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Abstract

We compare anisotropic hydrodynamics (aHydro) results obtained using the relaxation-time ap-
proximation (RTA) and leading-order (LO) scalar A¢* collisional kernels. We extend previous
work by explicitly enforcing number conservation through the incorporation of a dynamical chem-
ical potential (fugacity) in the underlying aHydro distribution function. We focus on the case of a
transversally homogenous and boost-invariant system obeying classical statistics and compare the
relevant moments of the two collisional kernels. We then compare the time evolution of the aHydro
microscopic parameters and components of the energy-momentum tensor. We also determine the
non-equilibrium attractor using both the RTA and LO massless A¢* number-conserving kernels.
We find that the aHydro dynamics receives quantitatively important corrections when enforcing

number conservation, however, the aHydro attractor itself is not modified substantially.

Keywords: Quark-gluon plasma, Relativistic heavy-ion collisions, Relativistic hydrodynamics, Anisotropic

hydrodynamics, Boltzmann equation, Scalar field theory
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I. INTRODUCTION

In the kinetic theory, the collisional kernel provides the microscopic input to the Boltz-
mann equation and encodes the dynamical processes which drive the system toward equilib-
rium [1]. In hydrodynamics approaches which are based on kinetic theory, moments of the
collisional kernel are used and, therefore, the choice of a specific collisional kernel dictates the
manner in which the resulting fluid description approaches equilibrium. In the anisotropic
hydrodynamics (aHydro) framework [2—4], for example, most papers to date have used the
relaxation-time approximation (RTA) for the collisional kernel [5]. Despite its simplicity,
3+1d aHydro codes which use the RTA do a quite reasonable job in describing experimen-
tal observations of identified hadron spectra, elliptic low, Hanbury-Brown-Twiss radii, etc.
[6-8]. Given this success, it is desirable to make the underlying aHydro equations of motion
more realistic by using collisional kernels associated with an actual quantum field theory.
Of course, the eventual goal is to use realistic scattering kernels based on quantum chromo-
dynamics [9]. Herein, we take a small step in this direction by making comparisons between
results obtained using the RTA and leading-order (LO) scalar A¢?* collisional kernels.

In our previous work [10], we demonstrated how to use a general 2 <> 2 collisional
kernel in the aHydro formalism and then specialized to the case of a LO scalar A\¢* theory.
We applied the aHydro equations to a 0+1d massless system undergoing boost-invariant
longitudinal expansion. Our results demonstrated that the system dynamically produced
higher anisotropy when using the LO scalar kernel than when using the RTA kernel. We
also demonstrated that the system approached its non-equilibrium attractor more slowly
with the LO scalar kernel.

In this work, we extend the analysis presented in Ref. [10] by enforcing number conser-
vation using both the RTA and LO massless A\¢* kernels. In both cases, we generalize the
Romatschke-Strickland form [11, 12] to include a dynamical chemical potential. We derive

2rd moments of the Boltz-

the necessary aHydro equations of motion using the 0**, 1, and
mann equation, solve the resulting ordinary differential equations numerically, and discuss
the effect of enforcing number conservation with both the RTA and LO scalar kernels. Us-
ing the resulting equations of motion, we also determine the differential equation obeyed by
the aHydro dynamical “attractor” [10, 13], now taking into account number conservation.

The attractor drives the early-time dynamical evolution of the system and is important in
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understanding the hydrodynamization of the quark-gluon plasma [14-24].

The structure of the paper is as follows. We present the setup in Sec. II. In Sec. III we
introduce the RTA and LO scalar collisional kernels, taking into account a finite chemical
potential. In Sec. IV, the aHydro equations are presented for a number conserving theory.
In Sec. V we compute the necessary moments using both collisional kernels. In Sec. VI we
present representative numerical solutions of the aHydro equations of motion, comparing
the LO scalar collisional kernel and the RTA collisional kernel with and without number
conservation. In this section, we also present the aHydro non-equilibrium dynamical attrac-
tor and compare to previously obtained results. In Sec. VII we provide our conclusions and

an outlook for the future.

