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A detailed feasibility study on deducing the high-lying single-particle components (HLSPCs),
which are important but used to be ignored, in the ground and low-lying excited states of even-even
light nuclei is performed by analyses of (p, d) reactions with 12C, 24Mg, 28Si, and 40Ca targets at
51.93 MeV. Coupled reaction channels (CRC) analyses have been made for (p, d) transitions to

the j-forbidden excited states in 11C ( 5
2

−

, 4.32 MeV), 23Mg ( 7
2

+
, 2.05 MeV), 27Si ( 7

2

+
, 2.16 MeV)

and 39Ca ( 9
2

−

, 3.64 MeV), including the major allowed transition components together with direct
components of HLSPCs. Spectroscopic amplitudes of the HLSPCs are deduced by fitting the angular
distributions of the ground and the j-forbidden excited states simultaneously. The present analysis
demonstrates for the first time that information about HLSPCs in atomic nuclei can be obtained
from analysis of (p, d) reactions.

PACS numbers: 24.10.Ht, 24.50.+g, 25.40.Cm, 25.40.Dn

I. INTRODUCTION

Admixture of high-lying single-particle components
(HLSPCs) has been found to be important for the struc-
ture of atomic nuclei for a long time [1, 2]. In modern
ab initio calculations, use of very large basis space, such
as 10 ~ω, are also found to be necessary for reasonable
reproduction of the energy levels of light nuclei [3, 4]. In-
formation about the population of nucleons in HLSPCs
in the ground or low-lying excited states relates to some
important questions in nuclear physics. For instance, the
population in such high-lying orbitals may be caused by
tensor forces or nucleon-nucleon correlations [5, 6], which
are not adequately treated in most traditional shell model
calculations [6–8]. Such problems may also be linked to
the long-disputed questions about the quenching of sin-
gle particle strength and their dependence on the neutron
proton asymmetry, which are suggested to be related to
the nucleon-nucleon correlations in nuclear physics [9–
13].
Experimentally, the admixture of high-lying single par-

ticle orbitals (SPOs) in the ground states of atomic nuclei
can be studied by measuring their charge form factors via
(e, e′) reactions [14, 15]. However, a hadronic probe is
usually more practical in the study of nuclear structure,
especially for radioactive nuclei. Actually, in nucleon
pickup reactions, e.g., A(p, d)B or A(3He, α)B reactions,
transitions to states of the residual B that are forbidden

as direct one-step transfer (OST) processes, which would
otherwise require picking up neutrons from orbitals that
are outside of the model space of traditional shell model,
are often observed. These are called “j-forbidden” tran-
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sitions [16, 17, 19–21]. In most of the previous analy-
ses of such reactions, neutron transfers through collec-
tive excitations in either the entrance or the exit chan-
nels (two-step transfer processes, TST) are thought to
be the most important mechanism [16, 18–25]. Very few
attempts have been made to include OST processes in
the analysis of the j-forbidden transition data. In Refs.
[16, 26], the authors found that including the OST pro-
cesses only in their calculations using the distorted wave
Born approximation (DWBA) failed to reproduce the ex-
perimental data with the j-forbidden states in both the
shapes and the magnitudes of their angular distributions
of cross sections. In Refs. [19] and [22], the authors
included both OST and TST processes in coupled reac-
tion channels (CRC) calculations. However, these calcu-
lations were used only to examine the neutron spectro-
scopic amplitudes (SAs) obtained with the Nilsson model
by confronting the theoretical results with experimen-
tal ones. Extracting the neutron SAs from experimental
data was not attempted, which would require a better
treatment of the reaction mechanisms and careful param-
eter searching. In the CRC framework, both OST and
TST processes contribute to neutron transfer and they
add coherently.

