure growth to red-
shift zero and estimate the current amplitude of matter
fluctuations, σ8. This estimate of σ8 can be compared
to the predictions when extrapolating the amplitude of
the measured CMB power spectrum, thus serving as a
ΛCDM consistency test similar to that of the H0 inverse
distance ladder tests in Section IV B. Structure growth
can also be used to test the basic assumptions of the
ΛCDM model through modifications to GR. In this case,
the redshift evolution of matter density fluctuations and
the interaction of matter and photons with the resultant
gravitational potential can be directly compared to pre-
dictions of GR.

Here, we use SDSS RSD measurements, DES WL mea-
surements, and Planck CMB lensing results to assess the
amplitude of local matter fluctuations and perform a con-
sistency test for GR.

1. RSD constraints on the amplitude of matter fluctuations

First we explore the constraints on Ωm–σ8 from growth
measurements assuming a ΛCDM cosmology. As shown
in the left panel of Figure 9, the constraints from each
of the growth measurements (RSD, DES WL, and CMB
lensing) are consistent with the predictions of models in-
formed only by the CMB, albeit with much larger con-
tours. Note that we have applied conservative priors on
ns and ωb for all contours (see Appendix B).

The degeneracy from growth measurements follows the
direction of lower Ωm (thus slower structure growth) and
higher fluctuation amplitude σ8. The differences in the
degeneracy directions with RSD, WL, and CMB lensing
measurements result from their different dependences on
cosmology and different redshift sensitivities. Given the
differences, we do not seek to present constraints on op-
timal combinations of the two parameters. Among the
three growth measurements, RSD appears to have the
largest contour area but provide the tightest constraints
on σ8, with σ8 = 0.836+0.053

−0.062. The WL measurements
lead to overall better constraints in the Ωm–σ8 plane,
while the marginalized constraints on Ωm are compara-
ble to RSD and those on σ8 (σ8 = 0.857+0.163

−0.136) are not
as tight as RSD. CMB lensing results in constraints in a
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FIG. 9. Left: The Ωm–σ8 constraints for a ΛCDM cosmology. The blue contours represent the 68% and 95% constraints
when using only the RSD sample. The red contours represent the same when using only the DES WL results. The dark blue
contours represent the constraints from Planck lensing, while the light purple represent the combination of RSD, DES WL,
and Planck lensing. The gray contours represent the predictions from the Planck temperature and polarization data under
an assumption of a ΛCDM cosmological model. Note that the contours for low values of Ωm are affected by the H0 prior.
Right: The Σ0–µ0 constraints for a cosmology with a fixed cosmological constant and perturbations to GR as described in
Equations 11 and 12. The blue contours represent the 68% and 95% constraints when using only the RSD measurements. The
red contours represent the same when using the DES WL and Planck lensing data. The gray contours represent the constraints
when combining RSD, DES WL, and Planck lensing measurements.

direction similar to that of RSD, but with a stronger Ωm–
σ8 degeneracy and thus narrower contours than RSD.

The combination of RSD, WL, and CMB lensing is
shown in the light purple contours in the left panel of
Figure 9. The resulting constraints are greatly improved,
offering σ8 = 0.842+0.034

+0.043 and Ωm = 0.261+0.036
−0.027. In addi-

tion, the 68% confidence intervals overlap the 68% confi-
dence intervals from the prediction based on CMB tem-
perature and polarization data, indicating general con-
sistency.

2. RSD constraints on modified gravity

The difference between the speed of gravity and the
speed of light has been shown to be negligible [187], as
predicted by GR. fσ8(z) measurements from RSD can
be used to further test theories of gravity in the context
of structure formation.

Here we consider a phenomenological parameteriza-
tion of gravity, as described in Section II B, allowing
for the two metric potentials Ψ and Φ to deviate from
their GR prediction, independent of the speed of gravi-
tational waves. The parameter µ0 characterizes the de-
viation of Ψ, which determines the response of matter
to the gravitational potential and thus can be probed by
RSD. The parameter Σ0 characterizes the deviation of
Ψ + Φ, which determines the propagation of light and
thus can be probed by lensing. Therefore, the combina-
tion of varying µ0 and Σ0 provides us with a null test of
gravity along the degeneracy direction of our most po-
tent probes of modified gravity, RSD and lensing (WL

and CMB lensing).
Assuming the fiducial cosmological model to be ΛCDM

with the background parameters fixed to the baseline
values (see Appendix B), we compute the constraints
on µ0 and Σ0 (right panel of Figure 9). We use MG-
CAMB [188]14 to allow for these phenomenological tests
of general relativity. As expected, WL+CMB lensing
mainly constrain Σ0, while RSD is only sensitive to µ0.
A combination of both probes is necessary to break de-
generacies between the two parameters. With the com-
bined RSD and lensing, we find µ0 = −0.05 ± 0.24 and
Σ0 = −0.024± 0.054, consistent with the GR prediction
of µ0 = Σ0 = 0.

VI. GLOBAL FITS

After examining the impacts of expansion history and
growth measurements alone, we now proceed to combine
the Planck (including lensing), Pantheon SNe Ia, SDSS,
and DES data to determine the best fitting cosmological
model. The SDSS data consist of the combined BAO
and RSD measurements found in the bottom section of
Table III, while the DES data consist of the cosmic shear,
galaxy clustering, and galaxy-galaxy lensing data (i.e.,
3×2pt). We refer to the results from the previous sections
where there is guidance on which datasets are providing
the critical information.

14 https://github.com/sfu-cosmo/MGCAMB

https://github.com/sfu-cosmo/MGCAMB
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We start by establishing the parameters for the sim-
plest cosmology, that of a ΛCDM universe with a fixed
neutrino mass. We examine the distribution of BAO and
RSD measurements about this model to assess potential
tension with any of the individual measurements.

We then expand the cosmological model to include free
parameters for curvature, the dark energy equation of
state, and the neutrino mass. In all cases, the best fit-
ting values of H0 are determined at a precision of better
than 0.8 km s−1Mpc−1. We then show that the addi-
tion of these free parameters does not lead to significant
changes in any of the ΛCDM parameters and that the
results remain consistent with a flat ΛCDM universe. Fi-
nally, we provide a physical interpretation of the cosmol-
ogy constraints on summed neutrino mass in the context
of neutrino oscillation experiments.

A. ΛCDM Model

We start by finding the ΛCDM model that best de-
scribes the full suite of data. As shown in the first row
of Table VII, the dark energy density is constrained at
the level of 0.7%. This precision is improved by a factor
of 1.28 over the value found in Table IV for a combina-
tion of CMB, BAO and SN and a factor of 1.79 over the
CMB data alone, indicating that the dark energy den-
sity constraints are dominated by the expansion history
measurements.

The precision of ΛCDM parameter constraints allows
us to evaluate the distribution of SDSS measurements
about the model. For the purpose here, we use Gaussian
approximations to the measurements for the evaluation.
In comparison with the bestfit model, the 14 BAO-only
measurements (DV /rd, DM/rd, and DH/rd; Table III)
give a value of χ2=11.0, with covariance among mea-
surements taken into account. Similarly, the six RSD
measurements (Table III) give χ2=6.6. Finally, we con-
sider the full set by combining the 17 BAO+RSD mea-
surements with the four BAO measurements from Lyα–
Lyα and Lyα–Quasar correlations and obtain χ2=23.7.
Based on the χ2 distribution with 14, 6, and 21 degrees of
freedom, respectively, all sets of measurements are fully
consistent with the preferred model.

