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We present a comprehensive study on the low-lying states of neutron-rich Er, Yb, Hf, and W iso-
topes across the N = 126 shell with a multi-reference covariant density functional theory. Beyond
mean-field effects from shape mixing and symmetry restoration on the observables that are rele-
vant for understanding quadrupole collectivity and underlying shell structure are investigated. The
general features of low-lying states in closed-shell nuclei are retained in these four isotopes around
N = 126, even though the shell gap is overall quenched by about 30% with the beyond mean-field
effects. These effects are consistent with the previous generator-coordinate calculations based on
Gogny forces, but much smaller than that predicted by the collective Hamiltonian calculation. It
implies that the beyond mean-field effects on the r-process abundances before the third peak at
A ∼ 195 might be more moderate than that found in A. Arcones and G. F. Bertsch, Phys. Rev.
Lett. 108, 151101 (2012).

PACS numbers: 21.60.Jz, 21.10.-k, 21.10.Ft, 21.10.Re

I. INTRODUCTION

The knowledge of neutron-rich nuclei far away from the
β-stability line is essential to understand nucleosynthesis
and the origin of heavy nuclei in the Universe. About half
of the elements with mass number A > 60 are produced
within the rapid neutron-capture process (r-process) [1–
3]. Under astrophysical environments with extreme neu-
tron densities, neutron captures are much faster than
β decays, and the r-process path runs through nuclei
with large neutron excess. Along the path, presence of
shell closure and large shell gap determines where the
material accumulates. For example, the peaks around
A = 80, 130, and 195 in the r-process abundances are
mainly attributed to the neutron N = 50, 82, and 126
shell closures, respectively. Previous studies have shown
that quenching of the N = 82 shell gap has a substan-
tial influence on the predicted abundances [4, 5], even
though there is a controversial on whether or not it
should be quenched [6–9]. Experimental studies of the
neutron-rich nuclei across the N = 126 shell are more
challenging as the production of these nuclei from the
reactions of nuclear fusion, fission, and fragmentation is
very low. Therefore, knowledge on the N = 126 shell gap
in neutron-rich nuclei relies heavily on nuclear model pre-
dictions.
Nuclear density functional theory (DFT) starting from

a universal energy functional with about a dozen param-
eters fitted to a set of nuclear properties provides cur-
rently the only microscopic tool to study neutron-rich
nuclei across the N = 126 shell. The information on
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the shell structure can be learnt either from nucleon sep-
aration energies or from the systematics in low-energy
spectroscopic quantities. A strong shell quenching in
an even-even nucleus is usually signaled by a moder-
ate change in two-nucleon separation energies and by
an enhancement in low-lying collective excitations. On
the mean-field level, the predicted two-neutron separa-
tion energies with different energy functionals differ from
each other by a factor of about two for the neutron-rich
nuclei around N = 126 [10–16]. This discrepancy con-
tributes largely to the uncertainty in the predicted r-
process abundances before the third peak at A ∼ 195.
In the recent decade, beyond mean-field (BMF) effects
from symmetry restoration and configuration mixing on
the predicted nuclear masses and nucleon separation en-
ergies have been investigated within the framework of
generator coordinate method (GCM) with either Skyrme
or Gogny energy functionals [17–21]. Generally speaking,
the inclusion of the BMF effects leads to a quenching of
the shell gap and is shown to improve the description of
two-nucleon separation energies in known nuclei around
shell closure. A similar quenching is also predicted for
the N = 126 shell gap in neutron-rich region [20, 21].

The covariant formulation of DFT (CDFT) has
achieved a comparable success in many aspects of ap-
plications to nuclear physics [22–24]. In particular, the
spin-orbit interaction of nucleons emerges automatically
in the relativistic framework. This feature is important
for understanding nuclear shell structure in neutron-rich
nuclei. Considering these facts, it is interesting to re-
visit the low-lying states of neutron-rich nuclei across
the N = 126 shell within this framework, shedding light
on the N = 126 shell gap from different perspectives.
With the CDFT, the BMF effects associated with rota-
tional motion and quadrupole shape vibrational motion
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for 575 even-even nuclei with proton numbers ranging
from Z = 8 to Z = 108 have been evaluated using either
cranking approximation [25] or five-dimensional collec-
tive Hamiltonian (5DCH) [26]. It was shown that both
the masses and two-neutron separation energies are sig-
nificantly improved. A more accurate evaluation of the
BMF effects on these quantities requires more compu-
tationally expensive calculations using quantum-number
projected GCM. With recent extensions to the multi-
reference framework [27–29], it is feasible to carry out
such kind of studies. In this work, we are focused on
the low-lying states of neutron-rich Er, Yb, Hf, and W
isotopes with neutron numbers ranging between 122 6

N 6 138. We compare our results with the predictions
by other models on either mean-field or beyond mean-
field level.

