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We employ an effective field theory (EFT) that exploits the separation of scales in the p-wave halo
nucleus ®B to describe the process 7Be(p7 'y)gB up to a center-of-mass energy of 500 keV. The key
leading-order (LO) and next-to-leading-order (NLO) results appeared in our earlier papers. Here we
first present full details of the EFT calculation. We develop the lagrangian and power counting in
terms of velocity scaling, thereby making manifest that the Coulomb force between "Be and proton
plays a major role in both scattering and radiative capture at these energies: Coulomb interactions
must be included to all orders in @em. The EFT calculation of the capture reaction is then carried
out using Feynman diagrams computed in time-ordered perturbation theory, so we recover existing
quantum-mechanical technology such as the Lippmann-Schwinger equation and the two-potential
formalism for the treatment of the Coulomb-nuclear interference. Meanwhile the strong interactions
and the E1 operator are dealt with via EFT expansions in powers of momenta, with a breakdown
scale set by the size of the "Be core, A ~ 70 MeV/c. This is worked out up to NLO in the
EFT expansion; at this order the relevant physics in the different channels that enter the radiative
capture reaction is encoded in ten different EFT couplings. The result is a model-independent
parametrization for the reaction amplitude in the energy regime of interest. In the second part of
the paper we consider other approaches that have been used to describe 7Be(p7 7)®B in this energy
range. We discuss the relationship of EFT to each of these approaches in qualitative terms, and
then make the connection quantitative by determining what the ten NLO EFT coefficients are in
five different calculations that we consider representative. The EFT parameters are of natural size
in all five cases, which shows that each of these earlier calculations corresponds to a particular
point in the EFT parameter space. This understanding of the relationship between EFT and
other ways of computing 7Be(p7 ’y)BB allows us to update earlier results for the dependence of S(0)
on asymptotic normalization coefficients and scattering lengths, since EFT separates dependence
on these asymptotic quantities from dependence on shorter-distance contributions to the matrix
element. We also summarize the fit to experimental capture data presented in our earlier work
and explain why we obtain an extrapolated S(0) with a markedly smaller error bar than that of the
previous standard evaluation. Finally, we demonstrate that the only N2LO corrections in 7Be(p, ’y)SB
come from an inelasticity that is practically of N>LO size in the energy range of interest, and so the
truncation error in our calculation is effectively N3LO.

PACS numbers: 25.20.-x, 25.40.Lw, 11.10.Ef, 21.10.Jx, 21.60.De

I. INTRODUCTION

The nuclear reaction "Be(p,v)®B creates B nuclei inside the Sun, where they quickly decay to produce neutrinos.
These 8B neutrinos constitute most of the solar neutrino spectrum above 2 MeV [1, 2] and thus nearly the entire
signal in chlorine- and water-based detectors [2]. Constraints on neutrino properties and solar interior composition
based on this signal depend on comparisons of detected and theoretical neutrino production rates, which require the
"Be(p,7)®B cross section [2]. However, this cross section must be extrapolated from experimental data above 100
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keV down to solar energies around 20 keV using a theoretical model, and the error associated with model selection
dominates recent evaluations [1, 3, 4].

The so-called Halo effective field theory (halo EFT) developed in recent years [5-15] is well suited to the study of
proton capture on ’Be, because there is a nice separation of scales in the 8B system near the proton threshold. The
effective size of the "Be nucleus can be estimated by looking at its lowest break-up channel, “Be — 3He + “He, which
has a 1.5874 MeV [16] threshold. This translates to an effective binding momentum of |/2M}1.5874 ~ 70 MeV /c
(M, is the 3He-*He reduced mass ~ 12/7My). In developing our EFT below, we take this as the high momentum
scale A, where the effective theory breaks down, corresponding to a short distance scale A~' ~ 3 fm. The other
scales relevant to low-energy direct capture are small compared with A. The binding energy of 8B in the "Be + p
breakup channel is B = 0.1364 MeV [16, 17], which translates to the binding momentum v = /2MrB = 14.96
MeV /c. Here the reduced mass Mr = M, M./(M, + M.) while M, = 938.272 MeV/c?, and M, = 6534.18 MeV /c?.
(In our notation, n denotes a valence “nucleon” and ¢ denotes a “core” from which a larger nucleus is constructed.)
The static Coulomb interaction between "Be and the proton is important near and below threshold, so the Coulomb
momentum kg = Q.Qnem Mr = 23.9487 MeV /¢ (with Q. and @,, the particle charges) is also a key parameter. This
may be written in terms of the channel momentum % and the usual Sommerfeld parameter as ko = kn, and it also is
small compared to A. Besides “elastic” channels containing the “Be ground state, there is a low energy excited state
of "Be, with the excitation energy F, = 0.4291 MeV; the corresponding momentum ya = v2MgrE, = 26.5352 MeV /¢
is again small compared to A. (Note that these numbers are slightly different from those in our previous work [18],
because here we update the 8B and "Be masses to the latest mass evaluation [16, 17].) All these momenta correspond
to large distance scales ~ 10 fm. As a result, we can consider "Be as a “core” particle with one low-energy excitation,
and 8B as a shallow bound state with both “Be +p and "Be* + p channels. Meanwhile the s-wave interaction between
"Be and p in the initial state of our reaction—for which there are two spin channels—has scattering lengths that are
markedly larger than the short-distance scale. This is true in both the total-spin-one channel, where asg,) ~ 25 fm,
and in the total-spin-two channel, for which a(sg,) =~ —7 fm [19]. In that sense, the s-wave interactions between core
and proton are abnormally strong. Dynamics associated with all of these low-momentum scales—y, k¢, ya, as well
as 1/aeg,) and 1/asg,)—can be accounted for in the EFT framework. Based on this, an order-by-order expansion
in a parameter that is ~ /A & 0.2 exists for the scattering and reaction amplitudes.

The resulting rapid convergence of the EFT expansion reflects a prominent feature of all models of "Be(p,)®B:
the dominance of physics at large length scales, i.e., small momenta. Indeed, while the preceding paragraph examines
"Be(p,v)®B in the language of EFT, much of its physics content is familiar from the existing literature. One of our
goals in this paper is to elucidate the qualitative and quantitative connection between halo EFT and these model
calculations. Our discussion emphasizes models that have played a significant role in the community’s understanding
and data-fitting of this system. These include potential models in which ®B is made of structureless protons and
"Be nuclei interacting through an effective potential [3, 20-24], phenomenological R-matrix models that avoid an
explicit potential by reducing its effects to a few fitted parameters [25, 26], and “microscopic” models in which
8B is a collection of eight nucleons. Until recently, computational limits restricted microscopic models severely, but
they nonetheless incorporated important effects like core excitation and wave function antisymmetry [4, 27, 28].
Computational limits are less severe now, and true ab initio calculations with bare nucleon-nucleon interactions and
much more complete computational bases have become possible [29]. An extensive summary of existing models,
including shell-model and similar approaches that have seen less use for data fitting, may be found in the review of
Ref. [1]. (See also one additional model [30] published since that review.)

In all models, the dominance of regions with large cluster separation and effectively zero strong interaction is
the most important feature of low-energy direct capture. The main difficulty lies in quantifying the influence of
the short-range interaction. In this work we show that an EFT formalism can provide a convenient language for
understanding and comparing features of all models, and for fitting experimental data with a minimum of tacit
assumptions. EFT might also provide a check on the computational consistencies of more complex models and a
convenient parameterization for disseminating their results. It should also be useful for consistently stitching together
multiple types of information from different experiments and calculations.

We have studied "Be(p,y)®B and its isobaric analog in EFT and presented our results in a series of short reports
[18, 31-33] (see the discussion at the end of this section). This paper serves to present all the technical details that
have not been shown in those short papers in one place and also to discuss the relation of our EFT calculation to
other models. Note that the same reaction has been studied in EFT in Ref. [34] when our earlier reports were finished.
Some content of the present paper is parallel to that in Ref. [34], as will be mentioned in the main text. Readers who
are mainly interested in the relation to previous models and data fitting and do not care to read a detailed exposition
of the EFT calculation should skip Sections II-IIT and begin with the algebraic expression for the S-factor given at
the end of Section IV.

In Section II, a simple model is used to illustrate the EFT Lagrangian and power counting in a Feynman diagram-
matic approach. Similar theories have been developed before in systems without Coulomb effects [9-11]. A system



with s-wave nuclear scattering in the presence of strong Coulomb interaction was also studied in EFT [13, 35], and
the related capture has been studied in [14, 36]. Here our power counting is based on so-called velocity scaling [37],
in order to handle the effective mass scale in the nonrelativistic dynamics. The power counting for the EM interac-
tion is also made transparent. Then we identify the relevant leading order (LO) and next-to-leading order (NLO)
diagrams for s- and p-wave scattering, as well as particular diagrams that contribute to the capture reaction. Our s-
and p-wave scattering calculations are based on a series of time-ordered-perturbation-theory diagrams, which yields
the Lippmann-Schwinger expansion (LSE). The LSE is briefly developed in Appendix A, where we demonstrate that
the Feynman diagrams and the corresponding diagrams in the LSE are the same. However, the LSE calculation is
more suitable for the non-relativistic case at hand and also exposes the connection between EFT and conventional
quantum-mechanical calculations, especially for the capture reaction. In addition, Coulomb effects and Coulomb wave
functions (discussed in Appendix B) are well developed in the space coordinate, and the LSE enables straightforward
transformation into coordinate space. The developed Lagrangian, power counting, and calculational techniques are
applied directly in Section III to study the “Be + p system. The major challenge there is to handle the spin degrees of
freedom and the low-energy excitation of the core, but the overall structure of the Lagrangian and the power counting
is the same as in the previous section.

With the EFT Lagrangian and power counting established, the capture reaction is computed in Section IV. The
relevant LO and NLO diagrams are displayed there and their contributions to the S-factor are calculated using time-
ordered perturbation theory. Section V begins with a discussion of the EFT in the language of existing capture
models and vice versa. In particular we show connections between the EFT formalism and S-factor approximations
that previously appeared in the literature [38, 39]. The section concludes with the results of fitting our EFT to a
selection of models [3, 4, 24, 40] from the literature. The fitted parameters locate published models unambiguously
in the space of EFT parameter values, and show that our power counting works for those models.

In our previous LO calculation [18], we used the measured binding energy and scattering lengths along with ab initio
asymptotic normalization coefficients (ANCs) of the 8B bound state to fix couplings and find a S(E) curve in good
agreement with available data (within the uncertainty of the EFT). The results showed significant dependence of S(FE)
on the s-wave scattering lengths when all other parameters were kept fixed. A mistake there is corrected in the current
paper, but the conclusion remains intact. The same LO calculation was applied successfully to the isospin mirror of
the present reaction, i.e. "Li +n — 8Li +~ in Ref. [31]. By comparing these two calculations [18, 31], we found that
isospin breaking occurs at a momentum scale at or above the breakdown scale A, so that the EFT parameters in the
two systems are not the same when the EM interaction is switched on and off. For the NLO amplitude developed in
this paper, we took a different strategy to fix parameters. We applied Bayesian methods to analyze the modern direct
capture data, constrain EFT parameters, and obtain stringent constraints on the low energy S(F) even without tight
constraints on individual parameters. The major results were reported in Ref. [32] with some details of the Bayesian
analysis in Ref. [33]; we summarize these in Sec. VI. Sec. VII then contains a discussion of effects that are N?LO and
beyond in the EFT. We conclude with a short summary of major results. Two appendices contain details regarding
the derivation of the Lippman-Schwinger equation in the EFT and the properties of Coulomb functions.