To evaluate whether there is any statistically signifi-
cant outlier in the measurements, we compute the resid-
ual between each SDSS measurement and the value pre-
dicted by the preferred model. In this pull distribution,
the residuals are normalized by the measurement uncer-
tainty, so one would expect a Gaussian distribution with
unity width if the measurements were distributed accord-
ing to the measurement uncertainties. We account for
the correlations among measurements by diagonalizing
each covariance matrix to produce statistically indepen-
dent pull values. The resulting distribution of the pull
values is shown in the left panel of Figure 10. For the
BAO-only measurements, the pull with the largest de-
viation, −1.75, comes from the z ∼ 0.7 eBOSS LRG
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FIG. 10. Distribution of residuals of the SDSS BAO (blue),
RSD (red), and BAO+RSD (black) measurements with re-
spect to the bestfit ΛCDM model. In all cases, the residuals
are represented in the form of pulls, i.e., normalized by the
measurement uncertainty. The left panel shows the probabil-
ity distribution, and the right panel the cumulative distribu-
tion. The p values are from KS tests in comparison with the
normal distribution (dotted curves).

sample. For the RSD measurements, the largest devi-
ation, 1.91, is from the z ∼ 1.48 eBOSS Quasar sample.
For the full set (labeled as ‘BAO+RSD’), the largest de-
viation is again from the eBOSS Quasar sample. After
accounting for the covariance between BAO and RSD
measurements, the measurement differs from the ΛCDM
prediction by 3.0 standard deviations. Based on the
Kolmogorov–Smirnov (KS) test with the cumulative dis-
tribution (right panel of Figure 10), the pull distributions
for BAO, RSD, and BAO+RSD measurements are found
to be consistent with the normal distribution, revealing
no unexpected feature in the measurements for a universe
best described by the ΛCDM model. Additional diagnos-
tics using the Hubble parameter can serve as consistency
check on dark energy constraints [e.g., 189] as has been
done to assess the BOSS BAO results [190]. Preliminary
results also indicate that the eBOSS data are consistent
with a ΛCDM model.

Within the ΛCDM model, the SDSS, DES, and Planck
data offer tests of GR predictions on growth rates and
model-dependent predictions for H0. The left panel of
Figure 11 shows the constraints from these three pro-
grams on the amplitude of the (linear) power spectrum
while the right panel shows the constraints on H0. In a
ΛCDM cosmology, the model describing the DES 3×2pt
data has a strong degeneracy between σ8 and Ωm and a
strong degeneracy between H0 and Ωm. In both cases,
the DES data are described by somewhat lower values of
Ωm than the model describing the CMB data. The mild
tension that has been reported between lensing and CMB
estimates of σ8 can therefore be equally explained by the
preference in WL estimates for a Ωm value lower than 0.3.
The σ8 and Ωm degeneracy is similar to that found in the
KiDS weak lensing analysis [191] and in the HSC weak
lensing analysis [43], both of which prefer lower values of
σ8 if evaluated with a CMB prior on Ωm.

Other studies have recently used the same BOSS
galaxy data we use in order to obtain results on σ8 and
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TABLE VII. Marginalized values and 68% confidence limits for models using Planck, Pantheon SNe, SDSS BAO+RSD, and
DES 3×2pt data.

ΩΛ H0 σ8 ΩK w0 wa Σmν [eV]a

ΛCDM 0.6960 ± 0.0047 68.19 ± 0.37 0.8072 ± 0.0056 − − − −
oΛCDM 0.6959 ± 0.0046 68.24 ± 0.54 0.8076 ± 0.0065 0.0002 ± 0.0017 − − −
wCDM 0.6996 ± 0.0066 68.68 ± 0.73 0.8130 ± 0.0093 − −1.021 ± 0.027 − −
owCDM 0.6998 ± 0.0071 68.62 ± 0.75 0.8126 ± 0.0093 −0.0003 ± 0.0019 −1.023 ± 0.031 − −
w0waCDM 0.6973 ± 0.0069 68.49 ± 0.75 0.8141 ± 0.0094 − −0.938 ± 0.073 −0.32+0.28

−0.24 −
ow0waCDM 0.6984 ± 0.0070 68.18 ± 0.79 0.8136 ± 0.0092 −0.0022 ± 0.0022 −0.909 ± 0.081 −0.49+0.35

−0.30 −
νΛCDM 0.6974+0.0054

−0.0049 68.33+0.45
−0.39 0.8113+0.0093

−0.0068 − − − < 0.115

νwCDM 0.6993 ± 0.0066 68.63 ± 0.72 0.813+0.011
−0.0099 − −1.018+0.033

−0.028 − < 0.162

a The reported
∑
mν values correspond to the 95% upper limits.
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FIG. 11. Left: The Ωm–σ8 constraints for a ΛCDM model. A BBN-inspired prior on ωb and a prior of ns = 0.96 ± 0.02
was assumed for the SDSS and DES contours. Right: H0 versus Ωm under a ΛCDM model. In both panels, the 68%
and 95% confidence intervals for the BAO+RSD data are shown in blue, the DES 3×2pt data in red, and the Planck CMB
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In the right panel, the faint, brown horizontal bands represent the Cepheid/SNe Ia measurements from Riess et al. [45],
H0 = 74.03 ± 1.42 km s−1Mpc−1.

Ωm when restricting to a ΛCDM cosmology [192–194].
These studies have found lower central values of σ8 than
what we find in our measurements from SDSS clustering
or what would be expected from Planck measurements.
A recent example is that found in the KiDS weak lens-
ing analysis [191]. In this study, BOSS galaxy clustering
measurements over redshift intervals 0.2 < z < 0.5 and
0.5 < z < 0.75 were used to further constrain σ8 and
Ωm and reduce the degeneracy between the two param-
eters. They find S8 = 0.766+0.020

−0.014, lower by 8.3 ± 2.6%
relative to Planck predictions. Their result using only
the BOSS DR12 clustering data leads to an estimate
σ8 = 0.75+0.045

−0.047, about two standard deviations lower
than the central value in result from all SDSS clustering
(σ8 = 0.85± 0.03).

In addition to the difference in methodologies, the
SDSS data set includes a larger number of tracers over a
larger redshift range. We include results from six redshift

regimes and include post-reconstruction BAO measure-
ments where possible. Even restricting to BOSS, the data
we include is substantially different, as we use the results
from the BOSS 0.4 < z < 0.6 data set and we do not
directly use the 0.5 < z < 0.75 BOSS galaxy clustering
data. Instead, the BOSS z > 0.6 data were combined
with the eBOSS LRG sample [66]. The additional data
generally favors fσ8 values that are greater than those
preferred by Planck (Figure 7). Our SDSS result thus
represents the most complete representation of structure
growth constraints from galaxy clustering data and indi-
cates no tension with Planck CMB measurements, albeit
with an implied prior that the shape of the linear power
spectrum matches that observed by the CMB.
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B. Constraints on Dark Energy and Curvature

As was demonstrated in Section IV, the main strength
of the BAO and SN distance measurements is to con-
strain cosmological models with free curvature and vary-
ing dark energy equation of state, respectively. As was
shown in Section V, the main strength of the growth
measurements is in constraining possible deviations from
GR. We now explore the complementarity of distance and
growth measurements by testing the same single param-
eter extensions to ΛCDM that were presented in Sec-
tion IV, followed by models with increasing degrees of
freedom. The results are found in Table VII.

1. ΩDE, H0, and σ8 Parameters

First, the central values of the three parameters, ΩDE,
H0, and σ8, are all consistent with the prediction from the
bestfit ΛCDM model (Table VII) at 68% confidence, re-
gardless of the cosmological model that is assumed. The
largest fractional deviation from the ΛCDM prediction is
only 0.8%, in the case of σ8 in the ow0waCDM model.
That measurement is fully consistent with the ΛCDM
prediction of σ8 = 0.8120± 0.0073 from CMB data alone
[46]. The robustness of σ8 measurements to cosmolog-
ical model provide further evidence that the growth of
structure can be described using GR in a ΛCDM param-
eterization.

In addition, the precision on the three parameters does
not degrade significantly between the ΛCDM model and
expanded models. When expanding to the ow0waCDM
model, the precision on the ΩDE and H0 parameters de-
grades by factors of 1.5 and 2.1, respectively. The largest
degradation for σ8 precision occurs with the νwCDM
model, leading to a factor of 1.8 increase in the uncer-
tainties. The tight constraints offered in all models are
a result of the complementarity between observational
probes.