CONVENTIONS AND NOTATION

The Minkowski metric tensor is taken to be ¢" = diag(+,—,—,—). The Lorentz-

Pp 1

invariant integration measure is dP = 5t5+
(2m)° Ep

and four-vectors are decomposed as, e.g.

p* = (E,, p). In what follows, we will work in the massless limit m — 0 such that £, = |p|.

II. SETUP

In our prior paper [10], we compared the equations of motion, pressure anisotropies, attac-
tor, etc. resulting from the use of a 2 <> 2 scalar collisional kernel and the Anderson-Witting
kernel (relaxation time approximation or RTA) [5]. In that work, we did not explicitly take
into account number conservation in the scalar theory nor did we enforce it in the RTA equa-
tions of motion. In order to accomplish this, we generalize the distribution function ansatz
to include a finite chemical potential and then use the zeroth moment of the Boltzmann
equation to provide the additional equation of motion required. In the general case, the

starting point for aHydro is the following form for the one-particle distribution function [4]

) = fu V0 5 ) 07 )

where A is an energy scale which becomes the temperature in the isotropic equilibrium limit

and p is the chemical potential. The anisotropy tensor has the form Z* = vutu” +£* — A* P
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where " is a symmetric traceless tensor obeying u,{" = 0 and &, = 0, u* is the local
fluid four-velocity, ® is the bulk degree of freedom, and A*” = g"” — u*u” is the transverse
projector. The first term in Eq. (1) is the leading-order ellipsoidal form and the second term
accounts for terms which are not of generalized Romatschke-Strickland form [25, 26]. In this
paper, we will perform our analysis for a transversally homogeneous and boost-invariant
system (0+1d) and we work at leading-order, i.e. we ignore & f , in which case it suffices to
introduce one anisotropy parameter [4, 27] and additionally, since the particles are massless
and we ignore the running coupling, there is no bulk contribution. As a result, one can write

the distribution function in the local rest frame of the fluid as [11, 12]

fo= eXp(—%\/pi + (1 +8(p-n)*+ %) :

=fy, (2)

where v = exp (u/A) is the particle fugacity and

=e(- gyt 0T Om ). ®)

is the zero chemical potential distribution function. Above, we have additionally assumed
that the particles obey classical statistics. In the above expressions (2) and (3), £ is the
anisotropy parameter (—1 < £ < o0), A is the transverse temperature, and n is a unit
vector along the anisotropy direction, which is typically taken to be the beamline direction,
i.e. n = z. Both £ and A depend on spacetime in general, but we suppress this dependence

1

for compactness of the notation.". For a recent review of aHydro, we refer the reader to

Ref. [4].

III. COLLISIONAL KERNELS AT FINITE CHEMICAL POTENTIAL

In this section, we present the modifications necessary to extend our prior analyses of
both the scalar and RTA collisional kernels to finite chemical potential. We will use the

Boltzmann equation to obtain the necessary aHydro equations of motion

POty = Clfyl, (4)

INote that, in 0+1d, if one works in Milne coordinates one is already in the local rest frame of the matter and
ut = (1,0,0,0).
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o
[S)

where f, = f(p) is the one-particle distribution function and the collisional kernel C[f,] is

11 a functional which encodes the details of the specific microscopic interactions.

102 A. Scalar collisional kernel at finite chemical potential

103 We will consider massless scalar A¢* to leading order in the coupling. The elastic 2 < 2

s scattering kernel with classical statistics can be written in the form [10, 28]

1

Csc [fp] = 3_2

/ dKdK'dP" |IM* (27)*6W (k™ + K> — p* — p*) F(k, k' ,p,p)),  (5)

105 where

f(k7k,7pap/) = fkfk:’ - fpfp’7 (6>

s with M being the invariant scattering amplitude. For the case considered one has |[M]? = \?
w7 with A being the scalar coupling constant.