II. A SIMPLE MODEL

In this section we use a simplified model to explain the power-counting rules for the EFT Lagrangian and Feynman
diagrams. We then identify the LO and NLO diagrams for proton-core scattering in the s- and p-waves, and show
that this reproduces the Coulomb-modified effective range expansions (ERE) for the two scattering phase shifts. The
energy variable F in the resulting T-matrix operator T'(E) is then continued from the positive- (scattering) to the
negative-(bound state) E region in order to locate and study the shallow bound-state pole. This pole is the analog,
in this simple model, of the 8B pole in the “Be-proton scattering amplitude. This section adds details to our previous
brief reports [18, 31] and also lays the ground work for the realistic study of the "Be-proton system in the next section.
Although the power-counting discussion relies heavily on Ref. [37], we reproduce it in full here, in order to make this
paper self-contained. In the process we tailor the arguments of Ref. [37] to the context of light-nuclear reactions.



A. Lagrangian

The EFT Lagrangian is:

— 2 — 2
(V — ieQCA> (V — ieQnA>
c+nl 0y —eQpAdg+ ~———2— | n

— 58, — ~ 000 /7
L c" 110y — eQ Ao + 511 S0,

R 2
(V — ieQnCA>
2M,,.

R 2
<V — ieanA>
2Me

o' i) — eQneAo + +Ay| ¢+ hsopTne+c.c.

7t 0y — eQneAo + + Ar| w4 byl i Ve +coe. . (1)

Here ¢, n, ¢, and 7519 are the core, proton (“nucleon”), s-wave dimer, and p-wave dimer fields and c.c. stands for

complex conjugation. Repeated indices are implicitly summed, as they are throughout the paper. In the simple model
of this section the ¢ and n are spin-zero particles. Their masses are M. and M, and their charges are Q. and Q.
Meanwhile the ¢ and 7 spins correspond to the s-wave scattering state (zero) and the p-wave bound state (one). These
dimer fields are introduced to simplify the EFT calculation [10, 13, 34, 36, 41]. Both have mass M,,. = M, + M., and
charge Qnec = Q.+ Qp. Ay and A, denote the dimers’ unrenormalized binding energies. Note that the extra “—” for
the free-¢-field piece of the Lagrangian is introduced to reproduce a positive s-wave effective range, as will become
clear in later discussion—see Eq. (17b). The interaction associated with h is a contact nc¢ coupling which leads to
nc s-wave scattering. A similar term generates the p-wave interaction, but it is proportional to the relative velocity

= Zeff
VR:(Vn | eMRA) , (2)

where operator V,, (V.) picks up the velocity of the n (c) particle, and Z.ss/Mr = Qn/Mn — Qc/M., with Mg =
My M. /(My, + M.) the reduced mass for the cn system. In this coupling, the relative velocity dependence is required
by Galilean invariance; the photon coupling results from minimal substitution on particle momenta.

It should be pointed out that if we take the usual convention that, under time reversal, a field with spin J and
spin projection m transforms as ¢™(x,t) EN (—1)7=myp=™(x, —t), then both the s- and p-wave interactions in Eq. (1)
are even under time reversal. Thus, under this standard convention for a spin-J field, the factor of ¢ in the m-n-c
coupling that was present in our previous publications [18, 31] should, in fact, be absent. However, this change makes
no difference to any physical amplitude that was calculated in those papers.

Adding the free Lagrangian for the photon, which is just the canonical one, £, = —iF‘“’FW with FAY = gFAY —
0¥ A", to the matter Lagrangian of Eq. (1), then specifies the dynamics—apart from some higher-order eny contact
interactions which will be discussed below.

B. Velocity scaling

Even without considering Coulomb interactions, the Lagrangian (1) naively exhibits three distinct en-
ergy/momentum scales: the high (A) and low (kjow) momentum scales associated with the short- and long-distance
dynamics, and the reduced mass M. The appearance of particle masses obscures the power-counting discussion [10].
The so-called velocity scaling proposed in Ref. [37] solves this problem by guaranteeing the correct scaling of momenta
and energies for a non-relativistic theory. The low-momentum and low-energy scales are rewritten as, respectively,
MRV = kjoy (relative momentum) and MrV? (relative energy).

Velocity scaling proceeds by defining the scaling factors for space and time as A, =1/ (MgrV), and Ay =1/ (MRVQ),
since these are the typical space and time scales of interest in our EFT. We then scale space and time with these
factors, defining new, dimensionless, co-ordinates, via  — A, X and t — A;/T. The corresponding momentum and
energy variables are P’ and P, defined by p — P/), and p° — P%/)\; again P and P° are then of order 1 in the



5
EFT power counting. Meanwhile, matter fields are scaled by Ay 3/2 while A* is scaled by (MR/\i)fl/ 2, so that the
normalization of the free Lagrangian is the same after rescaling. Defining a rescaled Lagrange density, L, from the
original action S, via S = [ d*X dT L we find that the matter and minimal-substitution part of this rescaled Lagrange
density is:
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Here f = M./My., and hy = hyv/Mg for | = s,p. For simplicity, the symbols for the scaled fields, space-time
derivatives 0y and V, and V,, . are kept the same as before, but now the natural expectation for all free-particle terms
is that they are of order 1, since, e.g., V,, — V_, is the relative velocity operator in units of the low velocity scale V.
For a matter field with four-momentum (P°, P) the propagator is now 1/ (P° — 1/2P?).

Essentially by construction then, the only dependence on mass in the Lagrangian (3) comes through the fraction
f- The velocity scaling proposed in Ref. [37] indeed makes it explicit that the velocity V is what determines the
suppression or enhancement of different terms in the EFT. As with the more standard Lagrangian written in terms of
momenta, explicit factors of V' in strong-interaction vertices will be compensated by factors of V buried in couplings,
e.g., the appearance of a v/V in the denominator (numerator) of the s-wave (p-wave) interaction term means that,
once the natural scaling of h (in) is taken into account, that term will be enhanced by a factor of 1/Va/V (suppressed
by a factor of \/W)

Photon-matter interactions reveal the full benefit of velocity scaling, and in Eq. (3) we have also included the
interactions with photon fields that minimal substitution produces. The factors of v/V in the minimal couplings of
Ap and A photons are simply a consequence of the (different) roles of time and space derivatives in non-relativistic
dynamics: the A° photon coupling is proportional to ﬁ, while the transverse (A) one is & vV, so transverse photons

are suppressed by a factor of V relative to A° photons. Here, in contrast to the strong interactions, the suppression
is by V/e, i.e. the velocity V is to be measured in units of the speed of light—since these minimal-substitution
vertices are not sensitive to the breakdown velocity Vj it is not that ratio that controls the suppression, but the
(significantly smaller) V/c. Meanwhile, free-photon propagation is also clearer in terms of velocity scaling: for an
on-shell transverse photon (e.g., the photon radiated in the reaction of interest) its momentum and energy both scale
as MgrV?, but for an off-shell photon (e.g., a photon exchanged between the charged core and the charged proton)
the two scale as MRV and MyrV?2. This is made explicit by defining a rescaled free-photon Lagrangian density £~,y,
through S, = [ d*XdTL.,, which is:

1 1
Ly = 4 [(V? = V?03)6:; — 0:0;] A — 5A°v2A° —V9; A% A;

For the A° piece of the photon field that generates the Coulomb potential the rescaled propagator is then 1/K?,

while transverse (A) photons have a propagator %(&j — %) In the last propagator, the factor (V K°)?

in principle should be expanded in geometric series. However, if the transverse photon goes on shell (becomes a
“radiation photon”) that series needs to be resummed. A detailed discussion of this distinction can be found in
Ref. [37]. Since we will, for the most part, consider only internal photon lines that obey the kinematics K ~ MrV
and K9 ~ MrV? we do not reproduce that discussion here.
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TABLE I: The first row shows NDA assignments of scales for strong interaction couplings, while in the second row are those
used to reproduce the dynamics in our problem.
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FIG. 1: The top equation shows the leading-order fully dressed propagator for ¢, Dz;o (LHS), that results from the resummation

of the bubble diagrams (RHS). The propagators in these diagrams are the free ones Déo), as discussed in the main text. The
lower equation expands the filled oval as a series of 0, 1, 2, ...Coulomb photon exchanges (double wavy lines) between the
charged proton (solid line) and core (long dashed line). This line labeling will be used throughout the entire paper.

C. Power counting for nc strong-interaction parameters

The power-counting for the Lagrangian will then be complete if we can determine how many powers of the high scale
(now V) the strong-interaction parameters hs, A¢, hp, and A, carry. Naive dimensional analysis (NDA) applied to
the rescaled Lagrangian yields the scalings shown in the first row of Table I.

We now consider the Dyson series for the ¢ propagator, DL;O, shown on the first line of Fig. 1. Based on the
rescaled Lagrangian in expression (3), we can estimate the size of these diagrams by counting factors of V in vertices
and propagators. If we adopt NDA scaling for Ay then it is order one, and, since the rescaled particle momentum

are also O(1), the free propagator of the s-wave dimer ¢ field, Dé )i s O(1). The diagrams that constitute the leading
part of the ¢ self energy are defined on the second line of Fig. 1. In this paragraph we consider only the self-energy
bubble without any Coulomb interaction: the first diagram on the right-hand side (RHS) of the lower line of Fig. 1.
In contrast to standard EFT power counting there is no need to keep track of factors from loops, since the scaled-
momentum integration in the loop calculation is always of order 1. However, the one-loop self energy is enhanced,
due to the presence of a factor h? ~ % Then, for a natural Ay, each term in the Dyson series for the ¢ propagator
is larger than the last, thus vitiating a diagrammatic expansion for the dressed propagator D,. Following Refs. [6, 7]
we ensure that each term in the Dyson series is of the same EFT order by enhancing the unrenormalized ¢ mass, to
Ay ~ % as shown in the second row of table I. With this counting each term in the first line of Fig. 1 is of the

same size (~ Vj/V). Since we have kept the hs scaling unchanged this constitutes a fine tuning between the NDA
estimate of the self-energy bubble and the size of the dimer’s bare mass. The fact that the rescaled Ay ~ V3 /V while
the kinetic, P’ — f(1 — f)P?/2, piece of the inverse propagator is still ~ 1 then also justifies dropping the kinetic
piece of the ¢ propagator at leading-order in the EFT expansion [96]. In other words, under the scaling in the second

line of Table I, the scaled s-wave dimer propagator can be taken to be static at LO: Déjo) = ﬁ ~ VLA

For the p-wave dynamics, we follow the NDA assignments. The p-wave bubble is then suppressed by a factor of
V/Vx—in contradistinction to the s-wave bubble. We will see that this is indeed the correct power-counting conclusion,
except in certain special kinematic regions. Such a power counting, in which the self-energy of the p-wave dimer is
suppressed relative to its kinetic part, has been used in earlier EFT studies [9, 10] of systems sharing the same feature
of a low-energy p-wave resonance. Those studies, were, however, for neutron-core scattering, and so did not consider
the role of the Coulomb interaction.
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FIG. 2: The NLO ¢ propagator DgLO as a sum of zero and one insertions of the dimer kinetic energy term that encodes the
effective range. The bracketed diagrams containing two, three, ...insertions are strictly higher order, but resumming them
allows us to exactly match the ERE.
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FIG. 3: The NLO = propagator, DN'© is a sum of shaded SE (X5) insertions, by using the free propagator as the LO one,
DLEO. Again shading the bubble diagram means a sum of diagrams with 0 to co number of Coulomb photon exchanges. In
order to differentiate the m propagator from the ¢ one, here, and in the following discussion, we use a filled rectangle to label
D,.

