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The nuclear chiral conundrum with crossing twin bands is investigated with three-dimensional
tilted axis cranking covariant density functional theory in a fully self-consistent and microscopic
way. The energy spectra and electromagnetic transition strengths for bands 1 and 2 in 106Ag are
well reproduced with two distinct configurations with two and four quasiparticles, respectively. For
the four-quasiparticle configuration, a chiral vibrational band on top of band 2 is expected due
to the soft Routhian curves. Therefore, it provides a microscopic and solid solution for the chiral
conundrum in 106Ag. It also paves the way for understanding similar chiral structure in other nuclei
in the future..
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INTRODUCTION

Chirality is a well-known phenomenon in many fields,
such as chemistry, biology, molecular and particle
physics. In nuclear physics, chirality was originally sug-
gested by Frauendorf and Meng in 1997 [1]. It represents
a novel feature of rotating triaxial nuclei, where three an-
gular momentum vectors in the intrinsic frame may cou-
ple to each other in either a left- or right-handed mode.
The two modes differ from each other by their intrinsic
chirality, and are thus connected by the chiral operator
TR(π) that combines time reversal T and spatial rotation
by π.

In the laboratory frame, the restoration of the bro-
ken intrinsic chiral symmetry gives rise to the so-called
chiral doublet bands, which consist of a pair of nearly-
degenerate ∆I = 1 bands (for reviews see Refs. [2, 3]).
The existence of chiral doublet bands have been reported
experimentally in the A ∼ 80, 100, 130, and 190 mass
regions of the nuclear chart; see e.g., Refs. [4–15]. In
most cases, the doublet bands are separated in energy at
low spins, while they approach each other with increasing
spin and become approximately degenerate above a criti-
cal spin. This feature has been understood as a transition
from a chiral vibrational mode at low spins to the static
chiral mode above a critical spin [9, 16, 17], which is a
consequence of quantum tunneling between the intrinsic
left- and right-handed chiral solutions.

Although the energies of chiral doublet bands are close
to each other, a crossing between the twin bands is rarely
observed. Two most famous examples are in the nuclei
134Pr [4] and 106Ag [8]. Such crossing bands have trig-
gered extensive investigations since they may provide an
ideal test of the onset of static chirality [4, 8, 18–22].
Indeed, for some time, 134Pr was regarded as the best
example of nuclear chirality. However, this conclusion is
not supported by the subsequent experimental measure-
ments of the electromagnetic transition rates [19]. In par-
ticular, the measured in-band B(E2) values for the can-

didate chiral partner bands show large differences, and
this is not in harmony with the picture of a good static
chirality, which requires similar electromagnetic transi-
tion rates for the twin bands [3].

The nature of the other famous case of crossing bands
in 106Ag is even more elusive. In Ref. [8], the excited
partner band was explained in terms of an axial shape
resulting from a novel shape transformation induced by
chiral vibration from the triaxial yrast band to the ax-
ial excited partner band. Nevertheless, two recent inde-
pendent lifetime measurements [21, 22] reported similar
B(E2) and B(M1) values for the partner crossing bands;
reflecting that the two bands may built on similar nuclear
shapes. Therefore, the characterization of the crossing
bands and the corresponding chiral manifestation is still
an open question.

Another important feature of the crossing bands is the
observation of the third band lying only slightly higher
than the two existing crossing bands in 134Pr and 106Ag
[21, 23]. In particular, for 106Ag, the electromagnetic
transition rates for the third band have also been mea-
sured [21]. There are certain signs from the systematic
behaviors of the data indicating that the third band to-
gether with one of the crossing bands might form a pair
of chiral doublet bands. This interpretation is also con-
sistent with the calculated results given by the particle
rotor model (PRM), which however, is a phenomenolog-
ical model and is adjusted to the data in one way or
another [21].

Therefore, to explore the mysteries associated with the
chiral manifestation of the crossing bands, it is highly
desirable to perform a self-consistent and microscopic in-
vestigation. Such calculations are more challenging, but
they are nowadays feasible in the framework of density
functional theories (DFTs). The DFTs provide a fully
self-consistent mean field for nucleons, which depends en-
tirely on a universal energy density functional for the en-
tire nuclide chart and, thus, would provide a thorough
understanding of the chiral conundrum.