108 Using Eq. (2) one can see immediately that the distribution function factorizes
F(k K p.p') = F(k, K, p,0) (7)

s where the superscript 0 indicates the statistical factors at zero chemical potential. From

o this, it follows that

1

=

Csc[fp] = FVQCSC[f]?} ) (8)

1 where the subscript ‘sc’ indicates ‘scalar’.

o

112 B. RTA kernel at finite chemical potential

113 At finite chemical potential, the RTA collisional kernel can be written as
E,
CRTA[fp] - [feq - fp] ) (9)
Teq
s where
fea(p/T) =T exp(~[p|/T) =T fo, (10)
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with T" being the effective temperature and I" being the effective fugacity. Above 7o = 57/T
with 77 = /s being the specific shear viscosity [29, 30]. As a result, one has

Craalfy] = 22 [T, ~ 413) (1)

eq

In order to fix the effective temperature and fugacity we require the right hand sides of the
zeroth and first moments of the Boltzmann equation to vanish. These constraints enforce

number and energy-momentum conservation, respectively. They result in the following two

relations

T=REOVI+EA, (12)
g

= ——— ——— | 13
1+ PR(e) )

where [3]

17 1 arctan /&
R(E) == . 14
©=3 |+t (14
Using (13) we can write the RTA collisional kernel at finite chemical potential as
Cianlf) = 2 [ L 1] (15)
TR L0 R ]

IV. AHYDRO EQUATIONS OF MOTION AT FINITE CHEMICAL POTENTIAL

In this section, we derive the massless 0+1d equations of motion using both the LO
scalar and RTA collisional kernels. The starting point is the Boltzmann equation (4) with
the collisional kernel given by either (5) or (11). As usual, in anisotropic hydrodynamics we

take moments of the Boltzmann equation [4]. The zeroth-moment equation is
ant =0, (16)

where n* = nu* with n being the number density. The right hand side of (16) vanishes
automatically for the scalar collisional kernel and vanishes in RTA due to the matching

conditions (12) and (13). Using (2) one has n = ynl (A)/v/1 + &, where nl is the equilibrium
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number density at zero chemical potential. As a result, the zeroth moment equation becomes

o€ — (17)

1
9. ln~y + 38, InA — -
MYESG AT T e T

The first-moment equation encodes energy-momentum conservation
0,T" =0, (18)

where, once again, the right hand side vanishes automatically for the scalar collisional kernel
and vanishes in RTA due to the matching conditions (12) and (13). Expanding the first

moment equation using (2), one obtains

ROpge L] 1L 1

Finally, we need one equation from the second moment which is obtained by taking the
zz-projection minus one third of the sum of the zz, yy, and zz projections [31]. For a general

collisional kernel, one obtains

1 2
m@f --=K, (20)
with )
_cmooCF o nA P .
k= L L 4y [(1+9)V2C™ (&) — (14 €)Y 2C**(9)] (21)
where
= / dP ' O], 22)
and 3
d
L'E/#pffp:'y[io. (23)
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V. MOMENTS OF THE COLLISIONAL KERNELS

In order to proceed, we need to compute K (21) using both the scalar and the RTA

collisional kernels. After some algebra, it can be shown that in RTA one has

A 3
Krra = S—ﬁf(l +&)>2R(€)

— Learor2e). (24)

eq

In order to compare the scalar case to RTA it is convenient to pull out the overall factor of
A2 by defining C* = C% /A2, which gives
B TINZA

Koo = 7= [(140262(6) = (14+07C2(0)) (25)

For the scalar collisional kernel we must evaluate the remaining 8-dimensional integrals
C**(¢) and C**(¢) numerically [32].

Additionally, if we want to make a proper comparison between dynamics subject to the
RTA and scalar collisional kernels, we should match the two collisional kernels in the near
equilibrium limit. In order to do this, we expand both results to leading order in & and
match the leading-order coefficients. This can be done with the full K function or using
either term contributing to . Following our previous paper, we evaluate C**(£) for both
collisional kernels and equate the leading-order coefficients [10].?

