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We find in one-loop calculations and spectator models that twist-3 GPDs exhibit discontinuities.
In the forward limit, these discontinuities grow into Dirac delta functions which are essential to
satisfy the sum rules involving twist-3 PDFs. We calculate twist-3 quasi-PDFs as a function of
longitudinal momentum and identify the Dirac delta function terms with momentum components
in the nucleon state that do not scale as the nucleon is boosted to the infinite momentum frame.

PACS numbers:

I. INTRODUCTION

A complementary picture of the nucleon structure is obtained by simultaneous information on both transverse
spatial and longitudinal momentum distributions of partons. The relevant physical observables are generalized parton
distributions (GPDs) [1-4]. Theoretically, they are calculated from nonforward matrix elements of nonlocal operators,
and experimentally, they are accessible through exclusive deep inelastic scattering experiments, such as deeply virtual
Compton scattering (DVCS) [4, 5]. GPDs give information about the spin, momentum and spatial distribution of
the quarks, anti-quarks and gluons within a fast moving nucleon [6-8] and therefore, provide a remarkable insight on
its inner structure.

One property to classify the GPDs is their twist [9]. Twist determines the order in Q? (squared four-momentum
transfer) at which a matrix element contributes to the physical amplitude of a given hard process. With increasing
twist, the number of partons which participate in that matrix element also tend to increase. At leading twist, twist-
2, GPDs describe two-particle correlations in the nucleon, while the next leading twist, twist-3, GPDs also involve
three-particle correlations, such as quark-gluon-quark (qgq). It is advantageous to define the twist in the infinite
momentum frame (IMF) where the nucleon has a large momentum in the longitudinal direction (direction of the
nucleon propagation), i.e. PT > M, and nearly zero momentum in the transverse direction, i.e. Pr ~ 0 [10]. In the
IMF, the twist of a distribution can be identified with its behavior under a longitudinal momentum boost. While
twist-2 distributions are invariant under the boosts along the longitudinal direction, twist-3 distributions change as
1/PT.

In the Bjorken limit, the matrix elements are dominated by twist-2 operators [11]. Even though they are mostly
relevant for subleading corrections, there are several motivations to study twist-3 GPDs:

e They involve a novel type of information on qgq correlations which is not contained in twist-2 distributions.
These qgq correlations can be interpreted as an average transverse color Lorentz force acting on the quarks
inside a nucleon [12]. The new information embodied in twist-3 GPDs is the distribution of that force on the
transverse plane.

o At low @2, the twist-3 contamination can be significant. Therefore, twist-3 corrections may not be negligible
in the upcoming detailed measurements of DVCS amplitude at 12 GeV in Jefferson Lab. On the other hand, it
has been shown that in the analysis of DVCS amplitude, the electromagnetic gauge invariance requires twist-3
contributions in the asymtotic regime [13, 14].

e Twist-3 GPDs may provide an alternative source of information on orbital angular momentum of the quarks
through the sum rule which relates the second moment of a particular twist-3 GPD, G5, and kinetic angular
momentum of the quarks inside a longitudinally polarized nucleon [15-17],

LZin = _/dmng(mvg =0,t= O)a (1)

where z is the average longitudinal quark momentum, £ is the longitudinal and ¢ is the total momentum transfer
to the nucleon.

Twist-3 GPDs generically exhibit discontinuities at the points of particular interest and importance (z = +££).
These points correspond to configurations in which one of the partons has a vanishing momentum component in the
matrix element describing the scattering amplitude. There are several studies [17-30] which reveal the discontinu-
ties of twist-3 GPDs using Wandzura-Wilczek (WW) approximation [32]. However, we show that twist-3 GPDs are



also discontinuous in quark target model (QTM) and scalar diquark model (SDM) without using WW approxima-
tion. Potentially the discontinuities lead to divergent scattering amplitudes and endanger the factorization of the
hard-scattering process [33]. However, in Ref.[34] it has been shown that the discontinuities cancel for the linear
combinations of twist-3 GPDs which enter the DVCS amplitude, and therefore, twist-3 amplitudes are consistent
with DVCS factorization. Even though they do not exhibit a problem for factorization, we will show that in the
forward limit the discontinuties can grow into Dirac delta functions which are essential for satisfying relevant Lorentz
invariance relations. Investigating twist-3 quasi-PDF's as a function of the longitudinal momentum reveals that the
Dirac delta function terms correspond to momentum components in the nucleon state that do not scale as the nucleon
is boosted to the IMF.