The paper is arranged as follows. In Sec. II, a brief
introduction to the theoretical framework is presented.
This includes both the CDFT and its extension to multi-
reference version with projection and GCM. The numer-
ical details are given in Sec. III. Results are analyzed in
Sec. IV. Finally, a summary and outline are provided in
Sec. V.

II. THEORETICAL FRAMEWORK

A. Covariant density functional theory

Starting from a nonlinear point-coupling effective La-
grangian and taking mean-field approximation, one finds
the energy of nuclear systems as a function of local den-
sities and currents [30, 31]

ERMF =

∫

dr

A
∑

k=1

v2k ψ̄k(r) (−iγ∇+m)ψk(r)

+

∫

dr

(

αS

2
ρ2S +

βS
3
ρ3S +

γS
4
ρ4S +

δS
2
ρS△ρS

+
αV

2
jµj

µ +
γV
4
(jµj

µ)2 +
δV
2
jµ△jµ

+
αTV

2
jµTV (jTV )µ +

δTV

2
jµTV △(jTV )µ

+
αTS

2
ρ2TS +

δTS

2
ρTS△ρTS + ejµpAµ

)

, (1)

where ψk(r) is a Dirac spinor for the single-nucleon wave
function. The coupling constants αi, βi, γi, and δi are
free parameters. jµp is the current of protons and Aµ rep-
resents the electromagnetic field. The four types of den-
sities or currents: isoscalar-scalar (S), isovector-scalar
(TS), isoscalar-vector (V ) and isovector-vector (TV ) are

defined as

ρS(r) =
∑

k

v2k ψ̄k(r)ψk(r) , (2a)

ρTS(r) =
∑

k

v2k ψ̄k(r)τ3ψk(r) , (2b)

jµ(r) =
∑

k

v2k ψ̄k(r)γ
µψk(r) , (2c)

jµTV (r) =
∑

k

v2k ψ̄k(r)γ
µτ3ψk(r). (2d)

The summation in Eqs. (2a) - (2d) runs over all occupied
states in the Fermi sea with nonzero occupation probabil-
ity v2k, which is determined with the BCS approximation.
The single-nucleon wave function ψk(r) is determined

by the following Dirac equation
{

α · p+ V 0(r) + β [m+ S(r)]
}

ψk(r) = ǫkψk(r) , (3)

where the scalar and vector potentials

S(r) = ΣS(r) + τ3ΣTS(r) , (4a)

V µ(r) = Σµ
V (r) + τ3Σ

µ
TV (r) , (4b)

contain nucleon isoscalar-scalar, isovector-scalar,
isoscalar-vector and isovector-vector self-energies as
follows

ΣS = αSρS + βSρ
2
S + γSρ

3
S + δS△ρS , (5a)

ΣTS = αTSρTS + δTS△ρTS , (5b)

Σµ
V = αV j

µ + γV (jνj
ν)jµ + δV △jµ

−eAµ 1− τ3
2

, (5c)

Σµ
TV = αTV j

µ
TV + δTV △jµTV . (5d)

For even-even nuclei, only the zero-component of the
vector potentials is nonzero in Eq. (3). Besides, in order
to generate a set of mean-field solutions with different
intrinsic deformation, a quadratic constraint term on the
mass quadrupole moment is added onto the energy in the
variational calculation,

δ

δψ̄k

[

ERMF +
∑

µ=0,2

C2µ(〈Q̂2µ〉 − q2µ)
2

]

= 0, (6)

which generates a constrained potential term to Eq. (3).