As discussed in Section IV, interesting tensions appear
between the estimates of the current Hubble expansion
rate from local measurements and from extrapolations of
the calibrated drag scale to z = 0 using the CMB. Those
estimates of a low H0 extrapolated from early times are
not changed with the addition of the growth data. For
even the most flexible ow0waCDM cosmology, we find
H0 = 68.18±0.79 km s−1Mpc−1, consistent with the find-
ings in Section IV. The addition of the growth data leads
to a 9% improvement in the precision on H0 compared
to the results using CMB T&P+BAO+SN.

None of the extended models improve the best-fit χ2

by more than 4 compared to the χ2 of the ΛCDM model
of χ2 = 4366, even with the introduction of additional
degrees of freedom. We find a mild change in the χ2

for models with free dark energy equation of state, w,
while models with curvature and varying time evolution
of dark energy, wa, only show a marginal change. Hence,
we do not detect strong evidence for the need to extend

the ΛCDM model.

2. Curvature and Dark Energy

When comparing the global results in an oΛCDM
model to those from CMB T&P+BAO+SN in Table IV,
we find that the addition of the RSD, Planck lensing,
and DES data only provides improvements of 6% on the
precision of curvature constraints. The impact of growth
measurements is larger in the wCDM model; the addi-
tional data provide improvements of about 22% on the
precision for a constant equation of state. As discussed
in Section V and in Figure 7, the improvement is likely
primarily from the RSD measurements.

When expanding to an evolving dark energy model
with zero curvature, we find that the bestfit models are
still consistent with ΛCDM. The w0waCDM model does
not improve the fit relative to ΛCDM, indicating that the
additional free parameter is not providing critical new in-
formation. Overall we find consistent constraints on w0

with those in a wCDM model.
The complementarity of BAO/RSD and SNe Ia mea-

surements is best demonstrated in expanded dark energy
models that also allow for free curvature. We only find
meaningful prior-independent constraints on the general
ow0waCDM model for the combination of all datasets,
as shown in Figure 12. As shown in Table VII, the
uncertainties on the two dark energy equation of state
parameters in an ow0waCDM model are relatively un-
changed when compared to results under the assumption
of a spatially flat universe (w0waCDM). The uncertain-
ties on curvature are only increased by 29% when com-
pared to the single parameter oΛCDM extension.

In Figure 12, it can be seen that the w0–Ωk confidence
intervals from the Planck+SDSS data are orthogonal to
the Planck+SNe contours. As was demonstrated in Sec-
tion IV A, the BAO data best constrain the curvature
while the combination of CMB and SNe Ia best con-
strains the dark energy equation of state. As shown in
the one-dimensional likelihood of Ωk, the constraints on
Ωk are roughly three times better using Planck+SDSS
than those using Planck+SN. The Planck+SN data per-
form slightly better than do the Planck+SDSS data in
the w0–wa plane, but the net precision on both w0 and
wa increases by roughly a factor of two when combin-
ing all measurements. This statistical increase in con-
straining power is much larger than one would expect
due to the contribution of the Planck+BAO data to
provide tight constraints on curvature. Most impor-
tantly, the combination of all cosmological probes reveals
again a preference for the ΛCDM model. From the one-
dimensional marginalized distributions, w0 = −1 is at 1.1
standard deviations, wa = 0 at 1.3 standard deviations,
and Ωk = 0 almost within the 68% confidence interval.

In a related CPL parameterization for dark energy,
we can define a pivot scale factor ap, or equivalently
a pivot redshift zp. Instead of evaluating the equation
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of state at z = 0, as is done throughout this paper,
we can represent the time-evolving equation of state as
w(a) = wp + wa(ap − a). Note that change of the pivot
redshift does not change the model physically, because
the same linear relation can be described by the value and
slope at any one point. However, by choosing the pivot
scale appropriate to the redshifts covered by the data,
constraints on wp and wa can be made to be nearly uncor-
related. In doing so, we find constraints in the w0waCDM
model wp = −1.020 ± 0.029 and wa = −0.32+0.28

−0.24 when
using a pivot redshift zp = 0.35. The result demonstrates
that we can constrain the dark energy equation of state to
3% precision at an earlier epoch in cosmic history. This
precision is only degraded by a factor of 1.07 relative to
the constraint on w in an wCDM model, indicating that
the overall effect of adding the additional parameter for
a time-varying equation of state is minimal.

The results from joint fits can be used to compute a
total Dark Energy Figure of Merit [FoM; 195] for various
sample combinations in a model with time-varying equa-
tion of state. Computed as the inverse product of wp and
wa, the FoM associated with the full SDSS and Planck
data is 37.5 in the w0waCDM model. The FoM increases
by a factor of 3.5 when adding the Pantheon SNe Ia and
the DES 3×2pt data. Demonstrating the complemen-
tarity of the BAO and SNe Ia data in constraining cur-
vature and the dark energy equation of state, the Dark
Energy FoM for all datasets only decreases from 132 in
the w0waCDM model to 94 in the ow0waCDM model.

C. Neutrino Mass

The existence of neutrino oscillations has been con-
firmed by numerous terrestrial experiments [196–203].
These experiments measure the difference between the
squares of neutrino mass eigenstates, leading to two sets
of possible solutions for individual masses, which are re-
ferred to as the normal and inverted hierarchies. Both of
these two solutions lead to degenerate neutrino masses
if
∑
mν

>∼ 0.15 eV, but lead to different predictions at
lower masses. For the normal hierarchy, the minimum
neutrino mass is given by two essentially massless neu-
trinos and one massive neutrino. For the inverted hierar-
chy, the minimum mass is composed of one massless and
two degenerate neutrinos. The constraints for these two
scenarios are∑

mν > 0.0588 eV normal hierarchy, (24)∑
mν > 0.0995 eV inverted hierarchy (25)

[204, 205].
Throughout this paper we assume the neutrino masses

to be at the minimum mass
∑
mν = 0.06 eV with one

massive and two massless neutrinos. When allowing a
free parameter to describe the neutrino mass, we continue
to assume two massless and one massive neutrinos, which

is a good approximation for the masses of interest [87,
206].

Resolving the hierarchy problem remains a key goal of
ground-based neutrino experiments [e.g., 207–209]. Like-
wise, the goal of constraining the absolute mass of neutri-
nos has motivated a series of terrestrial experiments. The
tightest constraints of direct measurements arise from the
Katrin experiment [210], resulting in a 90% upper limit
on the effective electron neutrino mass of m(νe) < 1.1
eV.

Therefore, it is timely to address the status of neu-
trino mass constraints before the advent of Stage IV
dark energy experiments. We show our results for the
νΛCDM and νwCDM cosmological models in Table VIII
with several quantities. The 95% upper limits are de-
rived from Markov chains, containing a prior

∑
mν > 0.

In requiring only a mass that is positive, the cosmology
constraints assume no prior information from the neu-
trino oscillation experiments and offer a fully indepen-
dent measurement of neutrino mass. Four selected data
combinations are plotted in Figure 13.

It is useful to make a Gaussian approximation to bet-
ter characterize the central values without influence from
the prior and to provide a simple compression of the in-
formation for other analyses. These Gaussian fits are
determined over the range 0 <

∑
mν < 0.15 eV and are

given in the last column of Table VIII. The upper 95%
limits from the fitted Gaussian posteriors are within 2%
of the chains for ΛCDM and within 4% when w is free to
vary. While we see that the preferred neutrino mass im-
plied by these fits is negative, a solution with

∑
mν = 0

is usually within one standard deviation of the central
value and the minimal mass solution with the normal hi-
erarchy is always within the 95% contours. Finally, the
Gaussian variances on these fits are essentially second
derivatives of the log-likelihood and are akin to Fisher
matrix predictions. They can therefore be used to give
an insight into the constraining power of various probes
that is free from the vagaries of the most likely position.

