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ABSTRACT: Spinfoam amplitudes with small spins can have interesting semiclassical behavior and relate to semi-
classical gravity and geometry in 4 dimensions. We study the generalized spinfoam model (Spinfoams for all
loop quantum gravity (LQG) [1, 2]) with small spins j but a large number of spin degrees of freedom (DOFs),
and find that it relates to the simplicial Engle-Pereira-Rovelli-Livine-Freidel-Krasnov (EPRL-FK) model with
large spins and Regge calculus by coarse-graining spin DOFs. Small-j generalized spinfoam amplitudes can
be employed to define semiclassical states in the LQG kinematical Hilbert space. Each of these semiclassical
states is determined by a 4-dimensional Regge geometry. We compute the entanglement Rényi entropies of
these semiclassical states. The entanglement entropy interestingly coarse-grains spin DOFs in the generalized
spinfoam model, and satisfies an analog of the thermodynamical first law. This result possibly relates to the
quantum black hole thermodynamics in [3].
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1 Introduction

Loop Quantum Gravity (LQG) is a candidate of non-perturbative and background-independent theory of quan-
tum gravity. A covariant approach of LQG is developed by the spinfoam formulation, in which the quantity
playing the central role is the spinfoam amplitude [4, 5]. 4-dimensional spinfoam ampliutdes give transition
amplitudes of boundary 3d quantum geometry states in LQG, and formulate the LQG version of quantum
gravity path-integral. The spinfoam formulation is a successful program for demonstrating the semiclassical
consistency of LQG. The recent progresses on the semiclassical analysis reveal that spinfoam amplitudes relate
to the semiclassical Einstein gravity in the large spin regime, e.g. [6—13].

Although the analysis of large spin spinfoam ampitude has been fruitful for demonstrating the semiclassical
behavior, there are good reasons to expect that some even more interesting semiclassical behavior of spinfoams,
or in general LQG, should appear in the regime where spins are all small. There are 2 motivations for the
semiclassical analysis in small spin regime:

Firstly, recall that the large spin semiclassicality is motivated by requiring the geometrical surface area ag
to be semiclassical, i.e. ag > Kf, where {p is the Planck length. The requirement leads to the spin j > 1
provided the area spectrum ag = 87ry€% vVJj(j + 1), if we assume that there is only a single spin-network link
colored by j intersecting the surface S. Large-j is a sufficient condition for the semiclassical area but clearly not
necessary. Indeed if we relax this assumption and allow more than one intersecting links /, the area spectrum
may become ag = 877)/5%, Zﬁl +/Ji(ji + 1) which sums “area elements” 87ry€f, \JiGr+ 1) at I N is the total
number of intersecting links. Then the semiclassical surface area ag > ff, can be achieved not only by large j
and small N, but also by small j and large N. For instance, all j = 1/2 and N > 1 lead to ag > 512[,. Therefore we
anticipate that small spins (with large number of intersecting links) should also lead to semiclassical behaviors
of LQG.

The second motivation comes from the statistical interpretation of black hole entropy in LQG: The black
hole horizon with a fixed total area punctured by a large number of spin-network links /. The punctures are
colored by spins jj;, each of which contribute area element 87ry£’12[, \/m to the horizon. The black hole
entropy counts the total number of microstates which give the same total horizon area [3, 14, 15]. It turns out
that the total number of states is dominant by states at punctures with small j;, while the number of states decays
exponentially as j becomes large. The fact that small js dominate the semiclassical horizon area and entropy
suggests that small spins should play an important role in the semiclassical analysis of LQG.

This work takes the first step to study systematically the semiclassical behavior of LQG in the small spin
regime, in particular in the spinfoam formulation. From the above motivation, given a surface S punctured by
N spin-network links, the semiclassical area of S can be given not only by small N and large j, but also by large
N and small j. Section 2 generalizes this observation to quantum polyhedra represented by intertwiners (SU(2)
invariant tensors) at spin-network nodes. We find among intertwiners with a fixed large rank N > 1 (quantum
polyhedra with N facets f), there are a subclass of small-j and large-N coherent intertwiners [|{j}, {€s})n
(f =1,---, N)relating to the large-J and rank-4 coherent intertwiner ||{Ja}, {€a})4 (A = 1,--- ,4) and having the
semiclassical behavior as geometrical flat tetrahedra. A are 4 groups of intertwiner legs f, and every A contains
a large number Ny > 1 of f’s. The subclass of coherent intertwiners exhibiting semiclassical behaviors are
defined by the parallel restriction on &;’s

ér=&p=&r uptoaphase Y f, f €A, (1.1)

ie. &, &p give the same unit 3-vector 7ix = (£alFI€a) Where & are Pauli matrices. Geometrical tetrahedra
resulting from these intertwiners has face area proportional to Jo = Y. cs jr and face normals 7. Ja is large
since Ny > 1 and j; # 0. This result has a simple geometrical picture: Given a classical flat tetrahedron,
we may partition every face A into N, facets f, while the face area sums the facet areas and the facet normals



are parallel among facets in a A. By partitioning tetrahedron faces into facets, the tetrahedron becomes a
polyhedron with a total number of N = 22:1 Nj facets, each of which has a small area (see FIG.1(a)). The
correspondence between polyhedra and intertwiners in LQG [16] relates f to intertwiner legs (and tetrahedron
faces A to 4 groups of intertwiner legs) and facet areas and normals to coherent intertwiner labels (see FIG.1(b)).
These parallel normals motivates the above parallel restriction. Beyond the semiclassical behaviors of these
intertwiners, quantum corrections to semiclassical tetrahedron geometries are of O(1/Jx) = O(1/N,) thus is
suppressed by large rank N (or Np). The above result demonstrates that at the level of quantum polyhedra, we
can trade small j; and large rank N > 1 for large J5 and small rank N = 4 to obtain the semiclassicality.

Note that the above semiclassical result still holds if we replace the tetrahedron by polyhedra in case their
numbers of faces A are still small. A similar idea as the above is applied in [17] to relate LQG states to
holographic tensor networks, and relates to [18].

Section 3 generalizes the small- j semiclassical analysis to the spinfoam vertex amplitude in 4 dimensions.
The vertex amplitude A, is associated to a 4-dimensional cell By whose boundary are closed and made by
gluing 5 polyhedra @ = 1,---5, each of which has a large number N, of facets (see FIG.1(c)). Every pair
of polyhedra share a large number N, of facets, where A = @ N g is the face made by facets shared by 2
polyhedra a, 8. Ignoring the fine partition of A, By relates to a 4-simplex where A relates to triangles of the
4-simplex. A, depends on the boundary data which contains small spins j; and 5 intertwiners [|{j}, {£r})n, of
quantum polyhedra. To be concrete, we consider A, to be the generalized spinfoam vertex [1, 2] (in Euclidean
signature with 0 < y < 1) which admits non-simplicial cells. We writing A, in terms of coherent intertwiners
and impose the parallel restriction Eq.(1.1) to boundary data &,y with f € A. We find that up to an overall
phase, A, with small j; and large N, is identical to the Engle-Pereira-Rovelli-Livine-Freidel-Krasnov (EPRL-
FK) vertex amplitude of 4-simplex with large spins Jo > 1, where 10 A become triangles of the 4-simplex and
Ja = 2fen Jr similar to the case of polyhedra. Due to large Ja, the same asymptotic analysis as in [19] can
be applied to A, and gives the following asymptotic formula relating to the 4-simplex Regge action )5 yJA®x

(The triangle area a5 = 8myt3Js)
1vo(L)). a2
vl

We refer the reader to [19] for expressions of N7_, N7,, N”_. The expansion parameter N is the order of

2\ 12
A, = (overall phase) (ﬁﬂ) [2NZ_ cos (Z 7JA®A] + N7, eZa/a0s 4 NV o= 2 a0Os
A

magnitude of Ny ~ Ja.

Section 4 generalizes the discussion to spinfoam amplitude A(%) on cellular complexes K in 4 dimensions.
The 4d cell of K is B4 to define vertex amplitudes A, as above. We again apply the generalized spinfoam
formulation to define the amplitude on K. By the above relation between B, and 4-simplex, K relates to a
unique simplicial complex K, where decomposing triangles A € K into facets f gives K. In the above analysis
of a single A,, the parallel restriction can be applied since &,y are boundary data. However for the spinfoam
amplitude A(K) we do need to consider internal &, beyond the parallel restriction since individual &,/’s are
integrated independently in A(K). We write the spinfoam amplitude as a sum over spins A(K) = X;; Ay, (%)
and focus on Ay;,1(K) in Section 4. Ay;,)(%) has the standard integral expression:

A0 = [ | Aaip) f [déosdgsles, 8 = > > 2% In(furlgt, " 85| &or) (1.3)
f £ onf

where the face amplitude Ax(j) is 2 + 1 to certain power only depending on A. It turns out that the stationary
phase analysis can be still applied to Ay;,,(K) with small nonzero j; but large Na. It is clear from the discussion
in the last paragraph that Aj;,,(K) reduces to the simplicial EPRL-FK spinfoam amplitude with large spins
Ja = Y ren Jr if we impose by hand the parallel restriction to internal &,;’s. We prove that all critical points



of large Jo simplicial EPRL-FK amplitude give critical points of Ay;,(K) if we relate the critical data by
Ja = Ysen Jr» internal £,4 = &5 (up to a phase), and identifying gy, between simplicial EPRL-FK and Ay;,(%).
We denote these critical points by (g, £.a)c[Ja]l. Some of these critical points relate to Regge geometries in
4 dimensions similar to the simplicial EPRL-FK amplitude [12, 20]. At these critical points, J, is identified to
be the area of the triangle A. The application of critical points to the stationary phase analysis is discussed in
Section 9.

The relation between the simplicial EPRL-FK amplitude and A() suggests a new viewpoint that the
EPRL-FK model with spins Jj can be an effective theory emergent from a more fundamental theory formulated
by A(K) with j;. The EPRL-FK model is obtained from A(%) by coarse-graining from j to J, and imposing
the parallel restriction (more rigorously, the EPRL-FK model appears as a partial amplitude in A(%) after inte-
grating out the non-parallel &, as shown in Section 9). The EPRL-FK amplitude with given J, is a collection
of a large number of micro-degrees of freedom {j,} satisfying Jo = X e jr at all A. Critical points from
EPRL-FK model and Regge geometries are “macrostates” which contain {j} as “microstates”. This picture is
interesting and turns out to be important in the computation of entanglement entropy.

Before the analysis of the full amplitude A(K) in Section 9, Sections 5-7 make a modification of the
amplitude by imposing weakly the parallel restriction to internal &,;’s, and applies the modified amplitude to
the study of entanglement entropy in LQG (see e.g. [17, 21-26] for some existing studies of entanglement
entropy in LQG). The modified amplitude is used to define a class of states in the LQG Hilbert space: Given
a 4-manifold ., with boundary ¥ and consider K (whose 4-cells are B,) as a cellular decomposition of .,
(e.g. FIG.2). The boundary complex 9K C X gives the dual graph dK* c X. Hs is defined as the LQG
kinematical Hilbert space on K™ and is spanned by the spin-network states ITﬁ) with spins fand intertwiners
7 on links and nodes of %K. In Section 5, we construct a class of states |¢/) € Hs as finite linear combinations
of spin-networks |Tj»’?) weighted by spinfoam amplitudes whose boundary data are f,? In terms of coherent
intertwiners,

) = [Z;/UAA(jf) fm [dgr,déas1 MY T3 ), (1.4)
If 8

where |Tﬁg) are spin-networks with coherent intertwiners. V is a potential which imposes the parallel restric-
tion when N — oo. |i/) depends on a choice of the isolated critical point (g5, £oa)c[Ja] Where &, ¢ = Eua (up to
phases) satisfy the parallel restriction. szf] is constrained by 3’ sep jr = Ja thus is a finite sum. f [dg,déar] is
over a neighborhood 9, - which contains a unique isolated critical point (g}, £aa)c[Ja]. [¢¥) has nice semiclassi-
cal property: the weight of |Tﬁg> is peaked (in the space of boundary E) at the boundary value 5 from the critical
data (g}, £&xa)c[Ja]. The implementation of the parallel restriction by V makes the entanglement entropy of 1)
computable with tools from the stationary phase approximation.