The C2µ is a stiffness parameter and 〈Q̂2µ〉 denotes the
expectation value of the mass quadrupole moment oper-
ator

〈Q̂20〉=
√

5

16π
〈2z2 − x2 − y2〉 = 3

4π
AR2

0β cos γ , (7a)

〈Q̂22〉=
√

15

32π
〈x2 − y2〉 = 3

4π
AR2

0

1√
2
β sin γ . (7b)

For the sake of simplicity, we constrain the parameter γ
to be either 180 degree or zero degree, which corresponds
to the nucleus with either oblate or prolate deformation,
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keeping the z-axis always being the symmetric axis. With
this simplification, only one-dimensional angular momen-
tum projection will be needed to restore rotational sym-
metry. The deformation parameter β is calculated by

β =
4π

3AR2
0

〈Q̂20〉, where R0 = 1.2A1/3 (fm), and A is the

mass number.

B. Beyond mean-field approximation with

generator coordinate method

The collective wave function of low-lying states is con-
structed as a linear combination of particle-number and
angular-momentum projected mean-field wave functions

|ΨJM
α 〉 =

∑

β

fJ
α (β)P̂

J
MK=0P̂

N P̂Z |Φ(β)〉. (8)

where the intrinsic shape of the mean-field wave func-
tion is restricted to have axial symmetry. The α labels
different collective states for a given angular momentum
J . The P̂N , P̂Z , and P̂ J

M0 are projection operators onto
good quantum numbers, i.e., neutron number N , proton
number Z, and angular momentum J , respectively. The
weight functions fJ

α (β) are determined by minimizing the
energy of the collective state with respect to the weight
function. This leads to the Hill-Wheeler-Griffin (HWG)
equation [32–34]

∑

β′

[

HJ(β, β′)− EJ
α N J (β, β′)

]

fJ
α (β

′) = 0 . (9)

where the norm kernel N J (β, β′) and the Hamiltonian
kernel HJ(β, β′) are defined as

OJ(β, β′) ≡ 〈Φ(β)|ÔP̂ J
00P̂

N P̂Z |Φ(β′)〉, (10)

with Ô = 1 and Ô = Ĥ , respectively. The solution

of the Eq. (9) provides the weight functions fJ
α (β) and

the energy spectrum, as well as other information needed
for calculating the electric multipole transition strengths.
This framework is called multi-reference covariant den-
sity functional theory (MR-CDFT). More details on the
framework could be found in Ref. [29].
The electric quadrupole transition strength B(E2)

from the initial state (Ji, αi) to the final state (Jf , αf ) is
calculated as follows

B(E2; Ji, αi → Jf , αf )

=
1

2Ji + 1

∣

∣

∣

∑

β′,β

f
Jf∗
αf

(β′)〈Jf , β′||Q̂2||Ji, β〉fJi
αi
(β)

∣

∣

∣

2

,

(11)

with the reduced transition matrix element

〈Jf , β′||Q̂2||Ji, β〉

=
(2Jf + 1)(2Ji + 1)

2

+2
∑

M=−2

(

Jf 2 Ji
0 M −M

)

∫ π

0

dθ sin(θ) dJi∗
−M0(θ)〈Φ(β′)|Q̂2Me

iθĴy P̂N P̂Z |Φ(β)〉 ,

(12)

where Q̂2M ≡ er2Y2M is the electric quadrupole moment
operator. Meanwhile, we can also calculate the spectro-
scopic quadrupole moment for each state

Qspec(Jπ
α ) =

√

16π

5

(

J 2 J
J 0 −J

)

∑

β,β′

fJ∗
α (β′)

×〈J, β′||Q̂2||J, β〉fJ
α (β) . (13)

Since the B(E2) values and spectroscopic quadrupole
moments Qspec(Jπ

α ) are calculated in the full configura-
tion space, there is no need to introduce effective charge,
and e simply corresponds to bare value of the proton
charge.