Because of the ability to break degeneracies with Ωm,
the strongest improvement in neutrino mass precision
over CMB-only constraints is caused by the addition of
BAO. This is due to reasons discussed at length in [181]
and demonstrated in Section IV A. The RSD, which is the
canonical neutrino probe for its ability to measure the
suppression of growth due to free-streaming, improves
the precision by another 26%. Adding the RSD data is
equivalent to an independent measurement with an error
of about 0.1 eV in ΛCDM. The ability of BAO to improve
upon CMB limits by breaking degeneracies with matter
densities is essentially exhausted with the current gener-
ation of BAO experiments, as indicated in the right panel
of Figure 4. While currently not the dominant source of
information on neutrinos, RSD should become the main
probe with arrival of the new data in the next decade.

In Table VIII we also show several integrated proba-
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TABLE VIII. Constraints on neutrino masses and relative probabilities of neutrino models with νΛCDM and νwCDM cosmo-
logical models. The 95% upper limits are derived assuming a

∑
mν > 0 prior.

Data 95% upper limit [eV] Pinv/Pnorm Punphy Gaussian fit [eV]
Planck 0.252 0.64 0.43
Planck + BAO 0.126 0.36 0.64 −0.026 ± 0.074
Planck + BAO + RSD 0.101 0.24 0.76 −0.026 ± 0.060
Planck + SN 0.170 0.49 0.56 −0.076 ± 0.106
Planck + BAO + RSD + SN 0.097 0.22 0.78 −0.024 ± 0.057
Planck + BAO + RSD + SN + DES 0.115 0.27 0.71 −0.014 ± 0.061
Planck + BAO + RSD + SN (νwCDM) 0.138 0.40 0.61 −0.033 ± 0.082
Planck + BAO + RSD + SN + DES (νwCDM) 0.162 0.48 0.56 −0.048 ± 0.097

bilities defined as

Pnorm =

∫ ∞
0.0588 eV

p(mν)dmν , (26)

Pinv =

∫ ∞
0.0995 eV

p(mν)dmν , (27)

Punphy =

∫ 0.0588 eV

0

p(mν)dmν . (28)

Note that these are not Bayesian evidences, because we
do not account for the prior volume. Nevertheless, the
ratio of Pinv/Pnorm is the relative probability of the true
mass lying in the range allowed by the inverted/normal
hierarchy and is equivalent to an evidence ratio when the
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FIG. 13. Posterior for sum of neutrino masses for selected
combinations of data with a νΛCDM cosmology. Dashed
curves show the implied Gaussian fits. Shaded regions cor-
respond to lower limits on normal and inverted hiearchies.
Likelihood curves are normalized to have the same area un-
der the curve for

∑
mν > 0.

priors are very wide. The quantity Punphy is the probabil-
ity of the summed neutrino mass lying in the unphysical
region, with a mass lower than allowed by the normal
hierarchy. We see that these probabilities are always in-
conclusive; there is no strong evidence from cosmology on
a preference for a normal hierarchy, an inverted hierar-
chy, or a model where the neutrino mass is anomalously
low (with or without allowing extrapolation into the neg-
ative

∑
mν). We also note that a 95% upper limit of less

than 0.0995 eV would not constitute a 2σ detection of
normal hierarchy, because much of that posterior volume
belongs to the unphysically low neutrino mass.

Evaluating the 95% upper limits, the strongest con-
straint excluding lensing data is

∑
mν < 0.097 eV, which

degrades to
∑
mν < 0.115 eV upon addition of lensing

data. This reflects the shift toward a relatively low am-
plitude of σ8 in the lensing data with the larger values of
Ωm preferred by the other probes.

Finally, we see that allowing the dark energy equation
of state parameter (w) to be free degrades the neutrino
mass constraint by a factor of 1.4 to 1.6. This effect
is due to a known degeneracy direction in the neutrino
mass [211]. Nevertheless, the effect is not as dramatic
as it used to be and with further data it will become
negligible.

VII. CONCLUSION

The eight distinct samples of SDSS BAO measure-
ments fill a unique niche in their ability to independently
characterize dark energy and curvature in one-parameter
extensions to ΛCDM. When combined with Planck tem-

perature and polarization data, the BAO measurements
allow an order of magnitude improvement on curvature
constraints when compared to Planck data alone. The
BAO data provide strong evidence for a nearly flat ge-
ometry and allow constraints on curvature that are now
roughly one order of magnitude within the detectable
limit of σ(Ωk) ∼ 0.0001 [83]. The SDSS BAO measure-
ments demonstrate that the observed cosmic acceleration
is best described by a dark energy equation of state that is
consistent with a cosmological constant to better than 6%
precision when combined with the Planck temperature
and polarization data. Finally, the SDSS BAO measure-
ments allow robust estimates of the current expansion
rate, demonstrating H0 < 70 km s−1Mpc−1 at 95% confi-
dence under standard assumptions of pre-recombination
physics, regardless of cosmological model. These H0 re-
sults remain consistent, even without the Planck CMB
data, as long as the ΛCDM model is assumed.

Beyond the distance-redshift relation, we have also
demonstrated the complementary role of the six inde-
pendent SDSS RSD measurements to DES and Planck
lensing measurements. The SDSS RSD measurements
tighten Planck temperature and polarization constraints
on the dark energy equation of state by more than a
factor of two; the DES WL measurements tighten con-
straints on curvature by more than a factor of three. In-
dependent of any BAO or SNe Ia information on the ex-
pansion history, the CMB, RSD, and WL measurements
present a history of structure growth that is best de-
scribed by a standard ΛCDM cosmology and a GR model
for gravity.

The tightest constraints on the cosmological model are
found when combining current measurements of the ex-
pansion history, CMB, and growth of structure. This
combination reveals a dark energy density measured to
0.7% precision under an assumed ΛCDM model. We
find ∼1% precision estimates on ΩDE, H0, and σ8 with
central values that barely change under any extension
explored in Section VI. The best fitting parameters in
extended models remain consistent with a ΛCDM cos-
mology; the most flexible ow0waCDM model indicates
constraints Ωk = −0.0022±0.0022, w0 = −0.909±0.081,
and wa = −0.49+0.35

−0.30. The Dark Energy FoM for the
full combination, in a model that allows for curvature, is
94, about 38% lower than what was predicted 14 years
ago by the Dark Energy Task Force [195]. However, the
assumptions of the Dark Energy Task Force included the
final DES cosmology results, whereas we only included
the results of the first year WL and clustering studies. If
the final DES studies of SNe Ia, galaxy clusters, and WL
can provide an additional 60% increase in the FoM, then
the Dark Energy Task Force predictions will be proven
accurate. The combination of measurements also pro-
vides an independent constraint on the summed neutrino
mass, leading to

∑
mν < 0.115 eV at 95% confidence

(νΛCDM), with a slight preference for a normal hierar-
chy of mass eigenstates over an inverted hierarchy. The
dominant factors in this neutrino mass measurement are
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the constraints from CMB and BAO, thus making the re-
sult robust against challenges in modeling the full-shape
of the power spectrum in clustering and lensing measure-
ments.

At the high precision found here, cosmic acceleration
remains most consistent with predictions from a cosmo-
logical constant. A deviation from consistency with a
pure cosmological constant perhaps would have pointed
toward specific dark energy and modified gravity mod-
els. However, since many of these models have parameter
choices that make them indistinguishable from ΛCDM,
those models all can be made consistent with our obser-
vations. Nevertheless, the observed consistency with flat
ΛCDM at the higher precision of this work points increas-
ingly towards a pure cosmological constant solution, for
example, as would be produced by a vacuum energy fine-
tuned to have a small value. This fine-tuning represents a
theoretical difficulty without any agreed-upon resolution
and one that may not be resolvable through fundamen-
tal physics considerations alone [212, 213]. This difficulty
has been substantially sharpened by the observations pre-
sented here.

A. A Decade of Dark Energy

The profound insight offered into the cosmological
model is only possible after several generations of experi-
mental effort. Experiments designed to study the nature
of dark energy have steadily improved in technique, red-
shift coverage, and sample size. In particular, the Planck
CMB experiment offered a significant boost in spatial
coverage and precision over WMAP while the BOSS and
eBOSS programs offered vast improvements in redshift
range and statistical precision over the preceding spec-
troscopic surveys.