We subdivide X into 2 subregions A and A, such that the boundary S between A and A is triangulated by
A c K. Accordingly the Hilbert space is split by Hy ~ H, ® H; (here Hs has to be suitably enlarged to
include some non-gauge-invariant states in order to define the split and entanglement entropy, see Section 7 for
details). The reduced density matrix p4 and the n-th Rényi entanglement entropy S ,(A) are defined by
! In ;)
1-n tr(ps)"
while the Von Neumann entropy is given by S(A) = lim,_,; S,(A). Entanglement entropies characterize the
amount of entanglement from [1/) between degrees of freedom (DOFs) in A and A. Section 7 computes the
Rényi entropy S ,(A) and shows that §,(A) is a function of “macrostates” Ja, Nx:

Su(A) = 3" [Aa(m)Js + oa(MN4], (1.6)
AcS

pa = trglp)wl,  Sa(A) = (1.5)



where A (n), oa(n) depend on the ratio Jo/Na. When K and S are chosen such that all A € S are shared by the
same number of By’s, Ap(n) = A(n), oa(n) = o(n) become independent of A. In this case,

S4(A) = A(n) Js + o(n) Ng, 1.7

where Js = Y acs Ja and Ng = X zcs Na are total area and total number of facets of S.

Section 6 demonstrates an important intermediate step toward S ,(A): Computing tr(o'; ) reduces to a quan-
tity which can be interpreted as counting microstates {js} in a statistical ensemble with fixed “macrostate”
Ja, Np at a given A. The computation has an interesting analog to the statistical ensemble of identical systems,
in which Ju, N are the total energy and total number of identical systems. This counting of microstates is
similar to the black hole entropy counting in LQG [3].

Section 8 points out that the resulting Rényi entanglement entropy S ,(A) and its differential give an analog
of the thermodynamical first law:

5S,(A) ~ Z [/lA(n) 5Js + oa(n) 6NA], (1.8)
ACS
or 6S,(A) ~ A(n)6Js + o(n) 6N, (1.9)

where in Eq.(1.9), K and § are chosen such that all A € § are shared by the same number of B,’s. Since Jg
is an analogs of the total energy, Eq.(1.9) suggests the analog between A(n)~! and the temperature, as well as
between —o(n)/A(n) and the chemical potential. In the most general situation Eq.(1.8), the temperature and
chemical potential are not constants over S. S is in a non-equilibrium state, although every plaquette A are in
equilibrium. Interestingly, Eq.(1.9) is very similar to the thermodynamical first law derived from the quantum
isolated horizon in [3], if we relate S ,(A) to the black hole entropy, Js to the horizon area (proportional to the
quasilocal energy observed by the near-horizon Unruh observer), and Ng to the total number of spin-network
punctures on the horizon.

The above analogy with thermodynamics is clearly a consequence from coarse-graining in the spinfoam
model A(K). The entanglement entropy effectively coarse-grains the micro-DOFs {j} collected by the macrostate
J As N, A-

The above discussion mostly focuses on the spinfoam small-j amplitudes with the implementation of par-
allel restriction. Section 9 studying the full amplitude A(%) in Eq.(1.3) by removing parallel restrictions to all
internal &,/’s, while integrating out explicitly all non-parallel DOFs of &, at every A. As a result, the ampli-
tude becomes a sum over Ising configurations at all A, where at each A some &,y are parallel £, = £,5 while
others are anti-parallel &,; = Jé,a (J(E,EDT = (-, &), that &s are anti-parallel means that 71 = (£|F|&)
are anti-parallel). The amplitude constrained by the parallel restriction is identified as a partial amplitude in
the sum and relates to the simplicial EPRL-FK amplitude, while all other partial amplitudes are made by flip a
certain number of &, from &, to J&,a. Importantly, all partial amplitudes in the sum can be studied by station-
ary phases approximation. All partial amplitudes, whose numbers of anti-parallel &, are much less than the
numbers of parallel £,; at all A’s, are dominated by contributions from critical points (g5,,, £ea)c[Ja] satisfying
the parallel restriction. In particular, 4d Regge geometries can still be realized as a subset of critical points in
the full amplitude A(K). However, for partial amplitudes whose numbers of anti-parallel &, s are comparable to
the numbers of parallel £, at certain A’s, they give critical points corresponding to semiclassically degenerate
tetrahedron geometries. 4d geometrical interpretations of these critical points are not clear at the moment.

2  Quantum Polyhedron and Parallel Restriction

In LQG, polyhedron geometries are quantized by intertwiners ||i)y € Invsy)(ji,- - , jy) which are invariant in
the tensor product of N SU(2) unitary irreps H, ®- - -®@H;, (spins j > 1/2 label the irreps) [27-29]. In this paper



we always assume js to be small but the rank N to be large: N > 1. Denoting by Zf SU(2) generators acting
on the fth irrep Wj, (f =1,---,N), every invariant tensor ||i) satisfies Z?’:] ij i)y = 0, which is a quantum
analog of the classical closure condition 27:1 asiiy = 0 (ay € R, 7y unit 3-vectors). {ay, i f}y=l satisfying this
condition uniquely determines a geometrical polyhedron with N facets, such that a, is the area of the facet f
while iy is the unit normal vector of f [30].

An overcomplete basis of Invsy2)(ji,- -+ , jv) can be chosen to be coherent intertwiners [27]
N
i ey = [ ah@irép @
s o

where dh is the Haar measure, and |}, &) is the SU(2) coherent state in spin-j irrep labelled by & = (¢!, £%)7
normalized by the Hermitian inner product

1 _ 2
¢ % ) (2.2)

& &
Suppose j are all large, |[{j¢}, {£f})n gives a semiclassical flat polyhedron geometry with N facets, which have
areas ar o j; and normals 7iy = (5 f|5"|§f~> (¢" are Pauli matrices) [16, 27]. However when j are small, this
semiclassical geometry is lost, since the quantum fluctuation is of order 1/j. However as we see below, some
different semiclassical polyhedron geometries can still be found from some [|{j}, {£})y With small j.

An observation is that a subclass of small-spin and large-rank coherent intertwiners relate to large-spin
coherent intertwiners with small-rank. Let’s consider the small rank to be 4 as an example (generalizations to

;&) = 8@l j).  8&) = (

other small ranks is trivial): we make a partition of {1,---, N} into 4 sets, say {1,--- ,N1},{N; + 1,--- ,N; +
No},{N1 + Ny + 1,--- Ny + N, + N3},{N; + N, + N3 + 1,--- N}, where each set has a large number Ny > 1
elements, and we use A = 1,--- , 4 to label these 4 sets. We restrict to a subclass of coherent states denoted by

I{jr}, {éa})n, asking &ps are parallel up to a phase when f € A:
Parallel restriction: &7 = £xe™/, or iy =iy, Y fEA. (2.3)

Parallel £¢s up to phases make parallel normals 77/s. Intuitively, this restriction makes a tetrahedron with 4 large
flat faces from a polyhedron with many small facets (see FIG.1(a)).

The squared norm of [|{;}, {ér€™7}yy is computed by factorizations of coherent states |j,&) = |§)®21 and
Eq.(2.3):

4
[1tish tEae™ u|” = f dn| [<ealhlea)™, Ja= ) 24
A=1

feA

Although j; are small, but J5 > 1 because Ny > 1 and j; > % When above J,s satisfy triangle inequalities,
Eq.(5.16) is of the same expression as the square norm of the rank-4 coherent intertwiner |[|{Ja}, {€r})4 if wWe
relate the above J, to the large spins of the rank-4 intertwiner. Thus the same stationary phase analysis in [27]
can be applied to Eq.(5.16) and shows that Eq.(5.16) is exponentially suppressed unless the following closure
condition holds for the coherent state labels

4 N
D nitn = Y sty =0, (2.5)
A=1 f=1

where 71y = (£AlF|€a) thus iy = 7ix for all f € A. Comparing to the classical closure condition of polyhedron,
Eq.(2.5) uniquely determines a classical flat geometrical tetrahedron, whose face areas are proportional to



Figure 1. (a) The classical tetrahedron geometry emergent from a rank-N coherent intertwiner [|{j}, {£x€™r )y with small
spins but large rank. The tetrahedron with 4 large face is also a polyhedron with N small facets, while normals 7i; of small
polyhedron facets f's are parallel if fs are in the same large tetrahedron face. The flat large tetrahedron faces are composed
by many small facets. Each tetrahedron face area J,-;... 4 is a sum of small areas j;. (b) The rank-N coherent intertwiner
1js}, {£a€r}yy with small spins Jr can be illustrated as a spin-network node connecting to N links, where each link is
dual to a polyhedron facet f and colored by j;. (c) A spinfoam vertex amplitude defined by a spin-network with 5 nodes
(@ = 1,---,5), connected as shown in the figure. Nodes are colored by intertwiners ||{j;, {£,})n, of large rank but small
spins. Geometrically, each node corresponds to a polyhedron of many facets as in (a), and the vertex amplitude glues 5
polyhedra to form a close boundary of a 4d region. {j/}, {£,s} are boundary data of the vertex amplitude.

Ja > 1 and face normals are ii,. However here J, emerges from summing many small j¢s. Eq.(2.5) may still
be interpreted as a classical closure condition of a polyhedron with N facets with small areas js, while facets
composes large flat faces of the tetrahedron. The quantum correction of the classical geometry is of O(1/Jp)
thus suppressed by the large-rank.

The above demonstrates that the classical tetrahedron geometry can emerge from intertwiners with small
Jjs but large rank Ny — oo. The geometrical picture of the tetrahedron/polyhedron is illustrated in FIG.1(a).

Importantly, rank-N intertwiners have much more degrees of freedom (DOFs) than tetrahedron. There
are coherent intertwiners with &s beyond the parallel restriction, while [|{j/}, {{a})n only span a subspace.
In addition, the same tetrahedron geometry with areas J, may come from different spin configurations {;j/}

satisfying Ja = 3 ren Jiy-



Lemma 2.1. Given 4 Jp satisfying the triangle inequality such that ®i: \Hj, has a nontrivial invariant sub-
space, any spin configuration {jr}rea satisfying Jx = Y ren jy leads to a nontrivial invariant subspace in
®4A:1 Bfen 7‘{]‘/,.

Proof: It is convenient to consider coherent intertwiners satisfying the parallel restriction Eq.(2.3) and use
the factorization property |j, &) = |£)®%/

4 4
i), iy — ol Zr2irer dh hlir — X 2jrer f dh h ®2jr
i teseyy = eZ2er | RTINS R R e

A=l feA SU@) Azl fen
4 4
= ¢ 2 2Jf9"ff dh® (hjEn Y)Y = elzﬂw,ff dh®h|JA’§:A> (2.6)
SUQ AT SUQ ATy

The right-hand side gives up to a phase the rank-4 coherent intertwiner, which is nonzero by the assumption
that J, satisfying the triangle inequality. Therefore ||{j}, {éa€'7}yy is nonzero thus the invariant subspace in
®4A=1 ®fea Hj, is nontrivial.

O

3 Spinfoam Vertex Amplitude

We exend our discussion of small-j semiclassicality to LQG dynamics in the spinfoam formulation. We firstly
focus on a class of spinfoam vertex amplitudes asssociated to a 4d spacetime region B4 whose closed boundary
is made by gluing 5 polyhedra (labelled by a,8 = 1,---,5) through facets. Each polyhedron has N, > 1
facets, and every pair of polyhedra «, 8 share a large number N, > 1 facets. A denotes the interface between
a, 3 made by Ny facets f.

