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If the thermal evolution of the hot young neutron star in the supernova remnant HESS J1731-347 is
driven by neutrino emission, it provides a stringent constraint on the coupling of light (mass� 10 keV)
axion-like particles to neutrons. Using Markov-Chain Monte Carlo we find that for the values of
axion-neutron coupling g2

ann > 7.7× 10−20 (90% c.l.) the axion cooling from the bremsstrahlung
reaction n+ n→ n+ n+ a is too rapid to account for the high observed surface temperature. This
implies that the Pecci-Quinn scale or axion decay constant fa > 6.7× 107 GeV for KSVZ axions and
fa > 1.7× 109 GeV for DFSZ axions. The high temperature of this neutron star also allows us to
tighten constraints on the size of the nucleon pairing gaps.
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I. INTRODUCTION

The neutron star XMMU J173203.3–344518, hereafter
J1732, was discovered in X-ray observations by Suzaku,
XMM-Newton, and Chandra [1, 2] as a point source in
the center of the shell-type supernova remnant G353.6-
0.7 which itself was found [3] coincident with the high
energy source HESS J1731-347 discovered in a Galactic
plane survey with the H.E.S.S. observatory [4]. Neither a
radio pulsar nor an extended radio or X-ray counterpart
that could be identified as a pulsar wind nebula, and
revealing the presence of a pulsar whose beam is not
pointing toward us [5], has been found coincident with
this source [3]. These characteristics allow to classify this
neutron star (NS) as a Central Compact Object (CCO:
[6]), a new member of a growing family of isolated neutron
stars found in the center of young supernova remnants
that present no, or little, evidence for the presence of a
significant magnetic field (see, e.g., [7–10] for reviews).
J1732 is hence a young, age ' 30 kyr, neutron star with a
high surface temperature, Teff ' 2.2× 106 K [11, 12] that
makes it the hottest known cooling neutron star, with
likely a very weak magnetic field. (Young magnetars can
be hotter: they are, however, not considered as passive
coolers but rather being maintained hot by the decay of
their intense internal magnetic fields, see, e.g., [13].)

Young isolated cooling neutron stars have their temper-
ature evolution driven by neutrino emission from birth, in
a supernova explosion, till they reach an age of the order of
a hundred thousands of years when photon emission from
their hot surface becomes dominant (see, e.g., [13–15] for
reviews). Neutrino emission itself is strongly altered by
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the occurrence of pairing since the development of a gap
in the single particle excitation spectrum can strongly
suppress these excitations and, consequently, all neutrino
emission processes in which the paired component partic-
ipates (see, e.g., [16, 17] for reviews). By sampling pub-
lished results on neutron star cooling it is clear that only
models with the lowest possible neutrino emission can ex-
plain such a high surface temperature as found for J1732.
Such low neutrino emission implies a minimal cooling
scenario [18] in which all fast neutrino process are a priori
excluded: results in, e.g., Figure 28 of [18] show that mod-
els with no neutron pairing, but strong proton supercon-
ductivity, may be compatible with J1732. In such a case
both the modified Urca processes, n+n′ → p+n′+e−+ν̄e
and its inverse p+ n′ + e− → n+ n′ + νe in the neutron
branch as well as n+ p′ → p+ p′+ e−+ ν̄e and its inverse
p+p′+e− → n+p′+νe in the proton branch, and the two
bremsstrahlung processes n+ p→ n+ p+ ν+ ν̄ as well as
p+p→ p+p+ν+ ν̄, that provide the basic neutrino emis-
sion in the standard cooling are strongly suppressed since
they all involve protons and only the neutron-neutron
bremsstrahlung, n+ n→ n+ n+ ν + ν̄, is freely operat-
ing. Beside the suppression of excitations and neutrino
emission, pairing also triggers a new neutrino emission
mechanism through the constant formation and breaking
of Cooper pairs when the development of the condensate
is progressing at temperatures only slightly lower than the
pairing critical temperature Tc [19, 20], a process that has
been dubbed as “PBF” for Pair Breaking and Formation.
(When T � Tc the PBF process is also strongly sup-
pressed as all other neutrino process to which the paired
component participate.) This process is very efficient in
the case of neutron 3P-F2 pairing in spin triplet but is
suppressed for isotropic pairing as the neutron and proton
1S0 in spin singlets [21]: this difference is the reason why
the lowest possible neutrino emission is obtained in the
presence of only proton 1S0 superconductivity and the
avoidance of neutron 3P-F2 superfluidity. Neutron 1S0
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superfluidity is only present at lower densities in the inner
crust of the neutron star and has very little impact on the
neutrino emission. Beside the presence of strong proton
superconductivity the models also require the presence
of light elements in the outer layers of the stars. These
layers provide a thermal insulating blanket, called the
envelope, between the hot interior, whose temperature is
determined by the neutrino losses, and the much colder
surface: a light element envelope has a larger thermal
conductivity and results in a warmer surface while a heavy
element envelope would result in a surface temperature
much lower than observed in J1732. Such models were
initially explored in [11] and [12]

Any process that emits a νν pair can also emit an axion.
However, the unique conditions encountered in J1732 re-
quire a strong suppression of all neutrino processes except
the nn-bremsstrahlung. Consequently, axion emission by
any of these suppressed processes can be neglected and
we focus exclusively on axion emission due to the nn-
bremsstrahlung reaction, n+ n→ n+ n+ a, which would
operate if axions exist and couple to neutrons. A con-
straint on the axion emissivity (energy loss/volume/time)
can be used to constrain the axion-neutron coupling con-
stant gann = cnmn/fa where fa is the axion decay con-
stant, mn is the mass of the neutron, and cn is a model-
dependent dimensionless number. We show in § III that
both the standard neutrino emission rate, and the ax-
ion emission rate depend on the same underlying nuclear
physics and are determined by the rate of neutron spin
fluctuations in the dense medium. Thus, if the cooling of
J1732 is dominated by neutron bremsstrahlung processes,
the observed temperature constrains gann rather uniquely.
Since there is a large uncertainty on the estimate of this
neutron star age, and no direct constraint on its mass
we employ fiducial values, and error estimates and by
means of Markov-Chain Monte Carlo (MCMC) under-
stand model systematics and error propagation to provide
an improved constraint on gann. We shall compare this
constraint to the widely discussed constraint on gann and
gapp obtained earlier using the duration of the neutrino
signal observed from supernova (SN) 1987A more than
thirty years ago [22] and find that our constraint for gann
is competitive with the supernova bounds.

In section II we provide a brief description of axions
and their coupling to nucleons. In section III we compare
the neutrino and axion emission rates and verify that
the axion once emitted, free streams out of the star. We
describe the family of neutron star cooling scenarios that
would be compatible with observed high Teff of J1732 in
section IV and characterize it in details in the next section
V. We finally apply this characterization to obtain our
new constraint on gann in the section VI and discuss the
relation of our constraints on gann and on nucleon pairing
with other works in § VII. We conclude in section VIII
where we also comment on the implications from future
observations of young and hot neutron stars.

II. AXIONS AND EARLIER CONSTRAINTS

Axions arise as Goldstone bosons associated with the
breaking of a global chiral U(1) symmetry introduced by
Peccei and Quinn [23, 24]. This symmetry was introduced
to provide a natural explanation to the smallness of the
CP violating θ−term in QCD and the axion remains the
best motivated weakly interacting light particle beyond
the standard model. To resolve the strong CP-problem
the standard model Lagrangian is extended by introduc-
ing a coupling between axions and gluons. This coupling
is uniquely specified by one parameter, fa, with the di-
mension of energy, and is described by the Lagrangian
density

L =
gs

32π2

a

fa
GbµνG̃

bµν
(2.1)

where a is the axion field, (G̃) G is the (dual) gluon
field with b as the color index; gs is the QCD coupling
constant. At low energies the Pecci-Quinn symmetry
(PQ) is spontaneously broken, and the axion acquires a
mass

ma =
z1/2

1 + z

fπmπ

fa
, (2.2)

where z = mu/md ≈ 0.56 [25, 26]. The axion coupling to
the nucleon axial current at low energy is described by
the Lagrangian

LaN =
cN
2fa

∂µa N̄γ
µγ5N, (2.3)

where N = n, p is the nucleon field and cN is a model
dependent dimensionless constant which, as noted before,
is related to the coupling strength gaNN = cNmn/fa. In
the KSVZ-like models the axions do not couple to the
quark axial currents and a recent determination using
lattice QCD finds that the gluonic contribution gives
cKSVZ
p = −0.47(3) and cKSVZ

n = −0.02(3) [27]. In the
DFSZ model, where the Higgs sector contains two scalar
fields, the axion couples to the quark axial currents. In
this case, lattice calculations, also reported in Ref. [27],
find

cDFSZ
n = 0.254− 0.414 sin2 β ± 0.025 (2.4)

cDFSZ
p = −0.617+0.435 sin2 β ± 0.025 , (2.5)

where cot β is the ratio of the vacuum expectation values
of the two Higgs fields in the DFSZ model. Axion-like
particles (ALPs) also appear in the string theories into
which the standard model can be embedded. In these
models ma and fa are unrelated and Eq. 2.2 does not hold,
but otherwise, these ALPs couple to electromagnetic and
matter fields in a manner similar to the QCD axion. Since
we shall focus on axion production from neutron-neutron
bremsstrahlung reactions, our analysis and the constraints
we derive for gann will apply also to ALPs which couple to
neutrons through the low-energy Lagrangian in Eq. 2.3.
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Astrophysical constraints on the axion-nucleon cou-
pling have been discussed extensively in the literature,
and Refs. [28, 29] provide succinct reviews of the current
state of the art. The most stringent constraint on the
axion coupling to neutron and protons is derived from the
duration of the neutrino signal observed from SN 1987A
[28]. In the standard scenario, core-collapse supernovae
produce a proto-neutron star (PNS) which cools and loses
lepton number over a time scale of several tens of seconds
as neutrinos diffuse through hot dense matter encountered
in the PNS [30]. During this time the PNS emits neutrinos
copiously and the neutrino luminosity and typical energies
are large enough to be detected in terrestrial neutrino de-
tectors. Approximately 20 neutrino events detected from
the supernova in 1987 (SN 1987A) over several seconds
in Kamiokande and Irvine-Michigan-Brookhaven (IMB)
neutrino detectors confirmed this basic picture [31]. It
was realized shortly afterwards that additional cooling
due to axions would reduce the duration of the neutrino
signal if the axion coupling was large enough to produce
them effectively but not too large to ensure that the axion
mean free path was larger than the PNS radius [32]. Since
the PNS contains partially degenerate matter with about
30− 40 % protons during the early stages bremsstrahlung
reactions nn → nna and pp → ppa contribute to axion
emission with approximately equal strengths. Although
there remain important uncertainties associated with the
calculations of the rate of axion bremsstrahlung of nucle-
ons in a dense plasma, the ambient conditions encountered
in the PNS and its early evolution, simulations and their
analysis suggests

g2
ann + g2

app < 3.6× 10−19 (2.6)

as an indicative rather than conclusive bound on the
axion-nucleon couplings [33]. For convenience we define
g2
aNN−87A = 3.6 × 10−19 and show that the bounds we

obtain from J1732 are competitive.

III. AXION AND NEUTRINO EMISSION

Both neutrino and axion emission arise due to nucleon
spin fluctuations induced by nucleon-nucleon collisions
[34]. The corresponding neutrino and axion emissivities
due to the bremsstrahlung reaction have been calculated
and can be written as

εnnν =
G2
F

60 π4

∫ ∞
0

dω ω6 Sσ(ω) , (3.1)

and

εnna =
g2
ann

48 π2m2
n

∫ ∞
0

dω ω4 Sσ(ω) , (3.2)

respectively. Here GF = 1.166×10−5 GeV−2 is the Fermi
weak interaction constant. The function

Sσ(ω) =

∫ 4∏
i=1

d3pi
(2π)3

(2π)4δ3(~p1 + ~p2 − ~p3 + ~p4)

×δ(E1 + E2 − E3 − E4 − ω) f1f2f̃3f̃4 H , (3.3)

is called the dynamic structure function and it charac-
terizes the spectrum of spin fluctuations due to neutron-
neutron collisions. Here H is the squared matrix ele-
ment defined in Eq. 9 of Ref. [35] and the other fac-
tors appearing in Eq. 3.3 are the fermi functions fi =
(1+exp (β(Ei − µn))−1 and f̃i = (1+exp (β(µn − Ei))−1,
where µn is the neutron chemical potential and β = 1/kT .
The incoming nucleon momenta p1 and p2 and energies
E1 and E2, outgoing nucleon momenta p3 and p4 and
energies E3 and E4, and the total energy of the neu-
trino pair ω. The matrix element squared H is a func-
tion of the nucleon momenta and the nucleon-nucleon
interaction potential. Note that we do not include neu-
trino momenta in the momentum conserving delta func-
tion because the typical neutrino momenta are of order
pν ≈ T ' 10−2 MeV and are negligible compared to
the typical momenta of neutrons at the fermi surface
pi ' pFn = (3π2nn)1/3 ' 331.4 (nn/n0)1/3 MeV where
nn is the neutron number density and n0 = 0.16 fm−3 is
the nuclear saturation density.