III. NUMERICAL DETAILS

Parity, time-reversal invariance and axial symmetry
are assumed. The Dirac equation (3) is solved by ex-
panding the Dirac spinor in terms of three-dimensional
harmonic oscillator basis in Cartesian coordinate with 14
major shells which are found to be sufficient for the nuclei
under consideration. The relativistic energy density func-
tional PC-PK1 [31] is employed in the calculations. Pair-
ing correlations between nucleons are treated with the
BCS approximation using a density-independent δ force
with a smooth cutoff factor [35]. The Gauss-Legendre
quadrature is used for the integrals over the Euler an-
gle θ in the calculations of the projected kernels. The
number of mesh points in the interval θ ∈ [0, π] for the
θ is chosen as Nθ = 14. The number of mesh points
for the gauge angles in the Fomenko’s expansion [36] for
the particle-number projection is Nφ = 9. The Pfaffian
method [37] has been implemented to calculate the norm
overlap in the kernels.

IV. RESULTS AND DISCUSSIONS

A. Analysis of quadrupole collectivity

Figure 1 displays the energy surfaces for the even-even
neutron-rich Er, Yb, Hf, andW isotopes from both mean-
field and beyond mean-field calculations. It shows evi-
dently the development of quadrupole collectivity glob-
ally with the increase of neutron number from N = 126.
The quadrupole deformation parameter β at each global
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FIG. 1. (Color online) Energies of mean-field states (MF, left), particle-number projected states (N&Z, middle), and those
with additional projection onto angular momentum (J = 0, right) for (a-c) 190−206Er, (d-f) 192−208Yb, (g-i) 194−210Hf, and (j-l)
196−212W isotopes as a function of the intrinsic mass quadrupole deformation. The energies of 190−206Er, 192−208Yb, 194−210Hf,
and 196−212W isotopes are shifted by −4,−3,−2, and −2 MeV between two neighboring isotopes, respectively. The global
energy minima are indicated by black dots.

energy minimum is displayed in Fig. 2 as a function of
neutron number. Along each isotopic chain, the equi-
librium quadrupole shape undergoes a transition from
oblate shape to prolate one while across the neutron
number N = 126 with spherical shape. The angular-
momentum projection brings an additional energy to the
weakly deformed configurations and thus changes some-
what the location of the energy minimum in the nu-
clei around N = 126. For those weakly deformed nu-
clei and the transitional nuclei, the concept of nuclear
shape is ill-defined as a large shape mixing effect is ex-
pected there. After mixing differently-shaped configura-
tions, one ends up with a more correlated wave function
for nuclear ground state. The low-lying excited states as-
sociated with rotational and vibrational collective excita-

tions are also obtained. The properties of these low-lying
states are used to provide information on the underlying
shell structure.
Figure 3 displays the averaged deformation parameter

β̄Jα for the first two 0+ and 2+ states, which is defined
as

β̄Jα =
∑

β

β|gJα(β)|2, (14)

where the collective wave function gJα(β) is related to the
mixing weight [34]

gJα(β) =
∑

β′

[

N J
]1/2

(β, β′)fJ
α (β

′). (15)
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FIG. 2. (Color online) The quadrupole deformation param-
eter β of ground state obtained by MF, PNP (N&Z), and
PNAMP (J = 0) calculations using PC-PK1 force, as a func-
tion of neutron number for 190−206Er, 192−208Yb, 194−210Hf,
and 196−212W isotopes.

The evolution trend in the averaged quadrupole defor-
mations of the first 0+ and 2+ states presents a clear
picture of smooth shape transition with the increase of
neutron number away from N = 126. The second 0+ and
2+ states are more complicated, the averaged quadrupole
deformations of which exhibit different behavior before
and after N = 134. Since all the four isotopes share sim-
ilar features, we only plot the collective wave functions for
190−206Er in Fig. 4. It is seen that the second 0+ and 2+

states can be well approximated as spherical vibrational
excitation states in the isotopes with N < 134. Beyond
N = 134, this structure is progressively destroyed by the
increasing quadrupole deformation. The very sharp dis-
continuity around N = 134 in the 0+2 states might be
interpreted as a signature of spherical-to-prolate shape
phase transition [38].
Figure 5 displays the excitation energy of 2+1 state,

transition strength B(E2; 0+1 → 2+1 ), the ratio of ex-
citation energies R42 = E(4+1 )/E(2+1 ), spectroscopic
quadrupole moment Qspec(2+1 ), and neutron-proton de-
coupling factor η as a function of neutron number. The
neutron-proton decoupling factor is defined as [39, 40]

