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An experimental test at the intersection of quantum physics and general relativity is proposed:
measurement of relativistic frame dragging and geodetic precession using intrinsic spin of electrons.
The behavior of intrinsic spin in spacetime dragged and warped by a massive rotating body is an
experimentally open question, hence the results of such a measurement could have important theo-
retical consequences. Such a measurement is possible by using mm-scale ferromagnetic gyroscopes in
orbit around the Earth. Under conditions where the rotational angular momentum of a ferromagnet
is sufficiently small, a ferromagnet’s angular momentum is dominated by atomic electron spins and
is predicted to exhibit macroscopic gyroscopic behavior. If such a ferromagnetic gyroscope is suffi-
ciently isolated from the environment, rapid averaging of quantum uncertainty via the spin-lattice
interaction enables readout of the ferromagnetic gyroscope dynamics with sufficient sensitivity to
measure both the Lense-Thirring (frame dragging) and de Sitter (geodetic precession) effects due

to the Earth.

One of the most perplexing problems in theoretical
physics is devising a framework encompassing Einstein’s
theory of general relativity (GR) and quantum mechan-
ics (QM) [1-3]. Experimentally addressing this subject
likely requires probing distances at the Planck scale, far
too short to be reached in the near future [4]. Even at
longer distances, there has been a dearth of experiments
probing regimes where both GR and QM are essential to
understand observations [5, 6]. While quantum systems
have been used in measurements of gravitational phe-
nomena, for most such experiments the measured phe-
nomena are either not inherently quantum mechanical
(e.g., atomic measurements of the gravitational redshift
[7-9], where clocks are tools to observe time dilation)
or the gravitational phenomena are not inherently rel-
ativistic (e.g., observations of the quantum behavior of
neutrons in Earth’s gravitational field [10, 11], under-
standable with Newtonian gravity).

We propose an experiment testing phenomena that in-
volve both GR and QM: measurement of gravitational
frame dragging [12] and geodetic precession [13], which
are fundamentally general-relativistic effects, with intrin-
sic spin, which is a fundamentally quantum phenomenon.
It is crucial to emphasize that whether or not intrinsic
spins undergo general relativistic precession is an experi-
mentally open question: to date there has been no viable
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way to reach the required sensitivity for direct observa-
tion of frame dragging or geodetic precession of intrinsic
spins. The significance of such a test is evident from the
fact that GR incorporates only classical angular momen-
tum arising from the rotation of finite-size, massive bod-
ies [14-16]. The key point is that GR explicitly describes
effects related to angular momentum arising from the
motion of mass-energy through spacetime, but does not
explicitly consider effects related to spin, where the angu-
lar momentum arises from an intrinsic quantum property
of point-like particles.

Heuristically, it can be argued based on Einstein’s
equivalence principle that intrinsic spin should behave in
the same way as the angular momentum of a classical gy-
roscope [17-19]. Thus a reasonable theoretical approach
is to use standard quantum field theory for the locally flat
spacetime and treat frame dragging and geodetic preces-
sion as small perturbations to the Lorentz metric [17-22].
However, whether or not this theoretical approach is cor-
rect remains to be proven experimentally [23]; in this
sense, the proposed experiment can be envisioned as an
equivalence principle test in a new regime. The proposed
experiment is based on electron spins; meanwhile, frame-
dragging also causes light polarization to rotate [24], a
measurement of which would probe the analogous effect
on photon spins [25, 26].

Indeed, without guidance from experimental measure-
ments, there are a number of open theoretical possibili-
ties. Even at an early stage it was realized that extending
GR to include effects related to intrinsic spin (as, for ex-
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ample, in Cartan’s theory [27]) could change the micro-
scopic structure of GR in fundamental ways, such as in-
troducing torsion [28, 29]. In Einstein’s GR, mass-energy
generates and interacts with curvature of spacetime but
the torsion is zero, and so vectors curve along geodesics
via parallel transport but do not twist. In Cartan’s exten-
sion, intrinsic spin generates and interacts with nonzero
torsion, and so frames transported along geodesics curve
due to the effect of mass-energy and twist due to the
effect of intrinsic spin (see, for example, the review by
Hehl et al. [30]). Thus warping of spacetime described
by GR with torsion does not affect intrinsic spin in the
same way as classical angular momentum, leading to or-
der unity differences between general-relativistic preces-
sion observed with intrinsic spin and that observed with a
classical gyroscope [31]. Furthermore, spin-gravity inter-
actions deviating from the predictions of GR are common
features of theories attempting to go beyond standard
physics [32-35]. Thus the results of an experiment mea-
suring general-relativistic precession with intrinsic spins
would have important consequences regardless of the out-
come, distinguishing between a number of different the-
oretical possibilities.