Inclusion of HLSPCs in shell model calculations re-
quires treatment of core excitation and interactions that
cross at least two major shells. Neither of these are well
investigated. For this reason, HLSPCs are seldom in-
cluded in standard shell model calculations even with
modern computational resources although nucleon pop-
ulation in such orbitals have been suggested a long time
ago [2, 14, 16]. Experimental information about nucleon
population in these states, such as their SAs, are crucial
for the development of structure theory. For this purpose,
we study the feasibility of extracting the SAs associated
with neutron populations in HLSPCs from experimental
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data with CRC calculations.

II. PROCEDURES FOR NUMERICAL

ANALYSIS

In order to study the feasibility of extracting the SAs
of HLSPCs in the ground and low excited state of nuclei,
we reanalyze the (p, d) reactions measured by Ohnuma
et al. [25] at 51.93 MeV with 12C, 24Mg, 28Si and 40Ca

leading to the j-forbidden states at 4.32 MeV (5
2

−

) in
11C, 2.05 MeV (7

2

+
) in 23Mg, 2.16 MeV (7

2

+
) in 27Si,

and 3.64 MeV (9
2

−

) in 39Ca. One step transfer to the
ground states (g.s.) of the residual and two step transfer
to the excited states (e.s.) via collective excitations of the
target and of the residual were included in Ref. [25]. In
addition to these processes, we include direct OST to the
j-forbidden excited states, assuming the transferred neu-
trons initially populate the HLSPCs in the ground states
of the target nuclei. Neutron pickup from the HLSPCs in
the excited states of the target nuclei are also included.
For simplicity, only one excited state in the target and
the residual nuclei are treated. These processes are de-
picted in Fig.1.
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FIG. 1. Reaction coupling schemes used in our CRC calcula-
tions.

Collective excitations in the entrance- and the exit-
channels are treated using a rotational model with defor-
mation parameters taken from Refs. [25, 27, 28], which
resulted from analysis of the inelastic scattering data.
These parameters are fixed in our analysis. The geometry
parameters (the radius and diffuseness of a Woods-Saxon
potential) of the entrance-channel proton-nucleus poten-
tials are obtained with the systematics of KD02 [29]. The
depths of these potentials are adjusted to reproduce the
elastic scattering data (measured in the same experiment
in Ref. [25]) in coupled channel calculations. These pa-
rameters are given in Table. I. No deuteron elastic scat-
tering data were measured in the same experiment. Since
our main purpose is to study the structure information
associated with the j-forbidden excited states, to which,
contributions from collective excitations of the residual
nuclei are very important, we firstly find the depths of

the deuteron potentials by requiring them to reproduce
the ground state data in single-channel DWBA calcula-
tions. Following the prescription in Ref. [30], the geome-
try parameters of these deuteron potentials are taken to
be the same as those for the proton-residual potentials.
They are also evaluated with the KD02 systematics. The
depth of these potentials are then adjusted to reproduce
the deuteron elastic scattering cross sections in DWBA
calculations by coupled channel calculations. The result-
ing deuteron potential parameters are also listed in Ta-
ble. I. The single-particle form factors are evaluated with
the standard binding energy prescription using binding
potentials of Woods-Saxon form. We fix the diffuseness
parameter a = 0.65 fm and adopt two values of the radius
parameter, namely, r0 = 1.25 fm and 1.35 fm. We study
the dependence of our results on the choice of these val-
ues. For convenience, the same r0 is used for all bound
state wave functions in our analysis although some stud-
ies have suggested to use different r0 values for different
bound states (see, e.g., Ref. [21]). A systematic study
of the proper value of r0 should be further performed in
the future. The validity of the following procedures to
determine the SAs is rather independent of this problem.
For simplicity, spin-orbit parts of the nuclear potentials
are not included in our analysis.

TABLE I. Parameters of the entrance- and exit-
channel optical model potentials of Woods-Saxon
forms: U(r) = −(V + iW )fws(r) − iWdfwd(r), with

fws(r) =
{

1 + exp
[(

r − rVA
1/3
T

)

/aV

]}

−1

, fwd(r) =

(4/a) exp
[(

r − rwdA
1/3
T

)

/awd

] [

1 + exp
(

r − rwdA
1/3
T

)

/awd

]

−2

,

and AT being the mass number of the target nucleus. Values
of rv, av, rwd, and awd are determined with the systematics
of KD02.