We apply the generalized spinfoam formulation to construct amplitude on non-simplicial By [1, 2]. The
vertex amplitude of B4 evaluates a spin-network with 5 nodes (dual to polyhedra), and each pair of nodes «, 8
are connected by N, links. See FIG.1(c) for an illustration. Links connecting nodes are dual to fs shared by
polyhedra and colored by spins jr;. We color every node a by rank-N, coherent intertwiners [|{j}, {€ar})n,
studied above (j; # 0 but small), while making the parallel restriction as in Eq.(2.3):

Eaf = Eape® Y fEA. 3.1

The vertex amplitude A,(jr, &, r) (in Euclidean singature) describes a local transition in B4 of boundary geo-
metrical states & _, [l{j}, {€arn,:

A, = f[dg:*;] 1_[ 1—[ l_[ <j;,§gf |g§—1gg|ﬁ’§ﬁf> — f[dgi]ezt Zﬂﬁln({-},f

+ a<f fe(ap)

8$*'g/§|§/3f>. (32)

where (g}, g,) € Spin(4) associates to each node, and j;-: = (1 £)jr/2 with y < 1. We have applied the
factorization property of coherent state in the above. By the parallel restriction,

i (s~ +1 X Ba 205 Inf{éan|gi ' 8516 .
Av — l—IeZlJf(‘p/ff ¢af) f[dg(_l]e A I p n< A|8. g/;‘ ﬁA>’ J:At — Z]? (33)
Af feA

where ten Ja = X feap) Jjr > 1 emerges as summing j, over facets f € A. J, are all large since Ny > 1 and
Jr= % [1ar s (¢sr=¢ar) is an overall phase since Eq.(3.1) restrict &, parallel up to a phase.

Although A, is a generalized spinfoam vertex with boundary polyhedra and small spins, the integral
Eq.(3.3) has the same expression as the EPRL-FK 4-simplex amplitude (boundary states are rank-4 intertwin-
ers) [19, 31, 32] if we relates J, to actual spins in the EPRL-FK amplitude.



Definition 3.1. Given an integral fD d"x 5™, its stationary points xq are solution of ) (x0) = 0, and its critical

points are stationary points with Re(S (xg)) = 0.

Since Reln (&’'|€) = In|(£'|€)| < In(|€’]] - ||€]]) = O by Schwarz inequality, the exponents in Eqs.(3.2) and
(3.3) are non-positive. The critical points of A, in Eq.(3.2) are solutions of

Bty = Bflags ) fKes flay = 0 (34)

fca

where the 1st equation comes from Re(S) = 0. k,a = £1 appears when d,: acts on g%, or g=, 7. 8% € SO(3) is

the 3-dimensional irrep of g,. When the parallel restriction is imposed to boundary data. The critical equations
Eq.(3.4) reduce to

Biaflan = Riftans ), IaKan flar = 0, (3.5)
Aca
which are also critical equations from Eq.(3.3).

The same asymptotic analysis as in [19] is valid for Eq.(3.3) as Jo > 1. Here we adapt results in [19] to
our A,: When the boundary data js,&a satisfy the closure condition as in Eq.(2.5), and give flat geometrical
tetrahedra that are glued (with A matching in shapes and orientation-matching) to form a closed boundary of a
flat nondegenerate 4-simplex, the asymptotics of A, relates to the Regge action of the 4-simplex: If we define
N to be the order of magnitude of Ny (N ~ Np ~ Ju since all j; ~ O(1)), then A, has the following asymptotic

formula:
1
(l + O(N)) 3.6)

We refer the reader to [19] for expressions of N7_, N7, N”_. The asymptotics is dominant by contributions
from 4 critical points (g7, 87)s (€ows &i)s (8hs &5y (8ows 8o sOIVing Eq.(3.5) with the boundary condition.
©®, is the 4d dihedral angle between a pair of tetrahedra in the geometrical 4-simplex. The quantity inside the
cosine is the Regge action of classical gravity when we identify the tetrahedron face area a, as

o\ 12
A, = (overall phase) (ﬁﬂ) [ZNI_ cos (Z yJA(E)A] + N 2 Ja0s 4 NV o7 2aaOs
A

an=8nyJaly = Y ay,  ay =S8myjls. (3.7)
feA

The large tetrahedron face area is given by summing small areas of polyhedron facets. £p is the Planck length.

4 Spinfoam Amplitudes on Complexes

Our semiclassical analysis with small spins can be generalized to spinfoam amplitudes on cellular complexes
with arbitrarily many cells. We construct a generalized spinfoam amplitude on a complex K whose cells C are
similar to By (every dC are made by 5 polyhedra « of large numbers of facets f, though different C may have
different number of facets). N ~ N > 1 are assumed. Cs are glued in K by sharing boundary polyhedra. K
determines a simplicial complex %K by substituting all polyhedra and C with tetrahedra and 4-simplices. We
associates A, to every C, and write the spinfoam amplitude on K by [20, 28]

AK) = Z l—[Af(jf) f[dfwfdgfa] e, .1
0 s

S = > 205 (G lg " glul Gor) (4.2)
xS



where Ay is the face amplitude given by [33] (see Appendix A for explanations)

Ar(jp) =Aa(yp) = Qjs + 1y»®*1 for internal f,
Af(]f) = AA(Jf) = (2]f + 1)""(A)+2 for boundary f, (43)

ny(A) is the number of By sharing f € A in K and equals the number of 4-simplices sharing A in K. Ay
depends on n,(A) in the coherent state formulation since (2j + 1) f dé1j, €)(j, €] = 1 where d¢ is the standard
normalised measure on the unit sphere. }};, and f [dé,/] sums coherent state labels of all internal facets f.
Each f dé,y is over S2. Different from A, where we can apply the parallel restriction to boundary data, A(K)
sums independently &, s at different internal f's, so we need to take into account fluctuations beyond the parallel
restriction. When % has boundary, we still make the parallel restriction to boundary &,s.

S has the following gauge symmetry:

e Continuous: (1) A diagonal Spin(4) action at o, g5, — higi, for all @ at v by (A}, h]) € Spin(4);
(2) At any internal @, |€,) — holésr) and g, — g k' for all v having « at boundaries; and (3)
o) = €%7|€qy) at any internal |€q ).

o Discrete: g1, — +g! and independently g,, — +g,,-

If we expand S at &, satisfying the parallel restriction, i.e. e s Eaf = Eqn + 0&qp, Vf € AL 6&yy are
fluctuations of &, away from the parallel restriction. Notice that &y — €&, at internal fs are gauge
symmetries of S,

S = S0+ Y 2j0aléarl, So =) > 2JFIn(fun |65, 85| £pn)
f

+ A

Oy =) ”77 DI (Eurlot, " g5l £ar) — n (an [82, " 85| €0n)] = 0(68) (4.4)

where J7 is the same as in Eq.(3.3) and is large by N > 1. J, are assumed to satisfy the triangle inequality. S
reduces to Eq.(3.3) at each v and is the same as the EPRL-FK spinfoam action used for large spin asymptotics
on the simplicial complex K.

4.1 Ciritical points satisfying parallel restriction

Critical points of S, denoted by (g%, £.a)c[Jal, are gauge equivalence classes of solutions of criticial equations
Re(S¢) = 0g:,50 = 6§L¢S o = 0. These critical equations have been well studied in [19, 20, 28] and reduce to (it
is straightforward to check that d¢,,S¢ = 0 follows from Re(So) = 0)

gléon) = €¥gE[Ean), D IaKaa(V) flan = 0 (4.5)

Aca
where k,a(v) = £1 when d: acts on g, or g%, 7!
Theorem 4.1. Critical points of S are also critical points of S.

Proof: We check that Re(S) = 05/dg, = 05/0é, = 0 at all critical points of Sy. First of all, at any
critical point of S,

Re(S)|, =Re(So)|, =0 (4.6)

where | means evaluating at any critical point (g}, €aa)c[Ja] of So wWhere &, ¢ = &qn, Vf € A



If we write & = (€', £?) and define J¢ = (=&, "), &, J€ form an orthonormal basis in C? with the Hermitian
inner product. When we perturbing S, we write 6&,7 = &qfJéqr + Maf€ay Where g5 € C and 17, € R. The
coefficient in front of &, is purely imaginary because &,y is normalized. Since every &, is shared by 2 terms
with neighboring vs

(& 7lez0) " 850 Eur) . (Jarl(gz) " g% l88r)
(& s|(atp) " g5 olér) " (Zarl(at) " g% l80r) |,

At the critical point, &, 5 = &, €gr = Epa at v and satisfying Eq.(4.5), similarly &gy = &g 4 and satisfy Eq.(4.5)
atV'. Then 6, S = 0 by the orthogonality between &, J¢.

+ 2+

For derivative in g, we use dg;,, = %Gmog;a (6ye € R). At the critical point and by Eq.(4.5),

S, S|, = Z(l £Y)Jr|Eas = 0. 4.7)

gz, S

] or|(gE) e
. éeiyZK(yA(l iy)Z]‘f(f f| g o8 ﬁ‘gﬁf>

i
= 20, (1Y) 8 ) Keadalas| =0 (4.8)
A fea <§af|(g§a)‘lgfﬁ|§ﬂf> 2 Z AJA A|

¢ A

where 7i,p = <§GA|0"'|§(,A> is a unit 3-vector. k,o = =1 relates to orientations of links in FIG.1(c). We have
chosen orientations such that all links connecting «, 8 are oriented parallel.
O

Critical points of S ¢ has been completely classified in case that all tetrahedra reconstructed from the closure
condition are nondegenerate. We refer the reader to [12, 20, 28, 34] for details of the classification. When Ju
are areas relating to edge-lengths on K by ({;j, €, tix are 3 edge-lengths of a triangle A)

1
yIA(f) = 7 \/Z(Zizjffk + Zizkffk + fofﬁc) - 5?/‘ - é’?k - fjk, 4.9)
there are a subset ¢ of critical points (g5, £aa)c[Ja] of S that can be interpreted as nondegenerate 4d Regge
geometries, if the boundary condition of &, gives the boundary 3d Regge geometry. Defining N, (v) by No(v)1+
iN.(V)o; = g1, (gh)! (o are Pauli matrices), ¢ is defined by critical points (g%,, £,)c[Ja] With

det (No, (v), No, (v), Noy (v), Noy () # 0, (4.10)
for all v € K and all 4 a1, as, @3, @4 out of 5 @’s at v. We have the following 1-to-1 correspondence [12, 34]:

Critical points (g5, &en)c[Ja]l € Y
)

4d nondegenerate Regge geometry on K

and 4-simplex orientations. 4.11)

Triangles A in Regge geometries are made by polyhedron facets as FIG.(1)(c), and yJ, is the area of A. Different
critical points may give the same Regge geometry but different 4d orientations u(v) = +1 at individual v. We
focus on critical points (g%, £,0)c[Ja] € ¥ that are isolated.

Consider infinitesimal deformations (g%,,&xn) > (g5, + 085y, Ean + 6&4a) (including boundary data &,p)
from (g}, &un)c[Jal € & with fixed Ja, and ask whether the deformation can reach another critical point (solu-
tion of Eq.(4.5)). Any infinitesimal deformation cannot break the condition Eq.(4.10), so cannot reach critical
points outside ¢. Moreover the deformation cannot flip the orientation [12]. Therefore if the deformation
reaches another critical point (g’f,a,f(’l Aeldal, (g'fa,fl'y A)e[Ja] must still belong to %, and correspond to a dif-

ferent non-degenerate Regge geometry with the same set of areas yJx. In other words, (g, &wa):[Ja] and

10—



(&'7a» €. A)e[Ja] correspond to 2 different non-degenerate Regge geometries with the same set of areas. At any

4-simplex, Eq.(4.9) with 10 fixed areas gives 10 quadratic equations for 10 squared edge-lengths. These 2
different Regge geometries correspond to 2 different solutions of these 10 quadratic equations with fixed J, at
at least one 4-simplex. And these 2 different solutions are infinitesimally close to each other, since one comes
from the infinitesimal deformation from the other. Then it implies the 10 X 10 matrix (9JZ /Bf?j is degener-
ate at (g5, &an)c[Jal. As aresult, If (g3, £4n)c[Ja] gives Regge geometry with non-degenerate (9]2 /(%izj at all
4-simplices, (g,, £an)c[Jal is an isolated critical point. Note that the deformations considered above includes
deformations of boundary data &,a, S0 (g5, £an)c[Ja] is isolated in a larger space of g, £na including boundary
&an- Itis easy to find isolated critical points by numerically check the determinant of (9]2 /0¢ 12] Some experience
from numerics suggests that degenerate Bji / c')fl.zj might only happen at degenerate 4-simplices.