A measurement of general-relativistic precession effects
using intrinsic spin can be viewed as a “g — 1”7 test for
gravity, in analogy to the g — 2 experiments that test
quantum electrodynamics [36], where g is the electron
gyromagnetic ratio. In the proposed experiment, the pa-
rameter g is the gyrogravitational ratio: the ratio be-
tween intrinsic spin and angular momentum coefficients
in the theoretical description of relativistic precession. If
gravity affects intrinsic spin identically to orbital angular
momentum, then g = 1, as expected based on Einstein’s
equivalence principle applied to intrinsic spin [19, 37—
40]. In other approaches g differs from unity: for exam-
ple, g = 2 in certain classes of Yang-Mills gravity the-
ories [41, 42] and g = 3 in the torsion gravity theory
described in Ref. [31].

Such an experiment only recently became possible,
even in principle, based on a proposal for a ferromagnetic
gyroscope (FG) with unprecedented sensitivity [43]. An
ideal FG is a freely floating ferromagnet whose intrin-
sic spin S has far greater magnitude than any rotational
angular momentum L associated with precession of the
ferromagnet,

S~Nh>L=IQ, (1)

where N is the number of polarized spins in the ferro-
magnet, i is Planck’s constant, I is the moment of iner-
tia of the ferromagnet, and € is the precession frequency.
The inequality (1) translates to a certain range of back-
ground magnetic fields at the position of the FG; the up-
per limit on the magnitude is denoted the threshold field
B* and is defined in Table I. Under these conditions, in
the absence of external torques, angular momentum con-
servation keeps the expectation value of the total angular
momentum (J) = (S + L) fixed with respect to the lo-
cal space coordinates. The spin-lattice interaction keeps

S oriented along the easy magnetic axis n and rapidly
averages components of S transverse to n. This rapid
averaging of transverse spin components without induc-
ing a random walk of (J) significantly reduces quantum
noise for measurement times longer than the character-
istic time scale of the spin-lattice interaction, which is
<1079 s in most cases. This enables exquisitely precise
measurements of spin precession, as discussed in detail
in Refs. [43, 44]. A number of groups are actively work-
ing on developing the requisite experimental tools to con-
struct an FG [45-49], opening the possibility of observing
relativistic frame dragging of S as we describe below.

Specifically, we investigate measurement of both the
Lense-Thirring effect [12, 50] (frame dragging) and the
de Sitter (geodetic precession) effect [13, 51, 52]. Both
effects cause precession of a gyroscope orbiting a mas-
sive body such as the Earth: Lense-Thirring precession
is caused by spacetime being dragged by the rotation of
a massive body whereas de Sitter precession is caused by
the motion of a gyroscope through spacetime curved by a
mass (present also for a non-rotating massive body). The
Lense-Thirring precession is characterized by the angular
velocity vector [50],

2GM LN

U~ 05 oy 3 R)R-9:] . @)
where g is the gyrogravitational ratio, G is Newton’s
gravitational constant, M is the mass of the Earth, R =
RR is the position of the satellite relative to the center of
the Earth, ¢ is speed of light, and Qg is Earth’s angular
velocity (Qg ~ 27 x 11.6 pHz). For a satellite instanta-
neously above the North pole at R ~ R ~ 6.5 x 10 m
(where Rp is Earth’s radius), Qpr ~ 4 x 10714 s7! for
g = 1. The de Sitter precession in a near-Earth orbit is
[50, 53]

3GM /.
Qas xgiﬁ(Rx ’U) ; (3)
where v is the satellite velocity. For the same satellite at
R ~ Rpg one obtains Qgg ~ 107'2 s7! for g = 1. Note
that depending on the particular nature of the nonstan-
dard theory of gravity, it may be the case that g could
take on different values for the Lense-Thirring and de
Sitter effects [28, 29].

Lense-Thirring and de Sitter precession of classical an-
gular momentum have been measured by satellite exper-
iments, and observed in astrophysical settings [54, 55].
Gravity Probe B (GP-B), a satellite containing four
highly spherical niobium-coated fused quartz gyroscopes
in a cryogenic environment, measured the de Sitter pre-
cession of the rotational angular momentum of the gyro-
scopes to a 0.3% precision and the Lense-Thirring pre-
cession of the gyroscopes to 20% [56, 57]. A different
approach was to use the satellite laser-ranging network
[58] to precisely track the precession of the angular mo-
mentum associated with the orbital motion of satellites,
rather than gyroscopes [59-62]. Efforts are ongoing to
observe these effects by interferometry methods [63, 64].



Characteristic Notation Approximate Value
Radius r 1 mm

Mass density p 8.86 g/cm®

Mass M = 4mpr3 /3 4x107% g
Moment of inertia I~2Mr?/5 1.6 x 107* g-cm?
Number of polarized spins N 4 x 10%°
Ferromagnetic resonance frequency wo 10t st
Gyroscopic threshold field B* = Nh?/(gusl) 3x107° G
Gyroscopic threshold frequency Q" =Nhw/I 3x1073s7!
Operating magnetic field B 1071 G

Larmor precession frequency Qp 1074 57!
Temperature 0.1 K
Background gas density n 10% em ™3

TABLE I: Proposed characteristics of the orbiting ferromagnetic gyroscope (FG) system for a measurement of
general-relativistic spin precession. The FG is assumed to be a fully magnetized cobalt sphere in vacuum with
superconducting shielding as described in the text.