η =
Mn/Mp

N/Z
, (16)

where Mn and Mp are the quadrupole transition ma-
trix elements of neutrons and protons from ground state
to 2+1 state, respectively. A pronounced peak is found
in the excitation energy of the 2+1 state at N = 126,
which is consistent with the findings based on the Gogny
force [21], even though the value ∼ 2.5 MeV predicted
in the present work is evidently smaller than their value
∼ 4.5 MeV. All the five observables indicate the weakly
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FIG. 3. (Color online) The averaged deformation parameter
β̄Jα for the first two Jπ = 0+ and 2+ states in 190−206Er,
192−208Yb, 194−210Hf, and 196−212W isotopes as a function of
neutron number, respectively.
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FIG. 4. (Color online) Collective wave functions [cf. Eq. (15)]
of the 0+1 , 0

+
2 , 2

+
1 , and 2+2 states in 190−206Er.

quadrupole collectivity for the nuclei around N = 126,
which is consistent with the features of low-lying states in
shell-closed nuclei. With the increase of neutron number,
quadrupole collectivity is progressively developed with
the predominate shape changing from spherical/weakly
deformed one to prolate one when the neutron number
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FIG. 5. (Color online) (a) Excitation energy 2+1 state, (b) elec-
tric quadrupole transition strength B(E2; 0+1 → 2+1 ), and (c)
the ratio of excitation energies R42 = E(4+1 )/E(2+1 ), (d) spec-
troscopic quadrupole moment Qspec(2+1 ), and (e) neutron-
proton decoupling factor η for Er, Yb, Hf, and W isotopes
as a function of neutron number from the MR-CDFT calcu-
lations using PC-PK1. See text for details.

is increased beyond N ∼ 134. The neutron-proton de-
coupling factor η has a minimum at N = 126. In other
words, the quadrupole correlation contributed from neu-
trons is much weaker than that from protons, indicating
the magicity of the neutron number N = 126.

B. Analysis of the N = 126 shell closure

We use two-neutron separation energies S2n and their
differentials ∆S2n(Z,N) = E(Z,N − 2)+E(Z,N +2)−
2E(Z,N), obtained from the masses of even-even nuclei,
as a signature and measure of the underlying shell struc-
ture. Figure 6 displays our predicted S2n and ∆S2n in Er
isotopes (labeled as RMF[PC-PK1(Tri.)]) as a function
of neutron number across N = 82 and 126, in compar-
ison with available data. Besides, we perform a survey
on separation energies obtained from other predictions,
including

• macroscopic-microscopic (MM) mass models: the
finite-range droplet model (FRDM) [41], the
Weizsäcker-Skyrme mass model (WS4) [42], and
the Duflo-Zuker mass model (DZ28) [43],

• Hartree-Fock-Bogoliubov (HFB) models with non-
relativistic Skyrme energy density functionals SV-
min [44], UNEDF1 [45], HFB-17 [46], SLy4 [47],
SkM⋆ [48], SkP [49], and Gogny force D1S [50],

• as well as the relativistic mean-field (RMF)
model [51] with TMA [52], and relativistic
Hartree-Bogoliubov (RHB) model [15, 53–55] with
DD-ME2 [56], DD-PC1 [57], NL3⋆ [58], DD-
MEδ [59], and spherical relativistic continuum
Hartree-Bogoliubov (RCHB) model [16] with PC-
PK1 [31].

Most of these mass tables are compiled in Ref. [60]. Be-
fore comparing the results by these models, some points
should be kept in mind. First of all, the parameters in
the mass models (including HFB-17) are usually adjusted
with all/most available data on nuclear masses. There-
fore, the mass models generally show a better perfor-
mance in the nuclei with data. They are not guaranteed
to have the same performance on in-sample and out-of-
sample nuclei. Second, even for the results from the cal-
culations based on universal energy functionals, differ-
ent types of approximation are used. For the results la-
beled with “HFB” or “RHB/RCHB”, pairing correlation
between nucleons is treated with a general Bogoliubov
transformation. Otherwise, the BCS approximation is
used. Besides, for the results by energy functionals, ax-
ial symmetry is assumed if not specified. The last but
not least, different energy functionals are fitted based on
somewhat different protocols. It also introduces diversi-
ties into the predictions for neutron-rich nuclei.
The results by the non-relativistic and relativistic mod-

els are plotted in Fig. 6(a)(c), and Fig. 6(b)(d), respec-
tively. One can see from the figure that

• All the models predict an abrupt drop in S2n and a
deep peak in ∆S2n at the magic numbers N = 82
and N = 126.