A critical point (g5, £aa)c[Ja] € ¢4 with a uniform orientation u(v) = u at all v’s evaluates

S0|C :”[Z YJaga + Z vJA®s (Z apnep + Z arBp|, pu==1 4.12)

AeK AedK AeK A€dK

/0
M
is the Regge action on K [12, 20, 28, 35, 36]. |. means evaluating at any critical point (g, &a)c[Ja] of
So. €a, O, are the deficit angles and dihedral angles hinged at internal and boundary As. yJ, are interpreted
as triangle areas ay = } ep @y made by facet areas ay as in Eq.(3.7). The validity of Eq.(4.12) has some
topological requirements on K: (1) all internal A are shared by an even number of 4-simplices, and (2) K
is a triangulation of manifold .# with trivial 2nd cohomology H*(.#,Z,) = 0 [12]. The 1st requirement is
generically satisfied by triangulations used in Regge calculus, see. e.g. [12, 37] for examples. The above result
applies to e.g. .4 is S*, §3 x I (where [ is an interval in R), or a topologically trivial region in R?.

Beyond the subset ¢, there are other critical points with the BF-type and/or vector geometry critical
data [12, 19, 20]. Each of these critical points has critical data of g, satisfy g}, = g;, or equivalently
det (Ng, (v), No, (v), Ngy (v), N, (v)) = O at certain v’s. The difference between the BF-type and vector geom-
etry critical data is that the BF-type data still associate to nondegnerate 4-simplices, while vector geometries
are degenerate 4-simplices.

4.2 Critical points violating parallel restriction

The converse of Theorem 4.1 is not true. There exist critical points of S which are not critical points of S.
Critical points of S satisfy

BEglor = GEflags ) yKan flap =0 (4.13)
fca
Theorem 4.2. Every critical point of S that are not critical point of S either (1) relates to a critical point of
S0, (85 Ean)clI), by gl # 8o and oy = JEun up to a phase at some internal f € A, or (2) satsifies gty = &
for all v, @ modulo discrete gauge.

Proof: We write g(fﬂ = (g;;)*l(gvﬁ), the 1st equation in (4.13) gives g;ﬁﬁﬂf = flys and g(;ﬁﬁﬁf = Hyf,
and implies (g;ﬁ)-lg;ﬁﬁﬁf = figs for all f € A, ie. 7igr at all f € A are eigenvectors of (gaﬁ)—lg;ﬁ with
unit eigenvalue. It doesn’t constrain 7ig if (g;ﬁ)—l g;ﬁ = 1. But when the SO(3) matrix (g;ﬁ)-lg;ﬁ # 1, its
eigenspace with the unit eigenvalue is at most 1-dimensional. Therefore in this case, all 7ig; are co-linear thus
flg; = gy for any pair of f, f' € A, and Eq.(4.13) reduces to Eq.(4.5) whose solution gives (g5, &xa)c[Jal-
Hence ilgy = +ilga 1.6. &7 = Ean OF Jéoa up to a phase. At each v, we have to gauge fix g7, = 1 at a certain «,
then requiring (g;ﬁ)—lg;ﬁ # 1 is equivalent to g:ﬁ * 8y forall 8 # (g:ﬁ =8y still implies (g;ﬁ)-l g;ﬁ =1,
but it is gauge equivalent to g;’ﬁ =8y by a discrete gauge transformation).

O
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Figure 2. A 4-manifold (viewed from 5 dimensions) with a boundary 3-manifold X. The state ) given by Eq.(5.7) is
constructed by the spinfoam amplitude on a cellular partition K of .. The boundary X is subdivided into region A and its
complement A. The subdivision A and A is adapted to %, in the sense that the boundary S between A and A is triangulated
by A’s, each of which is made by a large number of facets f in K.

We may generalize the definition Eq.(4.10) of the subclass ¢ to include all critical points of S. It contains
critical points of So, (g5, £an)c[Jal € ¢, and critical points of S which flip some internal or boundary &, —
Jé&aa. Critical points in either class (1) or (2) in Theorem 4.2 are isolated from (g}, £an)c[Ja]l € ¥ because
an infinitesimal deformation from (g}, &oa)c[Jal at fixed Ja cannot flip &, — J&,a, and cannot break the
condition Eq.(4.10).

Although we find critical points of S and S, we cannot apply the stationary phase approximation of the
integral at the present stage since all j/’s are small. The critical points in Theorem 4.2 seem useless. But we
come back to the computation of the integral in Section 9 and see why these critical points are useful to the
stationary phase approximation of integrals.

5 Semiclassical States from Spinfoam Amplitude

Spinfoam amplitudes can be used to construct quantum states in LQG Hilbert space. Given a 4-manifold
M4 with a spatial boundary X as in FIG.2, we make an arbitrary cellular decomposition of .#,. The cellular
complex is denoted by K. Spinfoam amplitudes can be defined on K and denoted by A(K )7; where f, 7 are spins
and intertwiners coloring the boundary dual complex K. On the other hand, X associates a LQG kinematical
Hilbert space Hs in which spin-network states Tg A U) for all graphs G colored by f 7. U are SU(2) holonomies
along links of G. We define a linear combination of 7 7 by identifying G = 0K™ and letting the coefficients
are A(K) 77

Yee(U) = Z ATK) 7T e A0 5.1)
77

One may even consider to sum over the cellular decomposition and define ¥/( U ) =Y ‘I’y((lj ). If we truncate
the sum in Wg (or ¥) to be finite, Wi (or V) is a state in the kinematical Hilbert space Hy. If the sum in Wg
are kept infinite, W% may be not normalizable in Hy, but one may anticipate that W is a physical state living
in the dual space of a dense subspace in Hs. W4 may be viewed as a spinfoam analog of the Hartle-Hawking
wave function.

When ., has several disconnected boundaries X,X,,--- , %, in additional to X, a cellular decomposition
K of .4 induces boundary dual complexes K, --- ,0%K;. A state Ys(U) on T can be defined by choices
of (initial) states ¢, € Hs, (@ = 1,---,n), whose spin-network decompositions are ¢, = Zfa,?a 11,25 +

12—



1)(%)7“,7(1 TﬁK;,f,, 7 Pa is based on a single graph 0K];. ‘Pq((lj ) can be constructed as

W (0) = Z > H(@)»,;ﬂ ATOz7, 1 Toner 140D (5.2)
Jl ‘]a?a -1 a=

It is useful to write Egs.(5.1) and (5.2) in terms of coherent intertwiners. For instance, if we consider K
whose cells are B, as in Section 4, and apply the spinfoam amplitude A(K) as in Eq.(4.1), ‘I‘W(U) ) in Eq.(5.1)
can be written as

= 2 Jastin [ 14550011 Ty 14O, (53)

{ir}

while Eq.(5.2) can be written analogously. In Eq.(5.3), %}, ) and f dé, s integrate all internal and boundary j;’s
and &,¢’s. gauge symmetries of the integrand

8w ~ 8iahar  Eap ~ 1 Eap, VY ha € SUQ),  &up ~ €¥ay (5.4)

apply to both internal and boundary . T7 U) are spin-network states with coherent intertwiners (see Appendix
A for convention):

f.f(U) =tr

QW) @ s er)) R (Ui 1] 2

fedK acdK BeIK

%f

where ||{jf}, {€.r)) are coherent intertwiners at polyhedra @ € 4%, and are bras or kets depending on the
orientation of spin-network graph. R’/ (U ) satisfies the following normalization:

1
dUR{nn(U)Rn (U) = ——=6 7 0mmOnw- (5.6)
f UQ) mn dim(j)

5.1 Truncated states |) with parallel restriction

In the following we always consider states constructed by spinfoam amplitudes on a fixed cellular complex K,
plus certain truncations. The resulting states are inside Hy. We again focus on K whose 4-cells are By. The
boundary 0K is a polyhedral decomposition of X.

We apply the following truncations to Wy (1) The sum }}; , is constrained by >’ rea jr = Ja with fixed
Ja at every A; (2) The integral of f [dg;,déqr] is over a neighborhood 9, (of both internal and boundary
variables) at an isolated critical point (g, &aa)c[Ja] € ¢ of Sy (the critical point is isolated in the space of
8 €or including boundary &,¢). 9, only contains a single critical point'. The critical data (8> Ean)clJIal is
a gauge equivalence class by Eq.(5.4) and other gauge transformations mentioned in Section 4. (g3, £an)c[Jal
include the data of boundary Ja,&a. (3) We impose the parallel restriction to &, by a real gauge invariant
potential V, A(&,r) at every pair of internal and boundary «, A, such that the minimum V, 4(&,r) = O gives the
parallel restriction. The truncated state is denoted by y:

w(O) = Z ]_[AA(jf)fJa [dgy,déqr] e’ ]_[e NVaa Tose- 7 éf(lj), 5.1
s} Nes @A

1y contains integral over boundary S, different boundary data g? might lead to different critical points for the integral over g, and
internal &,y. Here the assumption that 9, only contains a single critical point means that arbitrary changes of boundary data ? within
N ¢ do not lead to any other critical point in Ry ¢ different from (g3, £oa)c[Jal. Ny ¢ satisfying the requirement is nontrivial. Indeed if an
infinitesimal change of boundary data é’ leads to another critical point in N ¢ different from (g}, £aa)c[Ja]. The new critical point has to be
infinitesimally close to (g3, £oa)c[Ja] otherwise this new critical point can be excluded by redefining 9, . But it violates the assumption
that (g%,, £an)c[Ja] is isolated.

— 13-



An example of V,, A(£4r) may be an analog of the 2d spin-chain Hamiltonian: Vi a(€er) = X¢r (1 — of - flafr)
where (f, f’) are close-neighbor pairs. Our following discussion doesn’t reply on details of V, o. N is of the
same order of magnitude as Jj. ZE in only sums nonzero j in Eq.(5.7). Z" in constrained by X rep jr = Jaisa
finite sum, so ¥ € Hs.

Sending the coupling constant of V, 4 to infinity N — co independent of J, imposes strongly the parallel
restriction which reduces the vertex amplitude used in Eq.(5.7) to the EPRL-FK 4-simplex amplitude. Eq.(5.7)
is a generalization from the following analog using large-J EPRL-FK amplitudes on the simplicial complex K:

VeprLrk (0) = l_[AA(JA)ﬁ [dgy,déan] € Tm(:j,g(ﬁ)- (5.8)
A Nge S

The generalization from Y gpr;—rk to ¥ releases mildly the DOFs of non-parallel &,’s in A, but releases a large
number of micro-DOFs of small j;’s at every A. Spinfoam amplitude with the parallel restriction imposed
by V,a is constructed for the purpose of defining ¢ which has the semiclassical property discussed below and
gives interesting entanglement entropy (see Section 7). The computation of the amplitude without the parallel
restriction is discussed in Section 9.