There are several parametrizations of the correlators which define GPDs [25, 27, 31]. The relations between the
different parametrizations are given in Ref.[34]. We use the following parametrization [28] and adopt the light front
gauge AT = 0 where the Wilson lines can be ignored [35].
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In Egs.(2) and (3), P (P’) is the incoming (outgoing), p* is the average longitudinal nucleon four-momentum, S (5”)
is the initial (final) nucleon spin, M is the nucleon mass, and H, F, H E are twist- 2, G1,...,Gy, Gl, . G4 are twist-3
GPDs.

In this study, we focus on the twist-3 GPDs G5 and ég since they are essential in the sense that G- is related to
the quark kinetic orbital angular momentum via Eq.(1), and Go reduces to go(z) in the forward limit which enters
the polarized DIS cross section [36].

This paper is organized as follows: In section II and III, the twist-3 GPDs G2 and G> are calculated using QTM
and SDM respectively. The behaviours of their discontinuities under decreasing skewness parameter ({ — 0) are
investigated and summarized in TABLE I. In section IV, the forward limit of ég, twist-3 PDF go(z), is calculated
using SDM. The discontinuities of G5 are identified with a Dirac delta function term in g2(x). With the motivation
of investigating the origin of this singularity, also the quasi-PDF, g4“***(k?), is calculated. Determining g2“**(k?)
shows that the Dirac delta function term in go(x) corresponds to a momentum component in the nucleon state that
does not scale as the nucleon is boosted to the IMF. As shown in section V, neclecting the Dirac delta functions leads
to the violation of sum rules for twist-3 PDFs and GPDs. In section VI, our work is summarized.

II. G AND G; IN QUARK TARGET MODEL

FIG. 1: QTM in a symmetric frame.

In QTM, a quark or an anti-quark releases a photon/gluon and recombines with it after the interaction. FIG.3 shows

A
QTM in a symmetric frame where the kinematic variables are A, the four-momentum transfer; P = p — -5 (P =



A A A
p+ 5), the incoming (outgoing) four-momentum; p, the average momentum (with p; = 0); k — Bl (k+ 5), the
four-momentum before (after) the interaction.

To calculate G, the matrix element on the lhs of Eq.(2) is written using QTM with the vertex operator, I' = -+,

X X

ig? [ dk (k+ - +m) (== +m)
—% 2m)t o(k™ — ap)a(P’, )" 2 v 2 7" (4)
[(k+5)2 —m?+ie  [(k—5)? —m? +ie]
_ nV(pu - ku) _ nu(pu — k) 1
X[g“” ot — K+ Dt — K+ [(p—k)Z—A2+z'e]“( »5)
1 — / / AJ_ i AJ— + ZE%kAé‘ +
= 5,7 i(PS) [mGl FHH + B+ Gy) o Gy LRy 15Ga| u(P, 5),

and the coefficient of the vector structure, (H + E + G2) is identified. In Eq.(4), g is the coupling strength, m = M
is the quark/anti-quark and X is the renormalization mass. To extract Gy from the combination, (H + E + G3), H is
calculated in QTM using the parametrization,
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For simplicity, only the divergent contributions are considered. Since E is finite, it does not contribute to the
divergent parts of the matrix elements in Eqs.(4) and (5).

Identifying & with the longitudinal momentum transfer fraction (¢ = AT /2p™), the three regions regarding the
interval of the longitidunal momentum fraction (z = k% /p™) have to be distinguished to evaluate the ¥~ integrals on
the lhs of Eq.(4):

e For ¢ <z <1, the incoming and outgoing longitudinal momentum fractions,  — £ and x + £ , are positive, and
the correlator involves an incoming and outgoing quark.

e For —¢ <z < ¢, the incoming longitunal momentum fraction, x — &, is negative and outgoing, x + &, is positive.
In this region, the correlator involves an incoming anti-quark and outgoing quark.

e For —1 < z < £, both momentum fractions are negative, describing an incoming and outgoing anti-quark.