2

Covariant DFT exploits basic properties of QCD at
low energies, in particular, the presence of symmetries
and the separation of scales [24]. It provides a consis-
tent treatment of the spin degrees of freedom, includes
the complex interplay between the large Lorentz scalar
and vector self-energies induced at the QCD level [25],
and naturally provides the nuclear currents induced by
the spatial parts of the vector self-energies, which play an
essential role in rotating nuclei. To describe nuclear rota-
tion, covariant DFT has been extended with the cranking
method [26–30], and this has provided a satisfactory de-
scription of rotational excited states all over the periodic
table and has demonstrated high predictive power [31–
36]. For nuclear chirality, in particular, the recently de-
veloped three-dimensional tilted axis cranking (3DTAC)
approach based on covariant DFT has been successfully
applied for describing the multiple chirality in 106Rh [30].
In the present paper, the chiral conundrum associated

with the crossing partner bands will be investigated with
the 3DTAC approach based on covariant DFT by taking
the nucleus 106Ag as an example. The calculations are
fully self-consistent and microscopic, and are free of any
readjustment of parameters to the observed band struc-
ture in 106Ag. Therefore, they provide a test for the en-
ergy density functional applying to the chiral conundrum
in 106Ag.

THEORETICAL FRAMEWORK

Covariant DFT starts from a Lagrangian, and the
corresponding Kohn-Sham equations have the form of
a Dirac equation with effective fields S(r) and V µ(r)
derived from this Lagrangian [37–41]. In the 3DTAC
method [30], these fields are triaxially deformed, and the
calculations are carried out in the intrinsic frame rotat-
ing with a constant angular velocity vector ω, pointing
in an arbitrary direction in space:

[

α · (p− V ) + β(m+ S) + V − ω · Ĵ
]

ψk = ǫkψk. (1)

Here, Ĵ is the total angular momentum of the nucleon
spinors, and the fields S and V µ are connected in a self-
consistent way to the nucleon densities and current dis-
tributions, which are obtained from the single-nucleon
spinors ψk [32, 36, 42]. The iterative solution of these
equations yields single-particle energies, expectation val-
ues for the three components 〈Ĵi〉 of the angular mo-
mentum, total energies, quadrupole moments, transition
probabilities, etc. The magnitude of the angular velocity
ω is connected to the angular momentum quantum num-
ber I by the semiclassical relation 〈Ĵ〉 · 〈Ĵ〉 = I(I + 1),
and its orientation is determined by minimizing the total
Routhian self-consistently.
Pairing correlations are considered by solving the tilted

axis cranking relativistic Hartree Bogoliubov (TAC-

RHB) equations in the framework of superfluid covariant
DFT [43, 44]. The TAC-RHB model achieves a unified
and self-consistent treatment of the mean fields, which
include long range particle-hole (ph) correlations, and
the pairing field which sums up the particle-particle (pp)
correlations. For details on the TAC-RHB method, one
can see Refs. [43–45].
In this work, the point-coupling Lagrangian PC-

PK1 [46] is adopted in the ph channel, and a finite-range
separable pairing force [47] is used in the pp channel.
The scaling factor of the pairing strength is taken from
Ref. [48] according to a global analysis of nuclear ground-
state properties. The calculations are free of additional
parameters. The Dirac equation [Eq. (1)] is solved in
a three-dimensional Cartesian harmonic oscillator basis
with 10 major shells. It has been checked that the total
energy at rotational frequency ~ω = 0.25 MeV changes
only by 0.04% with 12 major shells, and the correspond-
ing obtained deformation is barely changed.
The present study focuses on the odd-odd nucleus

106Ag. In the latest experiment of this nucleus [21],
three close-lying bands of negative parity were reported.
Most previous works [8, 21, 22] have assumed that
band 1 corresponds to the two-quasiparticle configura-
tion πg9/2 ⊗ νh11/2, where a quasi-proton in g9/2 shell is
coupled with a quasi-neutron in h11/2 shell. In Ref. [21],
a four-quasiparticle configuration, πg9/2 ⊗ νh11/2(gd)

2,
where a pair of quasi-neutrons in the low-j (g7/2d5/2)
shell are aligned, is assumed to be the configuration of
bands 2 and 3. In this work, we have carried out the self-
consistent 3DTAC calculations with both configurations
in the framework of covariant DFT. The configurations
have been identified by expanding the single-particle or-
bitals on a set of spherical harmonic oscillator basis.
They are fixed during the iterative solution of the Dirac
equation by calculating the maximum overlap between
each block orbital at two successive iterations [28, 43].