Given that ¢ associates to a unique critical point (g5, &xa)c[Jal, When (g5, &an)c[Ja] € & corresponds
to a Regge spacetime geometry, i may be viewed as a semiclassical state associated to the Regge spacetime
geometry. Indeed if the boundary f,g? in Tavc*,f,g are consistent with the boundary data of (g%, £an)c[Jal, its
coeflicient gives

l_[AA(Jf)f [dgt,dé sl € 1—[ ~NVaa
{Jr}

o e (Na—1)
= . [dg\fadf(lA] (ﬁ)
g.£

AnGip) 1+0( )}
\/detHV(faA % 1—[ e

1+0( ‘ )] (59)

In the 1st step we choose a fj in every A and define &,7, = &, then integrate out &,,’s (f # fo) by N > 1,
and reduce S to Sy which depends on j; only through J4. In the 2nd step we apply the stationary phase
approximation of the integral with S in ¢, ; which contains a single critical point Hy, Hy are Hessian matrices
of Y44 Vaa and Sy, and are assumed to be nondegenerate. If the boundary § in Tyye. + 7z are away from the
boundary data of (g},,, £a)c[Ja], critical equations from S o have no solution in 9, ¢, so the 1ntegral is suppressed
exponentially by large Jx. It shows that coefficients in Eq.(5.7) as a function of boundary 5 is peaked at the
boundary data of (g%,, £aa)c[Jal. ¢ is a spinfoam analog of Hartle-Hawking state.

In addition, i also explicitly depends on the size of the neighborhood 9, .. But as we are going to see in
a moment, the squared norm of ¢ and entanglement entropy only mildly depend on the size 9, through the
subleading order.

) 24N, +2 Yaexc Na S()lc
_ (_ﬂ) Z ]_[AA(J )
N VaSt(Hy ) det (—Hyl) * !

5.2 Squared norm of |)
The squared norm of |y) is computed as follows:

Wiy = ]_[AAof)AA(Jf) f [dg2,dg’%, 6, d, 1055 [ | Ve eVontés]

N
Ushtip f eex Mg @A

Ojriy f 5 eao 277 (£ lgalé., f 5 e 27 (£ l201E),)
dg, e rem s (€, /18aléas dgg e /e =1 Maprl8alkesy (5.10)
o 2+l Q sUQ) l—l ’

pcz YSU@)
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where j}, g’fa,f(’l p denotes variables from (|. S and S are from |} and (], thus depend on unprimed and
primed variables respectively. j}, = jrfor f C X. 2j¢ + 1 in the denominator comes from the normalization
Eq.(5.6). We have applied the integral expressions of inner products between coherent intertwiners:

(el tean) = [ dgo o2l 5.11)

SU(2)

h, in the integrand of (y|y) can be removed by a gauge transformation Eq.(5.4).
We may define a total action by collecting all exponents in the integrand:

Sior = S i s bar| + S |7 85 &l | = N D [Van @) + Varaay)]

a,A

D 2 IE lgaléar) + DY 27 Indgrlgpléy). (5.12)

acs feda BCE feop

We may choose a f; in every A and define &, = &,a. The large N implements the parallel restriction, and
reduces S t0 So, 2 ren 2j7 IKE, f|§af> to 2J5 In¢&) ,|€xa) up to O(1/N) after integrating out non-parallel &’s.
The integral in (¥|i/) reduces to

(zﬂ/N)ZZAE'K(NA—l) - O(l)] (5 13)
ydet Hy(€,n) det Hy (&) N
St =S0+S0+ ) > 2UaIE lgaléar) + ) > 205 In(Epnlgsiesy)

acX Ace pCE AcB

S

f [dgfadg,fadfaAdf;Adgadgﬂ]
Ne e XN e

where Hy(&,4) is the Hessian matrix of 3,z Voa(€ay) evaluated at the minimum. Eq.(5.13) can be computed
by stationary phase approximation. The critical equation of this integral is given by Eq.(4.5) from S and in
addition

8plépn) = € lépn), Y ACPB, BCE. (5.14)

from Re(2Jx 1n<§ﬁA|gﬂ|§éA>) = 0. Eq.(5.14) implies that |§/; ) and [£gp) are related by a gauge transformation. A
critical point (g%,, £xa)c[Ja] of S gives rise to a critical point of S/, by double copying, i.e. (g'5,,& oa)e[Jal =
(83> Ean)c[Ja] modulo gauge equivalence. A gauge transformation |£z1) — e‘i“’ﬁAgﬁ|§ﬁA>, gfﬁ — gviﬁg,[;1 iden-
tifies |€ga) = |§[’M) by Eq.(5.14). N, . contains a single critical point (g}, &aa)c[Ja] implies that 9, X N, .
contains a single critical point made by double copying. S’ , vanishes at the critical point?, so Eq.(5.13) is

tot
estimated by

24Ny+2 Yacx Na
2 1 1 1
(—”) [1 + O(N)] (5.15)

N det (Hvle) \fdet (-H,,|.)

where N, is the total number of B, in K, and 24N,, + 2 Y scx Na is the total number of integration variables in
w(O). H; |- is the Hessian matrix of S;,, evaluated at the critical point, and is assumed to be nondegenerate.

We observe that the leading order in Eq.(5.15) depends on {j} only through their sum J,, so is a constant
in the sum over {j} in {¢|y). Therefore inserting the above estimate of the integral,

7 24N, +2 Y pexc Na 1 1 5
== TalJ, IV}
W) ( ) det(Hylc) \fdet(-H,.) An al/al l—[ al/al

N tot €i(K,) Ac

1
1+ O(N)]’ (5.16)

2 At the critical point, we apply the gauge transformation |€ga) > gplépa) to boundary £ga’s and set phase conventions such that
[£gn) = Ifl’m) (set gga = 0 by gauge transformation). They make ln(fﬁAlgﬁlfl’fﬁ vanishes, and identify the complex conjugate of S to be

So. So + S¢ vanishes since S is purely imaginary at the critical point.
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where i(K) is the interior of the simplicial complex K determined by K, and I's, I', are given by

Z HAA(]f) = Z 1_[(2] + 1y

{Jren} {Jrea}

, AnGip)? ’ . 2n,(A)+3

Ty [Ja] {Z’U 3711 _{Z} U(zjf-+1) . (5.17)
Jfea Jfea

6 Analog with Microstate Counting

Interestingly, I'a[Ja] and I",[Ja] are two analogs of counting microstates corresponding to the macrostate
(Ja,Na), where the microstates are {j;} with degeneracy (2j; + 1)*@*! and (2, + 1)>»®*3 at the level j;.
Here we list quantities in I'z[Ja] or F’A[JA] as analogs with quantities in a statistical ensemble of identical
systems:

Na total number of identical systems in the ensemble
Ja total energy of the ensemble
J energy levels of the system

2j+ DO or (2 + 12 ®+
FA[JA] or F/A[JA]

degeneracy at each energy level

1T 1113

total number of microstates in the ensemble. 6.1)

[a[Ja] and Ty [J4] is similar to the black hole entropy counting in LQG [3]
Here we focus on computing the boundary contribution I, [JA]. We define n; to be the number of facets f
carrying the nonzero spin j.

An(j)?
sl = 3 [ eatin = Z MR a0 =580 = e 62

{jrea} fe€A J#0

where Y22, jnj = Ja and X2, 5 nj = Ny is imposed to an,}- ['a[Ja] is computed by simply replacing ga(})
by (2j + 1)>»®+1_Following the Darwin-Fowler method in statistical mechanics (see e.g. [38]), we define the
generating functional

[ 00 Na
, ( )”712”/] S
D, TalialZ = 3 Nl l_[ = > gal)) 6.3)
Ja=1/2 {n;} j=1/2 j=1/2

where Y7 J —1)2 Telaxes the constraint > iz1pJnj = Jaon Xy, . 2y, only satisfies one constraint »e 212 1) = Na.
> 1) 7%/ gA(j) has a nonzero radius of convergence, so is an analytlc function of z at a neighborhood at z = 0.
I", [Ja] is given by a contour integral

1
Fal/al = 21 Yoo 2JA+1[ Z szgA(J)}
= =172
= 2L dz exp (NA ln[ Z zzng(J)} —(2Jp + l)ln(z)] (6.4)
i 5

The integration contour is a circle inside the domain where the generating function is analytic. The exponent
in the integrand is bounded along the contour. Given that both Ny, J5 > 1, the above integral can be computed
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by the method of steepest descent: If we denote the exponent by

Naf(@) = Na ln[ > z”gA(j)] ~2J5In(2) (65)

=172
The variational principle 9, f(zo) = 0 gives
SRiniw'sal) gy
Zitip 2’22 () Ny

There is always a solution on the positive real axis, zop > 0, which maximizes the integrand on the circle [38].
We denote by

(6.6)

20 = e—,BA/2’ and et = Z Zéng(j).

6.7)
=172
The integral can be approximated by
) [Ja] = V/@ ! i+ofd Naf(z0) = uaNa + BaJ, (6.8)
"[al = e NA P ) )| Af(20) = HaNA + BaJa .
where
12 202j = Dz 8al) U2 /NA® = Ju/N,
) = 2 1/2 0 _4ls /Na A/ Na 6.9)

oo 2j . 2
Zj:]/z ZOJgA(]) )

In all following numerical computations of zy, we always check that f”(z9) # 0. The following gives examples
of solutions z at different n,(A) and Ja/Na:

Table 1. Solutions zp maximizing f(zo) at different n,(A) and J5/Na (f”(zo) are all nonzero).

Ja/Na = 0.6 Ja/Na = 0.7 Ja/Na =038 Ja/Na =09 Ja/Na =1

n(A) =1 | zo=0.0257781 | zo = 0.0505039 | zo = 0.0742575 | zo = 0.0971007 | z = 0.119083
m(A) =2 | z0=0.0119832 | zo = 0.0244767 | zo = 0.0374077 | zo = 0.0506988 | zo = 0.0642717
ny(A) =3 | 2o = 0.00552678 | zo = 0.0117148 | zo = 0.0185671 | z = 0.0260657 | zo = 0.0341736

7 Entanglement Rényi Entropy

7.1 Second Rényi entropy

We subdivide the boundary slice T into 2 subregions A and A (FIG.(2)). The subdivision is assumed to compat-
ible to the complexes K and K, in the sense that the boundary S between A and A are triangulated by triangles
A € K, each of which is made by a large number of facets f € K. Thus the spin-network functions Tﬁg((j ) in
the definition of y/( U ) are defined on graph Gy = 3K which have (many) links intersecting S, while S doesn’t
intersect the spin-network nodes.

We improve the spin-network graph Gy by including all intersecting points ng = /NS between S and links.
ng breaks [ into 2 links [y, [. The improved graph is denoted by G. By the cylindrical consistency, all Tﬁg(ﬁ )
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W) =

Figure 3. (a) The inner product {¥|) is taken in both H, and H; between 2 copies of [); (b) In tr(pr, the inner products
in H; are taken between copies I and II and between IIT and IV of |), while the inner products in H, are taken between
copies I and IV and between II and III. If the inner products are understood as gluing manifolds and their path integrals, the
manifold for tr(p?) has a branch cut whose branch points make the boundary S between A and A.

In {5 lete gl

In (¢,

In{¢5)

i)

|+—1 +| (1)>

A

o

2

In (&7 65 €27"
a a
—

A A

S S

A A
—
a a

)

v

2

o

A%

In < (IV)|ga| (1)>

In < (I17)

+ -1 +| (III)>

V(Y

In < (1]1)|g | (1V)>

< (IV)|gm vﬂ| (IV)>

Figure 4. The situation that f ¢ S is contained in a single B, in K, the figure draws 4 copies of faces in K* dualtoa f c S
from 4 copies of ¢ in computing the second Rényi entropy. Uy, Uz, U}, U’ in Eq.(7.5) are holonomies along links labeled
by A, A. Integrating these holonomies glues 4 copies of dual faces.

are also spin-networks on the improved graph G, since all U; along links intersecting S can be decomposed into

U =U,U,.