As a baseline to assess the impact of the current gen-
eration of dark energy experiments, we first character-
ize the dark energy constraints with the analogous pro-
grams that were concluding as BOSS was achieving first
light. Representing the approximate period 2000–2010,
we choose the final WMAP sample [16, 54], the JLA sam-
ple of SNe Ia [110], and the 2.7% precision measurement
of isotropic BAO at z = 0.275 [214] from SDSS DR7 [124]
and the 2-degree Field Galaxy Redshift Survey [11]. Fol-
lowing the convention presented in the report from the
Dark Energy Task Force [195], we refer to this dataset as
‘Stage-II’. Although some of these results were released
as BOSS was nearing its conclusion, the data are repre-
sentative of the previous generation of dark energy study.

The most recent cosmology results are reflected in the
Planck temperature, polarization, and lensing data, the
Pantheon SNe Ia sample, the SDSS BAO+RSD mea-
surements, and the DES 3×2pt samples. This dataset,
referred to as ‘Stage-III’, provides the main constraints
presented in this paper and in Table VII.

Finally we isolate the improvements over the Stage-II
constraints from the SDSS BAO+RSD program. We do

so by replacing the SDSS DR7 BAO measurements with
the SDSS BAO+RSD measurements, while keeping the
WMAP CMB and JLA SNe Ia samples intact. This com-
bination is then referred to as ‘Stage-II+SDSS’. In the
same vein, we isolate the improvements over the Stage-II
constraints from recent programs other than SDSS. De-
noted ‘Stage-III w/o SDSS’, the constraints are derived
from the Stage-II programs, Planck temperature, polar-
ization, and lensing data, the Pantheon SNe Ia sample,
and the DES 3×2pt samples.

Although the ow0waCDM model is the most flexible
of all models explored in this work, with regards to dark
energy parameterization, only the full Stage-III dataset
is able to converge without strong priors that exclude un-
physical values of wa (e.g., see Figure 12). On the other
hand, the three one-parameter extensions presented in
Section IV demonstrate the complementarity between
the probes in constraining a constant dark energy equa-
tion of state, curvature, and the neutrino mass. We
therefore quantify advances of the last decade by comput-
ing cosmological constraints in a νowCDM model. The
marginalized 68% confidence intervals for each of the key
cosmological parameters in this model, for each of the
relevant Stage-II and Stage-III sample combinations, is
presented in Figure 14.

The general effect of the Stage-III measurements is to
push the Stage-II results closer to a ΛCDM model in
both curvature and the dark energy equation of state.
The Stage-III results also significantly reduce the upper
bounds on the neutrino mass without any indication for a
central value that is larger than 0 eV. With the exception
of σ8, the central values of all parameters in the Stage-III
results overlap the 68% confidence intervals of the Stage-
II results. The precision on all parameters has increased
by at least a factor of 2.5. The largest gains from Stage-II
to Stage-III are found in the constraints on Ωk, σ8, and∑
mν , with improvements in precision by factors of 4.5,

7.0, and 7.1, respectively.

We compute the relative gain across the full volume
of the 68% confidence intervals on w, Ωk,

∑
mν , H0,

and σ8. We use a figure of merit related to the in-
verse of the determinant of the covariance matrix for
these five parameters. We define our figure of merit as
FoM = |Cov(p,p)|−1/(2N), where N = 5 is the number
of free parameters (represented by p). This form prop-
erly tracks the typical gain in the 68% confidence interval
for each free parameter. We find FoM = 11, 24, and 44
for the Stage-II, Stage-II+SDSS, and Stage-III results,
respectively. The gain by a factor of 2 when adding the
SDSS data to the Stage-II experiments demonstrates the
significant contribution of BAO and RSD measurements
in advancing the cosmological model. The SDSS BAO
and RSD data reduce the total volume (within 68% con-
fidence) of the five dimensional likelihood surface by a
factor of 40.

The SDSS BAO+RSD measurements have the most
significant impact on the precision of Ωk, H0, and

∑
mν .

In particular, the combination of Stage-II+SDSS leads to
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FIG. 14. Central values and 68% contours for each of the parameters describing expansion history and growth of structure in
a νowCDM model. Results are shown for each data set combination presented in the text, where Stage-II corresponds to a
combination of the WMAP, JLA, and SDSS DR7 data and Stage-III corresponds to a combination of the SDSS BAO+RSD,
Planck, Pantheon SN Ia, and DES 3×2pt data.

estimates of H0 = 67.91±0.91 km s−1Mpc−1, comparable
to the tightest constraints on the local expansion rate
presented in Section IV B. This result is in disagreement
with the combined Cepheid distance ladder and strong
lensing time delay results by more than four standard
deviations, further reinforcing one of the biggest surprises
of the last decade of cosmology results.

B. Beyond Dark Energy: Cosmology from eBOSS

The spectroscopic samples from BOSS and eBOSS al-
low for a diverse array of cosmology studies beyond the
cosmic expansion history and growth of structure pre-
sented in this work. These data have already been used
to advance models for the summed neutrino mass and in-
flation. In addition, new techniques have been developed
to use combinations of tracers or new tracers for direct
measurements of BAO and RSD.

These data have been used to place constraints on
neutrino masses and inflation parameters through mea-
surements of the one-dimensional flux power spectrum
of the Lyα forest [215, 216]. When combining the re-
cent eBOSS measurement with CMB and BAO measure-
ments, the sum of the neutrino masses is constrained
with a 95% upper limit

∑
mν < 0.09 eV [217]. These

same Lyα forest power spectrum measurements present
evidence for a departure from a constant value for the
power-law index of the primordial power spectrum. The
model that best describes the Lyα and Planck data has
a running that is non-zero at more than 95% confidence,
αs ≡ dns/d ln k = −0.010± 0.004.

The eBOSS data have been used to further explore
inflationary models through tests for primordial non-
Gaussianities of the local form, fNL. Recent measure-

ments of the power spectrum in eBOSS quasars offer
measurements of fNL that are independent of the cur-
rent Planck bispectrum limits. The measurements find
−51 < fNL < 21 at 95% confidence [218] and indicate
that the full eBOSS dataset could reach σ(fNL) < 10
using a full range of scales and a larger redshift range.

The five-year eBOSS sample also provides an area
that is sampled simultaneously with LRGs, ELGs, and
quasars. The overlap in redshifts between samples en-
ables techniques to combine multiple tracers and reduce
the effects of sample variance [219, 220]. Projections
for fNL and RSD from eBOSS following the multi-tracer
technique are found in the work by Zhao et al. [221]. In
an effort to understand the joint clustering across mul-
tiple tracers, Alam et al. [222] detect one-halo confor-
mity between the eBOSS LRG and ELG samples at a
significance of more than three standard deviations. The
result presents the challenges of predicting multi-tracer
clustering at high precision beyond what is possible with
the basic halo model. The first eBOSS multi-tracer cos-
mology study is associated with this final eBOSS release
[77, 223]. In the configuration-space study, they find an
improvement in the RSD measurement precision of ap-
proximately 12% over using the LRG samples presented
in this work.

The eBOSS data have inspired several other advanced
techniques in cosmology. Tentative BAO measurements
have been made at z < 1 using the cross-correlation
between the MgII forest and galaxy and quasar tracers
[224], between the CIV forest and quasars at z > 2 [225],
and finally, in the cross-correlation between spectroscopic
quasars and high redshift galaxies [226] selected from the
DESI Legacy Imaging Surveys [227]. Voids in the cluster-
ing of galaxies and quasars have long been explored as a
means to constrain growth of structure and the distance-
redshift relation through the AP effect. The first void
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detections in eBOSS are presented using DR14 LRGs
and quasars [228]. This analysis has been extended to
the eBOSS DR16, including the ELG sample for the first
time in eBOSS and finding a linear redshift-space distor-
tion parameter [229] βLRG(z = 0.74) = 0.415 ± 0.087,
βELG(z = 0.85) = 0.665 ± 0.125 and βQSO(z = 1.48) =
0.313 ± 0.134, consistent with other measurements from
eBOSS DR16 using conventional clustering techniques
presented in this paper. Ravoux et al. [230] recently de-
veloped a parallel technique for void finding at higher
redshifts. They derived a three-dimensional map of large-
scale matter fluctuations from a region that was densely
sampled with Lyα forest quasars. Covering a volume of
0.94h−3Gpc3 with a resolution of 13h−1Mpc, they iden-
tify voids and protocluster candidates in the cosmic web.