Our proposed experiment is modeled on GP-B, where
the rotating niobium-coated fused quartz spheres are re-
placed by FGs. To evaluate the sensitivity, we assume
that the FG is housed within a satellite similar to that
used in the GP-B experiment [56] and referenced via a
telescope to a remote star. For our sensitivity estimates,
we assume an FG with characteristics as listed in Ta-
ble I: a spherical cobalt ferromagnet of radius r ~ 1 mm
with remanent magnetization along n. The direction
of the magnetic moment of the FG can be measured
using a Superconducting QUantum Interference Device
(SQUID) to detect the magnetic flux through a pick-up
loop. A pick-up loop placed at a distance d ~ 1 mm
away from the tip of the ferromagnet with loop radius
dsin6,, ~ 0.8 mm, where 6,, =~ 54.74° is the magic an-
gle, maximizes the flux capture and would measure a
changing magnetic flux of amplitude ® ~ 100 G - cm? as
the FG precesses. The sensitivity of a low-temperature
SQUID to flux change is 6® < 1073 G - cm?/v/Hz [65-
68], which gives a detector-limited angular resolution for
the FG of §04e =~ 0®/® < 10715 rad/v/Hz. This trans-
lates to a detection-limited spin-precession resolution:

AQger ~ 1075 (1[s]) /2 s (4)

Estimates show that the fundamental quantum noise
limit for an FG is far below AQqet [43].

We estimate that the dominant source of statistical un-
certainty in a satellite experiment using an FG to mea-
sure GR effects is not from the detector noise of the
SQUID but rather from background gas collisions that
impart angular momentum to the FG, causing random
walk of its spin (S). Based on analysis of Ref. [43], and
accounting for the spherical geometry of the FG, we find

that the spin-precession resolution is limited to
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where m is the mass of the background gas (assumed to
be He in our case since the system is under cryogenic
conditions), vy, is the average thermal velocity of the
background gas, and other relevant parameters are listed
in Table I, assuming a background-gas density corre-
sponding to cryogenic ultrahigh vacuum [36]. The effects
of other sources of noise are estimated to be negligible
compared to the effects of background gas (see Ref. [43]
and Appendix A). Indeed, recent experiments studying
micron-scale ferromagnets levitated above superconduc-
tors have found that gas collisions are the dominant dis-
sipation mechanism [49].

Using a ferromagnet as a gyroscope requires exquisite
shielding and control of magnetic fields in order to avoid
systematic errors due to magnetic torques. We propose
to use a multi-layer superconducting Pb shielding system
based on the GP-B design as described in Refs. [69, 70]
combined with a conventional multi-layer p-metal shield-
ing and magnetic-field-control coil system as described,
for example, in Ref. [71]. To achieve ultralow magnetic
fields, the p-metal/coil system, with feedback provided
by internal SQUID magnetometers, is used to achieve
an ambient magnetic field less than 107! G, close to
the noise limit of SQUID magnetometers for integration
times of one second. Nested collapsed Pb foil shields are
inserted within the y-metal/coil system and subsequently
cooled below the superconducting phase transition. The
collapsed Pb foil shields are folded in such a manner as
to minimize their internal volume. Once the temperature
of the Pb is below the superconducting phase transition,
the shields are expanded by unfolding them so that they
have a considerably larger internal volume. Persistent
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currents in the superconducting shields keep the flux con-
stant and thus the field within the expanded Pb shields
is reduced by the ratio between the effective areas of the
expanded and collapsed Pb foil shield. In practice, the
residual field can be reduced by a factor of more than a
hundred per layer, with practical limitations due to ther-
moelectric currents generated in the Pb shield. For such a
superconducting shield system, the magnetic field within
the shield will be determined by the frozen flux. These
techniques can be used to achieve a magnetic field at the
position of the FG, i.e. a background magnetic field B,
much smaller than the required threshold field for oper-
ation (B* ~ 3 x 10710 G, see Table I and Ref. [43]).

The proposed size and geometry for the FG (a mm-
diameter sphere) is motivated by the need to minimize
perturbations from background gas collisions (AQgas
1/N and minimized for a spherical shape), achieve the
best possible detector-limited sensitivity (AQge; < 1/N
[43]), and maintain a reasonable requirement for the
threshold field B*.

Undoubtedly, some residual magnetic field B within
the shields will persist, and so the questions now be-
come whether the FG precession frequency Qp due to
this field is sufficiently stable and whether Q25 can be
reliably distinguished from the sought-after effects, Qrr
and Q4s. Superconductors can achieve remarkable sta-
bility: drifts at the level of a part in 10'' per hour have
been measured [72]. Assuming the residual trapped field
in which the FG operates is B ~ 107!! G, this leads to
a magnetic field drift of ~ 3 x 10726 G /s, which corre-
sponds to a drift of the magnetic precession frequency
of dQp/dt ~ 2 x 10712 s72. For the purposes of these
estimates, we assume the worst-case scenario of a linear
magnetic field drift at this rate (although on long time
scales the drift will likely be a random walk of B and
Qp).