Under degenerate conditions µN � T only neutrons
at Fermi surface contribute, and further since ω ' T is
small compared to all other energy scales associated with
nucleons and the nucleon-nucleon interaction, the phase
space integration can be done (Friman & Maxwell 1979)
and the dynamic structure factor has the general form
given by

Sσ(ω) = Cσ
ω2 + (2πT )2

ω(exp (βω)− 1)
, (3.4)

where Cσ depends on nucleon-nucleon interaction and is
a weak function of the neutron density.

In a simple model where neutrons interact due to the
exchange of a single pion (in the Born approximation)[34],

H = 8

(
f

mπ

)4(
k2

k2 +m2
π

)2
1

ω2
, (3.5)

where ~k = ~p1 − ~p3 is the momentum transfer between
neutrons. In this model

Cσ −→ COPE =
2f4M4

NF (y) pFn
3π5m4

π

, (3.6)

with y = mπ/2pFn, and the function

F (y) = 3− 5y arctan

(
1

y

)
+

y2

1 + y2
+

y2√
1 + 2y2

arctan

(√
1 + 2y2

y2

)
. (3.7)
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Using the general form of the structure function given
in Eq. 3.4 the neutrino and axion emissivities can be
calculated. We find that (in ergs cm−3 s−1)

εnnν = 1.7× 1020F (y)Rσ

(
m∗n
mn

)4(
nn
n0

)1/3

T 8
9 (3.8)

and

εnna = 1.1× 1020F (y)RσRA

(
m∗n
mn

)4(
nn
n0

)1/3

T 6
9 (3.9)

where

Rσ ≡
Cσ
COPE

and RA ≡
g2
ann

g2
aNN−87A

. (3.10)

Rσ incorporates the corrections to the rate that would
arise with improved treatment of the nucleon-nucleon
interaction that go beyond tree-level one pion exchange,
and other corrections that arise due to many-body ef-
fects such as screening, and suppression of low en-
ergy bremsstrahlung from multiple scattering (Landau-
Pomeranchuk-Migdal, or LPM, effect) [35]. Calculations
based on realistic nucleon-nucleon interactions which also
go beyond the Born approximation by including a non-
perturbative treatment of the two-nucleon scattering have
been performed [35, 36] and find that Cσ ' COPE/4
for the range of conditions encountered in neutron stars.
Thus, we will consider the value Rσ = 0.25 as our fiducial
value. The ratio RA controls the relative importance of
axion cooling measured in terms of the suggested upper
limit g2

aNN−87A = 3.6× 10−19 discussed earlier.
In our study we shall assume that axions produced in

the core can freely escape without being reabsorbed in
the neutron star. To ensure that this holds we calculated
the mean free path of thermal axions with energy Ea ' T
due to the processes ann→ nn (inverse bremsstrahlung)
and find that

〈λa〉 ≈
43.47

π4

m2
n

g2
aNN CσT 2

. (3.11)

An approximate condition for axion to free streaming can
be defined using the optical depth

τa =

∫ RNS

0

dr

〈λa〉
< 3 . (3.12)

Using Eq. 3.11 we can rewrite Eq. 3.12 as

fa >
|CN |π2

11.42
T
√

CσRNS

≈104 GeV

(
T

108 K

) √
RNS

10 km

√
4Cσ
COPE

,

(3.13)

and suggests that for typical values of interest here (fa '
107 − 109 GeV) axion trapping is not an issue.

IV. SETTING UP THE SCENARIO

An extensive comparison of the inferred high effective
temperature of J1732 with neutron star cooling theory
has been presented in [11] and [12]. We here describe
our scenario and explore the effects of its physical and
astrophysical parameters to clearly characterize our basic
setup.

Since the observed high Teff of J1732 excludes fast neu-
trino emission it excludes the presence of any form of
“exotic” baryonic matter beyond just neutrons and pro-
tons as any of these would invariably result in strong
neutrino emission [16, 37] and surface temperatures much
below the observed one. Our general scenario is, hence, a
special case of the minimal cooling paradigm as described
in [18] and [38]. There is, thus, not much freedom in the
choice of the core equation of state (EOS) and we build
our neutron stars employing the dense matter EOS of
Akmal et al. [39] (APR EOS thereafter). With these re-
strictions the main effect of the choice of core EOS of our
neutron stars is to determine the radius of the star for a
given mass and the neutron/proton fractions and effective
masses, these being the main EOS dependent physical
ingredients that play a role in the cooling simulations.
Our treatment of neutrino emission and specific heat is
as described previously in [18] and [38] with the change
that for the emissivity of the nn-bremsstrahlung process
we replace equation 28 in [18] by Eq. (3.8). The effect
of adopting a different EOS would be almost exclusively
covered in the different prediction for the neutron and
proton effective masses that appear linearly in the specific
heat and quartically in the emissivities of Eq. (3.8) and
Eq. (3.9). We will consider this possible model depen-
dent small variability in our MCMC simulations as well
as quantify the effect of uncertainty on the neutron star
mass in Section V.

A. Envelope and its Chemical Composition

As shown in [11, 12] J1732’s soft X-ray spectrum is best
characterized by a carbon atmosphere model. Thus, in all
our calculations we assume that it has a carbon-iron heat
blanketing envelope with a variable amount of carbon.
In particular, we employ the fit for Teff − Tb relation
from [40], Tb being the temperature at the bottom of the
envelope at density ρb = 1010 g cm−3. The amount of
carbon in the envelope, ∆MC, is parametrized by

η = g2
s14

∆MC

M
(4.1)

where gs14 is the surface gravitational acceleration, in
units of 1014 cm s−2, and M is the neutron star mass. The
inferred interior temperature Tb for an assumed amount of
carbon is shown in Fig. 1 for three effective temperatures
that correspond to the best fit and best fit± error values of
Teff for J1732 obtained by [11]. The inference of presence
of carbon at the surface from the spectral fit only means
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Figure 1. Interior temperature Tb of J1732, as a function of
the amount of carbon in the envelope, parametrized by η as in
Eq. (4.1), for three effective temperatures. (From the envelope
models of [40] and assuming a star of mass 1.4 M�with a
radius of 11.8 km.)

that the carbon layer is thick enough to “hide from sight”
anything below it, i.e., its optical depth is larger than
unity in the soft X-ray range, and only a few g cm−2

of carbon are enough for this to occur. We, thus, have
no information about the actual thickness of this carbon
layer and will consider it, i.e., η, as a free parameter in
our MCMC simulations. We cannot exclude the presence
of, and there certainly is, an intermediate layer composed
of intermediate mass elements, O, Ne, Si, . . . , between
the carbon and the subjacent iron: its impact on the
envelope insulating power is smaller than that of the
carbon layer and is mocked up by an increase in η and,
hence, does not need to be explicitely taken into account.
The maximum amount of carbon we allow is η ∼ 10−7

and corresponds to carbon existing up to densities of the
order of 3 × 109 g cm−3: if pushed to higher densities
carbon would have burned during the previous history of
the star [41]. The smaller value we consider is η ∼ 10−16

since, as seen in Fig. 1, smaller value result in no change
in Tb compared to the η = 10−16 case.

Notice that the star is old enough to have fully thermally

relaxed and its red-shifted internal temperature T̃ = eφT ,

at densities above ρb, is uniform and equal to T̃b = eφbTb,
where eφ is the (density dependent) red-shift factor, i.e.,
the square root of the time-time component of the metric,
g00.

B. Pairing

Given the constraints on possible models described
above, a factor of major importance is the presence or
absence of pairing of either the neutrons or the protons in
the neutron star core. Nucleon pairing in neutron stars is
predicted to occur either in the isotropic spin singlet 1S0

or the anisotropic spin triplet 3P-F2 phases, the former
at Fermi momenta kF below about 1 − 1.5 fm−1 and
the latter at larger kF . For neutrons 1S0 pairing this
corresponds to densities found in the neutron star inner
crust of dripped neutrons and, at best, the outermost
layers of the core, while for protons it corresponds to
densities found in the outer part of the core and possibly
the whole core depending on the adopted pairing model
and the neutron star mass. 3P-F2 pairing is expected
for neutrons in the core and possibly protons at very
high densities. Theoretical calculations of the 1S0 gap
sizes find maximum values around 1MeV, being about
a factor of 3 smaller for protons than for neutrons, but
with large variations about the range of kF where the gap
is significant. In the case of the 3P-F2 gap for neutrons,
some early calculations predicted value as large 1 MeV
but presently predicted values are smaller, e.g., 0.1 MeV
in [42] or even below 0.01 MeV in [43]. We refer the
reader to [17], [44], and [45] for recent reviews.

The 1S0 gap is nodeless, since it is spherically sym-
metric, while the 3P2 gap can present many phases [46]
and we consider only the so called “B” phase [47] with
an angular dependence 1 + 3 cos θk (θk being the angle
between the paired particle momentum k and some ar-
bitrary quantization axis): this phase is also nodeless
and found to be energetically favored. Given the large
theoretical uncertainties on both the size and the density
dependence of the proton 1S0 and neutron 3P-F2 gap we
will explore their effects in our MCMC calculations. In
our cooling calculations the effect of pairing is entirely
determined by the type of pairing, neutron or proton,
and 1S0 or 3P2 gaps, and the value of the corresponding
critical temperature Tc which is density dependent. For
this purpose we model each gap’s density dependence
through a dependence on the Fermi momentum kF of the
neutron or proton with a Gaussian-like shape as

Tc,N (kF,N ) =

Tmax
c,N · exp[−(kF,N − kmax

F,N )2/(∆kF,N )2] , (4.2)

for N = n or p. For our purpose the precise location of
the peak is not very important as long as it is well inside
the core and we thus fix them at kmax

F,p = 0.5 fm−1 and

kmax
F,n = 2.0 fm−1.
As discussed in the introduction and in agreement with

our findings in the next section, neutron 3P-F2 pairing has
to be avoided while proton 1S0 pairing has to be strong.
To illustrate the effect of proton superconductivity, in
Fig. 2 we consider two distinct density dependencies for
the proton 1S0 gap: a simple, albeit unrealistic, density
independent gap, and density dependent one, “CCDK”,
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<latexit sha1_base64="mA60pkR+3JIJH9tTm1XcQo581uQ=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFhPFKtyl0TJgYyNEMB+QHGFvby9Zsrd77u4FwpHfYWOhiK0/xs5/4ya5QhMfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tYyVYS2iORSdQOsKWeCtgwznHYTRXEccNoJxrdzvzOhSjMpHs00oX6Mh4JFjGBjJb9e89B9ddCXoTTVQbni1twF0DrxclKBHM1B+asfSpLGVBjCsdY9z02Mn2FlGOF0VuqnmiaYjPGQ9iwVOKbazxZHz9CFVUIUSWVLGLRQf09kONZ6Gge2M8ZmpFe9ufif10tNdONnTCSpoYIsF0UpR0aieQIoZIoSw6eWYKKYvRWREVaYGJtTyYbgrb68Tto2OLfmPdQrjcs8jiKcwTlcgQfX0IA7aEILCDzBM7zCmzNxXpx352PZWnDymVP4A+fzB5dGkJU=</latexit><latexit sha1_base64="mA60pkR+3JIJH9tTm1XcQo581uQ=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFhPFKtyl0TJgYyNEMB+QHGFvby9Zsrd77u4FwpHfYWOhiK0/xs5/4ya5QhMfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tYyVYS2iORSdQOsKWeCtgwznHYTRXEccNoJxrdzvzOhSjMpHs00oX6Mh4JFjGBjJb9e89B9ddCXoTTVQbni1twF0DrxclKBHM1B+asfSpLGVBjCsdY9z02Mn2FlGOF0VuqnmiaYjPGQ9iwVOKbazxZHz9CFVUIUSWVLGLRQf09kONZ6Gge2M8ZmpFe9ufif10tNdONnTCSpoYIsF0UpR0aieQIoZIoSw6eWYKKYvRWREVaYGJtTyYbgrb68Tto2OLfmPdQrjcs8jiKcwTlcgQfX0IA7aEILCDzBM7zCmzNxXpx352PZWnDymVP4A+fzB5dGkJU=</latexit><latexit sha1_base64="mA60pkR+3JIJH9tTm1XcQo581uQ=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFhPFKtyl0TJgYyNEMB+QHGFvby9Zsrd77u4FwpHfYWOhiK0/xs5/4ya5QhMfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tYyVYS2iORSdQOsKWeCtgwznHYTRXEccNoJxrdzvzOhSjMpHs00oX6Mh4JFjGBjJb9e89B9ddCXoTTVQbni1twF0DrxclKBHM1B+asfSpLGVBjCsdY9z02Mn2FlGOF0VuqnmiaYjPGQ9iwVOKbazxZHz9CFVUIUSWVLGLRQf09kONZ6Gge2M8ZmpFe9ufif10tNdONnTCSpoYIsF0UpR0aieQIoZIoSw6eWYKKYvRWREVaYGJtTyYbgrb68Tto2OLfmPdQrjcs8jiKcwTlcgQfX0IA7aEILCDzBM7zCmzNxXpx352PZWnDymVP4A+fzB5dGkJU=</latexit><latexit sha1_base64="mA60pkR+3JIJH9tTm1XcQo581uQ=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFhPFKtyl0TJgYyNEMB+QHGFvby9Zsrd77u4FwpHfYWOhiK0/xs5/4ya5QhMfDDzem2FmXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tYyVYS2iORSdQOsKWeCtgwznHYTRXEccNoJxrdzvzOhSjMpHs00oX6Mh4JFjGBjJb9e89B9ddCXoTTVQbni1twF0DrxclKBHM1B+asfSpLGVBjCsdY9z02Mn2FlGOF0VuqnmiaYjPGQ9iwVOKbazxZHz9CFVUIUSWVLGLRQf09kONZ6Gge2M8ZmpFe9ufif10tNdONnTCSpoYIsF0UpR0aieQIoZIoSw6eWYKKYvRWREVaYGJtTyYbgrb68Tto2OLfmPdQrjcs8jiKcwTlcgQfX0IA7aEILCDzBM7zCmzNxXpx352PZWnDymVP4A+fzB5dGkJU=</latexit>