D. Power counting with Coulomb

Turning our attention, then, to the power counting of such Coulomb interactions, we first point out that s-wave
scattering with strong Coulomb effects was previously studied in this EFT in Refs. [13, 35, 36]. We will now reiterate
these arguments, albeit in the context of velocity-scaling, for the ¢ propagator, and discuss their extension to the
propagator. As already discussed, the self-energy bubble without Coulomb-photon exchange, i.e., the first diagram on

the RHS of the lower line of Fig. 1, ~ 4/ % X1x 4/ % ~ % As we move from left-to-right in that figure each diagram

has an extra exchange of a Coulomb photon. That results in the diagram acquiring an additional factor associated
with the product of the two Ap-photon vertices ~ % = ch = 7. (Recall that the Ag-photon propagator is
O(1) in terms of rescaled momenta.) This factor, 7, is known as the Sommerfeld parameter. In the energy region
of interest here it is ~ 1. The loop integrations also generate factors ~ 1, and so, as long as 7 ~ 1, resummation of
the ladder of Coulomb photon exchange diagrams is mandatory. This then defines the LO s-wave dimer self-energy:
Yg ~ % Such a self-energy, which includes the sum of the exchange of zero, one, two, ... Coulomb-photon exchanges
will henceforth be denoted by a shaded bubble. It follows that, in the kinematic regime k ~ k¢, the addition of
Coulomb photons does not change the order of the self energy from the order computed with the free nc Green’s
function. It is just that now the self energy must be computed using a core-proton Green’s function that includes
one-Coulomb-photon exchange to all orders in aey,. That self energy is still—as in the a,, = 0 case—resummed in a
geometric series, as per the upper line of Fig. 1, and this procedure generates the LO ¢ propagator, D{;)O, in the nc
system.

To compute the dressed propagator at NLO, DELO, the second diagram shown in Fig. 2 should be included. The
vertex depicted there as a small filled box is the ¢-field kinetic term that got demoted to NLO when we chose Vto

enhance Ay, over its NDA estimate. We see that the diagram with the single insertion of this vertex ~ VLA x1x 3=,

which makes it NLO compared to the LO ¢ propagator, D{;O (we established that is ~ VLA) Note that if we wish
to recover the effective-range expansion exactly, not just order by order in the effective range, then we must resum a
geometric series involving this kinetic-energy operator. This is the content of the terms in square brackets in Fig. 2.
However, strictly speaking, only the second diagram on the RHS of Fig. 2 is NLO.

The situation for the p-wave dimer propagator, D, is different. In Fig. 3, we show the Dyson series for this

case. Since A A; ~ 1, the rescaled free propagator D£P> = P0—2/1P2f%17f)+A,r>\t is also of order 1. Meanwhile, the
p-wave self-energy ¥, ~ VLA, since the loops generate factors of order one, for an arbitrary number of Coulomb-photon

exchanges, as long as k ~ k¢, and the coupling izp gives suppression by a factor of V. Therefore the second diagram
on Fig. 3’'s RHS is ~ VLA and hence is NLO. However, as argued in Refs. [9, 10, 42], when the center-of-mass energy
(i.e. P°— P?/2M,, in terms of the unscaled momentum) is close to A, the leading-order propagator becomes larger
than the NDA expectation. In this regime the entire series shown on the RHS of Fig. 3 must be resummed. This is
the regime that is pertinent to p-wave bound states in the proton-core system, and since we are interested in 8B as a

p-wave proton-’Be bound state we must use that resummation here.



FIG. 4: A LO diagram (1st) and a NLO diagram (2nd) for s-wave to p-wave bound state radiative capture. The LO is due
to the gauged n — ¢ — 7 coupling. In the 2nd diagram, the filled box is for the contact coupling term discussed in Eq. (6).
Comparing the two tells the size of the coupling Lg;.

E. Power counting for radiative capture

Turning our attention now to electromagnetic reactions: for a general diagram and interaction vertex the power
counting is similar to that we have done so far for scattering. The size of a diagram can be established by the number
of factors of V' that it carries. Consider the diagrams A and B that both describe the same capture reaction. If
diagram A carries a factor V¥4 and diagram B carries a factor of V2 then NDA states that their ratio is:

Na—N
‘/ Na—Np <k10W ) A B
’

- @

since the explicit factors of V' from the Lagrangian must be compensated by factors of Vj in couplings. (Note that
this assumes that the same types of photon, longitudinal or transverse, appear in both diagrams A and B. Otherwise
factors of V, not V/Vj, will appear.)

First we compute the order of a graph that results from the gauged h, coupling in the Lagrangian, which is just
one of a set of LO diagrams for the capture reaction. (The full set can be found in Fig. 7.) This first diagram in
Fig. 4 is order V, since it includes a factor of vV from the 7nec coupling, and an additional factor of vV from the
coupling to the radiated (A) photon.

Since EFT includes all interactions consistent with underlying symmetries the Lagrangian (3) must be supplemented
by terms that are gauge-invariant by themsleves. The leading such term that describes the E1 transition between the
s-wave and the p-wave dimer,

*ieZeffLEﬂTiEiﬁf? , (5)

with E the electric field, contributes to the capture reaction via the second diagram in Fig. 4, where the filled box
means the Lg; coupling. This is a contact term and it renormalizes loop graphs that appear at the same order in the
EFT exapnsion. The factor of ¢ ensures that this coupling is invariant under time reversal. The factor was omitted
in the Lagrangians for short-distance electromagnetic operators that were given in Ref. [10], but this does not affect
any of the results presented there.

After the velocity scaling discussed at the beginning of this section is applied, the contact term changes to

—ieZes L Vint Eig . (6)

Here the overall factor of the reduced mass has been eliminated by defining Lgy = LpiMp. After this scaling the
second diagram in Fig. 4 is ~ ﬁsﬁDéo)eZef f]iElV%. Assuming NDA for h, and Lg;, and inserting the power
counting for the s-wave propagator identified above, Dy ~ V/Vj, produces an overall scaling of V2 for the graph
involving the E1 contact operator that is proportional to the LEC Lg;. Thus, according to NDA, the ratio of the
second and first diagram should be of order V/V,, which shows that the E1 contact term contributes to the capture
into a p-wave bound state at NLO. (The counting is different if the reaction proceeds from a p-wave scattering state,

into an s-wave bound state [36].) This also means that Ly, ~ 1/Vx and hence Lg; ~ 1/A.

F. Toy amplitude for s-wave scattering up to NLO

Having established the power counting through the use of velocity scaling we now return to expressions in terms of
momenta. The discussion can be continued in terms of velocities, and this has the benefit of yielding dimensionless
integrals. But the connection with previous work in halo EFT is more straightforward if amplitudes are written in
terms of momenta.



FIG. 5: Diagrams for nc scattering due to transverse photon exchange. The LHS is the Feynman diagram. The corresponding
time-ordered perturbation theory diagrams are on the RHS.

The power-counting discussion of the previous subsection is based on an expansion in Feynman diagrams. However,
in practice, time-ordered perturbation theory is more suited for our calculations. In particular, the use of time-
independent quantum-mechanical perturbation theory allows us to employ the Lippmann-Schwinger equation (LSE)
for resummations, such as the one that takes place for Coulomb interactions between the proton and the core. This,
in turn, allows us to identify Coulomb wave functions—with all their well-known properties—in our calculation.

In fact, since particle-antiparticle pair production does not exist in this EFT, the intermediate states that occur in
a given Feynman diagram all have fixed particle content. For proton-core scattering this diagram is the same as a
particular contribution to the LSE time-ordered perturbation theory series. The only exception is transverse photon
exchange between charged particles, for which an example is shown in Fig. 5. Its LHS is the one-transverse-photon
exchange Feynman diagram, which in fact equals the sum of two time-ordered perturbation theory graphs on the RHS.
However in our problem, radiative corrections turn out not to affect the result at the accuracy we seek. Therefore, in
the following calculation, we generate Feynman diagrams but then use the corresponding time-ordered perturbation
theory expression to do the matrix element computation. This in no way affects the power counting, since the
time-ordered and Feynman graphs are equivalent. The LSE in the context of our EFT is developed in Appendix A,
which includes a brief discussion of quantization, Fock-state definition, and calculations of various matrix elements
corresponding to vertices and propagators in a Feynman diagram. Our notation is also defined there. (While Ref. [35]
used the LSE in their EFT calculation, the connection to the original field theory is not fully explained there.).

First we compute the ¢ propagator, defined in Eq. (A21) as a matrix element between |¢) plane wave states. The

discussion of power counting above implies the LO free propagator is static: Déo) should be defined as <P4’)|Ai¢|P¢> =

(2m)35(Py — P(;)% = (2m)35(Py — Pé))Dg)) (Pd’), P, E); the “—” is due to the negative norm of |¢). Notice that

a general matrix element always has the (2m)34() factor due to total three-momentum conservation in time-ordered
perturbation theory.

The ¢ self energy, ¥4, is given by the sum of the series of zero to infinitely many Coulomb-photon exchanges
depicted in the second line of Fig. 1. The matrix element is written as:

(2m)*6(Py — P})Sy (Py; E) = (7)
1 1 1
P.W, W, WP
(Pl E_Ho+i0t  E_Hot+iot CE_Hy+ior [Py)
1
= (P! —— W | P,

where we have summed the series algebraically in the third line by defining the Coulomb Hamiltonian, Ho = Hy+W¢.
Meanwhile, as discussed in Appendix A, Wy is the strong potential in this system, and it produces an nc — dimer
transition. The first Wy (reading from left to right) annihilates n and ¢ particles from the intermediate state and
creates a ¢ in the final state, while the second W, annihilates the ¢ in the initial state and creates a nc pair in the
intermediate state.

To compute ¥, we make use of the Coulomb-distorted two-body states |P, Xﬁﬁ) that are the eigenstates of H¢
(see Eq. (A15)). Here we omit the nc subscripts on momenta in the ne Fock-space state; dimer momenta are still
indicated as such. We also introduce the intrinsic states, defined in the nc center-of-mass frame, for the Coulomb
Hamiltonian. With the intrinsic Hamiltonian, H¢ defined as

V2 n e’QcQn
2Mg 4mr

He = 9)

J— — J— 2
the intrinsic states satisfy Hc|xz(gi)>> = E\X,(Di)» with the relative energy F = E — 211\7;)C equal to the energy of the

nc pair in its center-of-mass frame. The matrix element of W, can then be re-expressed as:

(Py| Wi P, x™) = (2m)*6(P — Py) (W [x")); (Wl xi™)) = hoxsH(0). (10)
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Note that since the nc¢ Lagrangian is a point coupling the probability amplitude for the conversion of an nc pair into
a dimer is the product of the coupling hs and the size of the nc wave function at r = 0.

By introducing these intrinsic wave functions, which are the solutions of quantum-mechanical one-body problems,
we can use standard quantum-mechanical results to do our calculation. Inserting a complete set of eigenstates of H¢,
and using these definitions, the matrix element becomes

dP dp 1
| G s PV o PP P VAR

dp — 1 _
= (2m)%0(Py — P, /— Wo=—=——INED W 11
@m8(Py ~ Pp) [ 5B (01— WD (0§ T 10) (1)
2 _
It follows that the self energy is only a function of the Gallilean invariant combination FE — 211\?11 =F, ie
S¢(Pg; E) = h3Jo(E); (12)

k? 1

(+)* (+)
Jo(E) = /(dgq X‘IJF (O)Xq+ (0) :2]\41%/(d3qc2

on)3 B — QZ;R 2mr)3 Mq;0 {qz(kz — 2 +ie) ¢’

(13)

with k = \/2Mg(E + i01). Similar results have been derived in, e.g., Refs. [13, 14]. Details about Xfli)('r') and the

definition of C, o (14 = kc/|q| is the Sommerfeld parameter) can be found in Appendix B. The integration diverges,
however the integrand has been split into a finite and a divergent piece, as in the second step of Eq. (13). The first
part yields k¢ H(n) /7 with

L) e G2 adng
Hp = 2 / (77’“’077.)—10(2'77)+ ~ Inin) (14)

1
g—nQ—i—Ze %

1 = kco/k, and 9(z) the digamma function [43]. The divergent term can be analytically continued in terms of the
space-dimension variable d. The following integration is involved [35],

/+oo ﬁg’ddﬁq _ ¢(3—=d)'(3—d) (15)
o €m™a—1 (2m)3—d ’
with ((z) the Riemann zeta function. When € — 0, ((€) = —%2 — £In(27), ((1+€) = 1 (1+Cge+---), and

I'(e) =1 (1 —Cge+---) with Cp the Euler constant; at other integers n, {(n) is finite. We use the power-divergence
subtraction (PDS) scheme [7, 13] and subtract the pole at d = 2. We then use the MS scheme to remove the pole in
d = 3 that is associated with the Coulomb interaction and obtain

Jo(E) = —? [kc <H( ) — (“f> + C’E—1> +4 . (16)

where p is the dimensionful scale introduced to ensure the correct overall dimensions of Jj.
As mentioned in the power- countlng discussion of the previous section, summing up all the bubble insertions shown
in Fig. 1 gives DLO —(Ay + Z¢) . The NLO contribution to Dy, as shown in Fig. 2, comes from the insertion of

the operator —¢! (i(f?o — %) ¢, i.e. the second diagram on Fig. 2’s RHS. However in order to match the conventional

ERE, we can sum all of the bracketed diagrams in Fig. 2. This leads to DELO = — (E—i— Ay + Z¢)_1. If we then
impose the renormalization conditions:
(=) _ 274, pyTy 3
— = -2 2k |In| —— | — =C 1 17
w  REMy Mo M\ ) TatE Tt (17a)
To s
2 R2ME (17b)
we get
2T 1 1 To, 2
=——+ —k“—2kcH(n) . 18
h%MR ) a0 + 9 C (77) ( )
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—F == == == LO (
FIG. 6: The general scattering T-matrix caused by the Coulomb potential and strong interaction in s-wave channel. The
bracketed diagrams are the pure Coulomb scattering. The last two diagrams are the strong interaction LO and NLO T-matrix.