• The discrepancy between the model predictions
and available data for S2n and ∆S2n is generally
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FIG. 6. (Color online) Two-neutron separation energies (a, b) and their differentials (c, d) in Er isotopes as a function of
neutron number. The upper panels (a, c) show the results from macroscopic-microscopic models and non-relativistic energy
density functionals calculations, while the lower panels (b, d) are from the relativistic calculations. The discrepancy between
model predictions and data is given in the insets. The data are taken from Ref. [61]. See text for details.

within 1.0 MeV, except for the nuclei around the
shell closure N = 82.

• The S2n of the nuclei with N = 82 (N = 84) is
generally overestimated (underestimated) by all the
energy functionals. It brings an error up to ∼ 3
MeV into the predicted ∆S2n, in particular by the
Skyrme SLy4, Gogny D1S and all the considered
relativistic energy functionals except for TMA.

• A very interesting finding is the steady increase in
the S2n starting from N ∼ 114 up to N = 126
predicted by most of the calculations. The results
of PC-PK1 with and without taking into account
static deformation effect are significantly different
from each other. Without the deformation effect,
the S2n is decreasing monotonically with neutron
number from N = 82 to N = 126 as shown in
the results labeled with RCHB[PC-PK1(Sph.)]. It
implies that the deformation effect is responsible for
the steady increase in the two-neutron separation
energies before N = 126.

The above analysis is extended to Yb, Hf, and W iso-
topes and a similar phenomenon to that found in Er iso-
topes is observed, i.e., a large uncertainty exists in the
predicted S2n and ∆S2n by different models for the four
isotopes around N = 126. The predicted ∆S2n varies
from −2.0 MeV to −8.0 MeV.
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FIG. 7. (Color online) The ∆S2N obtained from different
calculations as a function of proton number.

Figure 7 displays the predicted ∆S2N at N = 126
from different models as a function of proton number
from Z = 60 to Z = 74. It is shown that the MM
models predict a somewhat increase in the ∆S2n with
the decrease of proton number. In contrast, the pre-
dicted ∆S2n is quenching with the decrease of proton
number by the non-relativistic Skyrme energy function-
als (except for the HFB-17, SLy4, and SkM⋆) and the
relativistic ones (except for the DD-MEδ, DD-PC1, and
TMA). The evolution trend by the TMA is obviously op-
posite to that by other relativistic functionals. It might
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FIG. 8. (Color online) (a) The energy surface of mean-field
states (MF), particle-number projected states (N&Z), and
those with an additional projection onto angular-momentum
J = 0 for 194Er by the relativistic PC-PK1. The global energy
minimum of each energy surface is marked with square, tri-
angle, and diamond symbols, respectively. The ground state
by the GCM calculation is indicated with a red dot. (b) The
energy gained from particle-number projection (dashed green
line) and that from angular-momentum projection (solid blue
line) as functions of the quadrupole deformation β.

be due to its mass-number dependent coupling strengths.
Moreover, we note that different from other relativistic
energy functionals that are usually optimized to a bunch
of spherical nuclei in different mass regions, the DD-PC1
was optimized locally to 64 axially deformed nuclei in the
mass regions 150 ≤ A ≤ 180 and 230 ≤ A ≤ 250. The
use of different fitting protocols may contribute partially
to the divergence in the predictions.
Subsequently, we examine the contribution of the

BMF dynamic correlation energies to the predicted two-
neutron separation energies. The dynamic correlation
energy can be decomposed into three parts: the en-
ergy EPNP

Corr from particle-number projection, the energy
EAMP

Corr from angular-momentum projection and the en-
ergy EGCM

Corr from shape mixing,

EDyn
Corr = EPNP

Corr + EAMP
Corr + EGCM

Corr . (17)