1.0
<latexit sha1_base64="hGhXGNQSE85V06tncWBDVU1cTPg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbFU0h60WPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLG5tb2Tnm3srd/cHhUPT5p6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ68F1vUK15rrcAWSd+QWpQoDmofvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w6IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxEN0HOZZoZlGy5KMoEMQmZ/02GXCEzYmoJZYrbWwkbU0WZselUbAj+6svrpF13fc/17+u1xmURRxnO4ByuwIdraMAdNKEFDEbwDK/w5gjnxXl3PpatJaeYOYU/cD5/AEpyjQk=</latexit><latexit sha1_base64="hGhXGNQSE85V06tncWBDVU1cTPg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbFU0h60WPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLG5tb2Tnm3srd/cHhUPT5p6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ68F1vUK15rrcAWSd+QWpQoDmofvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w6IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxEN0HOZZoZlGy5KMoEMQmZ/02GXCEzYmoJZYrbWwkbU0WZselUbAj+6svrpF13fc/17+u1xmURRxnO4ByuwIdraMAdNKEFDEbwDK/w5gjnxXl3PpatJaeYOYU/cD5/AEpyjQk=</latexit><latexit sha1_base64="hGhXGNQSE85V06tncWBDVU1cTPg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbFU0h60WPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLG5tb2Tnm3srd/cHhUPT5p6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ68F1vUK15rrcAWSd+QWpQoDmofvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w6IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxEN0HOZZoZlGy5KMoEMQmZ/02GXCEzYmoJZYrbWwkbU0WZselUbAj+6svrpF13fc/17+u1xmURRxnO4ByuwIdraMAdNKEFDEbwDK/w5gjnxXl3PpatJaeYOYU/cD5/AEpyjQk=</latexit><latexit sha1_base64="hGhXGNQSE85V06tncWBDVU1cTPg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbFU0h60WPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLG5tb2Tnm3srd/cHhUPT5p6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ68F1vUK15rrcAWSd+QWpQoDmofvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w6IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxEN0HOZZoZlGy5KMoEMQmZ/02GXCEzYmoJZYrbWwkbU0WZselUbAj+6svrpF13fc/17+u1xmURRxnO4ByuwIdraMAdNKEFDEbwDK/w5gjnxXl3PpatJaeYOYU/cD5/AEpyjQk=</latexit>

1.2
<latexit sha1_base64="awZ32LANSUcQFayw1pH+B8GDZKc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbFU0h60WPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmljc2t7p7xb2ds/ODyqHp+0TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSg+/WB9Wa53oLkHXiF6QGBZqD6ld/mLAs5gqZpMb0fC/FIKcaBZN8VulnhqeUTeiI9yxVNOYmyBenzsiFVYYkSrQthWSh/p7IaWzMNA5tZ0xxbFa9ufif18swuglyodIMuWLLRVEmCSZk/jcZCs0ZyqkllGlhbyVsTDVlaNOp2BD81ZfXSbvu+p7r39drjcsijjKcwTlcgQ/X0IA7aEILGIzgGV7hzZHOi/PufCxbS04xcwp/4Hz+AE16jQs=</latexit><latexit sha1_base64="awZ32LANSUcQFayw1pH+B8GDZKc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbFU0h60WPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmljc2t7p7xb2ds/ODyqHp+0TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSg+/WB9Wa53oLkHXiF6QGBZqD6ld/mLAs5gqZpMb0fC/FIKcaBZN8VulnhqeUTeiI9yxVNOYmyBenzsiFVYYkSrQthWSh/p7IaWzMNA5tZ0xxbFa9ufif18swuglyodIMuWLLRVEmCSZk/jcZCs0ZyqkllGlhbyVsTDVlaNOp2BD81ZfXSbvu+p7r39drjcsijjKcwTlcgQ/X0IA7aEILGIzgGV7hzZHOi/PufCxbS04xcwp/4Hz+AE16jQs=</latexit><latexit sha1_base64="awZ32LANSUcQFayw1pH+B8GDZKc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbFU0h60WPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmljc2t7p7xb2ds/ODyqHp+0TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSg+/WB9Wa53oLkHXiF6QGBZqD6ld/mLAs5gqZpMb0fC/FIKcaBZN8VulnhqeUTeiI9yxVNOYmyBenzsiFVYYkSrQthWSh/p7IaWzMNA5tZ0xxbFa9ufif18swuglyodIMuWLLRVEmCSZk/jcZCs0ZyqkllGlhbyVsTDVlaNOp2BD81ZfXSbvu+p7r39drjcsijjKcwTlcgQ/X0IA7aEILGIzgGV7hzZHOi/PufCxbS04xcwp/4Hz+AE16jQs=</latexit><latexit sha1_base64="awZ32LANSUcQFayw1pH+B8GDZKc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbFU0h60WPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmljc2t7p7xb2ds/ODyqHp+0TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSg+/WB9Wa53oLkHXiF6QGBZqD6ld/mLAs5gqZpMb0fC/FIKcaBZN8VulnhqeUTeiI9yxVNOYmyBenzsiFVYYkSrQthWSh/p7IaWzMNA5tZ0xxbFa9ufif18swuglyodIMuWLLRVEmCSZk/jcZCs0ZyqkllGlhbyVsTDVlaNOp2BD81ZfXSbvu+p7r39drjcsijjKcwTlcgQ/X0IA7aEILGIzgGV7hzZHOi/PufCxbS04xcwp/4Hz+AE16jQs=</latexit>

1.4
<latexit sha1_base64="en3UJzrOORqEYBs1Lm0HMAZuptk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4CkkR9Fjw4rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLU8G18bxvZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9+O5Vv1L1XG8Oskr8glShQKNf+eoNEpbFKA0TVOuu76UmyKkynAmclnuZxpSyMR1i11JJY9RBPj91Ss6tMiBRomxJQ+bq74mcxlpP4tB2xtSM9LI3E//zupmJboKcyzQzKNliUZQJYhIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2xD85ZdXSavm+p7r39eq9YsijhKcwhlcgg/XUIc7aEATGAzhGV7hzRHOi/PufCxa15xi5gT+wPn8AVCCjQ0=</latexit><latexit sha1_base64="en3UJzrOORqEYBs1Lm0HMAZuptk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4CkkR9Fjw4rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLU8G18bxvZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9+O5Vv1L1XG8Oskr8glShQKNf+eoNEpbFKA0TVOuu76UmyKkynAmclnuZxpSyMR1i11JJY9RBPj91Ss6tMiBRomxJQ+bq74mcxlpP4tB2xtSM9LI3E//zupmJboKcyzQzKNliUZQJYhIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2xD85ZdXSavm+p7r39eq9YsijhKcwhlcgg/XUIc7aEATGAzhGV7hzRHOi/PufCxa15xi5gT+wPn8AVCCjQ0=</latexit><latexit sha1_base64="en3UJzrOORqEYBs1Lm0HMAZuptk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4CkkR9Fjw4rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLU8G18bxvZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9+O5Vv1L1XG8Oskr8glShQKNf+eoNEpbFKA0TVOuu76UmyKkynAmclnuZxpSyMR1i11JJY9RBPj91Ss6tMiBRomxJQ+bq74mcxlpP4tB2xtSM9LI3E//zupmJboKcyzQzKNliUZQJYhIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2xD85ZdXSavm+p7r39eq9YsijhKcwhlcgg/XUIc7aEATGAzhGV7hzRHOi/PufCxa15xi5gT+wPn8AVCCjQ0=</latexit><latexit sha1_base64="en3UJzrOORqEYBs1Lm0HMAZuptk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4CkkR9Fjw4rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLU8G18bxvZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9+O5Vv1L1XG8Oskr8glShQKNf+eoNEpbFKA0TVOuu76UmyKkynAmclnuZxpSyMR1i11JJY9RBPj91Ss6tMiBRomxJQ+bq74mcxlpP4tB2xtSM9LI3E//zupmJboKcyzQzKNliUZQJYhIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2xD85ZdXSavm+p7r39eq9YsijhKcwhlcgg/XUIc7aEATGAzhGV7hzRHOi/PufCxa15xi5gT+wPn8AVCCjQ0=</latexit>

1.6
<latexit sha1_base64="qKUhs2WdIv7d1lEVm7T1Vf9ZMVQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4CkkP6rHgxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXpoJr43nfztr6xubWdmmnvLu3f3BYOTpu6SRTDJssEYnqhFSj4BKbhhuBnVQhjUOB7XB8O/PbT6g0T+SjmaQYxHQoecQZNVZ68N2rfqXqud4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNkFNlOBM4LfcyjSllYzrErqWSxqiDfH7qlJxbZUCiRNmShszV3xM5jbWexKHtjKkZ6WVvJv7ndTMT3QQ5l2lmULLFoigTxCRk9jcZcIXMiIkllClubyVsRBVlxqZTtiH4yy+vklbN9T3Xv69V6xdFHCU4hTO4BB+uoQ530IAmMBjCM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A1OKjQ8=</latexit><latexit sha1_base64="qKUhs2WdIv7d1lEVm7T1Vf9ZMVQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4CkkP6rHgxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXpoJr43nfztr6xubWdmmnvLu3f3BYOTpu6SRTDJssEYnqhFSj4BKbhhuBnVQhjUOB7XB8O/PbT6g0T+SjmaQYxHQoecQZNVZ68N2rfqXqud4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNkFNlOBM4LfcyjSllYzrErqWSxqiDfH7qlJxbZUCiRNmShszV3xM5jbWexKHtjKkZ6WVvJv7ndTMT3QQ5l2lmULLFoigTxCRk9jcZcIXMiIkllClubyVsRBVlxqZTtiH4yy+vklbN9T3Xv69V6xdFHCU4hTO4BB+uoQ530IAmMBjCM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A1OKjQ8=</latexit><latexit sha1_base64="qKUhs2WdIv7d1lEVm7T1Vf9ZMVQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4CkkP6rHgxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXpoJr43nfztr6xubWdmmnvLu3f3BYOTpu6SRTDJssEYnqhFSj4BKbhhuBnVQhjUOB7XB8O/PbT6g0T+SjmaQYxHQoecQZNVZ68N2rfqXqud4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNkFNlOBM4LfcyjSllYzrErqWSxqiDfH7qlJxbZUCiRNmShszV3xM5jbWexKHtjKkZ6WVvJv7ndTMT3QQ5l2lmULLFoigTxCRk9jcZcIXMiIkllClubyVsRBVlxqZTtiH4yy+vklbN9T3Xv69V6xdFHCU4hTO4BB+uoQ530IAmMBjCM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A1OKjQ8=</latexit><latexit sha1_base64="qKUhs2WdIv7d1lEVm7T1Vf9ZMVQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4CkkP6rHgxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXpoJr43nfztr6xubWdmmnvLu3f3BYOTpu6SRTDJssEYnqhFSj4BKbhhuBnVQhjUOB7XB8O/PbT6g0T+SjmaQYxHQoecQZNVZ68N2rfqXqud4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNkFNlOBM4LfcyjSllYzrErqWSxqiDfH7qlJxbZUCiRNmShszV3xM5jbWexKHtjKkZ6WVvJv7ndTMT3QQ5l2lmULLFoigTxCRk9jcZcIXMiIkllClubyVsRBVlxqZTtiH4yy+vklbN9T3Xv69V6xdFHCU4hTO4BB+uoQ530IAmMBjCM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A1OKjQ8=</latexit>