Channel V (MeV) W (MeV) Wd (MeV)

p+12C 39.26 6.795 4.377

p+24Mg 40.22 7.457 4.355

p+28Si 39.78 6.409 4.160

p+40Ca 40.34 6.703 4.152

d+11C 102.7 3.392 15.45

d+23Mg 81.33 3.454 20.92

d+27Si 87.02 3.342 21.40

d+39Ca 85.80 3.404 24.66

For the excited states of the target nuclei, which have
non-zero spins, there are several possible SPOs from
which the neutron can be picked up. For example, a
neutron is allowed to be in the 1d5/2, 1d3/2, 1g9/2, 1g7/2,
2d3/2, 2d5/2 orbitals (and many other even higher lying

ones) when it is picked up from the excited state of 40Ca,
which has spin-parity 3−, leaving 39Ca in its j-forbidden

excited state, which has spin-parity 9
2

−

. For practical
reasons, we take only two of them: a “normal” one (1d5/2
here) and a high-lying one with angular momentum dif-
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fer from that of the normal one by two units (1g9/2 here,
governed by requirement of parity conservation). Our
choice of these SPOs are listed in Table. II.
Given the choice of reaction coupling schemes and the

involved SPOs, there are six SAs to be determined for
each reaction. For a reaction A(p, d)B, they are 1) SA1
for OST from the g.s. of A to the g.s. of B; 2) SA2
and SA3 for TST from the e.s. of A to the g.s. of B; 3)
SA4 for OST from the g.s. of A to the e.s. of B, and 4)
SA5 and SA6 for TST from the e.s. of A to the e.s. of
B. These SAs are treated as free parameters and their
values are determined by fitting the ground and the ex-
cited state data simultaneously with the standard min-
imum χ2 criteria using the computer code SFRESCO

[31]. In order to avoid the dependence of the resulting
parameters on their initial values, for each reaction, we
make more than 1000 times of fittings with the initial
SAs randomly chosen within the interval [−5, 5]. Since
for neutron transfer to both the ground and the excited
states of residual nuclei there is a set of three SAs to
determine, namely, {SA1, SA2, SA3} and {SA4, SA5,
SA6}, respectively, and the values of these two sets of
SAs correlate through collective excitations of the tar-
get and residual nuclei, one would expect that these SAs
may not be able to be uniquely determined by using only
two sets of experimental data. Indeed, we have found at
least two groups of SAs that fit the experimental data
with similar χ2 values for each reaction. However, it is
also interesting to see that the results of more than 1000
times of parameter searches do gather into very limited
number of groups (2 ∼ 4) for each value of r0 (r0 = 1.25
and 1.35 fm). This reminds us of the discrete ambigui-
ties found in the parameters of systematic optical model
potentials [32, 33]. The relative standard deviations of
most SAs, which is defined as the standard deviation of
a SA divided with by its mean value, are smaller than
1% except for SA3, SA4, or SA6 in some groups (corre-
sponding to neutron pickup from HLSPCs), whose rela-
tive standard deviations are around 3%. As an example,
we show in Fig. 2 the distributions of 515 groups of SAs
which belong to the group G2 of 40Ca. In the following
text, we represent the SAs of each group by their mean
values.