We take 194Er as an example to illustrate each con-
tribution. The results are shown in Fig. 8. It is seen
that about 2.07 MeV is gained in the energy from the
particle-number projection, which shifts down the entire
potential energy surface systematically. The projection
onto angular momentum J = 0 brings additionally about
1.71 MeV contribution to the energy. The energy gained
from shape mixing is around 0.98 MeV. We carry out
the same analysis for 190−206Er, 192−208Yb, 194−210Hf,
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Corr, EPNP

Corr ,
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Corr , and EGCM
Corr for 190−206Er, 192−208Yb, 194−210Hf, and

196−212W isotopes as a function of neutron number. The re-
sults ECrank

Corr calculated using the cranking prescription (18)
are also given for comparison.
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FIG. 10. (Color online) Two-neutron separation energy from
the MR-CDFT calculations with different approximation, in-
cluding the pure mean-field calculation (MF), with particle-
number projection only (PNP) and projections onto both
particle-number and angular momentum J = 0 [PNAMP(J =
0)], as well as the quantum-number projected GCM calcula-
tion (PNAMP+GCM), for 190−206Er, 192−208Yb, 194−210Hf,
and 196−212W isotopes as a function of neutron number.

and 196−212W. The results are displayed in Fig. 9 as a
function of neutron number. It is shown that the total
dynamic correlation energy ranges between ∼ 3.5 MeV
and ∼ 5.5 MeV, with the minimum located at N = 126.
For comparison, we also evaluate the dynamic correlation
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energy using the cranking prescription [25, 46, 62, 63]

ECrank
Dyn = Erot{btanh(c|βm|)+d|βm|e−l(|βm|−β0)2} , (18)

where the values of parameters b, c, d, l, and β0 are chosen
as 0.80, 10, 2.6, 10, and 0.10 according to Ref. [63]. The
Erot represents the rotational correction to the energy

Erot =
~
2

2I 〈Ĵ
2〉, (19)

where the moment of inertia I is calculated by the
Inglis-Belyaev formula and Ĵ corresponds to the angular-
momentum operator. As expected, the phenomenological
formula (18) underestimates systematically the dynamic
correlation energy, in particular for the nuclei around
N = 126. It means that the cranking prescription cannot
be used for the purpose of study dynamic correlation ef-
fects on the neutron separation energies of nuclei around
shell closure.
Since the amount of dynamic correlation energy varies

from nucleus to nucleus, it affects the predicted two-
nucleon separation energy. The previous studies for sta-
ble nuclei have demonstrated that the two-neutron sepa-
ration energies are overall improved after taking into ac-
count the dynamic correlation energies [17, 19, 20, 25, 26,
39]. In Fig. 10, we show how the dynamic correlation en-
ergy evaluated at different level changes the two-neutron
separation energies in the four isotopes. In the mean-field
results, an increase in the two-neutron separation energy
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with neutron number ranging from N = 128 to N = 134
is attributed to deformation effect, which was discussed
in Ref. [21]. With the inclusion of dynamic correlations
from particle-number projection and angular-momentum
projection, the amount of energy dropping in S2n from
N = 126 to N = 128 is dramatically decreased. This
effect becomes moderate after taking into account shape
mixing in the GCM calculation, in which case, the vari-
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ation of the two-neutron separation energy with neutron
number is much smoother.

We extend the above analysis to the entire Er isotopes.
The separation energies S2n together with their differen-
tials ∆S2n are shown in Fig. 11. The BMF effects quench
the variation of S2n with neutron number, in particular
around N = 82 and N = 126. In the region with avail-
able data around N = 82, one can see that these effects
reduce significantly the discrepancy between theoretical
results and data.

Figure 12 shows the predicted differential ∆S2n of two-
neutron separation energy at N = 126 as a function of
proton number, in comparison with the results from the
calculations using the Gogny force D1M [21]. The N =
126 shell gap is quenched when the BMF correlations are
included. It is shown that angular-momentum projection
decreases the ∆S2n by about 1.3 MeV in both cases. This
value is further decreased by∼ 1.0MeV with the particle-
number projection. Besides, we note that the ∆S2n by
AMP+GCM with D1M is almost a constant (about 5.8
MeV) with the decrease of proton number from Z = 74 to
Z = 68, while that by the PC-PK1 is decreasing evidently
from ∼ 5.0(6.0) MeV to ∼ 4.7(5.7) MeV. The origin of
this difference is not clear yet, but might be related to
the different isospin dependent spin-orbit potential.