1.8
<latexit sha1_base64="/RZ/+j7VelV8ouW+5ZKtGszR06k=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4Ckkv9ljw4rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLU8G18bxvZ2Nza3tnt7RX3j84PDqunJy2dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji5nfudJ1SaJ/LRTFMMYjqSPOKMGis9+G59UKl6rrcAWSd+QapQoDmofPWHCctilIYJqnXP91IT5FQZzgTOyv1MY0rZhI6wZ6mkMeogX5w6I5dWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE9SDnMs0MSrZcFGWCmITM/yZDrpAZMbWEMsXtrYSNqaLM2HTKNgR/9eV10q65vuf697Vq46qIowTncAHX4MMNNOAOmtACBiN4hld4c4Tz4rw7H8vWDaeYOYM/cD5/AFaSjRE=</latexit><latexit sha1_base64="/RZ/+j7VelV8ouW+5ZKtGszR06k=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4Ckkv9ljw4rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLU8G18bxvZ2Nza3tnt7RX3j84PDqunJy2dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji5nfudJ1SaJ/LRTFMMYjqSPOKMGis9+G59UKl6rrcAWSd+QapQoDmofPWHCctilIYJqnXP91IT5FQZzgTOyv1MY0rZhI6wZ6mkMeogX5w6I5dWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE9SDnMs0MSrZcFGWCmITM/yZDrpAZMbWEMsXtrYSNqaLM2HTKNgR/9eV10q65vuf697Vq46qIowTncAHX4MMNNOAOmtACBiN4hld4c4Tz4rw7H8vWDaeYOYM/cD5/AFaSjRE=</latexit><latexit sha1_base64="/RZ/+j7VelV8ouW+5ZKtGszR06k=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4Ckkv9ljw4rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLU8G18bxvZ2Nza3tnt7RX3j84PDqunJy2dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji5nfudJ1SaJ/LRTFMMYjqSPOKMGis9+G59UKl6rrcAWSd+QapQoDmofPWHCctilIYJqnXP91IT5FQZzgTOyv1MY0rZhI6wZ6mkMeogX5w6I5dWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE9SDnMs0MSrZcFGWCmITM/yZDrpAZMbWEMsXtrYSNqaLM2HTKNgR/9eV10q65vuf697Vq46qIowTncAHX4MMNNOAOmtACBiN4hld4c4Tz4rw7H8vWDaeYOYM/cD5/AFaSjRE=</latexit><latexit sha1_base64="/RZ/+j7VelV8ouW+5ZKtGszR06k=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4Ckkv9ljw4rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLU8G18bxvZ2Nza3tnt7RX3j84PDqunJy2dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji5nfudJ1SaJ/LRTFMMYjqSPOKMGis9+G59UKl6rrcAWSd+QapQoDmofPWHCctilIYJqnXP91IT5FQZzgTOyv1MY0rZhI6wZ6mkMeogX5w6I5dWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE9SDnMs0MSrZcFGWCmITM/yZDrpAZMbWEMsXtrYSNqaLM2HTKNgR/9eV10q65vuf697Vq46qIowTncAHX4MMNNOAOmtACBiN4hld4c4Tz4rw7H8vWDaeYOYM/cD5/AFaSjRE=</latexit>
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Figure 2. Examples of proton 1S0 pairing gaps, lower panel,
and the resulting neutrino and axion emissivities, middle panel
for uniform gap and upper panel for the CCDK [48] gap. See
text for details.

taken from Ref. [48] which makes a theoretical predic-
tion that extends to the highest densities encountered.
The lower panel shows these two gaps and a tempera-
ture profile that is used to calculate neutrino and axion
emissivities which are plotted in the middle and upper
panel where the uniform or CCDK gap, respectively, is
assumed. The emissivities correspond to a 2.1 M� star ob-
tained with the APR EOS and the vertical dotted/dashed
lines mark the central densities of lower mass stars with
the same APR EOS, as labelled. The solid vertical line
indicates the crust-core boundary and the assumed tem-
perature profile corresponds to an isothermal interior with

a uniform red-shifted temperature T̃ = 108.5 K (which is
representative of the recent interior temperature of J1732).
The plotted neutrino emissivities are: the modified Urca
process, the sum of the neutron and proton branches,
labelled as “MUrca”, the three bremsstrahlung processes
labelled as “nn-Br.”, “np-Br.”, and “pp-Br.” and the PBF
process from proton pairing labelled as “p-PBF”. The to-
tal neutrino emissivity is shown by the dashed line which
also exhibits the appearance of the direct Urca at densi-
ties above ≈ 1015.2 g cm−3. The axion emissivity from
nn-bremsstrahlung, Eq. (3.9), with RA = 1 is labelled as
“Axions”.

In Fig. 2 one clearly sees the suppression of all process
involving protons when T � Tc,p. The nn-bremsstrahlung
reaction dominates the total emissivity and axion emis-
sion competes with neutrinos for this specific choice of
temperature and coupling constant. In the case of the
density dependent gap, upper panel, when T approaches
Tc,p from below, at densities just below 1015 g cm−3,
both the modified Urca and proton-PBF process rapidly
increase and eventually dominate, resulting in a strong
increase of the total neutrino emissivity.

C. MCMC setup

For our cooling calculations we use an up-dated version
of the code NSCool [49] which solves the general rela-
tivistic equations of energy balance and heat transport
in spherical symmetry. For the MCMC runs we use our
driver MXMX [50] which is inspired by emcee [51].

We fit a cooling curve, i.e. a T∞eff (t) function, to a best fit
data point (T∞eff,obs, tobs) wich has uncertainties ∆T∞eff,obs
and ∆tobs. We assume these observational values to be
distributed according to a Gaussian and the uncertainty
to be its standard deviation. The likelihood in our case
can be written, similarly to [52], in the following form (up
to unimportant constants like normalization):

L ∼
∫ ( dT∞eff

∆T∞eff,obs

)2

+

(
dt

∆tobs

)2
1/2

×

exp

− (T∞eff − T∞eff,obs

)2
2
(
∆T∞eff,obs

)2
 exp

− (t− tobs

)2
2
(
∆tobs

)2


(4.3)
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as a line integral along the cooling trajectory in the t−T∞eff
plane and where the units to measure t and T∞eff are
naturally taken as the standard deviations for a Gaussian
distribution in each axes, i.e., ∆tobs and ∆T∞eff,obs. As the
cooling curves are computed at discretized time steps ti,
i = 1, . . . , imax, we can replace integration by summation:

L ∼
imax−1∑
i=2

( ∆Ti
∆T∞eff,obs

)2

+

(
∆ti

∆tobs

)2
1/2

×

exp

− (Ti − T∞eff,obs

)2
2
(
∆T∞eff,obs

)2
 exp

− (ti − tobs

)2
2
(
∆tobs

)2
,

(4.4)

where Ti = T∞eff (ti), ∆Ti = 0.5(Ti+1 − Ti−1) and ∆ti =
0.5(ti+1 − ti−1).

The study of J1732’s soft X-ray thermal spectrum in
[11] showed that blackbody models are statistically re-
jected, i.e., give poor fits, while atmosphere models made
of hydrogen or carbon both give good fits. Hydrogen
atmosphere models however imply too large a distance,
above 7 kpcs, and high red-shifted effective temperatures,
well above 2×106 K. On the contrary, carbon atmosphere
models imply a distance compatible with the estimated
supernova remnant distance of 3–5 kpcs and a lower red-
shifted temperature around 2×106 K. We accept, following
[11], that these carbon atmosphere models are the most
credible ones and, to be conservative we adopt the lowest
values found by [11], T∞eff,obs = 1.78+0.04

−0.02 MK (redshifted

effective surface temperature, 1σ confidence level), which
corresponds to the closest distance of 3.2 kpcs. We will
see that this value of 1.78 MK is already difficult to obtain
in cooling models and very restrictive; adopting a larger
value would only make all our conclusions stronger. The
age is highly uncertain; the typical age range mentioned
in the literature is 10−40 kyr and we adopt tobs ∼ 27 kyr
[3] with 1σ uncertainty ∆tobs = 6.5 kyr. For the effec-
tive temperature, since we want to be conservative in
constraining axions, we use the smallest uncertainty of
∆T∞eff,obs = 0.02 MK.

V. CHARACTERIZING THE BASIC SCENARIO:
CONSTRAINTS ON NUCLEON PAIRING

Before embarking on the study of cooling scenario in
the presence of axion emission we first characterize the
basic scenario without axion. We first consider the effect
of neutron 1S0 superfluidity in the crust, then the effects
of changing the neutron star model mass and finally, in
order to confirm, or infirm the claim of [11] and [12] that
neutron 3P-F2 superfluidity must be excluded and that
proton 1S0 superconductivity must be strong, we perform
an MCMC study of it.

Starting with 1S0 neutron superfluidity we present in
Fig. 3 two illustrative cooling curves, one including it
and the other excluding it, all other parameters being
identical. We choose the model of [53] for Tc,n. The

3.0 3.5 4.0 4.5 5.0

log10 t [yr]

6.0

6.1

6.2

6.3

6.4

6.5

lo
g

1
0
T
∞ eff

[K
]

Without neutron 1S0 pairing

With neutron 1S0 pairing

Figure 3. Cooling curves of effective temperature at infinity
T∞eff versus model age t illustrating the effect of neutron 1S0

pairing (which is mostly located in the inner crust). The data
point corresponds to J1732 with 1σ uncertainties. See text for
details.

difference between curves is simply due to the specific
heat: pairing reduces specific heat of the crust and, thus,
the star is cooling faster. The difference between the two
models is, however, quite small and employing different
models for Tc,n would produces cooling curves with even
smaller difference between them. We will always include
inner crust neutron superfluidity, taken from [53], in our
following calculations.

Regarding the neutron star model mass, its effect on the
cooling is threefold. Most dense matter EOS, including
the one from [39] that we employ, have the effective masses
of neutrons and protons decreasing with increasing density.
So, the higher the mass of the star, the lower the nucleon
effective masses in its inner core. From Eq. (3.8) one
can see that εnnν ∝ (m∗)4, while the specific heat cV is
simply proportional to m∗. Thus, the neutrino cooling
function ` = εν/cV , which determines the cooling of a
neutron star during neutrino cooling phase (see [12] and
references therein for more details), is proportional to
(m∗)3. Consequently, ` decreases when the mass of the
star increases, which means that more massive stars cool
more slowly. (This conclusion only holds as long as the
more massive star does not have a new neutrino process
allowed by its higher central density, in which case it
will cool faster, but we excluded this possibility in our
study. The density dependence of the pairing gaps can
also contradict this simple conclusion as will be illustrated
below in Fig. 8.) The second effect of increasing the star’s
mass is the increase in its surface gravity gs which results
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M = 1.6 M�
M = 1.4 M�
M = 1.2 M�
M = 1.1 M�

Figure 4. Same as Fig. 3 with four models illustrating the effect
of the stellar mass, with masses as labelled. These models
assume that the proton superconductivity critical temperature
is density independent and very high. See text for details and
Fig. 8 for the effect of density dependent Tc,p.

in thinner, and hence less insulating, envelope: for a
given internal temperature a more massive star will have
a slightly larger surface temperature Teff . Finally, the
increase in gravity with mass increases the red-shift and
results in a decrease in T∞eff as seen by an observer at
infinity. The total effect of mass dependence is illustrated
in Fig. 4 showing the decrease of the effective mass with
density is the dominant one: more massive stars have
slightly higher T∞eff . The mass effect is, however, quite
small and in our subsequent study we will only consider
models of mass 1.4 M�. Moreover, the small change in `
with mass is very similar to a change in Rσ (see Eq. (3.8)
and (3.9)) which we do fully take into account in our
MCMC runs: our conclusions about Rσ hence encompass
uncertainties in the star’s mass.