For the RTA kernel, the small-¢ expansion can be done analytically with the result being
: 22 87 2
lim Cipp = Tf +0(&7). (26)
For the scalar kernel, the numerical result is
lim C22 = a*N*¢ + 0(&?), (27)
£—0

with o ~ 0.4394 4 0.0002 [10].

Equating the leading-order RTA and scalar kernel results listed above, we obtain the

20Once the matching is done using C** (&), it is guaranteed to work for C**(¢) and hence K.



10 following matching condition

8
R A— 28
15m2aym (28)
o With this, Eq. (25) becomes
= [ eEe - 1+ &) (20)
sC 150{,}/27—] sc sC )
161 A. Final second moment equations
162 Using the matching condition (28), one can write the second moment equation (20) in
163 the following compact form [10, 13]:
2(1
g 2LEO WO (30)
T Teq
s For the RTA kernel, the VW function is given by
Wrra(€) = £(1 4 €)* R*(€), (31)
s and for the scalar collisional kernel it is
Wee(€) = [1 2022 (€) — (1 + £)¢° ] 32
©) = g7 L1+ €GO - (L +OCE(© (52)
166 B. Connection to second-order viscous hydrodynamics and the attractor
167 Based on the results contained in Ref. [13] and [10], once we have cast the second moment

168 equation the form (30), the second-moment equation and associated attractor equation can

1o then be written in terms of the shear viscous correction, II. Using

Ti(e) = % _ é {1 _ 7%(25))} | (33)

170 one obtains

(&) =0. (34)
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result result
Co 0 g 4.0055 x 1078
c1 1 Co —8.3865 x 10710
Co 0.60658 C10 1.2781 x 10~
3 —0.068866 C11 —1.4017 x 10713
Cy 0.0077844 C12 1.0771 x 10715
s —0.00062427 C13 —5.5029 x 1078
Ce 0.000034979 C14 1.6784 x 10720
cr —1.393 x 1076 C15 —2.3126 x 10723

TABLE I. Polynomial fit coefficients for the classical LO scalar Ws.(§) function defined in Eq. (32).
The fit was made assuming Ws.(§) = ), ¢,&" and using 101 points in the range —0.68 < § < 99.

where it is understood that & = &(II) with &(II) being the inverse function of II(¢). For
details concerning construction of this inverse function, we refer the reader to Ref. [13].

Transforming to “attractor variables”

w=71T(T),

W
=7— 35
p=T—, (35)

one obtains the following first-order differential equation by combining the first moment
with Eq. (34) [13]

) 1 T 1 —
w% - {5“ +&) - %W} I, (36)

where W = w/e¢, with ¢; = 577. Once the “amplitude” ¢ is determined by solving (36) subject
to the appropriate boundary condition at w = 0, one can obtain the pressure anisotropy
using

Pr  3—4p

VI. RESULTS

We now turn to our results. We will compare results obtained from our prior work
[10] which assumed g = 0 (y = 1) using both the RTA (31) and scalar (32) collisional
kernels. For the scalar collisional kernel we tabulated W.(£) using 101 points in the range
—0.68 < ¢ <99. We evaluated the eight-dimensional integrals necessary using the Monte-
Carlo VEGAS algorithm [10]. The resulting numerical data for Ws.(§) was then fit using

10
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FIG. 1. Comparison of W from the LO scalar and RTA kernels. Panel (a) shows the result for
small values of ¢ and panel (b) shows the result for large values of £&. The RTA kernel results at
1 # 0 and p = 0 are indicated by solid red and dashed red lines, respectively. The scalar kernel
results at p # 0 and p = 0 are indicated by solid black and black dashed lines, respectively.

a 15™-order polynomial W,.(§) = Z}f:o c,&". The resulting fit coefficients are listed in
Table I. In addition to this polynomial fit, we performed large-¢ computations and extracted
the leading ¢-scaling of the kernel in this limit, finding that limg ., W,.(€) = 1.3183 ¢%/2
We used the polynomial fit for all £ < 99 and the large-£ result for & > 99. The resulting

analytic approximations for Wg.(£) were then used as an input to Eq. (30).