Finally, the eBOSS data have enabled new techniques
for controlling and assessing the selection function for
tracers of large-scale structure. Among those new tech-
niques are those results associated with the release of this
paper, such as forward modeling of the selection func-
tion from imaging surveys [231], new models for fiber
collisions [232], and N-body mock catalogs for character-
ization of the ELG sample [80],

Having recently completed installation and commis-
sioning, the Dark Energy Spectroscopic Instrument
[DESI; 233, 234] will obtain a sample of nearly 50 mil-
lion galaxies and quasars spanning the redshift range
0 < z < 3.5. The techniques developed in eBOSS to
use the one-dimensional Lyα forest flux power spectrum,
large-scale clustering, multi-tracer clustering, void detec-
tion, and new models for the selection function and halo
occupation statistics will be incorporated into the future
DESI studies. This next generation of the analyses de-
veloped within eBOSS will be an integral part of the final
cosmology results at the completion of DESI.

C. Beyond Cosmology: Astrophysics Results and
Potential Studies with the eBOSS Spectra

The final eBOSS data sample found in the SDSS Six-
teenth Data Release [235] is the result of nearly two
decades of development in the spectral data reduction
and redshift classification software pipelines. These cat-
alogs of more than four million spectra and their clas-
sifications have been extremely well-vetted and are ripe
for further study. These data have already been used
to explore a range of astrophysical processes beyond the
cosmology that inspired the program, with continued po-
tential for studies in galaxy evolution, lensing and ab-
sorption systems, and quasar physics.

The high-redshift ELG sample is unique within the
four generations of SDSS and allows systematic studies of
the internal dynamics, composition, and environment of
these star-forming galaxies. An example of potential for
spectroscopic studies in this large data sample is found
in one of the earliest results from eBOSS. Zhu et al. [236]
constructed a composite spectrum based on 8,620 galax-

ies over the redshift interval 0.6 < z < 1.2. This com-
posite spectrum reveals blueshifted lines, indicating out-
flows driven by star formation. This high signal-to-noise
spectrum, along with smaller aperture emission line mea-
surements from Hubble Space Telescope and quasar ab-
sorption line observations, can all be explained by a self-
consistent outflow model. The ELG spectra of roughly
180,000 galaxies were further investigated to constrain
the mass-metallicity relation at high redshift [237]. The
results indicate that the 0.6 < z < 1.05 ELGs follow
the fundamental metallicity relation that is observed in
the local universe. The local environment of the eBOSS
galaxies can also be studied through the illumination of
the circumgalactic medium. In a study of SDSS quasar
spectra, the absorption due to MgII and FeII in interven-
ing LRGs and ELGs was explored over impact parame-
ters ranging from 10 kpc to 1 Mpc [238]. The metal ab-
sorption strengths were stronger along the minor-axis of
the galaxies due to outflowing gas and followed a steeper
profile for ELGs than for LRGs, indicating more recent
enrichment of the circumgalactic medium due to star for-
mation.

The eBOSS spectra have also been used to identify
previously unknown superpositions of multiple galaxy
spectra. In a search for serendipitous emission lines in
the spectra of BOSS and eBOSS galaxy targets, Talbot
et al. [239] were able to identify 1,551 strong galaxy-
galaxy gravitational lens candidates. The full catalog of
these lens candidates is being released as a value-added
catalog to enable future studies15. Such a large sample
can be used to study the demographics of background
source galaxies, for advanced modeling of the dark matter
structure of lens galaxies with a diverse sample, and for
calibrating searches for lens galaxies with ground-based
imaging programs.

Finally, eBOSS has unique spectroscopic programs in
quasar astrophysics. Three dedicated programs were co-
ordinated with eBOSS to take advantage of the potential
for studies in quasar astrophysics:

• The Time Domain Spectroscopic Survey [TDSS;
240, 241] characterized the spectra of variable stars
and quasars identified in photometric imaging;

• The Spectroscopic Identification of eROSITA
Sources [SPIDERS; 242, 243] observed cluster
galaxies and active galactic nuclei detected in the
ROSAT All-Sky Survey [244, 245] and with XMM-
Newton [246] observations; and

• The SDSS-RM program monitored a sample of 849
quasars at more than 70 epochs over five years. The
data enable the measurement of more black hole
masses, over a larger range of redshift, than any
previous reverberation mapping program [247].

15 Spectroscopic Identification of Lensing Objects (SILO) VAC:
https://data.sdss.org/sas/dr16/eboss/spectro/lensing/

silo

https://data.sdss.org/sas/dr16/eboss/spectro/lensing/silo
https://data.sdss.org/sas/dr16/eboss/spectro/lensing/silo
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Between the clustering quasar sample [138] and the three
quasar programs, quasar targets comprised the majority
of all eBOSS spectra. Reverberation mapping studies
have measured lags of broad lines relative to the con-
tinuum for Hα [17 quasars; 248], Hβ [42 quasars; 248],
MgII [57 quasars; 249], and CIV [52 quasars, in the red-
shift range 1.4 < z < 2.8; 250]. Arguably the biggest
surprise in quasar astrophysics from SDSS was changing-
look quasars that change from broad line quasars with
strong continua to narrow line systems with weak con-
tinua over the course of a few years [251–253]. This
phenomenon had not previously been seen for luminous
AGN.

Quasar astrophysics is just one of the topics that moti-
vates the next generation of the Sloan Digital Sky Survey,
SDSS-V [65]. SDSS-V will provide single-object spectra
of more than six million sources across the whole sky
with the BOSS spectrographs and the infrared APOGEE
spectrographs [254, 255]. In addition, SDSS-V will per-
form spatially-resolved spectroscopy in the Milky Way
and nearby galaxies using new optical spectrographs on
several small telescopes. The SDSS-V program will pro-
duce the world’s premier sample of spectra for studies of
Milky Way assembly history, origin of the chemical ele-
ments, mapping the local interstellar medium, and time-
domain spectroscopy. Scheduled for observations over
2020–2025, the five year program will multiply the sci-
ence returns from space-based missions such as Gaia and
eROSITA [256] while setting the stage for spectroscopy
coordinated with imaging from the Vera Rubin Observa-
tory [257].
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Appendix A: BAO and RSD Measurements and
Systematic Errors

In galaxy redshift surveys, BAO and RSD are usu-
ally measured through two-point clustering statistics. To
calculate the two-point clustering statistics, we convert
galaxy redshifts and angular positions into comoving co-
ordinates using a fiducial cosmological model, denoted
by a superscript ‘fid’. For a pair of galaxies at effec-
tive redshift zeff , with a small separation, the comov-
ing transverse and line-of-sight separations depend on
the comoving angular diameter distance DM (zeff) and
the Hubble distance DH(zeff) = c/H(zeff), respectively.
Conversion from radial comoving distance, DC , to DM

depends on the cosmological model (see Section II). Lim-
iting ourselves to the ΛCDM model, and working in units
of h−1Mpc, this conversion depends solely on the value
of Ωfid

m . Counts of galaxy pairs, in the form of the corre-
lation function or power spectrum, are then fitted with a
fixed model in which the BAO feature is located at rfid

d .
Although not necessary for the methodology we adopt,
we use the same model for computing rfid

d as we do for
the conversion of measured coordinates to comoving co-
ordinates.