The stability of Qp is crucial for distinguishing mag-
netic precession from the Lense-Thirring and de Sit-
ter effects. For a residual field with B ~ 107! G,
Qp ~ 10* s7!, which is much larger than the Lense-
Thirring and de Sitter effects [Egs. (2) and (3)], and thus
it is important to find a way to distinguish Qp from Qp
and Qg4s. In the case of the Lense-Thirring effect, Q1
periodically varies in time in a predictable way because
R changes in time with respect to Qp as the FG orbits
the Earth. If the FG is placed in an elliptical orbit, both
Qrr and Q45 could be modulated by order unity as R
changes. Thus it would become possible to search for the
predictable periodic variation of Q1 and €45 on top of
the stable background magnetic-field precession. An ex-
ample of how this can be done is modelled in Appendix C.

Further discrimination of Q1 and 45 from Qp
can be obtained by using an array of FGs and tak-
ing advantage of the vectorial nature of the general-
relativistic spin-precession. Consider, for example, the
Lense-Thirring effect (similar arguments can be made for
the de Sitter effect). If Qp is parallel with Qpp, the
effects add linearly to the measured spin-precession fre-

quency: Q =~ Qg+ Qpr. However, if Qg is perpendicular
to Qpr, the contribution of the Lense-Thirring effect is
quadratically suppressed: Q ~ Qp + Qp12/(2Q5). An
array of FGs in separate shields can be employed with
magnetic fields oriented in different directions, such that
the various FGs have different predictable periodic pat-
terns of sensitivity to general-relativistic spin-precession
effects. This will enable coherent averaging and suppress
systematic errors due to field drift and local perturba-
tions.

Additionally, it may be possible to rotate or modulate
B at a frequency much faster than the orbital frequency
in order to further discriminate Qyr and Qgg from Qpg.
This may be achieved by rotating the magnetic shielding
relative to the FG since the residual magnetic field will be
dominated by frozen flux rather than the finite shielding
factor. Further mechanisms to improve signal detection
are possible: if two types of ferromagnetic materials are
used, such that the materials’ gyromagnetic ratios are op-
posite, their magnetic precession is in opposite directions
but the relativistic precession are in the same direction.
For control of systematic errors, it may also be interesting
to consider experiments with materials having high net
spin polarization but negligible magnetization, high mag-
netization but negligible spin polarization, and varying
ratios of quantum orbital angular momentum to intrin-
sic spin, such as used in torsion pendulum experiments
measuring exotic spin-dependent interactions [73-75].

Relative motion between the SQUID pick-up loop and
the freely floating FG is another source of noise and sys-
tematic error that will require precise control. FErrors
due to this relative motion will ultimately be limited by
the satellite position/orientation feedback control system
referenced to the star-tracking telescope. We assume a
star-tracking telescope and position/orientation feedback
control similar to that used by GP-B, which had a long-
term accuracy corresponding to 5 x 10710 rad [76-78],
which would provide sufficient stability for measurement
of the g = 1 de Sitter and Lense-Thirring effects. Related
technical issues are the trapping and release of the FG
once the satellite is in orbit, damping of rotational motion
of the FG such that L <« S, vibrations of the pick-up coil,
and the effect of electrostatic and magnetic forces on the
FG that might accelerate the FG relative to the satellite
housing. Protocols for measurement and control of the
FG and pick-up coil motion will need to be designed and
could, for example, involve damping of FG motion using
eddy currents [45] induced in a retractable conductor or
various trapping and cooling techniques that have been
developed to control the motion of macroscopic objects
[79, 80]. The effects of stray electric fields and patch po-
tentials, important issues for GP-B [56], are considered
in Appendix A 2. Overall, we expect that the ultimate
accuracy of an FG-based measurement of general rela-
tivistic spin precession will be determined by the SQUID
sensitivity, collisions of residual gas molecules with the
FG, and magnetic field drift.