A. W function

In Fig. 1 we compare the W functions obtained using the LO scalar and RTA kernels.
Focusing first on the RTA kernel results (red and red dashed lines), we see that the effect
of enforcing number conservation is to increase W at large £ > 0. As a result, one expects
to see smaller momentum-space anisotropies developed when taking into account number
conservation with the RTA approximation. The scalar kernel results (black and black dashed
lines) show the opposite behavior, leading to the prediction that larger momentum-space
anisotropies will develop when taking into account number conservation in this case. As we
will see, this expectation is realized in our results for the early-time dynamical momentum-

space anisotropy and the non-equilibrium attractor.

11



200

201

202

203

204

H=02 H=1
o0l @ — RTA (y=0) ® — RTA (p*0)
----- RTA (4=0) 81 ~---~ RTA (4=0)
Scalar (u*0) Scalar (u*0)
L= N | — Scalar (p=0) ] (-] S /7 N \ S Scalar (p=0)
wr 1.0t 4l
0.5} ol
0.0} o T==
0.50 0.50}
0.20 0.20}
<
0.10f —— RrrA(=0) o | 010F —— RTA(e) .
————— RTA (u=0) S ~———- RTA (p=0)
Scalar (u+0) Scalar (p*+0)
0.05f ----- Scalar (u=0) 0.05f =-=--- Scalar (u=0)
1.0f — RTA (1#0) 1.0 — RTA (120)
— Scalar (p*0) — Scalar (u+0)
0.8f 0.8
0.6f 0.6
>~
0.4} 0.4
0.2} 0.2
(e) (0]
0.0t . . . . . . 0.0 . . . . . -
05 1 5 10 50 100 05 1 5 10 50 100
T T

FIG. 2. The evolution of £ (a)-(b), the transverse temperature scale A in GeV (c)-(d), and the
fugacity « (e)-(f). The left column panels (a), (c), and (e) show the case that 7 = 0.2 and the right
column panels (b), (d), and (f) show 77 = 1. For this figure we assumed isotropic initial conditions
with & = 1078, 70 = 0.25fm/c, Ag = 0.5GeV, and 7o = 1.

B. Dynamical evolution of the microscopic parameters

In Figs. 2 and 3, we present the evolution of the anisotropy paramter &, the transverse
temperature scale A in GeV, and the fugacity v. In both figures, we compare the case that
7 = 0.2 to the case when 7 = 1. In Fig. 2 we assumed isotropic initial conditions with

& =1078 79 = 0.25fm/c, Ay = 0.5GeV, and 7y = 1. In Fig. 3, we assumed anisotropic

12
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FIG. 3. Same as Fig. 2 except for this figure we assumed anisotropic initial conditions & = 100

initial conditions with & = 100 and all other parameters the same as Fig. 2. Focussing
on Fig. 2 first, in each panel we compare the RTA and scalar collisional kernels with and
without enforcing number conservation in the equations of motion. In the top row, we see
that the peak anisotropy parameter observed is consistent with the ranking hypothesized,
namely that enforcing number conservation using the RTA kernel results in a reduced level
of momentum-space anisotropy.®> We see the opposite ordering of the peak ¢ when using

3Due to the fact that we consider a massless system with classical statistics, there is a one-to-one correspondence
between the value of £ and the expected level of pressure anisotropy since the fugacity factors cancel leaving
Pr/Pr = Rr(€)/Rr(€) which is a monotonically decreasing function of &.

13
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FIG. 4. Evolution of the effective temperature (a)-(b) and pressure ansiotropy (c)-(d) using both
the RTA and scalar collisional kernels with and without number conservation enforced. In the
top row, we plot the scaled temperature multiplied by (T/T())l/ 3 in order to better see the small
deviations between the different approaches. The left column panels (a) and (c) show the case
7 = 0.2 and the right column panels (b) and (d) show the case 7 = 1. The initial conditions were
taken to be isotropic with the same parameters as in Fig. 2.

the scalar kernel which is consistent with our prediction that the level of momentum-space
anisotropy should increase when enforcing number conservation in this case.