The regions £ < z < 1 and —1 < z < £ are commonly referred to as DGLAP regions [37-40] and —¢ < z < ¢ as
ERBL region [41, 42]. Regarding these regions, the divergent part of G2 in QTM is calculated as
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where A is the transverse momentum cut off. Since it violates the conservation of momentum in QTM, the distri-
bution does not have a support in the —1 < x < £ region.
To calculate Go, the matrix element on the lhs of Eq.(3) is written using QTM with the vertex operator, I' = y~s,

and the coeflicient of the axial vector structure, (E[ + G9) is identified,
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H is calculated in the same model, but with the vertex operator, I' = v using the parametrization,
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Considering only the divergent parts, where E does not contribute to the matrix elements in Egs. (7) and (8), ég is
calculated as
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As FIG. 2 shows, G5 and G exhibit discontinuities at the points x = £& which correspond to vanishing longitudinal
momentum components in the initial or final state. In the limit of £ — 0, the discontinuities of Go stay finite, and
the contribution from the ERBL region partially cancels upon integrating over x. Whereas, the discontinuities of G4
diverge, and its ERBL region resembles a representation of Dirac delta function, as explained in the Appendix. In
the following section, the discontinuties of G4 and G, and their behaviors as & — 0 are investigated using SDM.

III. G, AND G> IN SCALAR DIQUARK MODEL

In scalar quark diquark model (SDM), the three valence quarks of the nucleon are considered to be a bound state
of a single quark and a scalar diquark. We assume that the virtual photon is interacting only with the single quark
(active quark) and the scalar diquark is a spectator.

To calculate Ga, the matrix element on the lhs of Eq.(2) is written using SDM,
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and the coefficient of the vector structure, (H + FE + G2) is identified. In Eq.(10), M, m and A denotes the nucleon,
quark and diquark mass respectively. G5 is extracted considering only the divergent contributions, as in the QTM
case.
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To calculate C~¥2, the matrix element in Eq.(3) is written using SDM,

X X
ig? [ d'k oy A Am) g am) |
| o0k —ap)a(r, 8" T o o upS) (12)
2 /(27T) [(k—f—%)Q—mQ—i-ie] [(k—%)2—m2+ie] [(p = k)? = A* + ie]
1 1 1 Z‘EJ_k 1

A ~ ~  ~ A ~ A ~
— 2Fﬂ(P/, ) {m%(}; +G1) + s (H + Go) + F7+75G3 + %,ﬁ@ u(P,S),
the axial vector structure coeflicient, (ﬁ + ég) is identified, and after calculating H, the divergent part of Gs is
obtained.
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FIG. 2: Discontinuties of the twist-3 GPDs, G2 and éz in QTM for A, =2, and g = 1.

As shown in FIG. 4, G5 and ég exhibit discontinuities at the points x = +£. These discontinuities diverge as & — 0,
and the ERBL regions of both GPDs resemble a representation of a Dirac delta function.

The behaviors of the discontinuties of G and Ga as € — 0 in QTM and SDM are summarized in TABLE I. In the
following section, twist-3 PDFs and quasi-PDFs are investigated using SDM.
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FIG. 3: SDM in a symmetric frame.

Twist-3 GPD]| QTM | SDM

G Divergent | Divergent

Ga Finite |Divergent

TABLE I: The behavior of the discontinuties of the twist-3 GPDs, ég and G2 as £ — 0 in QTM and SDM.

IV. TWIST-3 PDFS AND TWIST-3 QUASI-PDFS IN SCALAR DIQUARK MODEL

For equal momenta and spins of the initial and final hadron states, the matrix elements defining GPDs reduce to the
matrix elements defining PDFs [43]. There are three quark PDFs (f1, g1, h1) at twist-2 level and three quark PDF's
(e,hr, g2) at twist-3 level. The complete set of PDF's is defined by the matrix elements of quark bilocal operators.
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where P, S and M are the momentum, spin and mass of the parent hadron respectively. p and 7 are light-like vectors,
i.e. p? = n? = 0, with the components, p~ = p, =0, p¥ = PT and ~* =7, = 0,2~ = 1/P*. The spin vector, S*, is
decomposed as S* = (S-n)p* + (S-p)* + S’ . x represents the parton’s light-cone momentum fraction and each PDF
has a support in the —1 < x < 1 interval. The PDFs, f4, g3 and h3 appear at twist-4 level. In the parametrization
given by Eq.(15), g7 () = g1(2) + g2(2).