Even though here we work only at the level of the dimer propagator we have chosen to already write things in terms
of ag and rg, which are the scattering length and effective range in the s-wave ERE for scattering. We make three
points before moving on to discuss the scattering T-matrix in the next paragraph. First, setting k¢ = 0, Egs. (17a)
and (17b) recovers the corresponding relationships for a system without Coulomb effects [10, 31]. Second, the overall
“—7" sign in the ¢’s free lagrangian in expression (1) is responsible for generating a positive rg in Eq. (17b). Third,
when PDS and MS are employed, Ay is renormalized by the self-energy loop diagram, but h, is not.

The scattering T-matrix diagrams are shown in Fig. 6. The bracketed diagrams are due to pure Coulomb scattering.
They can be analytically computed (see, e.g., [44]), and won’t be dealt with here. The so-called strong-interaction
T-matrix, i.e., the total T-matrix with pure Coulomb scattering subtracted is

1
/ / _ _ -
(P pIT W (Wo s Ve ) IPo) (19)

Up to NLO it is due to the last two diagrams in Fig. 6. In terms of matrix elements, it is

1 1 1
Pypl(1+Wer—r—— | W [ -—i—— W, (14 —————Wc||P,
< p'( N CE—HC+iO+> (E—Hc+i0+)NLO (+E—Hc+i0+ C) P)

(20)

If the Green’s function (m) Lo Ee sandwiched between |¢) states it would be DgLO. Thus, in the following
we define

T =W, (B~ He +i0%) o Wi | (21)

with the first (second) Ws—reading from left to right—annihilates (creates) the ¢ particle in the intermediate state
and creates (annihilates) an ne pair in the final (initial) state. We then use the dimer completeness relation to insert
a resolution of the identity as:

) [ GrlPo P (22)

(note the minus sign) and the previously computed dimer field propagator in Eq. (18), as well as Eq. (A15), to express
the matrix element in Eq. (20) as

or xS (0)xs" (0)

P AP, D) = —(27)35(P — P’
(P’ xp ' |T6| P, xp") = —(2m)70( )MR——+ L0k — 2k H )

(23)

This matrix element can again be simplified to a delta function times the matrix element between the intrinsic states:
(P x5 TP, XGD) = (2m)%6(P — P (T x™)) - (24)

Since the states |X,(D+)>> are already defined, the intrinsic operator T is then defined by its matrix elements on this
basis. On shell the strong interaction T'; operator, evaluated on this, the “intrinsic Coulomb basis”, can be expressed
in terms of a phase shift 6o(£) [13, 36]

2 200

T (F _
(O ITs(B)Ix")) = (_)Vak(

cot &g — i) (25)

Comparing Egs. (23) and (25), and using the relation Im[2kc H ()] = C; ok, gives the Coulomb-modified ERE up to
O(k?):

1
C2 Jk(cot 8y — i) = —— + %%2 — 2kcH(n) . (26)

m ag
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This derivation clarifies how the Coulomb modified wave function X,(Qi)(r) appears in halo EFT: it is the co-

ordinate-space representation of the intrinsic Coulomb basis |X,(Di)>>. The separation of transverse photons from
Coulomb photons through velocity scaling also delineates the order at which corrections due to those photons must
be considered. (See Sec. VII.) As far as strong interactions are concerned, the next correction to the ERE, which
must be o< k%, occurs in the EFT via an operator that appears in the Lagrangian only at N3LO in the VLA = kl% EFT
expansion [45].

Eq. (26) justifies the use of the notation a¢ and r¢ in the renormalization conditions in Eqs. (17a) and (17b). Since
ap and rg are observables they are p-independent and this, in turn, determines the u-dependence of Ay, Ay must
absorb both the d = 2 divergence that gives the p in Eq. (17a) and the In g Coulomb (d = 3) divergence proportional
to kc. Thus the short-distance physics is affected by Coulomb photons, and so the separation of physics between
dimer and cn parts of the Fock space becomes dependent on the treatment of that short-distance physics, i.e. only
model-dependent statements can be made about it. This, in turn, means that one cannot define a scheme- and
scale-independent strong proton-core scattering length [35, 46].

G. Toy amplitude for p-wave scattering up to NLO, and computation of shallow bound-state properties

Fig. 3 shows the diagrams for calculating the m propagator wa-. As discussed in Sec. II1C, if we are in the
kinematic regime where the free dimer propagator has a singularity then we must resum the LO self energy to all
orders, i.e. compute the entire series shown in Fig. 3 [9, 42]. As will become clear by the end of this section, this is
equivalent to requiring resummation in the vicinity of a value of momentum k that is both within the domain of the
EFT (i.e. k < A) and satisfies % = %rl k2, where 7, is the p-wave effective range and a; the p-wave scattering volume.
In our case this condition is satisfied at the B bound-state pole. It is not satisfied in “Be-proton p-wave scattering,
and so if our calculation were concerned with that process we could terminate the series at NLO, i.e. include the
self-energy only perturbatively (cf. Ref. [10]) and still have NLO accuracy. However, here the properties of the *B
bound state are crucial to the calculation of "Be(p, v)®B, so we resum the p-wave Dyson series to all orders to obtain
the m propagator.

The self-energy bubble in Fig. 3 corresponds to (P., 7/|W, (E — He + i0+) ™" W,| Py, 7). Due to rotational sym-
metry, we can always define Djn ;= D,,é; and E; = 5; 3+. The latter can be evaluated through

E”’jf/(zw)3 o Eo ™ We g o 1P e )P X" Wil Pr )
dp P
2)*8(P; = P1) [ B (w7 e I T ). (27)

Here we again introduced the solutions of a one-body quantum mechanics problem, as we did in the previous section,
Le. we write (Py, 7 [Wy| Pre, X5)) = (27)36(Poe — Py ) (w3 [W,o|x5™)). This time though, the overlap of the p-wave
dimer and the nc state is given by:

(m Wylxg™)) =i pag 500 (28)

_ _ CRN
The cm-frame energy is, once again, E = E — P2/ (2MRg), so we write ¥, (E) = %Jl (E), with
R

ne = [ 1 (70) (967 0)

2m)* d E— 53 +ie
MR MRk‘%« Mﬁ 3 4 7T2
= 1 2k H TR ok (I (X2 ) -2 2) —3u(1+ =
(= )67rk( +1%)2kcH(n) + 6r | Zkc \In o 5CE+ 5 | —3u( +3)
Myk? u/T\ 3 4

Eq. (B3) has been used in this derivation, and the divergent parts are again removed using PDS and MS. Summing

up the bubble diagrams gives D, = (E + A, — Ew)fl. The parameters are renormalized to give scattering volume
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a; and effective range 1 (i.e. the first two parameters in the ERE of the p-wave scattering phase shift):

) _ (enhBx s <ln <M) ~2ep 4) — 3uk?, <1 + 7T2) v (30a)

ay h?, ke 2 3 3

1 3 /T 3 4

—=(-)=5+2kc|(In(—) -2 - - . b
5 ( )hg+ C<n<kc) 20E+3 3u (30b)

We notice in the above expressions that—in contrast to the s-wave case—both A, and h, are renormalized by the
self-energy loop diagram in PDS; both also absorb kc-dependent logarithmic divergences for which we have used MS.
As for Ay in the s-wave case, the presence of kc-dependent pieces in the LECs of the “strong” Lagrangian means that
isospin symmetry is broken—and here the breaking has more physical consequences than in the s-wave case, since it
affects both r1 and a;. Notice again that setting k- = 0, the two equations reproduce the corresponding relationships
for the system without Coulomb effects [10, 31].

The propagator can then be expressed as

M, _ 1
()R (DF0) ™ =~ T 1+ P2k H ) @1
P 1

The corresponding strong-interaction 7' matrix, evaluated on the Coulomb basis, is:

(=)= (+)
_ 6T Ox, " (0) - Oxp '(0)
P ST (B)PXSD) = —(20)% (P — P') d
= (21)%6 (P — P') (x5 ITo(B)XS)). (32)

Here T, = W, (E — Hc + z'O*’)_1 W, with, as before, the W), operators producing the transition from the dimer state
to the nc state. The on-shell strong interaction T-matrix is related to the strong phase shift §; (F),

61 e2io

<<X;7)|Tp(E)|X§>+)>> = T Mk (cotor —4) (33)

As a result, the phase-shift ERE can be expressed in the convention used in Ref. [47]:

1
(3Cy1)2 k3 (cot 8, — i) = -t %1& — K2(1 +n2)2kcH(n) . (34)

This convention is different from the one used in Ref. [34, 48], and has the advantage of approaching the non-Coulomb
ERE in the k¢ — 0 limit. In our previous work [18], the factor 3 in (3C,,1)* was missing.

The EFT can generate a bound state in the p-wave channel, corresponding to a T-matrix pole at £ = —B < 0
with B ~ MgrV?2. This requires D1 (k = ivy) = 0 (v = /2MgB), which, after we resum the Coulomb bubbles to all
orders, as we must near the pole, means,

1 T -
— = (= )2k (ns) = 0. (35)

Here 1)p = k¢ /v and H(z) = H(—iz). D, has other poles too, but in this, two-body, calculation we are only concerned
with the shallow bound-state pole. Note that, as promised, the pole involves a cancellation between the 1/a; and r
terms in the ERE, and so the nominally higher-order terms ~ kcv? must be included: their effect on the pole position
is not higher-order.

Having located this pole, the remainder of this section aims to extract the so-called asymptotic normalization
coefficient (ANC) of the bound-state wave function [10, 48, 49]. Here we will derive the relationship between this

quantity and the wave-function renormalization. The latter quantity is the residue of this pole for D, (E):

Z = 2}?{7‘1 —2kc [QH(UB) + 15 (np — 1) H/(WB)} }1 ; (36)
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with H' (np) = dl;—f;’) . Second, the residue of the nc Green’s function between states having plane-wave CM

motion and a relative coordinate r can be related to Z in the following manner

1 1
’oo - .
Hes |:<P " |E_H|P’r>:| = Res |:<P T |E— HCTP(E)E_ HC|P"T'>:|
3 h2 d3ql (8]"X51,_)*(())) Xz(l/_)(r/) d?’q (anS;_)(O)) XSJ—H*(T)
= @m)°o(P = P)Z 350 / )3 = / m)3 = . (37)
R (2m) B+ 55 (2m) B+ 4

The first step relies on the fact that the pure repulsive Coulomb potential does not produce a bound state, i.e.,

(P',7'| (E — He) ™" |P,r) does not have a bound-state pole. To proceed further we use the partial-wave decomposition

of Xl(li)(r) in terms of Fj(g,r) [see Eq. (B5)] in the integrations. According to Eq. (B3), 0, E{H(O) aligns with g, so

integrating over g picks out the F (g, r) term, which then can be related to the Whittaker functions through Egs. (B7a)
and (B7b). Thus we get

/ g (077 0) X6 ()

(2m)? B+ 34

Mg Yy;(7) [T ¢*dg . . . .
s | a [0 = i)Wy, 3 (2igr) + T(2 +in)W_, 5 (~2iar)]

w 3 (2vr
T4 ) A 12y . (33)

The last step uses the fact that ¢ [I‘(Q +in)W.