III. RESULTS AND DISCUSSIONS

For each reaction, we present two groups of SAs that
give the smallest χ2 values, which are denoted in Table.
II as groups G1 and G2 for r0 = 1.25 fm, and G3 and
G4 for r0 = 1.35 fm. Comparisons between the results
of CRC calculations with SAs in G1 and G2 are given
in Fig. 3 together with the experimental data. Clearly,
except for the e.s. data of 12C at both small and large
angles and the g.s. data of 28Si at forward angles where
the SAs of G2 do not reproduce the experimental data
as well as those of G1 (although they give very similar
χ2 values), calculations with both groups of SAs repro-
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FIG. 2. Distributions of the SAs of group G2 of 40Ca. The
total number of parameter set in this group is 515. The
mean values, SA, and their corresponding standard devi-
ations, ∆SA, of these parameters are (SA, ∆SA)=(2.246,
3.30×10−4) for SA1, (3.345, 1.53×10−3) for SA2, (-0.251,
6.03×10−3) for SA3, (0.490, 7.69×10−4) for SA4, (1.313,
1.38×10−3) for SA5, and (-0.322, 5.39×10−3) for SA6. The
single particle orbitals are 1d3/2 for SA1, 2p3/2 for SA2, 1f7/2
for SA3, 1h9/2 for SA4, 1d3/2 for SA5, and 1gg/2 for SA6.

duced the experimental data nearly equally well. These
calculations considerably improved the reproduction of
the experimental data as compared with those reported
in the original paper [25]. Values of spectroscopic am-
plitudes from available shell model calculations are also
given in Table.II for comparisons with the experimental
ones. These calculations were performed with the YSOX
[34] interaction for 12C and with SPDF-MU [35] for 24Mg,
28Si and 40Ca.

One observes that values of the two groups of SAs with
the same r0 differ considerably from each other. Since
both sets of SAs result in similar reproduction of the same
experimental data, to some extent, the increase/decrease
of some SAs, say, SA5, can be compensated by the de-
crease/increase of the other SAs, say, SA6. This is remi-
niscent of the continuous ambiguities found in systematic
optical model potentials [33]. This suggests that some se-
rious problems exist in determining the SAs from experi-
mental data with methods of our kind, which is, however,
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TABLE II. Mean values of the experimental SAs (SA-EXP) in different groups. The numbers in parentheses are the corre-
sponding χ2-values. n, l, j are the quantum numbers of the single particle orbitals. Available shell model results are in column
SA-SM. See details in the text.

nuclei nlj SA-EXP SA-SM

jπ r0 = 1.25 fm r0 = 1.35 fm
12C 11C G1 (1.6) G2 (2.7) G3 (1.9) G4 (2.2)

0+ 3

2

−

1p3/2 SA1 2.04 2.16 1.69 1.76 1.74

2+ 3

2

−

1p1/2 SA2 3.61 1.47 1.56 -0.210 0.740

1f7/2 SA3 0.708 0.509 0.349 0.170

0+ 5

2

−

1f5/2 SA4 -0.143 -0.0928 -0.0913 -0.0217

2+ 5

2

−

1p3/2 SA5 -3.04 2.52 -2.51 2.14 1.17

1f7/2 SA6 0.333 -0.630 0.0684 -0.573
24Mg 23Mg G1 (1.2) G2 (1.1) G3 (1.1) G4 (0.77)

0+ 3

2

+
1d3/2 SA1 0.739 0.729 0.621 0.316 0.597

2+ 3

2

+
1d5/2 SA2 -0.739 -1.21 -1.29 -1.94 0.833

2s1/2 SA3 0.881 -0.643 -0.416 -1.25 0.138

0+ 7

2

+
1g7/2 SA4 0.284 -0.200 -0.121 -0.0218

2+ 7

2

+
1d5/2 SA5 -1.48 -0.878 -0.918 1.61 0.621

1g9/2 SA6 -0.896 -0.807 -0.756 0.217
28Si 27Si G1 (2.9) G2 (2.9) G3 (2.3) G4 (2.3)

0+ 5

2

+
1d5/2 SA1 2.39 1.95 2.04 1.87 1.95

2+ 5

2

+
1d5/2 SA2 -1.94 -2.89 -1.90 -2.15 0.296

2s1/2 SA3 2.41 -3.61 1.58 -1.95 0.654

0+ 7

2

+
1g7/2 SA4 0.294 -0.124 -0.171 -0.0562

2+ 7

2

+
1d5/2 SA5 2.07 1.95 1.80 1.73 1.11

1g9/2 SA6 0.794 0.956 0.730 0.746
40Ca 39Ca G1 (0.84) G2 (0.60) G3 (0.96) G4 (1.0)