Even though the matrix elements entering the cross section are usually dominated by twist-2 operators in the
Bjorken limit, and twist-3 operators are mostly relevant for subleading corrections, the twist-3 PDFs, go(x) and hp(x)
are unique in the sense that they appear as leading contributions in some spin asymmetries. For example, go(x) can
be measured in the transversely polarized DIS, and hr(z) can be measured in the longitudinal-transverse double spin
asymmetry in the polarized Drell-Yan process [44].

The twist-3 GPD, G+ reduces to the twist-3 PDF, g2(z) in the forward limit. In order to investigate the Dirac delta
function behavior of G in the ERBL region in the forward limit, gs (z) = gr(x) — g1(x) is calculated, as explained in
the Appendix.

g2(x) contains the following term which contains a singularity,
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FIG. 4: Discontinuties of the twist-3 GPDs, G2 and 62 in SDM for A, =2 and g = 1.

where m is the quark and M is the nucleon mass.
The singularity originates from the light-cone energy integral,
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FIG. 5: SDM in the forward limit.
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of the complex k~-plane. However, when kT = 0 is included the result of this integral is not zero.

since enclosing the double pole, K~ = can be avoided by closing the contour in approriate half-plane
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Therefore, the singular term is
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where A | is the transverse momentum cut off.

The term in Eq.(23) is given in terms of longitudinal momentum, k. In order to express it as a function of
longitudinal momentum fraction, it is integrated over k* and multiplied by P,
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To illustrate the origin of the Dirac delta function contribution, now we consider the twist-3 quasi-PDF, g4“** (z).

While PDF's are calculated using light-cone coordinates, when calculating quasi-PDFs one treats the operators in
normal coordinates where the nucleon moves purely in spatial direction with a momentum P? [46, 47]. PDFs are
recovered from quasi-PDFs by taking the P* — oo limit. [48-50].

In addition, we also consider the distributions as functions of longitudinal momenta, i.e. ga(k*) and g3“***(k*),
as shown in FIG.6 2 . The twist-3 distributions are identified by their scaling property under a longitudinal nucleon
momentum boost: Twist-3 PDFs scale with 1/P*, and twist-3 quasi-PDFs with 1/P?. Whereas, the distributions in
FIG.6 have two components one of which obey the twist-3 scaling properties, while the other component at k* (k™) = 0
does not scale as the nucleon is boosted to higher longitudinal momenta. In other words, the k*(k™) = 0 component
does not change with 1/P*(1/P%).

The non-scaling component of the PDF gy(k™) corresponds to the term g2 5(k™) given by Eq.(23), while the

non-scaling (ns) component of the quasi-PDF ¢2“**(k?) originates from the term,

I This result has been first derived in Ref.[45]

2 For simplicity, the masses, M, m and X\ are set to “1” to obtain the plots of the PDFs and the quasi-PDFs. Therefore, the quantities,
which carry the units of those masses are dimensionless. Consequently, the transverse momentum cut off, A, the longitudinal quark
momenta, k?(kT), and the longitudinal nucleon momenta, P*(P1), in FIGs. 6, 7, 8, 9 and 10 do not have units.
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FIG.7 shows the distributions as functions of « where the expression in Eq.(25) is multiplied by PZ?. It can be seen

that the non-scaling component of the quasi-PDF g

quast

function at x = 0 as the nucleon is boosted to the IMF, i.e. P* — co.