Figure 1 shows the scaling of uncertainty in the mea-
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FIG. 1. Sensitivity to general relativistic spin-precession ef-
fects in the proposed “Gravity Probe Spin” experiment. The
vertical scale on the right is in units of milliarcseconds (mas)
per year. The black curve shows the projected uncertainty
A€ in the measurement of the precession frequency 2 us-
ing a 1-mm radius spherical FG under conditions listed in
Table I. This curve results from two contributions summed
in quadrature. First, the short-term statistical uncertainty
is dominated by background gas collisions [Eq. (5), dashed
gray line]. Second, the long-term uncertainty in the mea-
surement is expected to be dominated by magnetic field drift
within the superconducting magnetic shields, here assumed
to be linear with rate 3 x 1072¢ G/s (dotted gray line). The
blue line and light blue shaded area indicate the level beyond
which the measurements are sensitive to the de Sitter effect
[13, 51, 52] and the red line and pink shaded area indicate
the level beyond which the measurements are sensitive to the
Lense-Thirring effect [12, 50], calculated for the GP-B orbit
and gyrogravitational ratio g = 1 [Egs. (2) and (3)]. The green
line and light green shaded area show existing experimen-
tal constraints on anomalous gravity-induced spin-precession
[81-83].

surement of the spin precession frequency {2 as a function
of time considering the aforementioned effects. In prin-
ciple, the projected measurement sensitivity of such a
“Gravity Probe Spin” experiment is sufficient to measure
the de Sitter and Lense-Thirring effects for g = 1. Con-
sequently, stringent bounds will result on parametrized
post-Newtonian (PPN) physics, scalar-tensor theories,
and other standard-model extensions [37]. By compar-
ing the sensitivity of Gravity Probe Spin to existing ex-
perimental bounds on anomalous gravity-induced spin-
precession [81-83] as shown in Fig. 1, the proposed ex-
periment has the potential to explore many decades of
unconstrained parameter space.

In conclusion, we have described a satellite experiment
using mm-scale ferromagnetic gyroscopes that has the
potential to perform the first measurement of gravita-
tional frame-dragging of electrons’ intrinsic spins. This
experiment, building on the technology of Gravity Probe
B, would be a unique test at the intersection of quantum
mechanics and general relativity.
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Appendix A: Experimental requirements
1. Magnetic torque noise

An additional source of error affecting an FG, not con-
sidered in Ref. [43], was pointed out in Ref. [44] (see also
Appendix B). As noted in Ref. [43], the spin-lattice cou-
pling generates stochastic fluctuations of the FG’s mag-
netic moment p described by the fluctuation-dissipation
theorem. In the presence of a nonzero magnetic field B,
this leads to a stochastic g x B torque acting on the FG,
which in turn causes a random walk of the FG’s spin
axis (J). This coupling of the FG to the external envi-
ronment through B generates noise in a measurement of
the precession frequency:
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where kp is Boltzmann’s constant and « is the Gilbert
damping constant, taken as 0.01. Under the conditions
of our proposed experiment, AQg is significantly smaller
than other sources of error.

2. Electric field requirements

A precessing FG located in a spatial region with non-
vanishing electric field may experience an electric-field-
induced torque. In this section we estimate the require-
ments on the electric field and its gradient, in order to
keep the FG precession rate due to this torque below the
expected signal level.

A conducting sphere in a uniform electric field expe-
riences no torque, since the induced electric dipole mo-
ment is parallel to the electric field. However a slight
deviation from a spherical shape breaks the symmetry
of the polarizability tensor, and, in general, causes the
induced dipole moment to be at an angle to the electric
field. Assuming the FG is shaped as a prolate spheroid
(with semi-axes a, b, and ¢, where a > b = ¢) with small



eccentricity ¢ = /1 — b2/a?, the correction to the de-
polarization factors is of order €2 [84]. The torque on
such a slightly non-spherical FG of radius r in a uni-
form electric field E can be estimated (in cgs units) as

Te(l) ~ ¢2r3E? /5. The resulting precession rate is given

by ol = Te(l)/(Nh). The requirement to keep this rate
below Qpr with g = 1, QS) < 4 x 107 571 imposes
the following condition on the product between the ec-
centricity and the magnitude of the electric field:

leE| <3 x 1075V /cm. (A2)
It should be noted that, in practice, the requirement on
|eE| may be significantly reduced since orbital modula-
tion can be used to distinguish general relativistic preces-
sion effects from nominally constant background torques,
as discussed in Sec. C.

An electric field gradient E’ will exert a force on the
FG, which must balance with all the other forces in the
FG at its equilibrium point. Since there are certainly
other forces, there may be a non-vanishing electric field
gradient, which exerts a torque on the FG even if it is
a perfect sphere. The magnitude of this torque can be

(2)

estimated as 7.~ ~ r* EE’. The resulting precession rate

is given by Q?) = 7'5(2) /(NR). The requirement to keep
this rate below Qur with g = 1, QgQ) <4 x 107 571
imposes the following condition on the product between
the electric field and the gradient:

|EE'| <1071 V?/cm?®. (A3)

A procedure to reduce systematic error due to TéQ), often
employed in precision measurement protocols, is to ap-
ply a large electric field E' and use a measurement of Q((f)

to minimize E’, then apply a large electric field gradient

E’, and use a measurement of Qg) to minimize E. Per-
formed iteratively, this procedure can enable cancellation
of residual F and E’ to relatively high precision, and will
also help reduce systematic error due to nonsphericity of
the FG [Eq. (A2)].