Continuing on the first row of Fig. 2, we notice that, at late times, the RTA and scalar
collisional kernels give the same asymptotic behavior, with the u # 0 RTA and scalar results
converging to one another and likewise for the case y = 0. From the second row of Fig. 2
we see that the transverse temperature A for p # 0 is approximately the same using either
collisional kernel. Finally, in the bottommost row of Fig. 2 we see the evolution of the
fugacity . Starting from v = 1 at 7 = 0.25 fm/c, we see that the fugacity decreases as a
function of proper time. Turning to Fig. 3 we observe the same patterns in the values of &
developed during the evolution. Additionally, we see qualitatively the same behavior of the
fugacity as a function of proper time, namely that it decreases monotonically and saturates

to a small fixed value at late times.

14
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FIG. 5. Same as Fig. 4 except with anisotropic initial conditions. The initial conditions and
parameters are the same as in Fig. 3.

C. Dynamical evolution of the effective temperature and pressure ratio

Next we turn our attention to Figs. 4 and 5 which show the effective temperature and
pressure ansiotropy using both the RTA and scalar collisional kernels with and without
number conservation enforced. In Fig. 4 we assumed isotropic initial conditions with the
same parameters as Fig. 2, and in Fig. 5 we assumed anisotropic initial conditions with the
same parameters as Fig. 3. In Figs. 4 and 5, we see that both collisional kernels have the
same asymptotic behavior for the pressure anisotropy for 4 = 0 and p # 0. In addition, we
see only very small differences in the effective temperature which had to be multiplied by
(7/70)"/? in order to make them visible to the naked eye. At early times, we see that the
ordering of the level of momentum anisotropy is consistent with our expectations based on
the large-£ behaviour of the W function. At late times, the system evolves into the small-£
region, where all collisional kernels give W ~ &. The late-time differences between the u # 0
and p = 0 cases are due to the additional term involving the fugacity in the energy density

evolution. One commonality is that for both the RTA and scalar collisional kernels one sees

15
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FIG. 6. The left panel (a) shows the attractor solution for the amplitude ¢ and the right panel (b)
shows the associated pressure anisotropy. The four lines show results obtained using the RTA and
scalar collisional kernels for both p # 0 and p = 0.

that enforcing number conservation reduces both the late-time effective temperature and

momentum-space anisotropy.

D. The aHydro attractor

Next, we turn to our numerical results for the aHydro attractor for both collisional kernels
at u # 0 and g = 0. In both cases, given the function W, one only has to solve a first order
differential equation for the amplitude ¢ subject to the appropriate boundary condition. For
aHydro, the boundary condition for the amplitude is [13]
3
li w) = -
im () = >

w—0

(38)

Using this boundary condition, we then solved Eq. (36) numerically using built-in routines
in Mathematica.

In Fig. 6, we compare the attractors obtained using the RTA and scalar collisional kernels
for 4 # 0 and p = 0. From panel (b) we see that the effect of enforcing number conservation
on the attractor is opposite when using the RTA and scalar kernels. We see that, when
we use the RTA kernel, enforcing number conservation results in less momentum-space
anisotropy whereas the reverse is true for the scalar kernel. Once again this is consistent

with the observations we made in the discussion of the large-£ behavior of the W function.
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FIG. 7. Pressure anisotropy evolution for a variety of different initial conditions (dashed lines)
together with the corresponding attractor (solid line). The left panel (a) shows the results obtained
using the scalar collisional kernel and the right panel (b) shows the results obtained using the RTA
collision kernel. For both panels we show the case u # 0.

Additionally, from this figure we see that all kernels converge to the same level of late time
pressure anisotropy when plotted versus w. This rescaling gets rid of the weak dependence
of the effective temperature evolution on the kernel used.