Operator product expansion (OPE) analysis of the matrix elements allows the twist-3 distributions to be decomposed
into the contributions expressed in terms of twist-2 distributions (WW-part) [32], a quark mass term and the rest
which involves interactions. For example, for go(x) the decomposition reads,

() can be identified with a representation of a Dirac delta
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P+ Pz

g2(x) = 93" () + 95" (z) + Go () (26)
where the WW-part is given by [51]
1
dy
BV @) = @)+ [ L), (27)

In QCD, g, (z) corresponds to the pure quark-gluon correlation part of the twist-3 distribution. These pure quark-gluon
correlations, which are also called genuine twist-3 terms, involve a novel type of information that is not contained
in twist-2 distributions. For example, the 72 moment of the genuine twist-3 part of polarized PDF g,(z) can be
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identified with the transverse component of the average color Lorentz force acting on the struck quark at the instant
after absorbing the virtual photon [12].

An important question is, whether the components which do not scale under a longitudinal momentum boost come
from the WW parts of twist-3 distributions. In order to address this question, in addition to g1 (z) and g2(x), also the
twist-2 PDFs fi(x), hi(x), and twist-3 pdfs e(z), hr(x) are calculated using SDM. The PDFs calculated with QTM
are taken from Ref.[52].

Twist-2 PDF[SDM[QTM

fi(z) X X
g1(z) X X
hi(x) X X

Twist-3 PDF[SDM|QTM

e(z) vV |V
hi(z) vV |V
g2(x) v | X

TABLE II: Dirac delta functions in PDFs calculated using SDM and QTM.” x"” denotes there is no §(x) and "1/ denotes there
is a §(z) in a PDF.

As shown in TABLE II, all the twist-3 PDFs calculated in SDM and QTM contain a é(x) term only with the
exception of ga(x) in QTM. Whereas, such a term does not appear in any of the twist-2 PDFs. As an example, the
twist-2 PDF g¢; () and the twist-2 quasi-PDF ¢7"“**"(z) are calculated in SDM. FIG. 8 shows that g7““**(x) converges
to g1(z) as P* — oo without generating a §(z). Therefore, any potential singularity which can result from the integral
in Eq.(27) does not originate from Eq.(19). For this reason, the WW part is not the source of the é(z) contribution
in a twist-3 distribution.

As another example, twist-3 PDF e(k*) and quasi-PDF e9%%*!(k*) are shown in FIG. 9. As the nucleon is boosted
to the IMF, e?%%i(k?) converges to e(k'). e(k™) contains a §(kT) term which corresponds to a non-scaling term in
eduast(k?) at k* = 0 as P* — oo. FIG.10 shows that this component becomes a representation of §(z) in e?“2*!(z) as
the nucleon is boosted to the IMF.

There are several studies in which the singularity of e(x) was disccussed using the chiral quark soliton model [53-56].
The main difference is, in pQCD calculations, such as scalar diquark and quark target model, the delta functions arise
from rainbow type diagrams while in the chiral quark soliton model, they arise from quark loops.

V. VIOLATION OF SUM RULES

The following sum rules for twist-3 distributions involve the point = 0.

/ g (x) = / 11 dzgr(z), (28)

1 —

[ 11 duhy (z) = K 11 dahy (), (29)

| daeta) = SAPEO)ROIP) = -0 (30)

1 dm
2

2P -q
P - q — oo. Therefore, experimental measurements cannot confirm but would rather claim the violation of these sum
rules even though, they are direct consequences of Lorentz invariance.

For example, Lorentz invariance of twist-3 GPDs imply that,

However, this point cannot be achieved in DIS experiments since z is defined as x =

and z = 0 corresponds to
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1
/ daGi(x,6,A) = 0,
—1

quast

+ for g1(z) and x = - for g

1 ().
1 ~
/ dxGi(z, &, A) = 0. (31)
-1
If 2 = 0 and hence the §(x) is not included, Eq. (31) is violated as follows,
€ 1
lim dzGi(z,6 =0,A) + lim | dzGi(z,& =0,A)#0,
e—0 1 e—0 €
lim dzGi(z, € = 0,A) + lim
e—0 1 e—0

1
/ dzGi(z, € =0,A) #0

12
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The Lorentz invariance relations in Eq.(31) can be regarded as a non-forward generalization of Burkhardt-
Cottingham sum rule given in Eq.(28) [57]. Since the lhs of Eq.(28) is the axial charge, the integral on the rhs
is finite. If the twist-3 PDF, gr(x) has a contribution proportional to §(z) and g;(x) does not, experimental mea-
surements would not be able to confirm this sum rule. Similar arguments apply to the A and o-term sum rules in
Eqgs.(29) and (30) respectively. Therefore, the violation of the sum rules from the experimental data would provide
an indirect evidence on the existence of the Dirac delta functions.
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SUMMARY AND DISCUSSION