The boundary Hilbert space Hs is defined as follows: We denote by L(G), L(G4) and L(G ) the set of links
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inG, Ga=GNA,andG; =GNA,

Hs = Hy @ Hz, where Hs = L*(SU2)®H9/gauge(Gy),
Hy = LA(SUQ)®H9 gauge(Ga),  Hy = LA(SU(2))®194) /gauge(Gy). (7.1)

Here gauge(Gp) only includes gauge transformations acting on nodes in G, (without bivalent nodes ng’s).
gauge(Ga), gauge(Gy) only include gauge transformations acting on nodes in the interior of A and A. ng(lj )
and z//(lj ) are also gauge invariant at all ng’s thus belong to a proper Hilbert subspace in Hs. However this
subspace does not admit a factorization into Hilbert spaces associated to A and A. Therefore in our discussion
of quantum entanglement in |/), we view |y) as a state in the larger Hilbert space Hs, although some states in
Hs are not gauge invariant at bivalent nodes ng’s.

We define a reduced density matrix p4 from |y) € Hs by tracing out the DOFs in Hj:

pa=1trz(p),  p =)yl (1.2)
The quantum entanglement in |i/) can be quantified by the n-th Rényi entanglement entropy associated to A:

1 In tr(o’})
1—-n  tr(oa)”

The Von Neumann entanglement entropy is given by S (A) = lim,— S ,(A).

tr(pa) = (Yly) has been computed above. The following task is to compute tr(o’, ). Let us firstly focus on
the second Rényi entropy at n = 2. The computation is illustrated graphically in FIG.3. tr(pi) is made by inner
products among 4 copies of . The inner products in H; take place between copies I and II and between III
and IV, while the inner products in H, take place between copies I and IV and between II and III. The inner
products of tr(pi) are computed in the same way as the above derivation for (y/|/):

tr(p}) = > ]—[AAU“”) f [l—[ dg = dg W] ST+ 4ST
a=1 ;,f

UMWY S

v l_[ o MVea @D HVan @ Vaa @l 1+ Vaa &l l_[ l—[ 1
(21f +1)7 Lo 2jp+1

Su(A) = (7.3)

a,A
(IV) (1V) (1) (ll) (ll) (III) (111)
Xn faf “ oz}‘ af “ faf }>
aCA
(11T 111 1A% v -1 1 11 11
Xl_HU(f 1 )H V) {§< >}><{]<> <>H 1Dy §< >> (7.4)
BCA

where Jif'), 9% and 6((5? are variables in the a-th copy of ¥ (a = I,--- ,1V), and S @ depends on the variables

labelled by a. We apply the convention in the above formula that ({j}, {£}|[{j’}, {€'}) = 67 (L AENU (€D, A
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factor 1/(2j¢ + 1) appearing for each f c S comes from the following inner products at f:

«(I) (ll) (l[)
J f

(1)
deAdUAdU,’qu;{ Z m(l)k(l)(UA )Rk(’)n(” (UA) Rm(u;k(m(U, )Rkunn(u)(UA)

k(l) kn k(lll)’k(lV)

(111) (III) (IV) (IV)

J s Jr
R (Ill)k(lll)(UA)Rk(IIhn(III)(U )Rm(lv)k(lv)(UA)Rk(IV)n(IV)(U;;)

4
] (1) (1) (D) (D) (D) (V) (V) (D)
= ( O Sy sl Tyl Iy

ij+1

O 1D i) O gty a1 O i 1v) O v ety
kD JUD) JULD [ (1V)

O (Dt O g1 11 O (11D 1V O gDy 1Y)

3
[D DD Sty (V) V) )
O 1 O G 6N 8y O gty 11D O 1D 1y 1V) O gD 1V (7.5)

) (2Jf +1
where U, Uy is the holonomy along the link intersecting S and dual to f in X (see FIG.4). The above inner
products identify 4 spins of f from 4 different copies of ¢: ](1) ];") = j;m) = j}lv) = js. The total action in
Eq.(7.4) is given by

St =80+ 5D 4 WD 1 gAYy — NZ [Vaa @) + Vaa€lD) + Vaa @) + Vaa@l)]

tot af
2 (IV)l (IV) " (1) 2 (11)1 (11) (I1T)
+ ;‘; fzc;y Jr n 8a|Eyp Z Z Jr n Eur | 8a [ur )
£33 241 <”’>| 25 ‘ Y 1y Z > 2P m(e D) (1.6)

ﬁcA fca ﬁcA fca
The situation at f C S is illustrated in FIG.4. The large N again imposes the parallel restriction to &,¢ and

reduces § fi,) to

S/(Z) — S(I) +S(II) +S(lll) +S(IV)

tot
£33 2 g, [60) + T 2 g

aA >

aCA Aca a@CA Aca
#3320 <’”>‘ g5 ‘ ORI G GH ALY 1.7)
BcA Aca BCcA Aca

A large-J, stationary phase analysis similar to (/) shows that the integration domain of Eq.(7.4) again only
contain a single critical point, which is 4 copies of (g5, £ua)c[Ja] with their boundary data identified according
to FIG.3. S 55} vanishes at the critical point.

The asymptotic behavior of the integral depends on j; only through their sum J,, so similar to the compu-

tation of (y|y),

S
N det (Hy|.)*? det(—H’ﬁfﬂc)

x [ ] Tatal* [ ] TAlAP [ ] TAlaP | | T5' 1]

A€i(Ky) ACi(A) ACi(A) ACS

1
1+0|—= 7.8
where H 'gﬂc is the Hessian matrix of § ’5(2,2 evaluated at the critical point and is assumed to be nondegenerate.

A c § are special because they are shared by all 4 copies of i in tr(pi). F(Az) for A ¢ Sis given by

L AN ,
r [ = 0) @ = 24 — (27 4+ 1) BS 79
[Jal = {; f|€A|g Gr) & (D FTERIE 2j+1D , (7.9)
jeA
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Similar to T, F(Az) can also be viewed as an analog of microstate counting, where g(AZ)( J) corresponds to the
degeneracy of microstates at the level j. The label (2) indicates that it is for computing the second Rényi

entropy.
%
1 1
(7] = M/OE) {—] 1+ 0(—)] Naf® zgz) = 1PNy + BPJa (7.10)
A 2eNAf@" () Na (&) =44 A
where £ (z) and 27’ are given by
= IR B el N O
NafP@) = Naln| 3" 2gQ()| - 2/aln), === & ]4 Ao (7.11)
, O @, ; Na
=172 2itip [z ] gx ()
The second equation in Eq.(7.11) comes from the variation principle of f®(z). We denote
@ = R [ZE)Z)] T ¢2()). (7.12)

j=1/2

Table 2 gives examples of solutions zy at different 7,(A) and Ja /Nj.

Table 2. Solutions zo maximizing f®(z) at different n,(A) and J5/Ns (f®” (zo) are all nonzero).

Ja/Na =0.6 Ja/Na =0.7 Ja/Na =0.8 JA/NaA =09
ny(A) =1 1| zo=0.00552678 20 = 0.0117148 z0 = 0.0185671 | zp = 0.0260657
n,(A)=2 | zo=0.0011542 zo = 0.00260368 | zo = 0.00441412 | zp = 0.00664713
ny,(A) =3 | zo =0.000236694 | zo = 0.000560573 | zp = 0.00100989 | zp = 0.00163299

Combining Eq.(7.8) with Eq.(7.10) for tr(p/%) and Eq.(5.16) for (y|y)
Rényi entropy:

= tr(p4) gives the following second

tr 'Y det 1
S2(4) = ~In (pA)z =-In lacs e Hil) [1 +O(N)]
1(pA [Tacs T A det(—H'gﬂc)
= > Na[2f o) = £PG] = D [(28s = BY) Ja + (21 = 1) Na |- (7.13)
AcS AcS
where In m(_—H;”‘(l;) is subleading and negligible as Jy ~ Na > 1.
de rotle
20, Zo or ,BA,,uA,,B(AZ),y(Az) clearly depends on J, Na. If we fix Jx and let N, vary,
6[NAf(ZO)] A JA aﬂA (9,BA _ ('iu_A _ Zj e_ﬁAj(_j)gA(j) _ JA
ONp 6ﬁA 8NA = K 6ﬂA 2-€_ﬁAng(j) NA
2 2 2 2 - 2
0| NarPea)| _ O NA[ In , O ’] By _ _ 0 oy X ePIgd ) a1
A A . .
ONu Na ﬁ(AZ) ON 8ﬁ(Az) Z —ﬁA /g(z)(]) Na
Therefore,
9|2Na f(z0) = Naf P o
= 2up — u, (7.15)
ONa
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S2(A) is extremized at the value of the ratio J5/Na which gives 2up = y(Az) at every A. The extremal value of
So(A) gives
S24) = )" (281 = BY) Ja. (7.16)
AcCS

If the complex K and the entangling surface S are chosen such that n,(A) is a constant for all A C S (every
A c Sis shared by the same number of B,’s), Bx, (AZ) are constants independent of A, in this case, S,(A) satisfies
the area-law

Sa(A) = ¢ Z Jp = as, c=28:r-B2, (7.17)

2
AcS 8 [

where ag = 87ry{’12, >iacs Ja is the total area of S. The relation between ag and J, is given by the geometrical
interpretation of the critical point (g7, £aa)c[Ja] € ¢. But in general the extremal S,(A) may satisfy a weighted
area-law Eq.(7.16) with different weights 28, — (2) at different A.

To see if 2up = (2) maximizes S,(A), we compute the second derivative:

P Naf@)] _Opadfs _ 11 (7)= I3 e Pigal)
ON2  OBrONA  Na 1}’_502) -1 7= X2 ePigal))
R R U (7 = IR0 e gd0)
Ny 9B ONa Na (P - 1 T e B g)
& 2N f @) - Naf 2| 1 L2 a18)
on; Nal %@ -1 Bpy- |

The following list some values of J5 /N which give 2up = ,u(Az) at different n,(A):

& [2Na f(z0) = Naf )]

n(A)=1: Juo/Na=0802182, 285 —pY =2.41769, Ny T =-10.3142
o & [2Naf (@) = Naf® ()]

ny,(A)=2: Jo/Np =0.782484, 2B, — =2.38741, Ny N2 = —11.0869
o & [2Naf(z0) = Naf @)

ny(A) =3: Jo/Np =0.762613, 2B, - =2.35677, Na N =—-12.0193

A
The negative second derivative implies that 2us = #(Az) gives the maximum of S,(A). FIG.(5) plots
Ia|._ Na (2) (2)
> [m(A), N—A} =50 2@ - fPE]. Sa) = )T m(A) (7.19)

AcS

at different n,(A), and suggests that when J, is fixed, 2u = ,u(AZ) indeed give the global maximum of S,(A).
The above result shows that fixing J,, the second Rényi entropy S,(A), as a function of N,, is in general
bounded by an (weighted) area-law:

$2(A) < 3" (28s = Y)) I (7.20)

AcS

where the bound is saturated at J,/Na which gives 2up = ,u(Az). The bound becomes an area-law if n,(A) is a
constant for all A C S.
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Figure 5. Plots of 73[n,(A), Jo/Nal in Eq.(7.27) at n,(A) = 1,--- ,4 and Jo/N, € [0.51, 10].

7.2 Higher Rényi entropy

The computation of higher Rényi entropy S,(A) with n > 2 is a simple generalization of the second Rényi
entropy computation. tr(o’}) includes 2n copies of |y) or (¢ in the computation illustrated by FIGs.3 and 4.
Eq.(7.8) is modified to

) ~ (2_71 )24nN\,+2n Sacsk Na 1 n 1
N det (Hy|.) det (_H,Ezt)lc)
x [ Talsal [ talial® [ ] maldal [ [Tl |1+ 0 (%)} (7.21)
Aci(K,) ACi(A) ACi(A) AcS
Here F(A") for A ¢ § is computed similar to F(Az)
rﬂm=ZTkﬂm,£M=Jﬁf¥ﬂwHWWWﬂ (7.22)

{jrea} feA 2j+ 1)2n—1

As aresult,
n = In ;
lL—n " tr(oa) l-n " Jlacs FAn det(_H/(n)l )

tot

Sn(A) =

" (n) Ry
1 ! tr(pA) 1 [Tacs rA det(—H;,,|c) |:1 + 0(1)}

(1) (n)

—Ban — pan
~ A] ﬁA Ja + /'lAl Ha NA:| (7.23)
AcS —n n
where B, u™ satisfi
A oM, satisfies

_gm o = 2j .