As a last step in our characterization of the basic sce-
nario we want to quantitatively evaluate the strength of
the argument that core neutron 3P-F2 superfluidity is
incompatible with the observed high Teff of J1732 [11, 12]
and only strong proton superconductivity is acceptable.
We illustrate the basic problem in Fig. 5 by comparing two
models with either strong proton 1S0 superconductivity
and normal neutrons or neutron 3P-F2 superfluidity and
no proton superconductivity in the core (but both with
neutron 1S0 superfluidity in the inner crust). In both
cases neutrino processes in which the paired component
participates are strongly suppressed when T � Tc, which
is the reason for the high Teff in the strong proton super-
conductivity case, but in the neutron superfluidity case
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⌘ = 10�8

⌘ = 10�16

Paired protons

Paired neutrons

Figure 5. Same as Fig. 3 with four models illustrating the
basic effects of proton versus neutron pairing and envelope
chemical composition. The two upper curves have protons 1S0

-paired in the whole core with a density independent Tc of
7.3× 109 K and normal neutrons while the two lower curves
have normal protons and 3P-F2 -paired neutrons in the whole
core with a density independent Tc of 109 K. For each pairing
scenario the two curves correspond to two different thickness
of carbon layer in the envelope, η in Eq. (4.1), as labelled.

there is also a strong flash of neutrinos emitted by the PBF
process when T ≤ Tc and result in lower predicted Teff .
The assumed value of Tmax

c,n , 109 K, is higher than the
present core temperature of J1732 but not much higher
and lead to a very strong cooling effect from the PBF
process; other values will be considered in the MCMC run
described below. The same Fig. 5 also illustrates the effect
of the envelope chemical composition by presenting two
models with either η = 10−12 or 10−8 for each scenarios:
a successful model appears to require both strong proton
superconductivity (with no neutron superfluidity) and a
thick layer of C at the surface.

To quantify this conclusion we ran an MCMC simula-
tion varying the strengths of both types of pairing and
also the amount of C in the envelope η (Eq. (4.1)). The
parameters of our MCMC are four parameters to control
the neutron and proton pairing in the core, their maxi-
mum Tc as Tmax

c,N , and width of the distribution ∆kF,N ,

(Eq. (4.2)), and η. Our prior probabilities for these pa-
rameters are:
- uniform in log10 T

max
c,N between 7.5 to 10.5 (in K),

- uniform in ∆kF,N between 0.1 and 1 (in fm−1).
- uniform in log10 η from −16 to −7,
the first two applying for N being both p and n (the
centers of the two Tc Gaussians are at fixed positions of
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Figure 6. Corner plot of the log10 T
max
c,p and log10 T

max
c,n poste-

rior probability distributions, in the diagonal panels, and their
correlation, in the bottom left panel, from our MCMC run A.
Dash-dotted and dotted lines show 90% and 99% quantiles
respectively, and the grayscale density is proportional to the
probability density. The high probability region marked as
“a” corresponds to strong proton superconductivity, i.e., with
high Tc, and weak neutron superfluidity, i.e., with small Tc,
while the peak marked as “b” has the opposite, weak proton
superconductivity and strong neutron superfluidity. Given the
present core temperature of J1732, peak “a” implies normal
neutrons and peak “b” normal protons in its core. See also
Fig. 7 and text for details.

2.0 and 0.5 fm−1 for n and p, respectively, as stipulated
previously). Since the star’s mass has little effect we only
consider models with a mass of 1.4 M� built with the EOS
of [39] and fix the inner crust neutron 1S0 superfluidity
using the model of [43]. We also, for now, do not con-
sider the uncertainty on Rσ and fix it to its fiducial value
of 0.25. With the possibility of a bimodal distribution
between neutron superfluidity versus proton superconduc-
tivity we ran several parallel tempered chains to properly
map the expected separate probability peaks. We call this
our “MCMC run A”. Two extracts of the results of this
MCMC run are presented on Fig. 6 and 7. On Fig. 6 we
show a corner plot of the log10 T

max
c,p and log10 T

max
c,n pos-

terior probability distributions and their correlation. One
can clearly see the bi-modality of the posterior parameter
distributions. J1732 can be fitted assuming either strong
proton superconductivity and normal neutrons (marked
as “a” in the figure) or strong neutron superfluidity and
normal protons (marked as “b” in the figure). In less than
1% of cases (see the 99% quantile) we can have both, but
this is actually realized when ∆kF,p is small and protons
are superconducting only in a very small fraction of the
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Figure 7. Density of cooling curves corresponding to Fig. 6.
10,000 curves were used to generate this density plot, a rep-
resentative sample of the MCMC run. The two different
sub-populations, corresponding to the two separated probabil-
ity peaks “a” and “b” seen in Fig. 6, clearly appear by their
cooling behavior at late times. The data point corresponds to
J1732 with 1σ uncertainties. See details in the text.

core. We do not show the distribution of widths, ∆kF,N ,
because they show nothing interesting except that models
require large widths, i.e., extensive pairing with the sole
exception of these less than 1% cases of simultaneous n
and p strong pairing in which a very small proton pairing
width is required.

For both log10 T
max
c,p and log10 T

max
c,n their posterior prob-

ability distribution is flat below 8.4: this simply reflects
the fact that, at such low Tc, pairing would occur when
T is smaller than the present T in the core of J1732 and
has hence no effect in fitting the data point. Notice that
in the case of Tmax

c,n the value of 109 K as used in Fig. 7 is
totally excluded along with a wide range of values above
and below it. In the case of Tmax

c,p almost the same range
of values is also strongly, but not completely, excluded.
This range of excluded values corresponds to models in
which the pairing phase transition would have occurred
not too early in the life of the star but before the age
of J1732 and would have resulted in too much neutrino
cooling from the PBF process. The total versus partial
exclusion of this range for Tmax

c,n versus Tmax
c,p is due to the

fact that the PBF process for the 3P-F2 neutron gap is
much stronger that for the 1S0 proton gap and thus the
former has to be totally excluded. In contradistinction to
this, the upper range of allowed values, for both Tmax

c,p and
Tmax
c,n , corresponds to models in which the phase transi-

tion occurred when the star was very young and very hot
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so that at a still early age T dropped well below Tc and
neutrino emission, included the PBF process either from
n of p pairing, became strongly suppressed resulting in a
hot star at the present estimated age of J1732.

In Fig. 7 we show a plot of the density of cooling curves
sampled from the MCMC run. The bi-modality is also
clearly visible. Curves cooling faster after 104.5 years have
strong neutron superfluidity while the other ones have
strong proton superconductivity. The difference is due
to the specific heat since, the neutron-proton fractions
in the core being of the order of 90%-10%, suppressing
the neutron contribution to the specific heat by pairing
has a much stronger effect than suppressing the proton
contribution. At earlier ages, before 104.5 years, the two
families have very similar, but still slightly distinct, cool-
ing behavior since they have been selected by the MCMC
to fit the data point. It is also clear that most curves go
below the central value of the data but are passing within
less than one σ away from it. The distribution of η will
be discussed in the next section but large values of log10 η
are always strongly preferred.

The dichotomy exhibited in Fig. 6 can be resolved com-
paring the results with theoretical predictions of the size
of the respective proton 1S0 and neutron 3P-F2 gaps
[17, 45] that predict small neutron 3P-F2 pairing Tc,
smaller than 3× 109 K, and large proton 1S0 Tc, much
higher than 109 K. Thus, the peak with log10 T

max
c,p > 9.5

and log10 T
max
c,n < 9 fits well within theoretical expec-

tations while the other one with log10 T
max
c,p < 9 and

log10 T
max
c,n > 9.5 is supported by hardly any theoretical

model. We will, hence, work within the same framework
as [11] and [12] and conclude that the high observed Teff of
J1732 requires strong proton 1S0 superconductivity and
excludes neutron 3P-F2 superfluidity with high or mod-
erate (& 3× 108 K) Tc. Strong proton superconductivity
mean that the corresponding critical temperature Tc is
much larger than 109 in most of the star’s core. When
comparing with theoretical models of proton pairing (see,
e.g., Figure 21.11 in [17]) this requirement implies that the
mass of the neutron star J1732 is low; how low is model
dependent but very unlikely higher than, and more likely
well below, 1.4 M�. We illustrate this in Fig. 8 using
the CDDK model [48] for the proton 1S0 gap. For this
model, there is a strong increase in neutrino emissivity at
high densities (see Fig. 2) and a neutron star mass well
below 1.4 M� is strongly favored. Actual mass values
deduced from such a study are extremely dependent on
the assumed density profile of the proton gap. Among the
many published theoretical prediction of the proton 1S0

gap this CCDK model is one of the few that reach high
densities: most other published gap would imply much
lower masses.
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Figure 8. Same as Fig. 4 with four models illustrating the
effect of the stellar mass, with masses as labelled, when a
density dependent proton 1S0 gap, model CCDK from [48], is
used. See text for details.

VI. IMPROVED CONSTRAINTS ON
AXION-LIKE PARTICLES

Having characterized the basic scenario and the require-
ments imposed by the observed high Teff of J1732 we are
now able to carefully assess the efficiency of neutrino cool-
ing and constrain axion emission. For this purpose we
extend our previous MCMC run by adding both Rσ and
RA, see Eq. (3.10), as parameters. We now consider 5
parameters and their prior distributions are uniform in
natural or logarithmic scale:
- Rσ : 0.1 ≤ Rσ ≤ 3
- RA: −2 ≤ log10RA ≤ 2
- η: −16 ≤ log10 η ≤ −7
- Tc,p: 8 ≤ log10 Tc,p[K] ≤ 10 (density independent)
- Tc,n: 8 ≤ log10 Tc,n[K] ≤ 9 (density independent).
As it was explained in the previous section, we have cho-
sen the high Tc,p – low Tc,n mode from the bi-modal
distribution (see Fig. 6). In this case Tc,n was lower than
the core temperature of J1732 at present age so that neu-
trons were normal and this gap had no effect on fitting
the J1732 data point, but we still include it in the present
calculation due to its large potential effect on the neutrino
emission. Neutron 1S0 pairing from [53] is present in the
inner crust and the star’s mass is fixed at M = 1.4 M�.
This is our “MCMC run B”.

The posterior distributions of 4 relevant parameters
are presented in Fig. 9. As in the cases studied above we
obtain a strong lower limit on Tc,p that is needed to sup-
press neutrino emission by the modified Urca process and
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Figure 9. Histograms of posterior probability distribution of Rσ, log10RA, log10 η, and log10 Tc,p from our MCMC run B.
Vertical lines are: dotted = 50%, dashed = 90% and solid = 99% quantiles. See text for details.

a highly conductive envelope, i.e., an as thick as possible
carbon layer, to raise as much as possible the observable
Teff . In line with the difficulty to keep a neutron star
so hot for such a long time, see, e.g., Fig. 7, allowing for
a reduction of εnnν through Rσ favor small values of Rσ
(the median of Rσ distribition is ≈ 0.2). Similarly, small
values of RA are strongly preferred but with a rather
broad distribution. Notice that the constraint we obtain
on Rσ is more drastic than the one on RA because Rσ
controls both εnnν and εnna . The resulting constraint on

Tc,n is not shown since it simply consists in keeping neu-
tron normal, i.e., Tc,n must be lower than the present
internal temperature of J1732.

We also made a comparative MCMC run with a fixed
value Rσ = 0.25, our fiducial value for Rσ . Other pa-
rameters of the run are identical and this is our “MCMC
run C”. The resulting comparison of RA distributions
is presented in Fig. 10 which shows that the posterior
distribution of RA changes only slightly whether Rσ is
variable or fixed. It is also rather insensitive to changes
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Figure 10. Comparison of posterior RA probability distribu-
tions with variable, MCMC run B, and fixed, MCMC run C,
Rσ . Vertical lines are the same quantiles, 50%, 90% and 99%,
as in Fig. 9. Distribution with variable Rσ (gray line) is iden-
tical to one in Fig. 9. Black lines corresponds to distribution
of RA obtained with fixed Rσ = 0.25. See details in the text.

in neutron star mass and to the presence or absence of
neutron superfluidity in the crust (as shown in the previ-
ous subsection). Thus, the RA distribution results to be
remarkably robust.

To illustrate further the impact of Rσ , let us look at the
cooling curves density plot, similar to Fig. 7, in Fig. 11
which shows the comparison of variable Rσ case with
fixed Rσ case. Several interesting and illustrative points
can be made from this plot. First, the variable Rσ run
results in a wider distribution of cooling curves. This is
to be expected: the more degrees of freedom we have, the
wider the resulting distributions will be and is a natural
payoff from increasing the number of parameters. On
the other hand, we can fit the data point better with
more parameters, which can be seen by comparing left
and right panel of the figure. Second conclusion is that it
is remarkably difficult to fit J1732 with a cooling curve.
Even with variable Rσ most of the curves go below the
data point (inside 1σ uncertainty region, but still below
the point itself). It is important to note that there are
curves that go exactly through the data point but the
number of such models is very small and they are barely
visible on a density plot, especially on the right panel.
One has to keep in mind that MCMC not only finds the
best fit, but also “walks” around it; here we can see that
it can easily walk below the data point, but it is very
difficult to go above it.