We have investigated the twist-3 GPDs G> and (~¥2 using QTM and SDM. In both models, these twist-3 GPDs
exhibit discontinuities at the points x = +£. In the limit £ — 0, the discontinuities of G5 are divergent in both models,

and the ERBL region resembles a representation of a §(z). However, the discontinuities of ég behave differently in
the two different models: they diverge in SDM but stay finite in the QTM as £ — 0.

In the forward limit, G2 reduces to gz2(x), and the discontinuities grow into a dé(x) in SDM. Calculation of the

quasi-PDF ¢

(k*) reveals that the §(x) term corresponds to a component that does not scale as the nucleon is
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boosted to the IMF.

The §(z) contribution is not unique to the case of g2(z), and all the other twist-3 PDFs contain a 6(z) in both QTM
and SDM only with the exception of gz(x) in the QTM. These §(x) terms are not related to the twist-2 (WW) parts
of the twist-3 PDF's since model calculations show that none of the twist-2 PDF's contain such a term. Violations of
the sum rules containing twist-3 PDFs and GPDs experimentally would provide an indirect evidence on the existence
of these §(z) contributions.

In effective field theories with four fermion interaction vertices, singularities in GPDs and PDFs may already arise
at the twist 2 level [58]. However, the singularities we have discussed that arise for QCD and Yukawa type interactions,
are restricted to twist 3 or higher.

In generalized tadpole diagrams, i.e. diagrams where a subdiagram is connected to the rest of the diagram at a
single vertex, the appearance of §(z) terms is trivial: there is no momentum flowing through the subdiagram, and its
contribution to the PDF does not scale in the IMF. However, the appearance of §(z) is not trivial for the rainbow-like
diagrams considered here, and we demonstrated that for higher twist PDF's there still appears such a component.

An important remark is, how the Delta function is effected by QCD evolution, i.e. its Q? dependence which can
be related to the transverse momentum cut off, A;. In the model calculation, performed in section IV, the d(x)
appears as the nucleon is boosted to the IMF regardless of the value of A, even though its coefficient evolves with
A? . Therefore, QCD evolution effects the coefficient of the §(x) but its existence is a Q2 independent result.

Integrals with similar pole structures to that of Eq.(19) such as

dk~
/ k2 —m?2 +ie (34)

have been studied in connection with the light front vacuum [59-61]. The integrals involving the higher powers of
the denominator in Eq.(34) can be obtained by repeated differentiation with respect to m?. The relation between the
light front vacuum and the §(z) in twist-3 PDFs will be studied in Ref.[62].

VII. APPENDIX
A. G In QTM
The divergent part of G5 is calculated as

g [ Bt k821 1 2) | )
(2m)* [(k+ %)2 —m? +ie| [(k — %)2 —m? +ie] [(p — k)% — X2 + i]

k™ in the numerator of Eq.(35) can be replaced by the expression,

_om? p—k)? =N (RN
S ey M ey oL (36)

The second term in Eq.(36) cancels the propagator in the denominator in Eq.(35) leading to the following contri-
bution which is nonzero only in the ERBL region, —¢ < x < &.

1 A%k, dk~ 1
igtapt L E ) / L 37)

1-2)) (@ [(k+%)2 —m2 +ie] [(k — %)Lmuie]

The result of this integral is dominated by the following term which diverges as & — 0 yielding a representation of

o(x).

g (1+=)
—ﬁig(l_x) InAj. (38)
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B. G, In QTM

The divergent part of G» is calculated as

L 2/ Pk, dk~ k=8(p™)2(x + £2)

. (39)
(2m)* [(k+ %)2 —m? +ie| [(k — %)2 —m? +ie] [(p — k)% — A2 + i]

Similarly, £~ in the numerator of Eq.(39) can be replaced by the expression given by the Eq.(36) where the second
term cancels the propagator in the denominator leading to the contribution,