For the SDSS BAO measurements, we parameterize
the position of the BAO feature using a dimensionless di-
lation parameter in the transverse direction (α⊥) and in
the radial (α‖) direction. The best-fit values and covari-
ance between these parameters are calculated by fitting
the template spectrum to the observed BAO positions
in the monopole, quadrupole and hexadecapole moments
of the two-point statistics. Information other than the
BAO peak position is removed from the fit by marginal-
izing over a set of simultaneously fitted parameters that
model the shape of the multipole moments.

If the true BAO peak is located at rd, which can be
different from rfid

d , then both α⊥ and α‖ will be shifted

by rfid
d /rd. The location of the radial BAO peak in the

data depends onDH(zeff)/Dfid
H (zeff), while the location of

the angular BAO feature depends on DM (zeff)/Dfid
M (zeff).
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Combining these, we have

α‖ =
DH(zeff)/rd
Dfid
H (zeff)/rfid

d

, (A1)

α⊥ =
DM (zeff)/rd
Dfid
M (zeff)/rfid

d

. (A2)

We see that α⊥ and α‖ combine information about the
model and distance-redshift relationship in a way that
is perfectly degenerate. To demonstrate this, we now
consider the dependence of the fit on h/hfid.

Working in units of h−1Mpc, and assuming that the
fiducial and true physical densities match so rd = rfid

d
in units of Mpc, the ratio h/hfid enters in the shift of
the model to h−1Mpc, and hence via rd/r

fid
d . The ratios

Dfid
M (zeff)/DM (zeff) and Dfid

H (zeff)/DH(zeff) are indepen-
dent of h and hfid for fixed Ωm. Suppose instead that we
had worked in units of Mpc and measured the two-point
functions and model in these units. Then we would have
to specify hfid before calculating the two-point measure-
ments, and so the ratio h/hfid enters into the calcula-
tion of DM (zeff)/Dfid

M (zeff) and DH(zeff)/Dfid
H (zeff). For

models where rd = rfid
d , there is no h dependence in the

theoretical BAO positions.
Note that the above thought experiment shows that we

should always work in the same basis when calculating
the components of both α⊥ and α‖. That is, we should

not calculate rd/r
fid
d in Mpc and Dfid

M (zeff)/DM (zeff) in
h−1Mpc, for example, which would then ignore the h/hfid

dependence of the fit.
Another way to see this is that the dimensionless quan-

tities rd/DM (zeff) and rd/DH(zeff) correspond to the size
of the BAO feature in observed quantities, namely angu-
lar separations measured in radians and radial separa-
tions measured in redshift differences. As long as we op-
erate in units that make these ratios truly dimensionless
(i.e., without residual dependence on h), we are perform-
ing a correct compression of the available information.

We present our baseline results as DM (zeff)/rd and
DH(zeff)/rd to reflect what is measured in the data.
There is no dependence on fiducial values, thus removing
potential for ambiguity and the exact values assumed in
our fiducial model.

To measure RSD, we fit a template power spectrum
or correlation function decomposed into multipoles. We
allow the template to be shifted in scale by the dimen-
sionless parameters α⊥ and α‖, and normalized using
the parameters bσ8 and fσ8. Use of a template spectrum
means that our measurements necessarily depend on the
shape of this template and on the fiducial cosmology used
to create it. As σ8 is defined as the r.m.s. fluctuations
on comoving scales of 8h−1Mpc (i.e., not the gauge inde-
pendent angular separations and redshift differences), we
also need to consider the model dependency of the scale
on which the normalization parameters are measured.

In the analysis procedure in SDSS clustering studies,
we normalize the template to a predicted σ8 and find the
shifts in scale and normalization required to fit the data.

One complication is whether the template is shifted in
scale by the dilation parameters before or after the nor-
malization of the model is fixed. Shifting the template
before measuring the normalization is equivalent to fixing
the scale on which we measure fσ8 and bσ8 in the ob-
served two-point clustering, as determined by the fiducial
cosmology in units of h−1Mpc. For data at z = 0, this
would result in no cosmological dependence in the scale
chosen. However for measurements at higher redshifts
such as those from eBOSS, we have a dependence on
the fiducial value of Ωm used to calculate the distance-
redshift relationship.

If, instead, we do not shift the template before fix-
ing the normalization of the model, then we fix the scale
in the units of the template. The scale from the tem-
plate can be different from that preferred by the data,
potentially bringing in a further dependence on h/hfid

and changing the degeneracies with other cosmological
parameters. In general, we find a larger systematic error
contribution for our measurements in this case due to an
increased dependence on the fiducial cosmology.

We interpret the dilation parameters as measured from
template fits in the same way as those with the above
BAO measurements, assuming that the model depen-
dence arises only through rd and not through other scales
in the theoretical model. While the BAO scale provides
most of the dilation constraint, it is possible that some
component arises from other features, and therefore this
should be considered an approximation.

For our RSD measurements made using the BOSS and
eBOSS galaxy samples, we have found that rescaling the
template before fixing the normalization of the model sig-
nificantly reduces the dependence on fiducial cosmology,
and hence the required systematic error.

The σ8–based normalization measurements we present
and analyze retain a dependence on the fiducial Ωm that
sets the scale on which they are measured, and on the
shape of the template, which links the scales on which
fσ8 and bσ8 are defined to those constrained by the data.
These dependencies are illustrated in Figure 7 of [66] by
comparing recovered measurements (from the LRG cor-
relation function) with mock catalogues where the fidu-
cial cosmology assumed is different from the true cos-
mology. For the power spectrum as measured from the
LRGs, we show how measurements of fσ8 depend on
αiso = (α2

⊥α‖)
1/3 in Figure 15. From these tests, we

see only a weak dependence on the fiducial assumptions,
given our baseline procedure. The scatter in the mea-
surements is included in our assumed systematic error.

For our MGS and eBOSS quasar measurements, the
contribution to the systematic error from the fiducial cos-
mology is significantly reduced compared to other contri-
butions to the systematic error, and we instead adopt the
slightly simpler procedure where we do not rescale the
template before normalization. This results in slightly
larger estimates of the systematic error induced by the
analysis method. More details about the systematic er-
rors and the dependencies on the fiducial assumptions in
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FIG. 15. Dependence of the measured values of fσ8 on
αiso = (α2

⊥α‖)
1/3, which gives the offset between the template

and the true cosmology, calculated from the set of Nseries
mocks matching the BOSS CMASS NGC LRG sample at an
effective redshift zeff = 0.56. Filled ellipses give results fix-
ing the scale at which fσ8 is measured after re-scaling the
template allowing for the shift in the best-fit αiso; the empty
ellipses show results where the template is not rescaled. The
colors of the ellipses separate fits where different template
models were used when analyzing the mocks. Only a weak
dependence is seen when fσ8 is constructed from the re-scaled
σ8, significantly smaller than the statistical errors on the mea-
sured values. Dotted lines mark a 2% deviation with respect
to the expected fσ8 value. Further details of these fits are in
Gil-Maŕın et al. [67].

the analysis method can be found in the papers describ-
ing the individual measurements.

We have shown that the approximations we made to
compress BOSS and eBOSS data into combinations of
parameters (α⊥, α‖, fσ8, and bσ8) do not significantly
impact the interpretation of the growth measurements.
The compression therefore has minimal impact on our
conclusions in testing cosmological models after allow-
ing for appropriate systematic errors. This analysis of
the clustering might not be the best approach for future
surveys including DESI and Euclid. In order not to com-

promise the precision available with these future data, it
may be best to directly fit models to the two-point mul-
tipoles without an intermediate data compression step.

Appendix B: Model Parameterization and
Parameter Priors

For cosmological models considered in this study, it is
possible to adopt a single parameterization. However, it
is convenient to choose a parameterization depending on
the investigation, thus allowing different priors depend-
ing on the constraints provided by the probes being used.
We employ two sets of parameterization. The definitions
of parameters can be found in Table I.

The first parameterization is labeled as the ‘CMB’ pa-
rameterization, which is used whenever CMB likelihoods
are included in the analysis. It follows the natural de-
generacy direction of the CMB constraints. The basic
parameters in this parameterization include ωc, ωb, θMC,
As, ns, τ , and Neff .