0+ 3

2

+
1d3/2 SA1 2.24 2.25 1.81 1.85 2.01

3− 3

2

+
2p3/2 SA2 3.18 3.35 2.28 1.99 0.183

1f7/2 SA3 -0.954 -0.251 0.847 0.592 0.343

0+ 9

2

−

1h9/2 SA4 0.337 0.490 0.460 0.289

3− 9

2

−

1d3/2 SA5 -0.403 1.31 0.840 -0.518 0.817

1g9/2 SA6 -1.21 -0.322 -0.264 -0.823

a rather common practice in the analysis of transfer re-
actions. On the other hand, since these SAs belong to
different groups, if one or some of the SAs in one group
can be verified by results of, for instance, nuclear struc-
ture calculations or any other means, the SAs of the other
groups can be excluded and all the SAs may then be de-
termined.

As stated above, several SPOs may participate when
neutron is picked up from the excited states of the tar-
get nuclei. For simplicity, we include only two of them.
Also, only two excited states of target and residual nuclei
are included in our analysis. The SAs extracted from ex-
perimental data will change when more SPOs and more
excited states are included in CRC calculations. There
are also uncertainties in the signs of these SAs. Chang-
ing the signs of all SAs simultaneously will result in the
same differential cross sections with fixed values of de-
formation parameters for collective excitation processes.
In our approach, the signs of SA1s are set to be positive.

The signs of the other SAs are determined by fitting the
experimental data.

Concerning the SAs associated with the HLSPCs in the
ground (SA4s) and excited states (SA6s) of the target nu-
clei, which are the primary interest in this study, one sees
that 40Ca has the most stable (with respect to the change
of r0) and largest SA4 value among the four target nuclei.
Amplitudes of SA4s for the other nuclei vary much more
strongly with respect to the change of r0. This is a strong
indication that there is considerable amount of HLSPC
in the ground state of 40Ca. This may be understood by
considering that, being in a doubly-magic nucleus, nucle-
ons in 40Ca have stronger correlations than those in the
other three nuclei so that they have larger possibility to
populate the high-lying SPOs [36]. Although it has been
rather well known that there is considerable spread of
the single-particle strength in 40Ca [37], we believe this
is the first time that we get the SA of the HLSPCs in the
ground and excited states of 40Ca with (p, d) reactions.
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FIG. 3. Comparisons between results of CRC calculations
and the experimental data with SAs of G1 and G2. Circles
and solid points are for the ground and excited state data,
respectively. The ground state data of 24Mg is multiplied by
10 for better visualization.

The amplitudes of SA6 are rather large in most cases for
all nuclei, indicating quite large amount of HLSPCs exist
in the low-lying excited states of light even-even nuclei.
We further examine how much these different processes

contribute to the transfer cross sections. In Fig. 4, com-
parisons are made between results of full calculations,
which include all processes described previously, with
those calculated excluding OST, or TST through the ex-
cited states of the target nuclei, or inelastic excitations
in the exit channels while keeping all other processes un-
changed. Clearly, the OST process is dominant for the
ground state data although the TST and inelastic exci-
tations also help to improve the description of the ex-
perimental data. On the other hand, the TST processes
are dominant for the j-forbidden state data. This agrees
with the results of previous studies where rough agree-
ments with experimental data were obtained with only
TST processes treated for the transfer to the excited
states [25]. But the contributions from OST processes
are also visible, especially for 28Si and 40Ca, for which
the OST contribute considerably at forward and at all
angles, respectively.
The population of HLSPCs in the excited states of