Fin, (2iqr)} is analytic in the upper (lower) half of the complex-q plane

including the real axis (see Appendix B for proof). Note that for any real r the oscillatory behavior of X,(li)*(r)
guarantees convergence of the integral as long as r # 0. Equivalently, it is the Whittaker functions that ensure that
when Cauchy’s theorem is used to evaluate the integral over ¢ the piece on the contour at ¢ = oo goes to zero.
However, if r = 0 this oscillatory/damping factor is absent and the integral diverges. As long as r,r’ # 0 though,
Egs. (38) and (37) show that the nc Green’s function has the form:

. W__  s(2yr"YW___ 3(2
Res [(P',r'| (B~ H) ™" Ir, P)| = (2n)*6(P — P)O* Y} (7)Y, (7) 3 BT 4 (277)

NEY)

where we have identified C? as the squared ANC. Explicitly inserting Eq. (38) into Eq. (37) C? is then found in terms
of the wave-function renormalization Z as

2

h
c? = 3—7pr72r2(2+n3)z. (40)

To check our calculation against the results in Ref. [48], we take the limit np > 1, where H(n = —ing) = —1/ (1217]23)
applies, and find C? ~ —292T'% (2 + np) / (r1 — ). This is consistent with the ANC computed in Ref. [48]. However
in our study the ng > 1 condition does not apply, instead we have ng ~ 1.

III. "Be-PROTON CASE: LAGRANGIAN, SCATTERINGS, AND BOUND STATE

In this section, we apply the methods developed in Section II to study the "Be-proton system. The additional

complexities reside in the particle spins and the presence of a low-energy excited state of the core, "Be*. The
pertinent quantum numbers J are %Jr for the proton, %7 for the "Be core, %7 for the core excitation "Be*, and 2+

for the 8B ground state. We can write the gauged (but not rescaled) free Lagrangian for all the degrees of freedom in
a very compact notation as:

R N2
<VieAQ) )
Ly = ’(/JT i(’)o—eQAo—i—T—i—A P . (41)
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Here ¢, = (no,ca,d(s,d)(l)i,qb@)mWQ)T, and fs = (n*",cw,dw,—gbx),—gbzr;‘),ﬂo‘) with ng, cq, ds, o the fields
of the proton, "Be, "Be*, and ®B; d)él) and ¢?‘2) are the two s-wave 1~ and 2~ dimer fields respectively. All the
fields’” indices correspond to the spin projections with a specific convention: o,0,0’,8 = +1/2, a,a’ = £3/2, +1 / 2
a,f = +2,41,0, and i,5,k = +1,0. The daggered fields are, e.g., n' = (n,)". The mass matrix M =
Diagonal (M,,, M., M., My, M., M,.) and the bare binding-energy matrix A = Diagonal (0,0, —E,, Ag1, A2, Ar).
(E, is the excitation energy of "Be*.) The corresponding charge matrix Q = Diagonal (Qy, Qe, Qc; Qnes Qne, Qne)
with Qn = 17 Qc :47 an :Qn+Qc = 5.

There are three different interaction terms between the s-wave ¢ (1) and ¢ () dimers and the nc state; these generate
the strong s-wave "Be-proton and “Be*-proton interactions,

Ls = hes)oln T noca + hesy oy T nods + b5, 8 T “Nota + cc. (42)

The couplings’ lower indices explain the interaction channel quantum numbers; the associated T - are the corre-
sponding Clebsch-Gordan coefficients [31], e.g. T)7* = ((iloa)) = (303alli) and T.7* = (Fo3al2a). h@s,) and
h(ss,) are related to the “unnaturally” large s-wave scattering lengths [13, 18]. However, based on the fact that the
"Be-proton inelasticity is small [50],we assign h(ssy), which describes the only inelastic channel at these energies,

"Be +p < "Be* +p, as NLO, ie., h(?’Sf)/h.(i“Sl) ~ h(?’Sf)/h(f’Sz) ~ “// kl"w [].8] )
There are also two terms that generate interactions between the p—wave dimer 7 and the nc pair, as well as one
coupling for the "Be*-p-7 interaction (the spins of “Be* and the proton only allow such an interaction in the s = 1

p-wave state):

Lp= rte [h(st)TéjTiaa + h(spz)TaﬁjTﬂoa] ng";pbjca + h(apz*)WTQT;ka Unngjdg +c.c. . (43)

Based on NDA, we expect the three couplings to have roughly the same size, as all are natural.

Following the same procedure used in the toy-model calculation, we compute the ¢(;y and ¢(3) propagators, which
we must now write as D¢1(5§- and Dg2dj, with the sub- and super-scripts providing spin indices. We then compute
the 1~ and 2~ channel strong-interaction T matrix, which is defined in Eq. (21). Note that in the remainder of the
main text of this paper, whenever we refer to the equations in the simple model discussion, the Hamiltonian in those
equations is re-derived from our realistic Lagrangian, and the Fock states include the spin degrees of freedom properly.

The LO self-energy bubble diagrams — see Fig. 1 — for the two fields come from the "Be-p intermediate state. The
d +n < ¢+ n amplitude is suppressed by h(SS;)/h(Ssl) ~ le‘" compared to elastic scattering. The "Be*-p s-wave
contribution — which because “Be* is a spin-one nucleus only exists for the ¢(1) dimer — is therefore suppressed by
~ h%gsl*)/h?gsl) (35*)/}1(05 ) ~ k2 /A%, and is thus an N2LO effect in the self-energy calculation. (Note, however,

that these scalings also imply that the "Be* channel contributes to the total "Be-proton amplitude already at NLO.)
As aresult, the two s-wave dimer propagators have exactly the same structure as in the toy model; the renormalization
conditions in Eqs. (17a) and (17b) can be used directly to connect (Ay1, hss,)) to (ass,), res,)) » and (Aga, heg,))
to (aess,), r(55,)); the fully dressed propagators are

27 — 1 7“(35 Y
Dyl = ——— + 52 okeH Nyi (B)] ",
O itg, P = “apsy T2 (n) = [No1 (E)]
27 — 1 7"(55) 1
D5 = 212 _ ke H(n) = [Ny (B)] " .
i, P2 = Tapy T2 cH(n) = [Nys (E)]

Here k is the nc relative momentum, equal to \/2MgrE + i0+ with E = F — 537 Lhe strong interaction (in)elastic
T-matrices can then be calculated straightforwardly as the product of a cn to dlmer vertex, the dimer propagator, and
the hermitian conjugate of the incoming vertex, as was done in Egs. (20) and (23). Here we only show the relevant
results:

(s () [TLE)NG, (ne)')) = (= w (B) x5 0x60(0), (44a)

(5, o) [T BT, (ne)®)) = (=)5% %Nw (E) x5 (0)x6(0) (44b)
. T hsgx _ s

(07 (nd) L B)NG, (me)') = ()63 - e Not (B) x, " O0x7(0) (44c)

This notation indicates that we have coupled the proton and core spins to a particular total spin s: s =1, |(nc)))
Ti, i n%,c®); s = 2, [(ne)®)) = Ti, “n?,c*)), and, for the case of the excited core, s = 1 again: |(nd)*))
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TJ(; ‘In,d®)). To compute the matrix elements between direct product spin states, we simply invert these relations:
[n%, c®)) = T,7%(ne)")) + T.9%|(nc)®)), and |n?,d°)) = T,°°|(nd)")) + T.2|(nd) singlet)), where the last component,
involving the S = 0 proton-’Be* state, does not couple to any dimers. For the first two matrix elements we have
elastic "Be-proton scattering, and the initial and final asymptotic “Be-proton relative momenta are p and p’; with

’
P> _ p’
oMz — 2Mgn

P— 2
E= . In Eq. (44c) we consider inelastic scattering, and in that case the on-shell condition is F = QPTR =

’

% + E.. To get the inelastic T-matrix with “Be* in the initial state, we simply exchange the initial and final state

quantum numbers in Eq. (44c). Elastic "Be*-proton scattering is suppressed by two orders compared to "Be-proton
elastic scattering and hence is not discussed here.

hys g
LI parameterically small (~ kjow/A), the ERE in the 3S; channel looks

hsy)

Summarizing, because the inelasticity

the same (up to N2LO) as that in the ®S, channel, where "Be* cannot play a role, therefore:

1 T .
C2 gk(cot dx) — 1) = et MOk 2o Hn) X =81, %S, (45)

Turning our attention now to the p-waves, in the p-wave self-energy bubble both "Be-proton and "Be*-proton
contributions are at the same order: the computed ANCs (see numbers at the end of this section) suggest the new
and ndm couplings are of the same order. Therefore, both loop contributions are summed to obtain the dominant
piece of the one-loop self-energy, and we get the (resummed) full propagator (= Ddg)

671’MR 1 1 T1,90 2 2 h%3P2*) 2 2
Pt ai Pt
= [N.(B)] . (46)

Here, h%gt = h%SPQ) Jrh%SPQ), YA = V2MRE*, ky = \/QMR(Ef E*) +i0t = /k? — 4% + 0%, . = k¢ /k., and (using
PDS and MS)

2
(—) MrA, h(3 P;) 3 U\ 3 4 9 2
-2 = (—)b7 + 11+ 2 2 In[{ — ) —= + =) - 1+ —
ai (-)6 hQPt h2pt ke {In ko 2 Ce 3 Sukc 3

hZs pe 4
_ Pﬂﬁ[zkc <ln (“ﬁ) - 3CE+) —34

n2, ke ) 2773
2
1 3 /T 3 4 hispy)
oo (2 4 ke (m (YY) 22 ) - 1 2 4
5 ( )h%t—i—[kC(n(kC) 2CE—|—3 3u + ", (47)

The (in)elastic strong interaction T-matrix in the 2% channel can then be calculated in the same way as Eq. (32) was,
i.e. by multiplying by the vertex factors associated with the overlap of the nc and dimer states. In order to get the
strong interaction T-matrix elements, we therefore multiply the numerical coefficients associated with a particular
channel, and given in table II, by the channel-independent dimer and vertex factors:

(—)~ Nx (B) &' x5 (0)9;x57(0) (48)

Here the initial-state and final-state relative momenta are p and p’ (whether the relevant channel is elastic or inelastic),

but we reiterate that for on-shell inelastic scattering the n-d relative momentum p, is given by E = %+E*. Also note
that in this inelastic channel, the Coulomb potential has a negligible influence compared with the strong interaction.