The electric field at the equilibrium position of the FG
is created by potentials on proximal surfaces. To con-
trol electric fields these surfaces have to be coated with
a high-conductivity material, such as gold. Nonetheless,
surface-potential patches of order 10 mV are still likely to
be present [85]. The electric field from such patches falls
off exponentially with distance to the surface. We esti-
mate that 10 mV patches with spatial scale of < 1 mm
create electric fields that satisfy requirements described
by Egs. (A2) and (A3) provided the FG is > 1 cm away
from the surface. These estimates give the requirements
on the surface preparation necessary to ensure that elec-
trostatic precession remains below the GR signal. Again,
FG precession due to GR effects can be distinguished
from le) and 99 through orbital modulation as de-
scribed in Sec. C.

Parameter Benchmark

50 <5 x 1078 G’

Magnetic flux sensitivity N

Magnetic field
Magnetic field drift

B<i107tt @

|28 <3x107% G/s
Magnetic field gradient B’ <107 G/cm
Electric field FE<5%x107° V/cm
Electric field gradient E' <6x107° V/cm?
Electric patch potentials 0V <001V
Background gas density n <10% cm ™3
Temperature T<01K

Angular stability Af <6 x 107 rad

TABLE II: Summary of benchmark experimental
parameters necessary to achieve the sensitivity plotted
in Fig. 1. Electric-field-related estimates assume the
nearly spherical FG has an eccentricity of ~ 0.01.

3. Summary

Considerable development of FG technology is required
before a Gravity-Probe-Spin-type experiment will be-
come feasible. First and foremost, the gyroscopic preces-
sion of a ferromagnet as predicted in Ref. [43] has to be
experimentally observed and studied. Several groups are
working on ground-based laboratory experiments study-
ing the behavior of micron-scale levitated ferromagnets
[45—49]. To provide an overall sense of the target param-
eters for a Gravity Spin experiment, Table II shows the
benchmarks required to achieve the estimated sensitivity
plotted in Fig. 1. These benchmarks are derived from the
requirements to achieve the estimated best experimental
sensitivity to precession, AQqpe &~ 1071 rad/s, achieved
after an integration time of T'opy ~ 6 X 104 s.

Although, as discussed in the text, many of these
benchmark experimental parameter values have been
achieved in laboratory settings, the achievable experi-
mental parameters have yet to be studied in the context
of FG precession. Furthermore, achieving these bench-
marks in a satellite presents a host of additional chal-
lenges. Detailed studies of these sources of noise and
systematic errors in experiments with FGs in both lab-
oratory and microgravity environments will be required
on the way toward a Gravity Probe Spin experiment.
Nonetheless, based on the estimates presented here and
the modeling presented in Appendices B and C, achiev-
ing these milestones appears possible in principle. We
reiterate that the main purpose of our manuscript is to
highlight the potential payoff of developing FG devices
for fundamental physics experiments and to motivate fur-
ther experimental efforts.



Appendix B: Model of a ferromagnetic gyroscope

We model the FG dynamics using the formulation de-
scribed in Ref. [44]. The FG is taken to be a single-
domain spherical magnet with body-fixed moments of
inertia Zx = Zy = I, = Z. It is subject to a uni-
form magnetic field B and general-relativistic precession
described by the angular velocity vector €2,.. The Hamil-
tonian describing this system is given by:

= _tip —(wo/R)(S-N)?—fu- B+, - (L+gS) .

27 @ — o —
—~ Ha Hp Hgq
Hp
(B1)

In the rotational Hamiltonian Hpg, L is the orbital angu-
lar momentum operator; in the anisotropy Hamiltonian
H 4 [86], S is the spin operator, 1 is the operator for the
unit vector in the direction of the easy magnetization
axis, and wp is the ferromagnetic resonance frequency;
in the Zeeman Hamiltonian term Hpg, it = gupS is the
magnetic moment operator (up is the Bohr magneton
and ¢ is the Landé factor); and Hg is the Hamiltonian
accounting for the angular velocity vector €2, related to
general-relativistic precession, where g is the gyrogravi-
tational ratio (if g = 1 the GR effects for intrinsic spin S
and orbital angular momentum L are the same).

The dynamics are treated semiclassically since the FG
has large spin expectation value (S}, as done in Ref. [44].
We write the Heisenberg equations of motion in reduced
units, defining dimensionless vectors: the unit spin m =
S/S, the orbital angular momentum £ = L/S, the total
angular momentum, j = m+ £ and the unit vector in the
direction of the magnetic field b = B/B:

m=wpm X b+ wy(m x n)(m - n)

—am X (m— Q2 xm)+ g(Q, xm), (B2)
£=—wo(m x n)(m - n)
+amx (h—Qxm)+Q, x£, (B3)
n=(N+NQ,) xn, (B4)
where the angular velocity vector €2 is given by
Q= w1£ = wl(j — m) . (B5>