The second parameterization is labeled as the ‘back-
ground’ parameterization. This parameterization is used
for chains without a CMB likelihood, such as in studying
SN-only or BAO-only constraints. The basic parameters
include Ωm, H0, Ωb with the latter two used for BAO
constraints.

In addition to the basic parameters, we also introduce
extended parameters for testing extensions to the ΛCDM
model, which include Ωk, w or w0, wa, and Σmν .

In Table IX, we list the parameters for each param-
eterization, along with the priors assigned in the anal-
yses and the sections/subsections where the priors are
adopted. The baseline value of a parameter refers to
the value used whenever the parameter is fixed in an
analysis. In addition to the flat priors on parameters
that are being varied in the analysis, the ‘CMB’ param-
eterization includes a prior on H0 of 20 km s−1Mpc−1 <
H0 < 100 km s−1Mpc−1. We also applied a Gaussian
prior on ns of ns = 0.96± 0.02 and a BBN-inspired prior
of ωb = 0.0222±0.0005 in all runs that include growth in-
formation but without CMB data, i.e., in Figure 9 (left)
and Figure 11. In Section 4.2.2, for H0 constraints with-
out CMB data, a BBN-motivated Gaussian prior is used
for ωb (0.02235± 0.00037).
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A. Vikhlinin, Z. Wang, S. P. Willner, S. J. Wolk, J. M.
Zajac, P. Zhao, and K. Z. Stanek, AJ 131, 527 (2006),
arXiv:astro-ph/0509234.

[18] A. G. Riess, L.-G. Strolger, S. Casertano, H. C. Fergu-
son, B. Mobasher, B. Gold, P. J. Challis, A. V. Filip-
penko, S. Jha, W. Li, J. Tonry, R. Foley, R. P. Kirshner,
M. Dickinson, E. MacDonald, D. Eisenstein, M. Livio,
J. Younger, C. Xu, T. Dahlén, and D. Stern, ApJ 659,
98 (2007), arXiv:astro-ph/0611572.

[19] J. A. Frieman, B. Bassett, A. Becker, C. Choi,
D. Cinabro, F. DeJongh, D. L. Depoy, B. Dilday,
M. Doi, P. M. Garnavich, C. J. Hogan, J. Holtzman,
M. Im, S. Jha, R. Kessler, K. Konishi, H. Lampeitl,
J. Marriner, J. L. Marshall, D. McGinnis, G. Miknaitis,
R. C. Nichol, J. L. Prieto, A. G. Riess, M. W. Rich-
mond, R. Romani, M. Sako, D. P. Schneider, M. Smith,
N. Takanashi, K. Tokita, K. van der Heyden, N. Ya-
suda, C. Zheng, J. Adelman-McCarthy, J. Annis, R. J.
Assef, J. Barentine, R. Bender, R. D. Blandford, W. N.
Boroski, M. Bremer, H. Brewington, C. A. Collins,
A. Crotts, J. Dembicky, J. Eastman, A. Edge, E. Ed-
mondson, E. Elson, M. E. Eyler, A. V. Filippenko, R. J.
Foley, S. Frank, A. Goobar, T. Gueth, J. E. Gunn,
M. Harvanek, U. Hopp, Y. Ihara, Ž. Ivezić, S. Kahn,
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accio, M. A. Miville-Deschênes, D. Molinari, A. Moneti,
L. Montier, G. Morgante, A. Moss, P. Natoli, L. Pagano,
D. Paoletti, B. Partridge, G. Patanchon, F. Perrotta,
V. Pettorino, F. Piacentini, L. Polastri, G. Polenta,
J. L. Puget, J. P. Rachen, M. Reinecke, M. Remazeilles,
A. Renzi, G. Rocha, C. Rosset, G. Roudier, J. A.
Rubiño-Mart́ın, B. Ruiz-Granados, L. Salvati, M. San-
dri, M. Savelainen, D. Scott, C. Sirignano, R. Sunyaev,
A. S. Suur-Uski, J. A. Tauber, D. Tavagnacco, M. Tenti,
L. Toffolatti, M. Tomasi, T. Trombetti, J. Valiviita,
B. Van Tent, P. Vielva, F. Villa, N. Vittorio, B. D. Wan-
delt, I. K. Wehus, M. White, S. D. M. White, A. Zac-
chei, and A. Zonca, ArXiv e-prints , arXiv:1807.06210
(2018), arXiv:1807.06210 [astro-ph.CO].

[37] C. Heymans, L. Van Waerbeke, L. Miller, T. Erben,
H. Hildebrandt, H. Hoekstra, T. D. Kitching, Y. Mel-
lier, P. Simon, C. Bonnett, J. Coupon, L. Fu, J. Harnois
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Bellido, E. Gaztanaga, D. W. Gerdes, T. Giannan-
tonio, J. Gschwend, G. Gutierrez, W. G. Hartley,
K. Honscheid, D. J. James, T. Jeltema, M. W. G.
Johnson, M. D. Johnson, K. Kuehn, S. Kuhlmann,
N. Kuropatkin, O. Lahav, T. S. Li, M. Lima, M. A. G.
Maia, M. March, P. Martini, P. Melchior, F. Menan-
teau, C. J. Miller, R. Miquel, J. J. Mohr, E. Neilsen,

http://dx.doi.org/10.1051/0004-6361/201321543
http://arxiv.org/abs/1303.5077
http://arxiv.org/abs/1303.5077
http://arxiv.org/abs/1807.06210
http://dx.doi.org/ 10.1111/j.1365-2966.2012.21952.x
http://arxiv.org/abs/1210.0032
http://dx.doi.org/ 10.1051/0004-6361/201834878
http://arxiv.org/abs/1812.06076
http://arxiv.org/abs/2007.01844


42

R. C. Nichol, R. L. C. Ogando, N. Roe, A. K. Romer,
A. Roodman, E. Sanchez, V. Scarpine, R. Schindler,
M. Schubnell, M. Smith, R. C. Smith, M. Soares-Santos,
F. Sobreira, E. Suchyta, M. E. C. Swanson, G. Tarle,
D. Thomas, D. L. Tucker, V. Vikram, A. R. Walker,
R. H. Wechsler, and Y. Zhang, MNRAS 481, 1149
(2018), arXiv:1708.01533 [astro-ph.CO].

[41] T. M. C. Abbott, F. B. Abdalla, A. Alarcon, J. Aleksić,
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J. F. Maćıas-Pérez, G. Maggio, D. Maino, N. Man-
dolesi, A. Mangilli, A. Marcos-Caballero, M. Maris,
P. G. Martin, M. Martinelli, E. Mart́ınez-González,
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I. Pâris, P. Petitjean, N. P. Ross, D. P. Schneider,
D. H. Weinberg, and C. Yèche, A&A 603, A12 (2017),
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Bautista, É. Burtin, K. S. Dawson, D. J. Eisenstein,
A. Font-Ribera, D. Kirkby, J. Miralda-Escudé, P. No-
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L. Miller, N. R. Napolitano, D. Parkinson, P. Schneider,
H. Shan, and C. Wolf, arXiv e-prints , arXiv:2007.15632
(2020), arXiv:2007.15632 [astro-ph.CO].
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calfe, J. S. Morgan, I. Pâris, M. Parvizi, R. Poleski,
P. A. Price, M. Salvato, T. Shanks, E. F. Schlafly,
D. P. Schneider, Y. Shen, K. Stassun, J. T. Tonry,
F. Walter, and C. Z. Waters, ApJ 806, 244 (2015),
arXiv:1505.00760 [astro-ph.HE].

[241] C. L. MacLeod, P. J. Green, S. F. Anderson, M. Er-
acleous, J. J. Ruan, J. Runnoe, W. N. Brand t,
C. Badenes, J. Greene, E. Morganson, S. J. Schmidt,
A. Schwope, Y. Shen, R. Amaro, A. Lebleu, N. Filiz
Ak, C. J. Grier, D. Hoover, S. M. McGraw, K. Daw-
son, P. B. Hall, S. L. Hawley, V. Mariappan, A. D. My-
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