Once inelasticity is involved a; and r; are not related to the scattering phase shift as in Eq. (34), but since they
can, in principle, be measured through the T-matrix, a; and r; can be used as the renormalization conditions, i.e.
they do not have renormalization scale dependence. This connection is straightforward when k < vya, i.e., far below
the proton-"Be* threshold. There D' can be expanded in Taylor series. By keeping terms up to k%, we see that
redefining the scattering volumes and effective range, according to

2
0 _0_ 2h(32P;) ke (na — 1) H (na) (49)
./41 ay hPt
R 71 h(23P2*) - 1 2 o
5 = 5 2z ke |H(a)+gna (A —1) H (na) |, (50)
Pt
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IT,1)) | (n)") [ (n)™) | (de)'))

(’I’LC)’L ‘ T, -y T’L h(3p2>h(3p2> Tt ) Ta h(3p2)h(5p2) T, -y T’L h(sp )h(sp*

nc)a | Ta’ Y T h(op2)h(3p2> Tl, Y T h(opz)h(5p2) Ta/ Y T h(5p )h(sp*
i i T

(nd) | Tz/]’ T,B h(3 p2* h(spz* Tz/]’ T h(3p2* h(s p2) TZ,]/ T h(3p2* h(3p2*)

TABLE II: The channel-dependent factors needed to obtain the matrix elements of T, in different spin-one channels |(nc)®)).
These are multiplied by the overall factor of Eq. (48).

recovers the elastic scattering ERE with A4; and R; as ERE parameters, i.e.

(3C,1)% k3 (cot 6y — i) = *Ai + %lﬁ —2kck?(1+n*) H(n). (51)
1
That is to say, far below the threshold the core-excitation COHtI“lbuthIlb are subsumed into redefined ERE parameters.
For the "Be-p system, na = va/kc = 0.9, H(nA) ~ 0.1, H (na) ~ —0.1, so Ay =~ ai, R1 ~ r1. However, we
emphasize that Eq. (46) represents dlfferent assumptions about the analytlc structure of the “Be-proton amplitude
than those that lead to the standard ERE.
In this situation of a core excitation we can again compute dD!/dE at the E = —B pole to get the residue of D,

6 . _
— =hpm - 2kc{h2Pt [2H(ma) +np (np —1)H (nB)]

+ s pyy {21{1(773*) + 08w (N5 — 1) ﬁ/(nB*)} } 7 (52)

with g, = ’;g
[see Eq. (48) and Table II] into Eq. (37). We find
C(23P2) C (CPs) C(3P ) Zz

fr— = = — . 53
h%3p2)72r2(2 +nB) h%SPQ)'Y I'2(2+ng) h%ng)'}/ 2I'2(2 4+ 1B+) 3r ( )

These ANCs have been calculated using ab initio methods [49], yielding C(3P) = 0.0990(57) fm™*, C’%PZ) =

0.438(23) fm™* C(3P .y = 0.1215(36) fm ™" [97]. The first two of these come from the same wave function and Monte

Carlo walk, giving them a correlation coefficient of 0.672. Proper inclusion of these correlations in the Monte Carlo
uncertainty was new in our latest work [32], as compared to the earlier Ref. [18]. However, we note that the errors still
do not include any estimate of the uncertainty due to the Hamiltonian employed or the precision of the variational
wave functions. We find that the ANC central values are reproduced when the parameters used in Eq. (46) are

2

Mors) —0.2749, r{ = —0.3102 fm~ ", a; = 1127.7 fm® 4
h2 = 0. , 1 =—0U. m , a1 = . m- . (5)
Pt

Extra decimal places beyond the precision of the ANCs are provided to aid those wishing to reproduce our calculations.
We note that these values agree with the power counting proposed above, i.e., hp,) ~ hip,) ~ hipy), 11~ A, and

ar ~ 1/ (Ay?)
They are, though, a little different from those published in our previous work [18], because
1. We corrected a mistake in that publication: there was an extra factor +* /v after h(3 Ps) in the quantity ——” in

that paper, as compared to the one computed in Eq. (52) of this paper. This changes the LO to NLO Z ratlo,
Z%0 /7 from 0.87 to 0.955, which also increases the C’(LHQ)Q/C(Q,_,) ratio from 0.87 to 0.955 and makes our LO

S(FE) results in better agreement with data in Ref. [18]. Note, however, that that work’s major conclusions are
not changed;

2. The binding energy is updated from B = 0.1375 MeV in Ref. [18] to 0.1364 MeV in the current work.

We emphasize that our latest work [32] is not affected by these changes.
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LO , mN\,
/)—
) (1) (|||) (V)

FIG. 7: The LO diagrams for radiative capture to a shallow p-wave bound state. The open elongated box denotes the LO
propagators for the s-wave ¢(1y and ¢(2) dimers. The black filled box is the 8B state. The particle spins are not shown explicitly

1

here, but discussed in the main text. These four diagrams ~ v (VLA) > The corresponding diagrams with the photon coupled

to the proton line are not shown here for simplicity.

\ )_V‘
N LO LO b

(V)

N 10 L7

(V1) (V) (1X)

3
FIG. 8: The NLO diagrams for radiative capture to a shallow p-wave bound state. They scale as Vi (VLA) ? . The filled boxes

in the (V) and (VI) diagrams are the effective range correction contact coupling, as used in Fig. 2; those in (VII) and (VIII)
are the hpy) couplings (the dotted line in the bubbles labels the “Be* field); the one in diagram (IX) denotes the L; and Lo
E1 contact couplings defined in Eq. (55).

IV. CAPTURE REACTION AMPLITUDE

The capture reaction is studied in detail in this section. Figs. 7 and 8 show the LO and NLO diagrams. According
1 3
to the power counting, the LO diagrams ~ Vs (VLA) 2, while the NLO ones ~ V2 (VLA) *. Note that diagrams (VII)

and (VIII) differ from (III) and (IV) by having “Be* in the intermediate state instead of "Be. The last diagram, (IX),
originates from the E1 contact terms from the Lagrangian, which produce NLO effects for the process of interest here:

Lo=—ieZes I T Eipy; — i€ Zeyy Lom ' “TS Eiayp + coc. . (55)

These terms are built as in Ref. [10], which itself followed Ref. [51]. The structure is the same as Eq. (6), except that
here spin degrees of freedom have been included. According to the power counting discussed at the end of Sec. ITE,
L1 5 should scale as 1/A.

As preparation for the full result, let’s use Eq. (A20) to compute the E1 matrix element of an operator, Lgys, that
operates between nc Fock states and produces single-photon radiation (see Fig. 10). Here we will relate the overall
matrix element of Lgj; to that of the operator that acts on the nc Coulomb wave function:

(P'XS) Py AN 0 | Lpn| P =0, x5 07, %)

eldn —1 r * ele 1 r *
= (2)* 6 (P + P,) 6285 | (05152 Prres - pl)) — (x| S0P - i)

P,—0

(2m)° 8 (P’ + Py) 65,50 le 57 Zell ex . plx(HY) . (56)

In the expression, as well as in the following discussion, p is the momentum operator operating on the intrinsic | ))
state. The last step in the above derivation keeps only the leading-order term in an expansion in powers of P,r, i.e. it
is valid in the P, — 0 limit. The next-order terms in that expansion correspond to E2 and M1 contributions, which
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EC CX |SD
LO | LIV
NLO|V-VI|VII-VIII| IX

TABLE III: The different classes of capture mechanisms which different diagrams depicted in Figs. 7 and 8 involve, at leading
order (first line, see Fig. 7) and next-to-leading order (second line, see Fig. 8).

we will discuss in Section VII. Note for the matrix elements between “Be*-p states, the same results apply; they are
not shown explicitly here.

In the following the s = 1 channel is used to illustrate the calculation details; the s = 2 result is closely analogous
and will simply be stated at the end. We choose the frame where the total initial nc momentum P = 0. We consider
the case that the photon is emitted, i.e. the radiative-capture reaction, so the final nc system will then be recoiling
with a momentum —P,. We decompose the amplitude that contributes to this process into three contributions: from
external capture (EC), where the photon is emitted from the proton or the core; from core excitation (CX), where the
excited state, "Be*, participates in the reaction, and from short-distance contributions (SD). (Contributions which
serve only to ensure current conservation, e.g. diagram (II), are associated with whatever part of the amplitude they
conserve the current for.) This means that the amplitude, M, is written

M = Mgc + Mcx + Mgp. (57)

At LO only external capture contributes, but the other two mechanisms enter at NLO. In fact, at NLO, and for an
arbitrary renormalization scale, the distinction between EC or CX, on the one hand, and SD, on the other hand, is
scheme and scale dependent. But we still find it a useful mnemonic for the computation of the different diagrams
(I)—(IX), which can be classified in this way, see Table III.

A. External capture: diagrams I-VI

We write the initial spin state as | (nc)")), and focus on (7%, A)‘|LEM|X§J+), (nc)"). Since we set the initial P = 0,
hence £ = E. The first diagram’s contribution in Fig. 7 is
1

(B By, A NWy e Lomb ™, (ne))

dp dP/ dP/ A 1 (-‘r) / k' o" a’
ANio!,a!
x<P’,x;T>,P47A”,n”’ YL, (ne)')
P, 50 dp — 1 (+) (+) Zeff « . -
2 36(Py + P,) [ P (e , & ()
PSP + ) [ o (T, = o L DO T B 59

We define the matrix element without the total-momentum conserving J-function and its associated factor of (27)3
\P |

as Mj. In the last expression, the propagator is changed to (E — He)™!, because for the ne system

in the final state, the effective energy is the total energy E minus the photon energy |P,| and the 8B recoil energy.

However, the 8B recoil energy is ~ 1076 MeV, and so is small compared to B, |P,|, and the typical E.

7'7
Mo N2M

Zets Loel P =iZesy [Hc, €, -r]. The non-trivial part of the matrix element (58) can then

We now use the identity 77
be written

My = —ieZepp((m®|W e - 7"|X ), (ne)"))

—ieZess (B +E) {m Wy~ rr ek g™ (ne))) (59)
The first term is calculated using Eq. (A18):
—ieZus (7 [Wpes - ISP, (ne)'))

ij d3q ihe
=4 T 3! 43 CP2) ¢y (5 () (18] )5 () * e ()
ieZeps Ty, \/E/d rd T(Qﬂ_)s Mg o(r’) (83Xq (r )) Xq (T)6>\ Xp (r)

_p
=eZefchfJﬁ7](\Z? XXy (0) . (60)

JAP
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Here €] ; is the jth component of the outgoing photon polarization vector (with helicity A) in the co-ordinate system
where the outgoing photon (and hence the outgoing ®B momentum) are aligned with the 2 axis. Spin projections of
massive particles are also measured along this axis. Note that since we are calculating the reaction amplitude using
LSZ reduction [52], we have multiplied by a factor of V/Z, to account for the final-state wave function renormalization.

Meanwhile diagram II of Fig. 7, generates an amplitude M; that involves the gauged p-wave interaction term in
the Lagrangian [see Eq. (43)]. It can be written as

iy el N
Mur = =TIV Zhery 36600 (61)

This cancels the first term in expression (60), leaving

. ) a7 1 * i
MI +M[[ = —'L€Zeff (B+E) <<7T |me€>\ ~’I“‘X(p+)7(n0) >>
_ 2yr
= —T.9eZ.ysCisp, (B+E) /d3 ”B;()Yl (P)ex - (r) (62)

We see that the EM J - A coupling used in diagram (I) and (II) is now reduced to the dipole radiation operator in
Eq. (62), reflecting the well-known Siegert theorem [53].