From Fig. 10 we can infer that the 90% upper limit

on log10RA is −0.67, which means that 90% confidence
g2
ann < 7.7 × 10−20 – a factor of 5 improvement over

the SN 1987A limit. Additionally, we claim that our
estimate is more robust to changes in the physical model
as demonstrated in the previous sections. We made a
bootstrap estimation of the standard deviation of the
90% quantile which turned out to be ∼ 4%. Moreover,
taking into account variations caused by changes in the
stellar model mass and Rσ we estimate at most a 10%
uncertainty and can state that the 90% upper limit on
log10RA is −0.67± 0.06.

Thus far our analysis was based on the age of J1732
given by 27±6.5 kyrs. We now enquire how our constraints
would change if a better age estimate with much smaller
uncertainty were to become available. We considered four
cases of age 10, 20, 30, and 40 kyrs with, in each case a
small 10% uncertainty and ran four MCMC runs D1, D2,
D3, and D4, respectively. The results are presented in
Fig. 12 four corner plots for the resulting distribution of
both Rσ and RA. These runs used the same parameters
and condition as run B with the one important change
beside the star’s age – we relaxed the condition on Rσ
extending its range to:
- Rσ : 0.0 < Rσ ≤ 3.
Allowing very small values of Rσ may be unrealistic but
allows us to obtain reasonable fits for large ages. The
resulting distribution of η and log10 Tc,N are practically
the same as in previous runs and not shown. As can be
expected from the results of previous runs we obtain very
strong constraints on Rσ since it controls both εnnν and
εnna , and the older the remnant the smaller Rσ has to
be. The distributions of RA are almost identical in all
four cases, again a consequence of the dominant effect of
Rσ. They are, however, extending to larger values of RA
simply because we arbitrarily allowed Rσ to be vanishingly
small. Nevertheless, in the case that an old age of J1732
could be inferred in the future and a strong theoretical
lower limit on the value of Rσ could be obtained then we
would be able to constraint the axion-neutron coupling
constant much more significantly than presently possible.

Finally, it is important to emphasize here that our abil-
ity to obtain meaningful constraints on axion coupling
by means of studying J1732 relies on its high surface
temperature. We employed the value Teff = 2.24 MK
(corresponding to T∞eff = 1.78 MK) from Ref. [11]. How-
ever, in Ref. [54] the authors investigate the possibility
that J1732 has a non-uniformly emitting surface (i.e., hot
spots). In this case the cold component (corresponding to
most of the stellar surface) has an effective local temper-
ature of Teff = 2.04 MK which is lower than the value we
used. A lower surface temperature means a less restrict-
ing constraint on axion coupling. However, the authors
of Ref. [54] have found that this scenario is unlikely for
several reasons (yet cannot be ruled out as the spectral
fits are “formally acceptable”).
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Figure 11. Density of cooling curve to illustrate of the role of Rσ : left panel has 0.1 ≤ Rσ ≤ 3 and right panel has a fixed Rσ =
0.25. 10,000 curves were used to generate each density plot, a representative sample of the MCMC runs B and C. The data
point corresponds to J1732 with 1σ uncertainties.

VII. DISCUSSION OF RELATED WORKS

Beside the previously mentioned constraints on g2
ann +

g2
app [22, 28] from SN 1987A, the cooling of three middle-

aged (105 − 5 × 105 yrs) pulsars, PSR 0656+14, PSR
1055-52, and PSR 0633+1748 (“Geminga”), which all are
in the photon cooling era, was studied in [55] and upper
limits on the axion mass and fa obtained: as in our study,
a too strong axion-nucleon coupling would have lead, dur-
ing the previous neutrino cooling phase of these three
stars, to a more rapid cooling resulting in temperatures
during the photon-cooling era that are lower than ob-
served. Interesting constraints were obtained, in the best
case g2

ann < 1.6 × 10−19 within the KSVZ model when
neutrons are not paired. However, the robustness of this
result is difficult, if not impossible, to assess for several
reasons. Firstly, there are, unfortunately, no realistic at-
mosphere models, which require strong magnetic fields for
such pulsars, that can fit the observed soft X-ray spectra
of these pulsars and, hence, their effective temperatures
are only estimated using a blackbody spectrum and an
error of at least a factor of two is very possible. Not being
associated with a supernova remnant implies that their
age can only be estimated from a simple pulsar braking
law: the error could be small or very large and there is no
known way to reliably assess it. Finally, at such large ages,
heating processes (see, e.g., [56]) coupled with uncertainty
about the envelope chemical composition (see, e.g., [57])
may seriously alter their thermal evolution again in a way
that is practically impossible to assess.

The possible observation of rapid cooling in the young

neutron star “Cas A” in the supernova remnant Cassiopea
A [58] has been interpreted as due to the emission of a
strong burst of neutrinos from the PBF reactions involving
Cooper pairs of neutrons in the spin triplet 3P-F2 channel
during the onset of the phase transition [59, 60]. This
process would also produce axions and an earlier study
found that the resulting cooling would be incompatible
with observations for g2

ann > 2×10−19 [61]. However, and
perhaps more interestingly for g2

ann ' 1.4× 10−19 axion
cooling provided a good fit to the data [62]. Note that this
coupling strength is a bit smaller than and compatible
with the SN1987A constraint in Eq. 2.6. Does this hint
at the possible existence of axions? Lacking a thorough
analysis of systematic errors that can arise from a myriad
of poorly understood microphysical input physics that
play a role in neutron star cooling models it would be
prudent to be skeptical, but one cannot simply dismiss
the possibility either. However, since this value of g2

ann is
about a factor of 2 larger than the limit we have derived it
would be incompatible with our interpretation of J1732.

The tension between our results, particularly about the
size of the neutron 3P-F2 gap, and the above mentioned
interpretation of the rapid cooling of Cas A is possibly
even stronger. We inferred that Tmax

c,n must be smaller

than ∼ 2.5× 108 K, given the present core temperature
of J1732, while all three works [59, 60, 62] on the rapid
cooling of Cas A imply that Tmax

c,n must be larger than

∼ 5× 108 K, limited by the core temperature of Cas A.
It is important to consider that these deduced values of
Tmax
c,n refer to the maximum value of Tc,n in the neutron

star J1732 and the neutron star Cas A, respectively. In
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<latexit sha1_base64="K7qOWbYac55CO58T6LDEju/gwMA=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh4rXjxWsR/QLks2zbah2WSbZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapIrRJJJeqE2JNORO0aZjhtJMoiuOQ03Y4upv77QlVmknxZKYJ9WM8ECxiBBsr+T0uB0HmuTP0GNwG5YpbdRdA68TLSQVyNILyV68vSRpTYQjHWnc9NzF+hpVhhNNZqZdqmmAywgPatVTgmGo/Wxw9QxdW6aNIKlvCoIX6eyLDsdbTOLSdMTZDverNxf+8bmqiGz9jIkkNFWS5KEo5MhLNE0B9pigxfGoJJorZWxEZYoWJsTmVbAje6svrpFWrem7Ve7iq1Gt5HEU4g3O4BA+uoQ730IAmEBjDM7zCmzNxXpx352PZWnDymVP4A+fzB7GAkVQ=</latexit><latexit sha1_base64="K7qOWbYac55CO58T6LDEju/gwMA=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh4rXjxWsR/QLks2zbah2WSbZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapIrRJJJeqE2JNORO0aZjhtJMoiuOQ03Y4upv77QlVmknxZKYJ9WM8ECxiBBsr+T0uB0HmuTP0GNwG5YpbdRdA68TLSQVyNILyV68vSRpTYQjHWnc9NzF+hpVhhNNZqZdqmmAywgPatVTgmGo/Wxw9QxdW6aNIKlvCoIX6eyLDsdbTOLSdMTZDverNxf+8bmqiGz9jIkkNFWS5KEo5MhLNE0B9pigxfGoJJorZWxEZYoWJsTmVbAje6svrpFWrem7Ve7iq1Gt5HEU4g3O4BA+uoQ730IAmEBjDM7zCmzNxXpx352PZWnDymVP4A+fzB7GAkVQ=</latexit><latexit sha1_base64="K7qOWbYac55CO58T6LDEju/gwMA=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh4rXjxWsR/QLks2zbah2WSbZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapIrRJJJeqE2JNORO0aZjhtJMoiuOQ03Y4upv77QlVmknxZKYJ9WM8ECxiBBsr+T0uB0HmuTP0GNwG5YpbdRdA68TLSQVyNILyV68vSRpTYQjHWnc9NzF+hpVhhNNZqZdqmmAywgPatVTgmGo/Wxw9QxdW6aNIKlvCoIX6eyLDsdbTOLSdMTZDverNxf+8bmqiGz9jIkkNFWS5KEo5MhLNE0B9pigxfGoJJorZWxEZYoWJsTmVbAje6svrpFWrem7Ve7iq1Gt5HEU4g3O4BA+uoQ730IAmEBjDM7zCmzNxXpx352PZWnDymVP4A+fzB7GAkVQ=</latexit><latexit sha1_base64="K7qOWbYac55CO58T6LDEju/gwMA=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh4rXjxWsR/QLks2zbah2WSbZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapIrRJJJeqE2JNORO0aZjhtJMoiuOQ03Y4upv77QlVmknxZKYJ9WM8ECxiBBsr+T0uB0HmuTP0GNwG5YpbdRdA68TLSQVyNILyV68vSRpTYQjHWnc9NzF+hpVhhNNZqZdqmmAywgPatVTgmGo/Wxw9QxdW6aNIKlvCoIX6eyLDsdbTOLSdMTZDverNxf+8bmqiGz9jIkkNFWS5KEo5MhLNE0B9pigxfGoJJorZWxEZYoWJsTmVbAje6svrpFWrem7Ve7iq1Gt5HEU4g3O4BA+uoQ730IAmEBjDM7zCmzNxXpx352PZWnDymVP4A+fzB7GAkVQ=</latexit>
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<latexit sha1_base64="K7qOWbYac55CO58T6LDEju/gwMA=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh4rXjxWsR/QLks2zbah2WSbZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapIrRJJJeqE2JNORO0aZjhtJMoiuOQ03Y4upv77QlVmknxZKYJ9WM8ECxiBBsr+T0uB0HmuTP0GNwG5YpbdRdA68TLSQVyNILyV68vSRpTYQjHWnc9NzF+hpVhhNNZqZdqmmAywgPatVTgmGo/Wxw9QxdW6aNIKlvCoIX6eyLDsdbTOLSdMTZDverNxf+8bmqiGz9jIkkNFWS5KEo5MhLNE0B9pigxfGoJJorZWxEZYoWJsTmVbAje6svrpFWrem7Ve7iq1Gt5HEU4g3O4BA+uoQ730IAmEBjDM7zCmzNxXpx352PZWnDymVP4A+fzB7GAkVQ=</latexit><latexit sha1_base64="K7qOWbYac55CO58T6LDEju/gwMA=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh4rXjxWsR/QLks2zbah2WSbZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapIrRJJJeqE2JNORO0aZjhtJMoiuOQ03Y4upv77QlVmknxZKYJ9WM8ECxiBBsr+T0uB0HmuTP0GNwG5YpbdRdA68TLSQVyNILyV68vSRpTYQjHWnc9NzF+hpVhhNNZqZdqmmAywgPatVTgmGo/Wxw9QxdW6aNIKlvCoIX6eyLDsdbTOLSdMTZDverNxf+8bmqiGz9jIkkNFWS5KEo5MhLNE0B9pigxfGoJJorZWxEZYoWJsTmVbAje6svrpFWrem7Ve7iq1Gt5HEU4g3O4BA+uoQ730IAmEBjDM7zCmzNxXpx352PZWnDymVP4A+fzB7GAkVQ=</latexit><latexit sha1_base64="K7qOWbYac55CO58T6LDEju/gwMA=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh4rXjxWsR/QLks2zbah2WSbZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapIrRJJJeqE2JNORO0aZjhtJMoiuOQ03Y4upv77QlVmknxZKYJ9WM8ECxiBBsr+T0uB0HmuTP0GNwG5YpbdRdA68TLSQVyNILyV68vSRpTYQjHWnc9NzF+hpVhhNNZqZdqmmAywgPatVTgmGo/Wxw9QxdW6aNIKlvCoIX6eyLDsdbTOLSdMTZDverNxf+8bmqiGz9jIkkNFWS5KEo5MhLNE0B9pigxfGoJJorZWxEZYoWJsTmVbAje6svrpFWrem7Ve7iq1Gt5HEU4g3O4BA+uoQ730IAmEBjDM7zCmzNxXpx352PZWnDymVP4A+fzB7GAkVQ=</latexit><latexit sha1_base64="K7qOWbYac55CO58T6LDEju/gwMA=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktgh4rXjxWsR/QLks2zbah2WSbZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapIrRJJJeqE2JNORO0aZjhtJMoiuOQ03Y4upv77QlVmknxZKYJ9WM8ECxiBBsr+T0uB0HmuTP0GNwG5YpbdRdA68TLSQVyNILyV68vSRpTYQjHWnc9NzF+hpVhhNNZqZdqmmAywgPatVTgmGo/Wxw9QxdW6aNIKlvCoIX6eyLDsdbTOLSdMTZDverNxf+8bmqiGz9jIkkNFWS5KEo5MhLNE0B9pigxfGoJJorZWxEZYoWJsTmVbAje6svrpFWrem7Ve7iq1Gt5HEU4g3O4BA+uoQ730IAmEBjDM7zCmzNxXpx352PZWnDymVP4A+fzB7GAkVQ=</latexit>
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<latexit sha1_base64="ttGApNiVStH1KN4of3dx0lykbQw=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgQkqmCLoRKm5cVrAPaEKZTKft0JkkzEyEEPIFbvwVNy4UcevanX/jpI2grQcuHM65l3vv8SPOlHacL6u0srq2vlHerGxt7+zu2fsHHRXGktA2CXkoez5WlLOAtjXTnPYiSbHwOe360+vc795TqVgY3Okkop7A44CNGMHaSAO75gqsJ1KkV2OawUuIHDcSCLqn8MeYJjIb2FWn7swAlwkqSBUUaA3sT3cYkljQQBOOleojJ9JeiqVmhNOs4saKRphM8Zj2DQ2woMpLZ+9ksGaUIRyF0lSg4Uz9PZFioVQifNOZ36gWvVz8z+vHenThpSyIYk0DMl80ijnUIcyzgUMmKdE8MQQTycytkEywxESbBCsmBLT48jLpNOrIqaPbs2qzUcRRBkfgGJwABM5BE9yAFmgDAh7AE3gBr9aj9Wy9We/z1pJVzByCP7A+vgG8WJs6</latexit><latexit sha1_base64="ttGApNiVStH1KN4of3dx0lykbQw=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgQkqmCLoRKm5cVrAPaEKZTKft0JkkzEyEEPIFbvwVNy4UcevanX/jpI2grQcuHM65l3vv8SPOlHacL6u0srq2vlHerGxt7+zu2fsHHRXGktA2CXkoez5WlLOAtjXTnPYiSbHwOe360+vc795TqVgY3Okkop7A44CNGMHaSAO75gqsJ1KkV2OawUuIHDcSCLqn8MeYJjIb2FWn7swAlwkqSBUUaA3sT3cYkljQQBOOleojJ9JeiqVmhNOs4saKRphM8Zj2DQ2woMpLZ+9ksGaUIRyF0lSg4Uz9PZFioVQifNOZ36gWvVz8z+vHenThpSyIYk0DMl80ijnUIcyzgUMmKdE8MQQTycytkEywxESbBCsmBLT48jLpNOrIqaPbs2qzUcRRBkfgGJwABM5BE9yAFmgDAh7AE3gBr9aj9Wy9We/z1pJVzByCP7A+vgG8WJs6</latexit><latexit sha1_base64="ttGApNiVStH1KN4of3dx0lykbQw=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgQkqmCLoRKm5cVrAPaEKZTKft0JkkzEyEEPIFbvwVNy4UcevanX/jpI2grQcuHM65l3vv8SPOlHacL6u0srq2vlHerGxt7+zu2fsHHRXGktA2CXkoez5WlLOAtjXTnPYiSbHwOe360+vc795TqVgY3Okkop7A44CNGMHaSAO75gqsJ1KkV2OawUuIHDcSCLqn8MeYJjIb2FWn7swAlwkqSBUUaA3sT3cYkljQQBOOleojJ9JeiqVmhNOs4saKRphM8Zj2DQ2woMpLZ+9ksGaUIRyF0lSg4Uz9PZFioVQifNOZ36gWvVz8z+vHenThpSyIYk0DMl80ijnUIcyzgUMmKdE8MQQTycytkEywxESbBCsmBLT48jLpNOrIqaPbs2qzUcRRBkfgGJwABM5BE9yAFmgDAh7AE3gBr9aj9Wy9We/z1pJVzByCP7A+vgG8WJs6</latexit><latexit sha1_base64="ttGApNiVStH1KN4of3dx0lykbQw=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgQkqmCLoRKm5cVrAPaEKZTKft0JkkzEyEEPIFbvwVNy4UcevanX/jpI2grQcuHM65l3vv8SPOlHacL6u0srq2vlHerGxt7+zu2fsHHRXGktA2CXkoez5WlLOAtjXTnPYiSbHwOe360+vc795TqVgY3Okkop7A44CNGMHaSAO75gqsJ1KkV2OawUuIHDcSCLqn8MeYJjIb2FWn7swAlwkqSBUUaA3sT3cYkljQQBOOleojJ9JeiqVmhNOs4saKRphM8Zj2DQ2woMpLZ+9ksGaUIRyF0lSg4Uz9PZFioVQifNOZ36gWvVz8z+vHenThpSyIYk0DMl80ijnUIcyzgUMmKdE8MQQTycytkEywxESbBCsmBLT48jLpNOrIqaPbs2qzUcRRBkfgGJwABM5BE9yAFmgDAh7AE3gBr9aj9Wy9We/z1pJVzByCP7A+vgG8WJs6</latexit>