Here wp = gup|B| is the Larmor frequency and wy =
S/ is the nutation frequency. The terms containing the
Gilbert damping coefficient o account for Gilbert dissipa-
tion of spin components perpendicular to the easy mag-
netization axis. The Gilbert damping is due to interac-
tions of the spin with internal degrees of freedom such as
lattice vibrations (phonons), spin waves (magnons), ther-
mal electric currents, etc. [87, 88]. The Gilbert damping
tends to lock the spin to the easy axis because the com-
ponents of the spin orthogonal to the easy axis quickly

decay [44]. Hence we take m(t) = n(t), which also sim-
plifies the numerical calculations. Adding the spin and
rotational angular-momentum in Egs. (B2) and (B3), we
obtain

j=m+2=wp(mxb)+Q, x (£+gm), (B6)

= wp(m x b) + €, x [j + (g L)m]. (B7)

Using Eq. (B5) and our approximation that m = n
(hence m x n = 0), Eq. (B4) can be rewritten in the
form

1 = (wij+ ) x m. (BS)

We can solve Egs. (B7) and (B8) for a given satellite
trajectory that specifies Q,.(t) = ﬂgf)(t) + ﬂ((ils) (t) to ob-
tain the dynamics of the FG. The upper index (1) in the
expression for €,.(¢) sets g =1 in Egs. (2) and (3) of the
main text, since in the modelling g is present in the dy-
namical equations such that it distinguishes between the
effect of general-relativistic precession of intrinsic spin
as compared to that of angular momentum, as seen in
Eq. (B1). The results of the modeling for illustrative
cases are discussed in the next section.

Appendix C: Orbital dynamics of ferromagnetic
gyroscope

In order to use an FG to measure GR-induced spin
precession, it is crucial to have a distinct signature that
can be differentiated from background effects. As noted
in the main text, periodic motion of an FG at harmonics
of the orbital frequency arise due to the modulation of
Q1 and Qgs as the FG orbits the Earth. This offers a
method to distinguish GR-induced spin precession from
Larmor precession and nutation, whose frequencies are
constant in time for fixed B.

To illustrate the use of orbital modulation in a “Grav-
ity Probe Spin” experiment, we model the behavior of an
FG in a circular polar orbit around the Earth with radius
R =~ 7,000 km (Fig. 2). The FG operates in an exter-
nal magnetic field B oriented along Earth’s rotation axis
Q g, chosen to be the z-axis of our coordinate system. As
discussed in Sec. B, the spin is locked along the direction
of its easy magnetization axis by Gilbert damping, and is
initially prepared to be perpendicular to B, along z. In
this geometry, precession due to the de Sitter effect [Eq.
(3) in the main text] is both constant in time, since R is
constant, and quadratically suppressed, since Q24g is per-
pendicular to 2 and Q45 <K 2p. On the other hand,
the Lense-Thirring precession Qpr(¢) is parallel to Qp
when the FG is at the north and south poles and as such
is modulated at twice the orbital frequency [Eq. (2) in
the main text]. The orbital modulation of Qpr(¢) can be
understood based on the fact that the Lense-Thirring ef-
fect generated by the rotation of the Earth is the gravito-
magnetic equivalent of a dipole field, and possesses axial
symmetry about z.



FIG. 2. Conceptual schematic diagram of a “Gravity Probe
Spin” experiment. A freely floating spherical FG located
within a superconducting shield is in a circular polar orbit.
The magnetic field B (from the frozen flux in the supercon-
ducting shields) is oriented parallel to the direction of Earth’s
rotation axis g, both designated to point along z. The in-
sert shows the initial orientation of the FG’s magnetic mo-
ment and spin m along the z axis. The pick-up coil measures
the FG’s magnetization along x. This geometry is designed
for the detection of the Lense-Thirring effect.
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FIG. 3. Estimated power spectral density (PSD) of the time-
dependent flux signal ® due to a precessing FG that would
be measured by a SQUID pick-up coil as in Fig. 2. The
plot shows the PSD of a time-domain signal of duration
T = 3 x 107 s obtained by numerical solution of differen-
tial equations based on the model discussed in Sec. B. The
parameters of the model match those listed in Table I. The
gray dotted line marks the Larmor frequency, Qp/(27), the
gray dot-dashed line marks the nutation frequency, Q:/(27),
and the red dashed line marks the second harmonic of the
orbital frequency, v/(wR). In order to enhance visualization,
for this plot we choose g = 107 for the Lense-Thirring effect,
just below the present experimental constraints (Fig. 1 in the
main text

The results of a numerical solution of Egs. (B7) and
(B8) for the FG dynamics, m(¢), under the conditions
described above are shown in Figs. 3 and 4. The figures
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FIG. 4. The black curve shows the PSD of the time-dependent
flux signal ® under the same conditions and assumptions as in
Fig. 3. The blue curve, vertically offset for easier comparison,
shows the PSD of the time-dependent flux signal ® for the
case where the gyrogravitational ratio g = 0. The dashed
red line marks the second harmonic of the orbital frequency,
v/(wR), and prominent signals at sidebands shifted by the
Larmor frequency are indicated by the red arrows at v/(7R)+
Qp/(27). Note also sidebands at v/(7R) + Qp/7.