the target nuclei can be examined similarly. For neu-
tron pickup from the excited states of target nuclei, con-
tributions of two components with angular momentum
transfer differing by two units are included. Their cor-
responding SAs are SA2 and SA3 for the ground state
data, and SA5 and SA6 for the excited state data. For
the excited state data of 24Mg, 28Si and 40Ca and the
ground and excited state data of 12C, one of these compo-
nents is “j-forbidden”. The effects of these components
are examined in Fig. 5 by removing them from the full
calculations while keeping all other processes unchanged.
One sees that the contributions from these j-forbidden
components are small for 12C but are apparent for 24Mg,
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FIG. 4. Effects of OST, TST and inelastic excitation processes
in neutron pickup reactions. Figures are (a), (b), (c), (d) for
the ground state data and (e), (f), (g), (h) for the excited
state data of 12C, 24Mg, 28Si, and 40Ca, respectively. The
solid, dashed, dash-dotted, and dotted curves are for results
with all processes, without direct OST, without TST via the
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in the exit channels, respectively.
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28Si and 40Ca.
It is expected that the SAs can be determined uniquely

by making more complete calculations, such as including
more excited state data in the analysis. As a preliminary
test, we analyze the 24Mg(p, d)23Mg reaction by includ-
ing three states of the residual (the ground state and the

two excited states at 0.45 MeV [ 5
2

+
] and 2.05 MeV [ 7

2

+
]).

We now have 9 SAs as free parameters to determine.
Again, our calculations show that we have two groups of
SAs that give similar χ2 values but rather different SAs.
These results are given in Table. III together with the
results of the 6-parameter fitting as shown in Table. II.
The other three SAs which correspond to nucleon trans-
fer to the excited state of 23Mg at 0.45 MeV are not
shown. One observes that the SAs of the group 9P-Set1
are rather close to their counterparts in the group 6P-G2
and their signs are all in consistent. On the other hand,
the SAs of the group 9P-Set2 are different from both
groups of 6-parameter searching. This turns out to be
an excellent example showing that the inclusion of more
excited state data may better constrain the SAs. From
this result, we may exclude the parameters in the group
G1 in Table.II and update the SAs of group G2 by those
of 9P-Set1 in Table. III for the SAs of the 24Mg case.

TABLE III. SAi (i = 1, · · · , 6) from 6-parameter and 9-
parameter searching for the 24Mg(p, d)23Mg reaction. See text
for details. The single particle orbitals corresponding to these
SAs are indicated in the second row.

SA1 SA2 SA3 SA4 SA5 SA6

1d3/2 1d5/2 2s1/2 1g7/2 1d5/2 1g9/2

6P-G1 0.739 -0.739 0.881 0.284 -1.480 -0.896

6P-G2 0.729 -1.210 -0.643 -0.200 -0.878 -0.807

9P-Set1 0.659 -1.124 -0.437 -0.334 -0.666 -0.887

9P-Set2 0.432 -2.000 -1.225 -0.255 1.283 1.838

IV. SUMMARY

In Summary, (p, d) reactions with 12C, 24Mg, 28Si,
and 40Ca at an incident energy of 51.93 MeV leaving

the residual nuclei in their ground and j-forbidden ex-
cited states are analyzed with CRC calculations. SAs for
neutrons in normal and HLSPCs in the ground and ex-
cited states of these even-even light nuclei are obtained
by simultaneously fitting the ground state and the ex-
cited state data. Continuous and discrete ambiguities
are seen in these SAs, which are similar to the ambigu-
ities found in systematic optical model potentials. Al-
though made with limited number of reaction channels
and the resulting SAs have uncertainties from several
sources, our results show that they can be confined to
within very few discrete groups. Our preliminary tests
with the 24Mg(p,d)23Mg reaction suggests that it is possi-
ble to further determine these SAs uniquely by including
data of more excited states in the analysis. The present
analysis demonstrates for the first time that the infor-
mation of HLSPCs can be obtained with nucleon pickup
reactions. A combined efforts on measurements of (p,d)
reactions and reaction model analysis, such as the one
outlined in this paper, for the experimental SAs of the
HLSPCs and development of future structure theories,
which may treat these components adequately, will cer-
tainly help us to understand some important problems in
nuclear physics, such as the nucleon-nucleon correlations
in atomic nuclei.
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