Age = 20 ± 2 kyr
<latexit sha1_base64="j2KIC7QPJ3MuH0SAU8tdTg9q1Ms=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0ISUJgm6EihuXFewDmlAm00k7dCYJMxMhhHyCG3/FjQtF3Lp05984aSNo64ELh3Pu5d57/JhRqSzry6gsLa+srlXXaxubW9s75u5eR0aJwKSNIxaJno8kYTQkbUUVI71YEMR9Rrr+5Lrwu/dESBqFdyqNicfRKKQBxUhpaWAeuxypseDZ1Yjk8BI6FnRjDh3onsIfa5KKfGDWrYY1BVwkdknqoERrYH66wwgnnIQKMyRl37Zi5WVIKIoZyWtuIkmM8ASNSF/TEHEivWz6UA6PtDKEQSR0hQpO1d8TGeJSptzXncWNct4rxP+8fqKCCy+jYZwoEuLZoiBhUEWwSAcOqSBYsVQThAXVt0I8RgJhpTOs6RDs+ZcXScdp2FbDvj2rN50yjio4AIfgBNjgHDTBDWiBNsDgATyBF/BqPBrPxpvxPmutGOXMPvgD4+MbfLebkA==</latexit><latexit sha1_base64="j2KIC7QPJ3MuH0SAU8tdTg9q1Ms=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0ISUJgm6EihuXFewDmlAm00k7dCYJMxMhhHyCG3/FjQtF3Lp05984aSNo64ELh3Pu5d57/JhRqSzry6gsLa+srlXXaxubW9s75u5eR0aJwKSNIxaJno8kYTQkbUUVI71YEMR9Rrr+5Lrwu/dESBqFdyqNicfRKKQBxUhpaWAeuxypseDZ1Yjk8BI6FnRjDh3onsIfa5KKfGDWrYY1BVwkdknqoERrYH66wwgnnIQKMyRl37Zi5WVIKIoZyWtuIkmM8ASNSF/TEHEivWz6UA6PtDKEQSR0hQpO1d8TGeJSptzXncWNct4rxP+8fqKCCy+jYZwoEuLZoiBhUEWwSAcOqSBYsVQThAXVt0I8RgJhpTOs6RDs+ZcXScdp2FbDvj2rN50yjio4AIfgBNjgHDTBDWiBNsDgATyBF/BqPBrPxpvxPmutGOXMPvgD4+MbfLebkA==</latexit><latexit sha1_base64="j2KIC7QPJ3MuH0SAU8tdTg9q1Ms=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0ISUJgm6EihuXFewDmlAm00k7dCYJMxMhhHyCG3/FjQtF3Lp05984aSNo64ELh3Pu5d57/JhRqSzry6gsLa+srlXXaxubW9s75u5eR0aJwKSNIxaJno8kYTQkbUUVI71YEMR9Rrr+5Lrwu/dESBqFdyqNicfRKKQBxUhpaWAeuxypseDZ1Yjk8BI6FnRjDh3onsIfa5KKfGDWrYY1BVwkdknqoERrYH66wwgnnIQKMyRl37Zi5WVIKIoZyWtuIkmM8ASNSF/TEHEivWz6UA6PtDKEQSR0hQpO1d8TGeJSptzXncWNct4rxP+8fqKCCy+jYZwoEuLZoiBhUEWwSAcOqSBYsVQThAXVt0I8RgJhpTOs6RDs+ZcXScdp2FbDvj2rN50yjio4AIfgBNjgHDTBDWiBNsDgATyBF/BqPBrPxpvxPmutGOXMPvgD4+MbfLebkA==</latexit><latexit sha1_base64="j2KIC7QPJ3MuH0SAU8tdTg9q1Ms=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0ISUJgm6EihuXFewDmlAm00k7dCYJMxMhhHyCG3/FjQtF3Lp05984aSNo64ELh3Pu5d57/JhRqSzry6gsLa+srlXXaxubW9s75u5eR0aJwKSNIxaJno8kYTQkbUUVI71YEMR9Rrr+5Lrwu/dESBqFdyqNicfRKKQBxUhpaWAeuxypseDZ1Yjk8BI6FnRjDh3onsIfa5KKfGDWrYY1BVwkdknqoERrYH66wwgnnIQKMyRl37Zi5WVIKIoZyWtuIkmM8ASNSF/TEHEivWz6UA6PtDKEQSR0hQpO1d8TGeJSptzXncWNct4rxP+8fqKCCy+jYZwoEuLZoiBhUEWwSAcOqSBYsVQThAXVt0I8RgJhpTOs6RDs+ZcXScdp2FbDvj2rN50yjio4AIfgBNjgHDTBDWiBNsDgATyBF/BqPBrPxpvxPmutGOXMPvgD4+MbfLebkA==</latexit>