Let’s now turn to Mj;; and My, which represent corrections to Mj; and Mj; due to the strong initial-state
interactions that generate large s-wave scattering lengths in both spin channels. In order to simplify the presentation,
we also compute the NLO diagrams V and VI (corresponding amplitudes My and My ) here, so that we obtain all
strong-interaction corrections to external capture at once. The sum of the corresponding diagrams without Coulomb
effects has been shown to be finite in the study of the isospin mirror system, i.e. Li-neutron radiative capture to ®Li,
by computing loops in terms of momentum space and PDS regularization [10, 11, 31} The sum of diagrams III-VI

is also finite in this case, where Coulomb is included. After applying the identity = ef L e>\ "D = iZeyy [ﬁc, €} ~r],
Mirr + My becomes

1 6Zeff * 1

— p——— T (H) (nc ,
“B-He+iot Mg ' PE_H, " (ne)')

<<7Ta|Wp

. a1 R )
= *ZGZeff(B+E)<<7T |Wp—B—FCE>\.rﬁ—ﬁc—i-iO‘*'TSbcsr),(nC) >>

Tulxg, (ne)))

w. _7706’/‘\ TSP, (ne)")) (63)

Here T, is the s-wave T-matrix operator up to NLO operating on the single-particle wave function. The “~B” term
isused in 1/ (—B - Fc), because the radiated photon takes away all the available energy in the reaction’s final state;
see the discussion below Eq. (58). By evaluating the matrix element in coordinate space, as in Eq. (60), we find the
third term in Eq. (63) is zero, and the second term cancels My + My j—much as M cancels the first term in M;.
Therefore

M + My + My + My =

_ . 1 1
—ieZos (B + E){((n™|W N — (+),
ieZeyy( )] ey rE—Hc+i0+ sIxXpT, (ne)'))
:—Tofjezeff03p (B—I—E) X
W_ 2vr $in -
/dgrnB;()H ()€l - re’("(’”(ssl))%(Go(k,ﬂ+iFo(k,r)). (64)

To obtain this coordinate space matrix element, the momentum integration technique used in Eq. (38) has been
applied twice. Note that the final result again reflects the Siegert theorem. Since we have included diagrams up to
NLO, the phase shift §sg,)(k) is defined in terms of the ERE parameters a(sg,) and r(g,), see Eq. (45).

We note that the above derivation produces a My + My + My + My that only has an s-wave initial state
contribution. In contrast, for M; + M, the angular integration in Eq. (62) picks up s- and d-wave initial state

contributions. These can be separated by applying a partial-wave decomposition to X(+)( ) in the expression. From
now on we define Mgc = M7+ M+ Miprr+ My + My 4+ Myt and reintroduce the (nc) spin index, dimer angular
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momentum, and photon helicity labels that we previously suppressed. However, angular-momentum conservation then
guarantees

Mic,aix = T Mg . (65)
Summing diagrams I-VI then gives an s-wave contribution that is, up to NLO,

ei(UO_HS(SSl))

[4m N —=
MEC gX T T gezeff €x.j C(SPQ) (B + E) A x

/eranV% (2yr)r [sind(zg,)Go(k, ) + cos b, Fo(k,7)] (66)
) [4m —
= _620'0 ?eZeff Ei,j Cn,oc(?rPZ) (B + E) SEC(331) ) (67)

with Si(X) the pertinent wave-function overlap (with the bound-state wave-function normalization/ANC absent) for
an incoming scattering channel X and a mechanism H:

CV],OGO(ka T)
—agyy + 370k? = 2ke H(n)
FO(k; 71) ) + T‘(X)k2 — 2kcRe [H( )]

SEC /er—nB —(277')

(68)
This notation is the same as in our previous work, Refs. [18, 32]. Note that the r — 0 part of this integral gives a
finite result since [54]:
kr—0 1+1
Fi(k,r) "= Cy(kr)™,
Golk,r) "= €,
Grzo(kyr) =0 (20 +1)Cy) ™" (k1) 7,
W a1 (297) 50 (297) 7020 + 1) /(1 + 1 + n5) (when # 0).
The integral is also finite at large r because W_, ;. 1(2yr) oc e™7"(yr) "% there.
The only d-wave contribution, which is also an EC contribution, is from expression (62):
MEC A= €Zeff0(3p2) (B —‘rE) X
w_ 2yr - Fy(k,
[ iy 15 amizens) D vy
r r
2 L R _
= —\/;4776“72€Zeff0(3p2) €X,i szayvga(p)cn,o (B + E) Dgc , (69)
with
_ Fy(k, 1)
Drc = /eran 3 (2yr)r Cook (70)

Here the formula [ dQ;Y1;()Y{(F)Y5(F) = (—) iTji“ has been used. Since Fy(k,r) M0 Cy2(kr)?, the integration
is also finite. In summary, the EC contribution to radiative capture is, up to NLO, represented by diagrams I-VI,
which yield:

(Pr, Py, AN Lpum|XSH, (ne)') = — (21)° 6 (P + P. ) 9eZer1CpoCepy) (B+E) x

\/’ O(
€70€5, Yoo (B)Sec (1) + €725 1 V2T Yas () Dic (71)
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B. CX and SD diagrams: VII-IX

The LO result [18] is obtained from Eq. (71) by setting both effective ranges, 7(x) to zero. But the NLO result
includes contributions from core excitation and short-distance capture, as well as the effect of finite effective range.

After repeating the previous calculations, but with the “Be* field inside the bubbles, we get diagram (VII) and
(VIII) contributions to the total s-wave amplitude S that are analogous to Eq. (68) but involve an excited core:

) T(L+in )Wy, 1 (~2ik.7)
/er_nB*,%(Q'y r)r i T T .
+37Es)k? = 2k H(n)

A@3sy)

hesy Cery)

Scx(®Sy) = (72)

h(SSl) C(3P2)

Here k., n«, np« have been defined below Eq. (46) and below Eq. (52). Note that I'(1 4+ in*)me*’%(—%k*r) equals
Cy. 0(Go(ks,7) + iFy(k«,7)) when k? > 0, and becomes a bound state wave function when k? < 0. The transition
between these cases is smooth. Based on this, in the limit yao — 0, the core excitation terms have the same structure
as the expression (64).

Now, the diagram (IX) contribution—due to the L; contact term—which can be considered as a short-distance
operator (SD),

Mspjn = —€Zesphs,)VZL1€; jw Dy, x5P(0) (73)
with w the outgoing photon energy (= |P,|). This result can be simplified as

Vi T !

g VB 7 74

sp("51) = 3 W@+ np) 55 = gres)k® + 2ke H(n) "
1

L,12V37

sy yogs poy M Eq. (74) indicates that L is independent of the renormalization scale y, otherwise its

where L =

contribution to the capture reaction cross section would depend on p [see Eq. (81)], contradicting the requirement
that the cross section is p-independent. In other words, the p dependence of L, is dictated by the u-independence
of L. The specific factor, 2v/37, in the redefinition is motivated by the observation [based on Eqgs. (17b) and (30b)
from the toy model of Sec. II] that if 4 < A, then s- and p-wave couplings obey:

(1) hy (1) My ~ 2V/3m\/ror1 ~ 2V/37 .

According to the discussion at the end of section I1E, L; ~ % and so L; ~ %, as long as rgr; ~ 1. We write the
short-distance part of the S = 2 capture amplitude in the same way:

v3__ L 1
2 ’yF(Q + 77]3) L %T(552)k2 + 2kcH(’l7) ’

(5s3)

Ssp(°Ss) =

(75)

This produces EC, CX, and SD contributions in accord with the power counting. From Eq. (68), we know Sgc ~ 'y%’”
while Egs. (72) and (74) give Scx, Ssp ~ ALWZ

C. Total amplitude, S-factor

The total amplitude for radiative capture in the s = 1 channel, up to NLO in our EFT, is then:

Yy
Main = —Ta‘jﬁezeffcn,oc(‘”‘&)w
y {ewo €1 Yoo (P)S(3S1) + €' ej,k\/iTjkﬁYzﬁ(ﬁ)DEc} (76)

(where again w is the outgoing photon energy). In order to extract the overall factor of w here we have neglected the
nuclear recoil, i.e. set B+ F = w. Here

S(3S1) = Sec(®S1) + Scx (381) + Ssp(351). (77)
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Finally, everything works out analogously in the s = 2 channel to yield

Maﬂ)\ = €Zeff0 00(5132)60

f
x 705 Yoo (B)S(°Sh) + €765 V2T Yo (B)Drc - (78)

where
S(°82) = Spc(°S2) + Ssp(°Sa). (79)

Two points are worth noting here. First, core excitation contributes only in the spin-one channel, since the spin
quantum numbers do not permit it in the s = 2 case. Second, since Dgc does not involve initial-state interactions it
is the same for both s = 1 and s = 2 channels; however, S depends on the s-wave channel parameters through the
strong interactions in the initial state.

Finally, we use
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with M now expressed on the basis of particle spins o, a, @ and depending on photon polarization A. Hence we convert
the computed matrix elements for |(nc)?)) and |(nc)?)) initial states to those for the direct product |n?c®)) initial
state to get the total .S factor:

S(E) = FEe*™o(E)
e2™ 5

— 2 3
= Wﬁ(ezeff) kow? x

(Ctopy (1SC81) P 421 Doc P) + oy (1 SCS2) P 42 Dec )] - (81)

Note that the NLO halo EFT calculation of S(E) ultimately depends on nine parameters once the ®B binding
energy is fixed. Of these, four enter already at LO. They are the ANCs, C(23 P2y C(25 Py) and the s-wave scattering
lengths, asg,), a¢s,)- Five more parameters are necessary to describe the NLO pieces of the result: the s-wave
effective ranges, rsg,), 7(5s,), the two LECs parameterizing the short-distance pieces of the matrix element ZLQ, and

the proton-"Be* mixing parameter e; =

hasy Ceey) 132]
h@sy) Cip,) '

V. COMPARISON TO TRADITIONAL MODELS
A. Conceptual relationship of halo EFT and earlier calculations

There is close correspondence between halo EFT and several aspects of the many older models of the "Be(p,~)®B
reaction. In fact, our EFT has been constructed to apply to this system very generally at low momentum, so S-
factors and phase shifts near threshold in any model that obeys general physical principles should be reproducible
with correctly-chosen EFT parameters. This means that differences among models close to threshold should reduce to
choices of EFT parameters, provided that sufficient terms of the EFT expansion have been retained. We now discuss
our EFT in terms of some types of models previously in use. This will make contact with the extensive prior literature
on the “Be(p,v)®B reaction, and it will provide context for matching the EFT onto literature models below. For a
complete review of prior models up to 2010, including many that we neglect because their more elaborate construction
is less useful for insight into the EFT, see Ref. [1].

1. Correspondence of halo EFT and potential-model contributions

Like halo EFT, a potential model treats the “Be nucleus and proton as fundamental particles. It models their
interaction with a Woods-Saxon or similar potential, usually with both central and spin-orbit terms [3, 20-24, 55—
57]. Wave functions are computed in configuration space, and the electromagnetic transition operator is written in
the usual Siegert-theorem form that also appears in our Eq. (64). As first pointed out by Christy and Duck [20],
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low-energy nonresonant capture in a potential model of 8B is dominated by the part of the matrix element integral
where the "Be and proton are well separated, far beyond the range of strong interaction. In this region the interaction
is purely Coulombic, so the final-state wave function is proportional to a Whittaker function while the initial state
consists of phase-shifted Coulomb waves. This gives a matrix element integral very similar to our Eq. (64), the only
difference being that the potential-model integrand deviates from Whittaker and Coulomb functions at small radii.
This happens at radii < 5 fm, where the “Be-p effective interaction differs significantly from pure Coulomb. In this
region, the initial-state wave function of the potential model has a very small amplitude due to tunneling through the
Coulomb barrier.

In a previous effort to separate long- and short-range effects, Jennings et al. [57] computed a potential model and
found that the radiative-capture matrix element integrand peaks at 40 fm for s-wave capture at threshold. They also
presented a second calculation with the same phase shifts, but otherwise pure Coulomb interaction all the way to zero
radius. For phase shifts specified through the ERE, this is exactly our Eq. (68). The total matrix elements for the two
cases are nearly equal; even at 500 keV, Jennings et al. find only a 3% difference in the s-wave cross section between
the pure phase-shifted Coulomb initial state and the full potential model with the same phase shifts. The overall
size of this 3% difference has to grow with energy at about the same pace as the small radius part of Sgc in order
to keep the initial wave function continuous, and this gives it about the same energy dependence as our Sgp. Thus
the short-distance part of the potential-model matrix element amounts to a cancellation between the r < 5 fm part
of our Sgc integral and the short-distance counterterm Ssp. In the language of the potential model, the difference
encoded in Sgp occurs in the small-r region where the effective nuclear potential dominates the shape of the wave
function. This accords with the label “short distance” for the Ssp term in halo EFT, which corresponds to regions
in the potential model where r < A1,

Potential models can in principle include excitation of "Be* by adding another channel to the wave function, with
corresponding “diagonal” and channel-coupling terms in the potential—at the cost of more elaborate calculations and
additional parameters. This is not needed for qualitative description of the data, and to our knowledge it has only
been done once in the literature [58, 59]. Such a contribution corresponds to our Scx.