show power spectral densities (PSDs) of the estimated
flux ® through a pick-up coil in the geometry described in
the text [see discussion surrounding Eq. (4) in the main
text] as the FG orbits the Earth as shown in Fig. 2. In or-
der to clearly discern the Lense-Thirring effect in Figs. 3
and 4, we choose g = 107, just below the present experi-
mental constraints on the Lense-Thirring effect (Fig. 1 in
the main text). The PSD shown in Fig. 3 demonstrates,
as expected, that the dominant signal is at the Larmor
frequency (Qp) and prominent signals due to nutation
appear at Q; with sidebands at ©; & Qg. There is a
noticeable signal due to the Lense-Thirring effect (with
g = 107) at the second harmonic of the orbital frequency,
2 x v/(wR) (in rad/s, note the frequency units in the
figures are Hz). In Fig. 4, the signal with g = 107 is com-
pared to the signal for g = 0 near the second harmonic
of the orbital frequency, 2v/R. Figure 5 shows A®?, the
PSD of the difference between the measured flux from
two FGs situated in magnetic fields with equal magni-
tudes but opposite directions (££) for the case where
g = 1. The g = 1 case would correspond to the case
of particular interest where intrinsic spin and orbital an-
gular momentum behave identically in general relativity.
As in the case where g = 107, there are noticeable signals
arising from modulation of FG precession at twice the or-
bital frequency due to the Lense-Thirring effect, seen at
the sideband frequencies 2v/R + Qp. The results of the
modeling demonstrate that the Lense-Thirring effect in-
deed modulates FG precession at the second harmonic of
the orbital frequency, offering a signature of GR effects
distinguishable from effects that do not vary periodically
with the orbit. The asymmetric shapes of the peaks in
Figs. 3, 4, 5, and subsequent plots are described by Fano



line shapes [89] that result from the interference of the
background and the resonances in the PSD.

For reference, the expected measurement noise floor
due to collisions with residual background gas, based on
Eq. (5) in the main text, is estimated to be

10~9
VT

Comparing §(®?)g.s to the signals plotted in Fig. 5 show
that for a measurement times 7' > 10* s the Lense-
Thirring precession for g = 1 should be resolvable, con-
sistent with the sensitivity estimates shown in Fig. 1 of
the main text.

5(D?) gas = G%cm* /Hz . (C1)
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FIG. 5. PSD of the difference in time-dependent flux signal
with g = 1 between two gyroscopes. The gyroscopes situated
in opposite external magnetic fields along the z axis. The
conditions and assumptions are the same as in Fig. 3. The
dashed red line marks the second harmonic of the orbital fre-
quency, v/(wR), and prominent signals at sidebands shifted
by the Larmor frequency are indicated by the red arrows at

v/(rR) £ Qp/(21).

Employing a different geometry for the FG, namely ori-
enting B parallel to 4g, gives linear sensitivity to Qgg
(in which case sensitivity to Qpr is quadratically sup-
pressed). By putting the satellite into an elliptical orbit
(Fig. 6), R and v are modulated and a distinct signa-
ture in the PSD of ® can be obtained for the de Sitter
effect, as demonstrated in Fig. 7. Figure 7 gives the re-
sult of modeling the FG dynamics for a polar elliptical
orbit with eccentricity of 0.3: the PSD shows the differ-
ence between the measured flux from two FGs situated
in magnetic fields with equal magnitudes but opposite
directions (£¢) assuming g = 1. Signals due to the de
Sitter effect are observed at sidebands around the orbital
frequency worn,

T3 (02)

where a is the semi-major axis of the ellipse. This is
expected since Q4g(t) is periodic with the modulation of
R and v as the FG orbits, leading to a signal at the first
harmonic of werkp.

FIG. 6. Conceptual schematic diagram of a “Gravity Probe
Spin” experiment similar to that shown in Fig. 2 except that
the orbit is elliptical and the magnetic field B is directed along
the y-axis, perpendicular to the orbital plane. This geometry
is designed for the detection of the de Sitter effect.
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FIG. 7. PSD of the difference in time-dependent flux sig-
nal with g = 1 between two gyroscopes. The gyroscopes are
situated, respectively, in external magnetic fields along the
y axis with equal magnitudes and opposite directions. The
FG is modelled for the duration of 10° s in a polar ellipti-
cal orbit as indicated in Fig. 6, with ellipticity of 0.3. The
dashed red line marks the first harmonic of the orbital fre-
quency, weh,/(27), and prominent signals at sidebands shifted
by the Larmor frequency are indicated by the red arrows at
Worb/ (27) £ Qi /(27).

In conclusion, the numerical modeling demonstrates
that, in principle, for particular experimental geometries
there exist potentially measurable signatures of general
relativistic precession of an FG at harmonics of the or-
bital frequency.
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