=0 = 3] ). (7.24)

j=1/2
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and zf)") € (0, 1) solves

o L
D o S A

- 2j ~  Ni°
IR Al RO B

Similar to S,(A), if we fix Jo and let N vary, S,(A) maximizes at ,u(A”) = puan thus is bounded by a weighted
area law.

(7.25)

XZ) - Ban
Sa(A) < DA, (7.26)
1-n
ACS

where J, relates to the area of A by the geometrical interpretation of the critical point (g, £,a)c[/a] in defining
[). FIG.(7) plots

_Na (An)_:BAnﬁ_'_#(An)_#An
T Iy l=n Ny 1-n

7 [nvm), ]{,—ﬂ : LS =Y 0 [nv(m, If,—ﬂ (7.27)

AcS
atn =3 and n,(A) =1,---,4. FIG.(7) plots F, at JA/Nx = 1, n,(A) = 1,2, andn =2,--- ,7.

F3 . 73
2.0
15
10 1.0
Ja
2 4 6 8 10
ny(8)=2 N
73 F3
20 2.0
15 15
1ol 10
JA Ja
T 2 4 6 8 10 37
Na n,(0)=4 Na

Figure 6. Plots of 73[n,(A), Jo/Na] at n,(A) = 1,--- ,4 and Jo/N, € [0.51,10].

8 Analogous Thermodynamical First Law

The Rényi entanglement entropy S ,(A) derived in the last section is a function of the “macrostate” J, Na has
interesting analog with entropy in thermodynamics. In Section 6, we give an analog between Jj, Ny and the
total energy and total number of identical systems of a statistical ensemble.

Theorem 8.1. The differential of S ,,(A) with respect to Jx, Np gives the following analog of the thermodynam-
ical first law:

5S W(A) = Z [ Aa(n) 675 + oa(n) 6N |, 8.1
ACS
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Figure 7. Plots of 7,[n,(A), Ja/Na = 1] at n,(A) = 1,2, andn = 2,--- , 7.

_ BY-Ban _ g —pan (1) ()
where Az(n) = == and op(n) = =——. When all A € S have the same n,(A), B,",Ba, {1, »Ha become

independent of A. In this case Ap(n) = A(n) and oA(n) = 0 (n) becomes independent of A, 6S ,(A) reduces to
08, (A) = A(n) 6Js + o(n) 0N, (8.2)
where Jg = Y acs Ja and Ns = Y acs Na are total area and total number of facets in S.

Proof: Eq.(8.1) can be checked by computing 05 ,(A)/dJx and 05 ,,(A)/ONx:

(1) (n) 9p(n)
as n(A) 1 8ﬁA a/’lA aﬁA (1) n aﬁA a/JA aﬂA
= Ja+ Np + ———|=——Ja+——-"Nar+
6JA l—n(ﬁfA A aﬁX’) GJA A BA 1-n OJA A G,BA 6JA A ’BA
n) (n) 9p(n)
as, 4 1 (9B, ouy o, w| n [0Bs, . Oua OPa
= J N, - —JIr+ —-—N, . 8.3
N» 1—;1(0NA Mg Ny T T T Ny T g N, T ®-3
The definitions ﬂXl) =In[X32, ), e P gX')( Nland pp = In[E7, , eP7ga(j)] imply
n o) w g™ (n), . 00 o — ; .
iy EFipjes 'gG) _ o _ ZFapGDeeal) (8.4)
BY e MgPG)  NaT W Epe™eal) N
Inserting in Eq.(8.3), we obtain
3S,(A) _ BY —Ban S ,(A) _ 1y —pan
(A) _ Pa (), (4) _ Ha = oa(n). (8.5)

0Ja 1- ONp 1-

O

Eq.(8.2) suggests the analog between A(n)~! and the temperature, as well as between —o(n)/A(n) and
the chemical potential. In the most general situation Eq.(8.1), the temperature and chemical potential are not
constants over the surface S. So S are in a non-equilibrium state, although every A are in equilibrium.

Interestingly Eq.(8.2) shares similarities with the thermodynamical first law of the LQG black hole pro-
posed in [3]. There the authors propose that the quantum isolated horizon is a statistical ensemble of identical
spin-network punctures (quantum hairs) on the horizon, and the quasilocal energy of the horizon observed by
the near-horizon Unruh observer is proportional to the total area agy of the horizon. Then a thermodynamical
first law is derived by statistics on the quantum isolated horizon

apH
871)/5%,

6SBH = /15.]31.1 + U&NBH, JBH = (86)
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where S pp is the black hole entropy, and Npy is the total number of punctures on the horizon, A relates to the
Unruh temperature of the observer, and o relates to the chemical potential. We immediately see the similarity
between Eq.(8.2) and the above 6S gy by relating the entangling surface S to the black hole horizon, S,(A) to
S Bu, Js to Jpy, and Ng to Npy.

9 Removing the Parallel Restriction

Most of the above discussions relies on the parallel restriction on &, in spinfoam amplitude. In this section, we
relax parallel restrictions to internal &,¢’s, and compute the spinfoam amplitude

A((]() l_[AA(]f) f[dgafdgva <§af |gvar gfﬁigﬁf>2j; . (91)
{ir} fvt

Instead of imposing the potential V,A(&,r) to suppress the non-parallel &,’s, we are going to integrate out
democratically all non-parallel &,/’s in the following analysis.

We again assume all j; # 0, at a polyhedron « and among the facets f € A (A is internal), we choose one
fo and set

IEasy) = I€an), 9.2)
for all @ containing fj.
For any other f € A and f # fy, we write
Haf idar/2 .. gaf —idar/2
|§(lf> = aaflfaA) + b(l_f|J§(¥A>7 dof = COS T evrls, baf =181 7 e 9.3)

since |€,7) € C? where |Ean)s [JEqn) 1s a basis. ¢,y € [0,2m) and 6, € [0, 7). we have the gauge equivalence
|Eaf) ~ eviE, ). We insert the above relation into the following building block of the integrand in A(%):

+ -1 _+ 2j%
<§af I 18;ﬁ| fﬁf) u
= (é_lafaﬁf <§aA |gfa_lgfﬁ| fﬁA> + basbgy <J§QA |g;—'a‘1g;—'ﬁ| JfﬁA) +
_ s -]+ 7 + 1 % 25
0 bpr (an 870 €5l Eon) + Dapatgs (Jéan |8t~ 8351 En) ) (9.4)
Applying the multinomial expansion to (&, gt gjﬁ|§ﬁf)2-’7 gives

=
_ Z 2J k*(v)+m (v)blj(v)+n ) k*(v)+ni(v)bl;(v)+mf(v)
EONEW)! ! | Yar )
k?(v)+l}(v)+m;(v)+n?(v)=2] k (V) l (V) mf(v) ny (V)

(Ean 8, g5l 00) " (Vean let g T )™ (€an et gl V)™ (JEun |8 5] ) (0.5)

where kjf(v), ljﬁ(v), mjﬁ(v), njf(v) € Z, U {0}. Applying the product over + and all f # f; € A,

2j;!
* = A
[T (eorlet gl &nr)” = D [ o SR 9.6)
f#fo.x {k?(v)]/,{l?(v)lf,{m?(v)}f,{n;(v)]_/~ f#foix
ki(v)+li(v)+mi(v)+ni(v)=2j;

D kWA E L mE () 2 Xu EWH+E L n5(0) o kf )+ Z. ni (), X 0+ mi(v)
<[] x

of by Ay by '

I#fo

X <§0A |gif1gf,3| gﬁA>K§(V) <J§aA |g$a—lg3-ﬁ| Jé_.ﬁA>Lz(V) <§Q‘A |g+ _1gvﬁ| J§5A>ME(V) <

JEan |g+ _lgvﬁ| fﬁA>N§(V)
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where

Kim)= D kE),  LEW) = D W), ME0) = Y miw), Ni)= ) i) ©.7)
i#h i#h 770 7%
satisfying
K@)+ L) + Mi() + Nx(v) = 2(J5 = j& ) > 1. 9.8)

Therefore at least one of K (v), Li(v), M3(v), Nx(v) has to be large.
We integrate non-parallel &7 (f # fo) by integrating 8, and ¢,y with the standard unit-sphere measure.
Explicitly,

1 (7 " . S Ze OB 0 Ta GO ELn0) e kG004 m7) T [0+ T mi00)
E A d(ﬁafj; d@af sm(@wf) of baf af baf

= 3B GO E mi () ~(Se EOI e )]

2.
><4i f "d% ; S [B OB 0 B0+ T 5 0)~(Be KO mE O+ B OB m5(0)]
T

x . Oy \|Er GO BT GORE W) g N FORDL O L OO mr ()
X f d6, s sin(B,5) |cos > sin > 9.9)
0

Recall that kjf(v’) + . l?(v) + (Zi k;(v) + . l;(v’)) =43, j]% =4j;is even, thus ), kji;(v’) + ). ljic(v) -
(Zi k;-;(v) + > l;—i (v’)) is also even. Therefore the ¢, -integral constraints

D) + >t - [Z HUOEDY m}(v')} = > ) + ) mE) - [Z HOEDY n}(v)} 9.10)
Recalllhat Do kEO) + Nt 0) + B L) J: S mi) = ; i indepen;lent of v, Weiobtain 7
D)+ Y ) = Y KW+ Y mE0) =k )W)+ > mE6) = Y B+ Y nEw) = Uy
wit;m kp+ 1y = ; jr. The inte;gral 9.9) re;uces to 7 7 7 7

1 (" : O \P [ . (Ber \[" kyll !
= do, 04 — _ A1
2](; r sin(foy) [cos( > )] sin > (kf 5+ D) .11

Inserting the results into Eqs.(9.12) and (9.1), we write the integral as a sum of partial amplitudes

f [dg®,déos] [ [ (€or ot "85 fﬁf)zﬁ (9.12)
.

V,+

2j%! kel o
| | | | f frfe + -1 _+ A
[dg ad . + + + + . ah |8ve gv
{ki(v) 09 f o] s fen KO MImE ) 2jp + D! (6as| ol 1)

(L () f#h

x (Jean g™ g3 J65A>LX(V) (€on lsta 8351 JfﬁA> <J§aA ler _lgvﬁifﬁA>N§(V).

where

KEv) = KE(v) +2j% . (9.13)
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We introduce short-hand notations to write

f etdéart [ [ (Gorlet gl &) = > [ wa f [dg;, déan] €55 9.14)

fvx RiLLEW) A
(M3 W)LINE )

where the above sum is constrained by ), f(i(v’) + XL NO) = 2. Ki(v) + X ME(v)
2 MZ(V) = Y.L Li(v) + Y. Nx(v) = Ly, and I?i(v) + L3(v) + M5(v) + Nx(v) = 2J3.

kA, Zi LX(V/) +

Sk = ) [ RE0)In(€on |85, 7' 85| £an) + L) In (Jon |5, 7' 855] Jon) +
Ayv,+
+ M) In (£an |85, 7' 83| Téan ) + Ni) In (Jéan |85, 8i5] €5 |. (9.15)
) 23! kelly!
wa = — (9.16)
{k;(v%;;(v)] jEA[ U kj:(v)!lf(v)!mf(v)!nf(v)! Qjr+ D!

s s )} S0

The sum in w, is constrained by Y, k}—'(v’) + X, n;(v’) =>. k}—'(v) + 3. m;:'(v) = ks, D l;(v’) + . m?(v') =
SLEG) + Tanmt0) = Ly KE0) = Sppki0) Li0) = Spep B0 ME0) = Sy mi), Ni@) =
Dpefy 15 W).

The new action S gy is the old action S in Eq.(4.1) with &, (f € A) becoming either parallel &, = &ya
or anti-parallel &,y = J€,x. Configurations with some &,’s being parallel and others being anti-parallel have
been discussed in Theorem 4.2 for critical points of S'. These critical points also appear in the new action. In
contrast to S, here at least one of Kx(v), Ly(v), M3(v), Nx(v) has to be large, so it allows us apply the stationary
phase approximation to the integral with the new action S gzyy. The critical points in Theorem 4.2 becomes
useful here for computing integrals.