RESULTS AND DISCUSSION

In Fig. 1, the calculated excitation energies and the
rotational frequencies ~ω are compared with data [21].
The calculated results with the two- and four- quasipar-
ticle configurations can reproduce very well the data of
bands 1 and 2, respectively. This demonstrates clearly
that the crossing between bands 1 and 2 are caused by
the different configurations. This is consistent with the
assumptions adopted in the previous phenomenological
PRM calculations [21]. In the present work, however, the
configuration assignment is confirmed solidly in a micro-
scopic and self-consistent framework of covariant DFT. In
particular, the energy separation between the bandheads
of bands 1 and 2 is reproduced very well, but this can-
not be achieved in a phenomenological PRM. Moreover,
the calculated energy difference between the bandhead of
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FIG. 1. (color online.) Calculated rotational excitation ener-
gies (top) and rotational frequencies (bottom) with the two-
and four- quasiparticle configurations as a function of the an-
gular momentum in comparison with data [21]. The excita-
tion energies are renormalized to the bandhead.

band 1 and the ground state is 0.75 MeV, which is very
close to the experimental value 0.87 MeV.

We found that pairing correlations play a signifi-
cant role in the two-quasiparticle band, while they be-
come negligible in the four-quasiparticle band due to
the alignment of two more quasiparticles. For the two-
quasiparticle configuration, convergent results can be ob-
tained only up to around 14~, where the alignment of
band 1 indicates an onset of band crossing [21]. It is
well-known that cranking approaches are not appropri-
ate for describing band crossings [49].

There is no proper configuration obtained for band 3 in
the present calculations. Considering the fact that bands
2 and 3 are lying close to each other with similar quasi-
particle alignments [21], it indicates that band 3 might
be a chiral partner band of band 2. At the present mean-
field level, it does not take into account either the chiral
vibrations nor the tunneling between the left- and right-
handed sectors. Therefore, the energy splitting between
bands 2 and 3 cannot be calculated. Further extensions
going beyond the mean field by using, for instance, the
methods of the random phase approximation [9] or the
collective Hamiltonian method [50, 51] will be required

for this purpose in the framework of DFTs.
However, to justify the chiral nature of bands 2 and

3, one can first check the magnitude of triaxial defor-
mation for the four-quasiparticle configuration, which is
obtained self-consistently in this work. In Fig. 2, the
potential energy surface of 106Ag at the rotational fre-
quency ~ω = 0.25 MeV is shown with the configuration
fixed to be the four-quasiparticle one. Although the tri-
axial deformation is only γ ∼ 5◦ at the energy minimum,
the potential energy surface is rather soft in the triax-
ial direction; the energy rise is less than 1.5 MeV with
the triaxial deformation reaching γ ∼ 25◦. Considering
the fact that the four-quasiparticle configuration contains
high-j protons and neutrons in the g9/2 and h11/2 shells,
respectively, a partner band of chiral vibrational mode is
very likely to be built on top of band 2.
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FIG. 2. (color online.) Potential energy surface of 106Ag
in the β-γ deformation plane for the configuration πg9/2 ⊗

νh11/2(gd)2 at the rotational frequency ~ω = 0.25 MeV. The
star denotes the position of the minimum energy.

To examine the possible presence of chiral vibration,
it is crucial to check the calculated orientation angles θ
and φ of the total angular momentum J in the intrinsic
frame. Here, θ is the angle between the angular momen-
tum and the long axis, and φ the angle between the an-
gular momentum projection onto the intermediate-short
plane and the short axis [30]. In the present calculations
with the four-quasiparticle configuration, the polar angle
θ varies from 46◦ to 69◦ driven by the increasing rota-
tional frequency, while the azimuth angle φ vanishes at
all rotational frequencies. This provides a planar rota-
tion, where the angular momentum lies in the plane of
short and long axes.
It should be noted that 3DTAC gives only the clas-

sical orientation, around which the angular momentum
J can execute a quantal motion. In the planar rotation
(φ = 0), the angular momentum vector J could oscil-
late around the planar equilibrium into the left- (φ < 0)
and right-handed (φ > 0) sectors, and this leads to the
so-called chiral vibration [4]. As a result, two separate
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bands are expected to be observed, corresponding to the
first two vibrational states. Therefore, the experimen-
tal observation of chiral vibrations requires a relatively
low vibrational energy, which in turn requires that the
Routhian rises slowly along the φ degree of freedom [50].
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FIG. 3. (color online.) Total Routhian curves for the con-
figuration πg9/2 ⊗ νh11/2(gd)2 at rotational frequencies ~ω =
0.2 and 0.7 MeV as functions of the azimuth angle φω of the
angular velocity ω, which are determined by minimizing the
total Routhian with respect to the polar angle θω for each
given value of φω. The two Routhian curves are respectively
renormalized to their minima at each rotational frequency.
Inset: similar to the Routhian curves but for the total en-
ergy curves at spin I = 11~ and I = 20~ as functions of the
azimuth angle φI of the spin.