Figure 13 summarizes the two-neutron separation en-
ergy and its differential atN = 126 predicted by different
models. Generally, the predicted absolute value of ∆S2n

by the MM models (FRDM, WS4, and DZ28) is overall
smaller than those by the energy functional calculations
(except for the Skyrme force SkP [49]). On the mean-field
level, the Gogny force D1S and relativistic energy func-
tionals DD-ME2 and PC-PK1 predict the largest values
for the N = 126 shell gap. For the PC-PK1, the BMF ef-
fects reduce the ∆S2n to be around−5.0 MeV, quenching
the shell gap by ∼ 30%.

To asses the possible impact of ∼ 30% shell quenching
at N = 126 by the PC-PK1 on the r-process abundances
in a qualitative way, we compare the BMF effects on the
S2n and ∆S2n from our calculation with that from the
5DCH calculation based on the Gogny D1S force [50] in
Table I. The latter has been adopted into the r-process
calculations by Arcones and Bertsch. It was found that
the BMF effects on the masses reduce significantly the
trough in the abundances before the third peak at A ∼
195 [64], which are similar to the shell quenching effects
on the r process [4, 65]. One can see from Table I that
the BMF effects by the 5DCH based on D1S decrease the
S2n and ∆S2n much more pronounced than that by the
GCM based on PC-PK1. The quenching effect at N =
126 shell gap in the former is larger than the latter by
about a factor of two. It indicates a much more moderate
influence on the r process abundances from the BMF
effects by the GCM calculation using PC-PK1 than that
illustrated in Ref [64]. Of course, a dedicated r-process
calculation with the entire mass table by the PC-PK1 is
required before drawing a solid conclusion.

TABLE I. Two-neutron separation energy S2n and its differ-
ential ∆S2n at N = 126 from both mean-field and BMF cal-
culations based on either relativistic PC-PK1 or Gogny D1S.
The BMF results of D1S were evaluated with the 5DCH from
Ref. [50]. See text for details.

Z S2n (MeV) ∆S2n (MeV)

PC-PK1 D1S PC-PK1 D1S

RMF GCM HFB 5DCH RMF GCM HFB 5DCH

68 9.46 8.50 8.42 5.81 -6.91 -4.70 -6.89 -3.07

70 10.31 9.28 9.24 6.64 -7.11 -4.75 -6.87 -3.00

72 11.13 10.09 10.10 7.48 -7.25 -4.87 -6.90 -2.90

74 11.92 10.94 11.02 8.31 -7.32 -4.99 -7.02 -2.72

V. SUMMARY

We have presented a comprehensive study of neutron-
rich Er, Yb, Hf, and W isotopes across the N = 126 shell
with the MR-CDFT. With the techniques of quantum-
number projections and GCM, we have calculated the
observables of low-lying states using the PC-PK1 param-
eterization of the relativistic point-coupling Lagrangian
density. Our results have shown that the quadrupole col-
lectivity is progressively developed in all the four isotopes
with the increase of neutron number beyond N = 126. It
corresponds to a transition from spherical shape to pro-
late deformed one. The general features of the low-lying
states in closed-shell nuclei, i.e., a sharp peak of 2+1 exci-
tation energies and a pronounced neutron-proton decou-
pling, have been found in the isotopes around N = 126,
indicating the robustness of N = 126 shell gap.
Besides, we have studied the impact of BMF effects

on the predicted nuclear masses, two-neutron separation
energies and their differentials. The BMF effects quench
the variation of the two-neutron separation energies with
neutron number and lead to a reduction in the predicted
shell gaps. For the N = 126 shell gap, this quenching
effect is ∼ 30% in all the four isotopes, consistent with
that found in the GCM calculation based on the Gogny
forces [20, 21], but much smaller than that in the 5DCH
calculation [50]. It implies that the BMF effect on the
r process through nuclear masses will be more moderate
than that found in Ref. [64], in which the BMF effects are
evaluated with the 5DCH calculation [50]. A quantitative
investigation of these effects on the r-process abundances
is required before drawing a solid conclusion. This kind of
investigation asks for a global mass-table calculation with
the MR-CDFT. Work along this direction is in progress.
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