In Fig. 7, we plot the pressure anisotropy evolution for a set of different initial conditions
(dashed lines) together with the corresponding attractor (solid line). The left panel (a)
shows the results obtained using the scalar collisional kernel and the right panel (b) shows
the results obtained using the RTA collision kernel. For both panels we show the case p # 0.
As can be seen from this figure, the scalar kernel results in a slightly slower rate of approach
to the attractor than the RTA kernel. This is consistent with results found in our previous
paper [10]. Besides this, these two plots are qualitatively similar and demonstrate that one
can correctly identify the attractor in aHydro when enforcing number conservation.

Finally, in Fig. 8 we compare the pressure anisotropy evolution for a set of different initial
conditions (dashed lines) together with the corresponding attractor (solid lines) for both
the RTA and scalar collisional kernels. As we can see clearly from this comparison, when
enforcing number conservation one finds that a higher level of momentum-space anisotropy
develops when using the scalar kernel than when using the RTA kernel. Additionally, we
see that, at w 2 5, all results converge to a universal curve which is independent of the

collisional kernel.

17



270

271

272

273

274

275

276

277

278

279

281

282

283

284

285

286

287

288

Scalar (p#0) —— RTA (u*0)
———————— Numerical solution -------- Numerical solution

0.8

0.6

PP

0.4

0.2

0.0 —

0.5 1 2 5

g

FIG. 8. Comparison of the pressure anisotropy evolution for a variety of different initial conditions
(dashed lines) together with the corresponding attractor (solid lines) for both the RTA and scalar
collisional kernels.

VII. CONCLUSIONS AND OUTLOOK

In this paper, we studied the impact of enforcing number conservation on the dynamical
evolution of a 0+1d system subject to the RTA and LO massless A\¢* collisional kernels. For
both collisional kernels we obtained the necessary equations of motion for the transverse
temperature A, anisotropy parameter &, and fugacity v from the first three moments of the
Boltzmann equation. For RTA, we enforced number conservation by introducing an effective
fugacity I' in the equilibrium distribution, which was fixed using a matching condition. For
both kernels we solved the resulting coupled non-linear differential equations numerically
and compared the evolution of the aHydro parameters, pressure anisotropy, and effective
temperature.

We found that, at late times, enforcing number conservation decreases both the effective
temperature and pressure anisotropy for both collisional kernels considered. At early times,
however, we found a more complicated ordering of the level of pressure anisotropy when
comparing the RTA and LO scalar kernels with and without enforcing number conservation.
This ordering, however, was well-explained by the behavior of the large-¢ limits of each
kernel’s W function with 4 = 0 and p # 0. In addition to these findings, we presented the
differential equation for the aHydro attractor, now taking into account number conservation.
We found that the form of the attractor equation remains the same as when not enforcing

number conservation, only with a modified W function. We solved the attractor differential
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equation for both collisional kernels with ;= 0 and p # 0 and compared to existing results
in the literature.

The work presented herein helps us to understand the impact of different collisional
kernels on aHydro evolution. In the future, we plan to implement a realistic QCD-based
collisional kernel in aHydro. Work along these lines is in progress [9]. Another interest-
ing question concerns the impact of thermal fluctuations on the character/existence of the
non-equilibrium attractor. If one allows for thermal fluctuations which break either trans-
verse homogeneity or boost invariance, then these have been shown to modify the late time
dynamics away from the classic Bjorken solution [33-35]. There has been one numerical at-
tractor study of the effect of geometric inhomogeneities on the attractor in which the author
found that an attractor still exists in this case, albeit with some quantitative differences to
the homogenous case [20]. In the case of thermal fluctuations, a diffusion current must exist
with density fluctuations satisfying the corresponding fluctuation-dissipation theorem and
this will have an effect on the attractor solution. It would be very interesting to extend this

analysis to also include thermal fluctuations and the effects of the diffusion current.
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