Age = 30 ± 3 kyr
<latexit sha1_base64="+tlA51qTH1YnHrXPvqpYzW2otFw=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0ISVpBd0IFTcuK9gHNKFMppN26EwSZiZCCPkEN/6KGxeKuHXpzr9x0kbQ1gMXDufcy733eBGjUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jgxjgUkbhywUPQ9JwmhA2ooqRnqRIIh7jHS9yXXud++JkDQM7lQSEZejUUB9ipHS0sA8djhSY8HTqxHJ4CVsWNCJOGxA5xT+WJNEZAOzatWsKeAisQtSBQVaA/PTGYY45iRQmCEp+7YVKTdFQlHMSFZxYkkihCdoRPqaBogT6abThzJ4pJUh9EOhK1Bwqv6eSBGXMuGe7sxvlPNeLv7n9WPlX7gpDaJYkQDPFvkxgyqEeTpwSAXBiiWaICyovhXiMRIIK51hRYdgz7+8SDr1mm3V7NuzarNexFEGB+AQnAAbnIMmuAEt0AYYPIAn8AJejUfj2Xgz3metJaOY2Qd/YHx8A3/mm5I=</latexit><latexit sha1_base64="+tlA51qTH1YnHrXPvqpYzW2otFw=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0ISVpBd0IFTcuK9gHNKFMppN26EwSZiZCCPkEN/6KGxeKuHXpzr9x0kbQ1gMXDufcy733eBGjUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jgxjgUkbhywUPQ9JwmhA2ooqRnqRIIh7jHS9yXXud++JkDQM7lQSEZejUUB9ipHS0sA8djhSY8HTqxHJ4CVsWNCJOGxA5xT+WJNEZAOzatWsKeAisQtSBQVaA/PTGYY45iRQmCEp+7YVKTdFQlHMSFZxYkkihCdoRPqaBogT6abThzJ4pJUh9EOhK1Bwqv6eSBGXMuGe7sxvlPNeLv7n9WPlX7gpDaJYkQDPFvkxgyqEeTpwSAXBiiWaICyovhXiMRIIK51hRYdgz7+8SDr1mm3V7NuzarNexFEGB+AQnAAbnIMmuAEt0AYYPIAn8AJejUfj2Xgz3metJaOY2Qd/YHx8A3/mm5I=</latexit><latexit sha1_base64="+tlA51qTH1YnHrXPvqpYzW2otFw=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0ISVpBd0IFTcuK9gHNKFMppN26EwSZiZCCPkEN/6KGxeKuHXpzr9x0kbQ1gMXDufcy733eBGjUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jgxjgUkbhywUPQ9JwmhA2ooqRnqRIIh7jHS9yXXud++JkDQM7lQSEZejUUB9ipHS0sA8djhSY8HTqxHJ4CVsWNCJOGxA5xT+WJNEZAOzatWsKeAisQtSBQVaA/PTGYY45iRQmCEp+7YVKTdFQlHMSFZxYkkihCdoRPqaBogT6abThzJ4pJUh9EOhK1Bwqv6eSBGXMuGe7sxvlPNeLv7n9WPlX7gpDaJYkQDPFvkxgyqEeTpwSAXBiiWaICyovhXiMRIIK51hRYdgz7+8SDr1mm3V7NuzarNexFEGB+AQnAAbnIMmuAEt0AYYPIAn8AJejUfj2Xgz3metJaOY2Qd/YHx8A3/mm5I=</latexit><latexit sha1_base64="+tlA51qTH1YnHrXPvqpYzW2otFw=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0ISVpBd0IFTcuK9gHNKFMppN26EwSZiZCCPkEN/6KGxeKuHXpzr9x0kbQ1gMXDufcy733eBGjUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jgxjgUkbhywUPQ9JwmhA2ooqRnqRIIh7jHS9yXXud++JkDQM7lQSEZejUUB9ipHS0sA8djhSY8HTqxHJ4CVsWNCJOGxA5xT+WJNEZAOzatWsKeAisQtSBQVaA/PTGYY45iRQmCEp+7YVKTdFQlHMSFZxYkkihCdoRPqaBogT6abThzJ4pJUh9EOhK1Bwqv6eSBGXMuGe7sxvlPNeLv7n9WPlX7gpDaJYkQDPFvkxgyqEeTpwSAXBiiWaICyovhXiMRIIK51hRYdgz7+8SDr1mm3V7NuzarNexFEGB+AQnAAbnIMmuAEt0AYYPIAn8AJejUfj2Xgz3metJaOY2Qd/YHx8A3/mm5I=</latexit>

Age = 40 ± 4 kyr
<latexit sha1_base64="dqZJGHBxCbgyDmqk4pwz3dLkac0=">AAACEHicbVDLSsNAFJ34rPUVdelmsIgupCSloBuh4sZlBfuAJpTJdNoOnZmEmYkQQj7Bjb/ixoUibl2682+ctBG09cCFwzn3cu89QcSo0o7zZS0tr6yurZc2yptb2zu79t5+W4WxxKSFQxbKboAUYVSQlqaakW4kCeIBI51gcp37nXsiFQ3FnU4i4nM0EnRIMdJG6tsnHkd6LHl6NSIZvIR1B3oRh3XoncEfa5LIrG9XnKozBVwkbkEqoECzb396gxDHnAiNGVKq5zqR9lMkNcWMZGUvViRCeIJGpGeoQJwoP50+lMFjowzgMJSmhIZT9fdEirhSCQ9MZ36jmvdy8T+vF+vhhZ9SEcWaCDxbNIwZ1CHM04EDKgnWLDEEYUnNrRCPkURYmwzLJgR3/uVF0q5VXafq3tYrjVoRRwkcgiNwClxwDhrgBjRBC2DwAJ7AC3i1Hq1n6816n7UuWcXMAfgD6+MbgxWblA==</latexit><latexit sha1_base64="dqZJGHBxCbgyDmqk4pwz3dLkac0=">AAACEHicbVDLSsNAFJ34rPUVdelmsIgupCSloBuh4sZlBfuAJpTJdNoOnZmEmYkQQj7Bjb/ixoUibl2682+ctBG09cCFwzn3cu89QcSo0o7zZS0tr6yurZc2yptb2zu79t5+W4WxxKSFQxbKboAUYVSQlqaakW4kCeIBI51gcp37nXsiFQ3FnU4i4nM0EnRIMdJG6tsnHkd6LHl6NSIZvIR1B3oRh3XoncEfa5LIrG9XnKozBVwkbkEqoECzb396gxDHnAiNGVKq5zqR9lMkNcWMZGUvViRCeIJGpGeoQJwoP50+lMFjowzgMJSmhIZT9fdEirhSCQ9MZ36jmvdy8T+vF+vhhZ9SEcWaCDxbNIwZ1CHM04EDKgnWLDEEYUnNrRCPkURYmwzLJgR3/uVF0q5VXafq3tYrjVoRRwkcgiNwClxwDhrgBjRBC2DwAJ7AC3i1Hq1n6816n7UuWcXMAfgD6+MbgxWblA==</latexit><latexit sha1_base64="dqZJGHBxCbgyDmqk4pwz3dLkac0=">AAACEHicbVDLSsNAFJ34rPUVdelmsIgupCSloBuh4sZlBfuAJpTJdNoOnZmEmYkQQj7Bjb/ixoUibl2682+ctBG09cCFwzn3cu89QcSo0o7zZS0tr6yurZc2yptb2zu79t5+W4WxxKSFQxbKboAUYVSQlqaakW4kCeIBI51gcp37nXsiFQ3FnU4i4nM0EnRIMdJG6tsnHkd6LHl6NSIZvIR1B3oRh3XoncEfa5LIrG9XnKozBVwkbkEqoECzb396gxDHnAiNGVKq5zqR9lMkNcWMZGUvViRCeIJGpGeoQJwoP50+lMFjowzgMJSmhIZT9fdEirhSCQ9MZ36jmvdy8T+vF+vhhZ9SEcWaCDxbNIwZ1CHM04EDKgnWLDEEYUnNrRCPkURYmwzLJgR3/uVF0q5VXafq3tYrjVoRRwkcgiNwClxwDhrgBjRBC2DwAJ7AC3i1Hq1n6816n7UuWcXMAfgD6+MbgxWblA==</latexit><latexit sha1_base64="dqZJGHBxCbgyDmqk4pwz3dLkac0=">AAACEHicbVDLSsNAFJ34rPUVdelmsIgupCSloBuh4sZlBfuAJpTJdNoOnZmEmYkQQj7Bjb/ixoUibl2682+ctBG09cCFwzn3cu89QcSo0o7zZS0tr6yurZc2yptb2zu79t5+W4WxxKSFQxbKboAUYVSQlqaakW4kCeIBI51gcp37nXsiFQ3FnU4i4nM0EnRIMdJG6tsnHkd6LHl6NSIZvIR1B3oRh3XoncEfa5LIrG9XnKozBVwkbkEqoECzb396gxDHnAiNGVKq5zqR9lMkNcWMZGUvViRCeIJGpGeoQJwoP50+lMFjowzgMJSmhIZT9fdEirhSCQ9MZ36jmvdy8T+vF+vhhZ9SEcWaCDxbNIwZ1CHM04EDKgnWLDEEYUnNrRCPkURYmwzLJgR3/uVF0q5VXafq3tYrjVoRRwkcgiNwClxwDhrgBjRBC2DwAJ7AC3i1Hq1n6816n7UuWcXMAfgD6+MbgxWblA==</latexit>

Figure 12. Corner plots of posterior probability distributions of Rσ and RA for our four MCMC runs D1, D2, D3, and D4,
assuming different ages for the remnant J1732, as indicated in the panels corners. See text for details

our simple Gaussian model of Eq. (4.2) and our fixed value
of kmax

F,n = 2.0 fm−1 in all neutron stars the maximum
value of Tc,n is the same and is Tmax

c,n since they all have

a kF,n in their center that exceed 2.0 fm−1 and thus
reach beyond the peak of the Gaussian1. If, instead, we
would have a much larger value of kmax

F,n , the peak of

1 With APR EOS, kF,n already reaches 2.3 fm−1 at the center of
a 1.0 M� star.

the Gaussian could be beyond the central value of low
mass stars: neutron stars of not too high mass would
have a maximum Tc,n reached at their center and stars
of increasing mass would have a increasing maximum
Tc,n (until the star is massive enough that its central
density reaches the peak of the Tc,n curve). Such a density
dependence of the neutron 3P-F2 gap has been proposed
in [63] in their version of the “minimal” cooling paradigm.
If this were the case then the above models for the rapid
cooling of Cas A and our analysis of J1732 could be
compatible and simply imply that the Cas A neutron star
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is heavier than the J1732 neutron star, an issue which
nevertheless deserves more work but is beyond the goal
of the present paper. There are, however, other possible
interpretation of the cooling of Cas A, e.g., a quark color-
superconducting phase transition in a massive star [64]
instead of neutron superfluidity, or delayed core thermal
relaxation because of a low core conductivity [65], among
the many proposed alternatives, which are not at odds
with our present results. Another possibility would simply
be that the Cas A neutron star claimed “rapid cooling”
is an instrumental artifact and thus not real [66].

In a wider setting, novel constraints on the size of the
nucleon pairing gaps were recently explored in [52] which
also worked within the minimal cooling paradigm of [18]
making more quantitative several of the conclusion of [38].
In the three families of scenarios considered in [52] the
first two explicitly excluded the “carbon stars”, i.e. both
Cas A and J1732 whose best temperature measurements
employed carbon atmosphere models, while the third one
included them and the results about the proton 1S0 and
neutron 3P-F2 Tc curves are illustrated in the figure 4
of that work. The values of Tmax

c,p and Tmax
c,n which can

be read from that figure are in a very good agreement
with the high probability peak labelled as “b” in our
Fig. 6, even though that work found acceptable models
within a slightly larger range of values because they fitted
their cooling models to a large number of neutrons star
while we restricted ourselves to a single object. However,
inspired by the study of [11] and [12] we searched for the
possibility of a bimodal distribution and used tempered
chains in our MCMC runs which effectively found two
clear peaks, “a” and “b” shown in Fig. 6. We argued in § V
that the peak “a”, appears more natural when compared
with theoretical predictions and we consider the Tc values
corresponding to the peak “b”, strong superfluidity with
weak superconductivity, as unrealistic.

VIII. CONCLUSION

Assuming that the thermal evolution of J1732 is dom-
inated by neutrino cooling due to bremsstrahlung re-
actions involving normal neutrons in the core we have
derived a new constraint on the axion-neutron coupling,
g2
ann < 7.7 × 10−20 at 90% confidence,which is 5 times

better than the previously existing constraint from SN
1987A. For the KSVZ-axion model where cn = 0.02, at
90% confidence we claim that fa > 6.7× 107 GeV, while
for the DFSZ-axion model with cn = 0.5 we claim that
fa > 1.7× 109 GeV. We have discussed how variation of
key model parameters and uncertainties associated with
the age of the J1732 influence our constraint. The high
temperature encountered in J1732 not only disfavors addi-
tional cooling due to axions but also favors a suppression

of the standard neutrino cooling rate. Interestingly, this
suppression can be accounted for by an improved treat-
ment of the nucleon-nucleon interaction in the calculation
of the bremsstrahlung rate discussed many years ago [35].

The widely used constraint from the neutrino signal
from SN1987A and the neutron star cooling constraint we
discuss here are both subject to uncertainties associated
with the phase structure and linear response properties of
matter at supra-nuclear density but there are important
distinctions that are worth mentioning. In the supernova
context, the binding energy emitted as neutrinos is well
understood but neutrino transport and thermal evolution
of the PNS depends on a host of thermodynamic and
response properties of hot and dense matter that can
influence the duration of the neutrino signal [67]. In con-
trast since J1732 is only compatible with a slow neutrino
cooling scenario which implicates a specific reaction to
play a dominant role, the neutron star cooling model is
already constrained rather well. We believe that unless
large internal magnetic field decay or some other more
mysterious source of heating can account for the high
temperatures observed in J1732, our constraint for the
axion-neutron coupling is robust. For models in which the
axion coupling to neutrons is not too small, i.e., cn ' 1
we conclude that the axion-decay constant fa > 109 GeV.

As a by product of our study we also found new im-
portant constraints on the size of both the proton 1S0

and neutron 3P-F2 gaps at supranuclear densities which
are exhibited in Fig. 6: in the J1732 neutron star, Tc for
proton 1S0 pairing must be, in most of the core, larger
than 4× 109 K while for neutron 3P-F2 it must be, every-
where in the core, below 3× 108 K. How much these two
constraint can be extended to nucleon pairing in the core
of other neutron stars depends on density dependence
of these nucleon gaps as well as on the mass of J1732.
Comparison with theoretical prediction of these gaps seem
to favor a low mass for the J1732 neutron star.
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