The integral f [dgi,déanl Sy has the following feature:

Lemma 9.1. f[dgfad{;‘[m] eSkv prefers large K5 (v) or Li(v) and zero M3 (v), Ny (v). f[dgfwdfw] eS KN ypith
nonzero M (v), Nx(v) is of O(1/N) comparing to the integral with zero My (v), Nx(v).

Proof: Suppose Mi(v) is large (the argument of large Ni(v) is similar),

>M§(v) _ MO ln<§,m

(£an |82 82| JEpn i s56) 9.17)

participates the integral over &,4 (we interchange the integral of &, and the finite sum in Eq,(9.12)). By the
stationary phase analysis, this factor in the integrand lead to that critical points of the integral must satisfy

gilEsn) = ¥t lan) . ie. (£anlgl, 8%l €pn) = 0 (9.18)

in order that the integrand is not suppressed exponentially. But the integral contains a factor contributed by
fo: (&mlgvﬁ[l gviﬁl.fm)zjfb which vanishes at the above critical points. Therefore the integral is of O(1/N) by
stationary phase analysis and in a neighborhood D containing a single critical point x,,

n NS(x) _ 2_”),!/2 1 NS (x:) (l)
Ld xa(x)e = (N —me a(x.)+ O ~ (9.19)

which is of O(1/N) if a(x,) = 0. The same argument with critical equation Eq.(9.18) also applies to large Nx(v).
We cannot have e.g. both K3 (v) (or L{(v)) and M} (v) (or Ni(v)) large, otherwise the integral is suppressed
exponentially. Indeed Eq.(9.18) is contradicting the 1st equation in Eq.(4.5), which is a critical equation from
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large K{(v). The integrand is always suppressed exponentially if both K3(v) (or Ly(v)) and M5(v) (or Nx(v))
are large.
Therefore either K3(v) or Ly (v) has to be large, then the critical points must satisfy

glésn) = gt [Ean), O gilJEpn) = € gt |Eun) . (9.20)

There is no contradiction between 2 equations since J commutes with g € SU(2). Either one of them gives

(£an |82, 8] JEan) = (Jéun |85 85| én) = 0 9.21)

Then if M3 (v) or Ny (v) is nonzero, the integral is of O(1/N) by the same reason as the above.
O
We set M (v) = Ni(v) = 0 and define

Ske= ) Kx)In(€an |85, g5l &) + D LEO)In(Jéan |gt, ™" 85| JEan) 9.22)
v,A+ v,A+
K*(v) and LE(v) satisfy 3. KE(v') = 3, KE(v) = Ka, 24 LE(OV) = 3, LE(v) = Ly, and KE(v) + LE(v) = 2%
Since Re(Skr) < 0, the condition for preventing the integrand from being exponentially suppressed,
Re(S k1) = 0, is equivalent to

8551€an) = gt Ian) . (9.23)

The action S g, has several scaling parameters I?;—'(v), I:z(v) which may not be all large. But Eq.(9.23) for all
cases.

When we compute 6zS g1, we write 6Eya = EeadEqn + Manon and 6JEuA = —Eqnéan — iManJEan Where
gqa € Cand n,a € R. The coefficient in front of &, is purely imaginary because &, is normalized. Since every
&qn 1s shared by 2 terms with neighboring v’s

O¢,\SKL
_ (1850 850l ur)
= Ki( I) af
Z[ S e e g )
(Vép 1182 80 lur) (url(gt) " g2\ 0sr)

) Z (V1|25 8% ol Eur) (Jearl(g) " g%V Esr)
=0 (9.24)

(Vearlet) " el0r)
<§af|(gfa)_]gfﬁ|§ﬂf>

+ f(i(v)é(,f

+i(Kx0") - Kx(v) fm}

Lz(v')éaf + LX(V)Eaf

+i(Li0") - Li) n(m}

by Egs.(9.23), and the orthogonality between &, J&.
For the derivative in g%, we use dg*, = 6% g%, (A,, € R). At the critical point and by Eq.(4.5),

2 Yva va

i

(Earlet " Petléar) (wal(g:a)-'&g:alffaf)]

o “{HS = _exi’a a ( ) ki( )
55 = 3% ) k| K30 (el gnlen) N (Teurlgi gl Venr)
= 205 ()i, AZ kan )| KE() = L) s (9.25)

where koa(v) = £1 satisfying k,a(v) = —kaa (V') appears when d,: acts on gj,, or g;—'a‘l. 0q:,S = 01is equivalent
to

Z Ken (V) [RE (W) = LEW) | lan = 0. (9.26)

Aca
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However, there is a subtlety when |K3(v) — LZ(v)| is small. Notice that (J§QA|gfa_lg:—fﬁ|J§ﬁA) is the complex
conjugate of (€,lg;, ™" g5l€sn),

Sk =) |KE0) = LW In (€an o5, 85| €aa) +2 D Li(v) Re[In(Jéan [g5, " 85| Jan)] . 9.27)

A+ v,A,+

We assume K3 (v) > L%(v), while other cases can be work out analogously. If all K%(v), L(v) are all large at
v, A but both Kz ) - Lz(v) is small, then the 1st term in Eq.(9.27) is subleading, and the contribution from this
A is negligible in Eq.(9.25). Eq.(9.26) with one or more A absent corresponds to a semiclassically degenerate
tetrahedron.

Eq.(9.25) is valid when K} (v) — L} (v) or/and K5 (v) — L;(v) is/are large for all involved A’s. The number
of parallel &,y = &, is much greater than the number of anti-parallel &,y = J&qa. In this case, iX(v) < JX and
KZ v) =~ Jg (or/and L, (v) < J} and K (v) = J}), we obtain the standard tetrahedron closure condition

D Iakaa()as =0, 9.28)

Aca

and recover the critical equations as Eq.(4.5). The solutions of critical equations Eqs.(9.23) and (9.28) are
the same as the situation with the parallel restriction imposed, and have been discussed in Section 4. This
result shows that critical points (g5, £,a)c[Jal, used extensively in Sections 4, 5, and 7 indeed have nontrivial
contributions in the stationary approximation of the amplitude A(K) without the parallel restriction.

Depending on the choice of J,, degenerate tetrahedra may still appear even when I?i(v) > L(v), similar to
the simplical EPRL/FK amplitude. But the discussion below Eq.(9.27) shows that degenerate tetrahedra become
generic in the present situation. The origin of these degenerate tetrahedra is the anti-parallel £, = J&,A coming
from integrating non-parallel £,’s. The study of critical points with degenerate tetrahedra is beyond the scope
of the present paper, so is postponed to future research.

Although the integrals with nonzero M5(v), Nx(v) is of O(1/N) comparing to the integrals with M3 (v) =
Ni(v) = 0, we can still perform the same stationary phase analysis to these integrals with small Mi(v), Ni(v)
by using Eq.(9.19), where critical equations Eqs.(9.23) and (9.28) still applies. The dual situation with large
M5 (v), Ny(v) and small I?i(v), L(v) can be analyzed in the similar way, by simply interchange the roles
Mi(v), Nx(v) & Ki(v),L5(v), and &,a <> JE€qa for some @. The integral with all M3 (v), Nx(v), K3 (v), Li(v)
large is suppressed exponentially as discussed in Lemma 9.1.

10 Discussion and Outlook

This paper explores the semiclassical behavior of LQG in small spins, and obtains promising results such as the
entanglement entropy with thermodynamical analog and Regge geometries emerging from critical points in the
stationary phase analysis. There are more interesting perspectives which should be investigated in the future.
In our work, we have seen the small-j semiclassicality always relates to coarse-graining, e.g. a semiclas-
sical Regge geometry with J, as a macrostate is a collection of microstates {jr}, and the entanglement entropy
coarse-grains the microstates and gives an analog thermodynamical first law. Moreover, the EPRL-FK model
with J, as DOFs may be viewed as a coarse-grained effective theory whose fundamental fine-grained theory
is the generalized spinfoam model with j; as DOFs. This result opens up a possibility that spinfoam models
such as EPRL-FK might not be fundamental but rather coarse-grained effective theories emergent from some
fine-grained theories which are more fundamental. In our work, we only consider to coarse-grain the face DOFs
such as spins jr, but do not consider to coarse-grain bulk DOFs such as intertwiners or spinfoam vertices in the
fine-grained theory. It would be more interesting to coarse-grain/fine-grain these bulk DOFs (there have been

—-30 -



some attempts in the literature, e.g. [39-46]). It might be possible that there exists a fine-grained fundamental
theory such that the EPRL-FK model emerges from coarse-graining both face and bulk DOFs. This anticipated
fine-grained theory might closely relate to the continuum limit of spinfoam formulation.

As is mentioned in Section 8, the analog thermodynamical first law from the entanglement entropy is
similar to the first law of LQG black hole in [3]. This similarity may orient us toward an explanation of
black hole entropy from the entanglement entropy in spinfoam formulation. Understanding quantum black
hole in spinfoam formulation or other full LQG framework is a long-standing open issue. Our work suggests
a new routine toward formulating black hole in spinfoam. The idea is to consider spinfoam amplitude on a
4-manifold as a subregion in a black hole spacetime such as the Kruskal spacetime, and the spatial boundary
Y to be the spatial slice at the moment 7 = 0 of time reflection symmetry. We may set the critical point
(g%, &an)c[Ja] to correspond to a discrete Kruskal geometry (in this subregion). X can be subdivided by the
horizon (bifurcate sphere) in to A and A. So we can compute the entanglement Rényi entropy S ,(A) similar
as this work. This computation has to be carried out in the Lorentzian spinfoam model, but the derivation and
result should be carried over. Then the thermodynamical first law from S ,(A) should be directly relate to the
black hole thermodynamics.

It would be interesting to relate the entanglement entropy from spinfoam to Jacobson’s proposal [47]: The
semiclassical Einstein equation can be derived from 65 (A) = 0 where S(A) is the entanglement entropy and
satisfies the area-law. We hope to relate the entanglement entropy derived here to recent works [12, 35] which
relate spinfoam amplitude to Einstein equation.

There are other interesting questions on the semiclassical analysis of the fine-grained spinfoam model
A(K), e.g. how to understand the critical points with degenerate tetrahedra and their 4d geometrical interpre-
tation. It would also be interesting if a semiclassical state s could be defined with the fine-grained spinfoam
model without imposing the parallel restriction, and still could be applied to computing entanglement entropy.
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A Face Amplitude

We follow the choice of face amplitude in [33]. The spinfoam amplitude in holonomy representation gives

w(@) = [ [dimGp [ [As i) T340 (A1)
i v

in terms of normalized intertwiners (iy, i,) = 0. U are boundary SU(2) holonomies. All face amplitudes are
dim(js) = 2j; + 1 at internal and boundary f. The boundary state (neglecting the contracted indices)

T:A0) = ]_[ RIN(Uy) ]_[ io (A2)

boundary f boundary «
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is the boundary spin-network basis whose normalization is given by

(R, R/

SR, Y = —=0; i Omm Opmr - A3
mn mn> dlm(]) JoJ Omm’ n ( )

In terms of coherent intertwiners,

w(@ =Y [ Taimtp [ €[ [aG.8m40) (Ad)
7 :

where Tﬁg(l_])) is given by replacing i, in Tﬁ;([j) with coherent intertwiners. But every integral f dé,r =
dim(jy) f dé, s by the resolution of identity for coherent states dim(;) f délj, €)(j, €] = 1 where d€ is the nor-
malized measure on the unit sphere. A(K) in Eq.(4.1) computes the coefficients in front of ng(lj ), SO gives

Ar(ip) = AnaGp) = 2j + 1™ for internal f,
Ar(jp) = Aa(jp) = 2y + 1)»®*2 for boundary f. (A.5)
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