This can be seen from Fig. 3, where the total Routhian
curves are shown as functions of φω for the four-
quasiparticle configuration at rotational frequencies ~ω =
0.2 and 0.7 MeV. Here, the azimuth angle φω and the
polar angle θω are used to represent the orientation of
the angular velocity ω. The total Routhian curves are
determined by minimizing the total Routhian with re-
spect to θω for each given value of φω . The validity of
the Kerman-Onishi conditions [52] has been checked sim-
ilar to Ref. [53], and it is found that the Kerman-Onishi
conditions are satisfied with a high precision, which is
sufficient for determining the observables in the present
3DTAC-CDFT calculations.

It is seen in Fig. 3 that for both rotational frequencies
~ω = 0.2 and 0.7 MeV, the Routhian grows very slowly
with the increasing φω; rising only several tens of keV
from φω = 0◦ to 40◦. Similar behavior can be also seen
for the total energies which grows slowly with the increas-
ing φI at spin I = 11~ and I = 20~. This indicates that
the chiral vibration around the planar equilibrium into
the left- and right-handed sectors should be substantial,
and a pair of chiral vibration bands can be generated.
Moreover, the present calculations demonstrate that the
Routhian curve becomes softer with respect to the φ di-
rection at higher rotational frequencies; indicating that
the chiral vibrational energies are smaller at high angular
momentum. Therefore, one can expect that the observed

energy separation between the chiral twin bands would
be reduced with increasing spin, and this is indeed con-
sistent with the experimental data of bands 2 and 3 as
shown in Fig. 1.
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FIG. 4. (color online.) Calculated M1 (top) and E2 (bottom)
transition probabilities with the two- and four- quasiparticle
configurations as a function of the angular momentum in com-
parison with the data [21].

The B(M1) and B(E2) transition probabilities can
be calculated in the semiclassical approximation from
the magnetic and quadrupole moments, respectively [1].
Here, the magnetic moments are derived from the rela-
tivistic electromagnetic current operator as in Ref. [30].
In Fig. 4 the calculated B(M1) and B(E2) values with
the two- and four- quasiparticle configurations are shown
as a function of the angular momentum in comparison
with the data from the latest lifetime measurements [21].
The experimental electromagnetic transition rates for

bands 1 and 2 are well reproduced by the calculated re-
sults with the two- and four- quasiparticle configurations,
respectively. This provides a further strong support for
the present configuration assignment of bands 1 and 2.
For both bands, it is found that the deformation changes
only slightly along the band, so the corresponding B(E2)
values are roughly constant. However, the B(M1) values
decrease smoothly along the band because of the so-called
shears mechanism [2], i.e., the gradual close of the neu-
tron and proton angular momentum vectors.
Note that the configurations of bands 1 and 2 differ
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only slightly by two quasi-neutrons in the low-j shells of
g7/2 and d5/2, which influence gently the deformation pa-
rameters (β, γ) and the rotational orientation (θ, φ). As
a result, the calculated electromagnetic transition prop-
erties of bands 1 and 2 are very close to each other. This
explains nicely the behaviors of the observed data, and
demonstrates clearly that bands 1 and 2 do not form a
pair of chiral partner bands.

SUMMARY

In summary, a fully self-consistent and microscopic in-
vestigation for the chiral conundrum associated with the
crossing partner bands in 106Ag has been carried out
with the 3DTAC approach based on covariant DFT. The
calculated energy spectra and electromagnetic transition
probabilities with two distinct configurations πg9/2 ⊗
νh11/2 and πg9/2 ⊗ νh11/2(gd)

2 are in good agreement
with the corresponding data of bands 1 and 2. For the
latter configuration, it is found that the potential energy
surface is rather soft with respect to the triaxial degree
of freedom. Moreover, due to the soft Routhian curves,
the chiral vibration around the planar equilibrium into
the left- and right-handed sectors can be substantial. A
pair of chiral vibration bands are thus expected, and this
is consistent with the latest observations [21]. Therefore,
the present work provides a microscopic and solid solu-
tion for the chiral conundrum in 106Ag. It also paves the
way for understanding similar chiral structure in other
nuclei in the future.
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