. x + &2 d?k, dk~ 1
e B A (40)
[(k+ 5)2 —m? + e [(k — 5)2 —m? + ie]
The result of this integral is dominated by the term,
2 2
g0 @+ &)
27‘(‘2 f(l—]}) lnAL. (41)

Due to the apprearence of £2 in the numerator, this expression is finite as & — 0, unlike the expression in Eq.(38)
C. gr(z) In SDM

g7 () is obtained by using v* = v in the parametrization given by Eq.(15),

/ %60\1‘ <P’ SW(O)’YL’YE,(]()\TL) |P7 S> _ 29T (%)Sl ] (42)

The lhs of Eq.(42) is written using SDM,

_ig® [ d'k N (f +m) (f +m) 1
gr(@)S™ = =5 (2m)1 Ok — 2P T)u(p) (k2 —m2 1 ie) 7 07 —mz 40 P [(p— k)2 — X2 +ie] (43)
Using the identities,
a(P)u(P) = 2M, (44)
u(P)y"u(P) = 2P", (45)
a(P)vysu(P) =0, (46)
u(P)y"ysu(P) = 25*, (47)
u(P)y y ysu(P) = % 5 (48)
WPy asu(P) = 28t = oSt (19)
WPy 7 su(P) = kgt (50)
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the numerator of the integrand in Eq.(43) is calculated as

(P +m)y 5k + m)u(P) = 2(a + 1) 2k P+ + mA)S™. (51)

Like in the cases for G5 and 62, k™ in this numerator is replaced by the expression,

M?  [(P—k)? =\ (k2 +22)

Y Ty s S Ty R

(52)

and the second term cancels the propagator in the denominator of Eq.(43). Thus, two types of k~ integrals appear
in the expression for gr(x).

m
2 (x4 —) _
2 M 2 2 2 dk
= —= | d*k [M(M + 1—2)—k —A/ 53
ig? (@ + / i / dk—
1674 l—x YR —m? ie)?
As Eq.(22) shows, the energy integral in the second line of the above equation is the origin of the d-funtion.
The full expression for gr(z) is obtained as follows by using a transverse momentum cut off, A .
? [M(M +m)(1 —2) =\ + o] Mo ) AT e
g m +m)(l—z) - A" +tw 2 g M 1+m
=— — In(k 1 o(x). (54
or(z) 167r2($+M){ e +in( L+w>}k20+m2 Tl (R e, (54
2=
where w is given by,
w=—z(1—2)M*+ (1 —2)m? + 2\% (55)
D. gi(z) In SDM
g1(x) is obtained by using v* = 4T in the parametrization given by Eq.(15),
dA l)\ZE + +
2.6 (P S0y sq(An)| P, S) = 201(2) ST (56)
The left-hand side of Eq.(56) is written using SDM,
9> [ d'k (¥ +m) ( +m) 1
S+ _ & 5 ]{i+ _ P+ I + . 57
91(z) 2 | 2n)t (k" —2P7)u(p) k2 —m2+ie) P2 —m2+ ie)u(p [(p— k)2 — A2 + ie] (57)
The numerator of the integrand in Eq.(57) is calculated using the identities given by Eqs.(44)-(50),
u(p)(f+m)y s (F+m)u(p) = —4kT2S~ — [2k2 — 2m? — AmM xS+ (58)
=2[(m+azM)? - k3]S+.
The following expression is obtained for ¢; (z) using a transverse momentum cut off, A .
(@) = L (1 =y { L IMPT e . (59)
)= T G2 K+ L ¥ —o0

Similar to other twist-2 PDFs, the numerator in Eq.(58) does not have a term involving a k~, and therefore, the
cancellation of the propagator which leads to the §(z) contribution does not occur for ¢;(z).
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E. g2(z) In SDM

g2(x) is obtained as follows by using Egs. (59) and (54) in the relation gr(z) = g1(z) + g2(z).

2 _ A2 2 A2
-9 ATV 2 vl L) A g m_ 2 *
92(v) = 167r2{2w M[( +m)* = N+ (m o+ 2M) }(ki Tyl o T Tgmz 20t 37 ~ DIk AW, (60)

R TN L

1672 (1 —x) m

+

where the last term is called as g2 5(z) in Eq.(24).
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