2. The Pauli principle in potential models

An important consideration for the size of short-distance effects arises from the nature of the potential-model
interaction: it is an effective interaction that incorporates not just the strong nuclear force but also particle-exchange
effects. The projection of a nucleon-level wave function onto a product of cluster wave functions has a structure
constrained by fermionic antisymmetry (first considered in the present context in Ref. [55]). In our case, 'Be contains
a practically filled Os shell but open Op orbitals in both j = 1/2 and j = 3/2 subshells. The main consequences of
antisymmetry are imposed on potential models of 8B by constructing the s-wave effective potential to have a nodeless
deeply bound state that is regarded as belonging to the Os shell and therefore forbidden by the Pauli principle. At
threshold the [ = 0 scattering state then belongs to the 1s shell and has a single node inside the potential well. Since
there are open p-shell orbitals available for the proton, no constraint from antisymmetry guides construction of the
[ =1 effective potential.

The Pauli node in s-wave scattering states has two consequences for the capture reaction. First, the ~ 40 MeV
well depth [3, 22, 57, 60] needed to generate a node in potential models greatly exceeds the scattering energy near
threshold, so that the short-range part of the scattering wave function has a nearly energy-independent shape below
1 MeV (as features imposed by antisymmetry would). Short-range contributions to the capture matrix element are
then largely energy independent apart from barrier penetrability; this is in accord with the energy dependence of
Ssp- Second, the presence of the node implies some radius within the potential well where the matrix element density
goes to zero, so that regions of opposite-sign density just on either side of that radius cancel. As a result, short-
range contributions in the potential model are suppressed, suggesting significant cancellation between Ssp and the
small-radius part of the Sgc integral in the EFT.

8. Potential-model parameters and EFT couplings

The effective potential thus has two logically distinct roles in the capture cross section: it determines phase shifts
for the external part of the initial state, and it models details of both initial and final effective wave functions
within the potential well. The B system lacks empirical information to constrain these features separately, so model
construction requires ad hoc assumptions that impose arbitrary correlations between them. For example, traditional
lore has usually provided the radius and shape of the potential. (An exception is the model of Ref. [24], in which the
p-wave potential well was constructed to reproduce overlap functions from ab initio calculations.)
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Woods-Saxon potentials are the most common choice, and their radius and diffuseness are generally chosen to be
the same in all channels. A potential model of the "Be-proton system then has, in principle, different well depths in
the s-wave S = 1 and S = 2 channels, as well as a single well depth and spin-orbit coupling in all other channels. This
is a total of six parameters. These models then employ spectroscopic factors for the two p-wave channels, meaning
that they have at least eight parameters. After assuming values or relations between values, there are usually two
or three parameters adjusted to data in actual model construction. Work in this vein started at least as early as
Ref. [55].

In such calculations the spectroscopic factors for the 3P, and ° P, components of the 8B wave function were generally
taken from the shell model. A final rescaling of the overall cross section (see also discussion below) was then made,
on the understanding that the overall scale of the spectroscopic factors should be adjusted to match capture data.
It is probably better to view this procedure as fixing ANCs rather than spectroscopic factors, since external capture
dominates the S-factor at low energies. In this regard, the role of ANCs in a potential model corresponds almost
exactly to the role of ANCs in the EFTs. The same experimental or theoretical constraints can be used in both
frameworks.

As discussed above, halo EFT includes the possibility of core excitation. At NLO this is encoded in the single
parameter €7 without adding significant complication to practical calculations. Since most potential models do not
include core excitation this parameter has no potential-model counterpart.

A critical difference between the two approaches is that at NLO halo EFT encodes the amplitudes of short-distance
contributions in contact couplings L; o with no large-distance consequences; no parameter of a potential model affects
just short-distance physics. Potential models thus have implicit correlations between phase shifts and short-range
amplitudes that arise from assumed potential-well geometry but are not part of the most general parameterization of
the amplitude.

We found a clear example of implicit correlations between scattering lengths and small-radius contributions in
the potential models of Davids & Typel [3]. One potential model in that work was constructed to reproduce the
best-fit experimental scattering lengths, while a second model reproduces the upper-limit scattering lengths and a
third reproduces the lower-limit values. In Ref. [3] the differences among the S-factor curves of these models were
interpreted as arising from the scattering lengths. We repeated this exercise using halo EFT, by first fitting EFT
parameters to match the Davids & Typel best-fit model and then varying a(sg,) and a(sgs,) between their experimental
limits while leaving other parameters fixed (see Sec. V B for more details on this procedure). For a(sg,), we found very
nearly the same dependence of S-factor on scattering length as in the Davids & Typel models. The story with asg,)

was very different: The dependence of the S-factor on a(sg,) in the EFT when Lo is held fixed (at its value in the
“central” model) is much weaker than the a(sg,) dependence found by Davids & Typel. In the language of halo EFT,
when Davids & Typel attempted to produce an altered potential that differed only in its values of scattering lengths,
they also changed Lo (cf. Table IV). This change in Ly accounts for roughly half of the “a(ss,) dependence” Davids &
Typel found in S(E): much of the dependence they found was a consequence of changes to the wave function inside
the altered potential well and did not come from changing the large-distance behavior characterized by asgs,) and
T(38,)- (A further complication here is a problem with the published S(£) for one of the Ref. [3] models, noted below.
The calculations discussed in this paper mainly involve a corrected version that has the stated scattering lengths.)

While the EFT contains fewer implicit assumptions than potential models, the price of the more general parame-
terization of the amplitude is the need to fix nine parameters. In a potential model this might correspond to treating
the eight parameters enumerated above as free and independent, all unguided by lore beyond an expectation that
most should have “natural” sizes. Below, we show that it is possible to constrain enough of the EFT parameters
jointly from measured S-factors and scattering lengths to obtain a robust extrapolation for S(E). This is presumably
a simpler task for halo EFT than for a potential model, in that there is no Schrédinger equation to be recomputed
when the potential is varied. Indeed, we have written the amplitude for radiative capture in such a form that the
EFT parameters can all be varied without recomputing the integrals in Egs. (68), (70), and (72) above.

4. Cluster and ab initio calculations

Microscopic models, in contrast to potential models, treat all nucleons as distinct particles and in principle require
less tuning to the 3B system. They are based on a nucleon-nucleon potential and compute wave functions of the
"Be and ®B systems by solving seven- and eight-body Schrédinger equations. The simplicity of the Siegert E1 operator
in configuration space makes the capture matrix element calculation resemble a projection of 8B onto clusters, and a
potential-model wave function can be viewed as an ansatz for the projection of a 8B state into a purely "Be + p space.
As a result, the important features of potential models carry over to microscopic models: the largest contributions
come from the long-range asymptotic region, and short-distance features are dominated by antisymmetry. However,
the location of the Pauli node now arises from explicit antisymmetrization of an eight-body wave function, it is
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no longer imposed ad hoc. Importantly, microscopic models include configurations not writable in terms of the
"Be ground state. Thus, in a general sense the microscopic models’ biggest advantage is that their wave functions at
distances from about 1 fm to the r ~ 1/A short-distance scale of halo EFT (or a potential model) is determined by
the underlying nuclear forces. A disadvantage is that S-factors are very sensitive to some quantities like threshold
energies and scattering lengths that do not typically emerge with high precision from a nucleon-nucleon potential that
was not fitted to them. Some tuning to the full eight-body system is possible, but a nucleon-level potential with few
parameters can only be tuned to one or two eight-body properties at once, while one with more parameters probably
requires a much more demanding refit to 8B and other observables simultaneously.

It has only recently become possible to compute accurate energies and scattering wave functions for A = 8 systems
from nucleon-nucleon interactions that reproduce many observables of two and three-nucleon systems faithfully [29].
Such models are generally referred to as ab initio. For four decades prior to that work, limited computer power
restricted microscopic models to greatly simplified nuclear interactions and severely truncated basis spaces. However,
a great deal of useful work along those lines was done using the resonating group method (RGM) and generator
coordinate method (GCM) [4, 27, 28, 61, 62]; we refer to such restricted microscopic models as “cluster models,” and
we match one of them onto an EFT below.

Cluster models work in a basis constructed from energy eigenstates of clusters within a nucleus. For ®B, this means
energy levels of “Be and °Li built up from « particles, He nuclei, and protons. The more excited states of the clusters
are included in the basis, the more exact a calculation will be. This approach has been extended to very large bases
in ab initio calculations [29], but in cluster models the o and *He clusters are mostly constructed as 0fw harmonic-
oscillator configurations. Core excitations like "Be* are required in the model for reasonable accuracy [4, 29, 63].

The mapping between cluster models and halo EFT is roughly the same as between potential models and halo EFT.
The differences are that cluster models have a firmer grounding in general principles, include core excitation explicitly,
and should need less tuning to ®B data. However, for poorly understood reasons, cluster models almost always predict
S-factors larger than the data at all energies — often by 10% or more. Low-energy extrapolations using these models
are typically built on the assumptions that the matrix element is entirely external capture to good approximation
and that most of the uncertainty lies in the ANCs, plausibly because of the truncated model space. One holds the
computed S(F) curve shape of the model fixed and multiplies it by a constant to fit capture data, just as one does to
fix spectroscopic factors in a potential model.

This does not exhaust the range of published models. However, it does cover both the ones for which we find halo
EFT representations in Sec. VB and those used in Ref. [1] to produce a recommended S(0).

5. Low-energy expansion of S(E)

In Ref. [39] Baye and Brainis found expressions for first and second derivatives of S(E) at E = 0 within a given
potential model. These are elegantly derived, and they facilitate efficient and accurate numerical calculation of S(0)
and the next two coefficients of the Taylor series at threshold. While these results are useful for evaluating a given
model at threshold and the solar Gamow peak, they are (as Baye and Brainis themselves say) not suited to fit data
in the “Be(p,~)®B problem. This is because initial-state interaction effects due to the Coulomb and nuclear forces

1 1 .
Sl or 3 Ml ~ tens to hundreds of keV. This
2

limitation on the Taylor expansion is evident in the large first and second derivatives S’ (0)/S(0) and S”(0)/S(0) found

for potential models in Ref. [39]. These are consistent with a rather small radius of convergence—smaller than the
2

distance of important data from threshold. In contrast, the non-analyticities due to the low-energy scales QIJCQ‘R and
W are built into the EFT directly through the modified effective-range expansion for the initial-state-interaction
amplitude. The EFT amplitude for radiative capture is not a polynomial in E: only the short-distance part of the
capture operator is Taylor expanded, and low-energy analytic structure due to nuclear and Coulomb interactions is
retained explicitly. In consequence the EFT can reproduce the observed energy dependence of S(E) well up to 500
keV center-of-mass energy, enabling its use in data-fitting as reported in Refs. [32, 33] and summarized below. Despite
some shared features, the EFT and the Baye and Brainis derivative formulae are thus different tools that address
different tasks.

A subsequent paper by Baye [38] presented a formula connecting S(0) to the ANCs of ®B, including the dependence
on initial-state strong interactions through the scattering length, in a form less dependent on the particular capture
model. The correlation between S(0) and the squared ANCs follows from the dominance of one-body external direct

capture, and it is similar to other results in the literature, e.g., Refs. [39, 64—67]. The form of Eq. (81) allows us to

2
generate non-analyticities in F at energies ;TCR ~ 350 keV and
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write the EFT result for S(0) in a way that makes this correlation manifest:

S(0) = 35.76Cf p,) [1 — 0.002670ass,) (1 + 0.9095¢; — 0.3632L1 )]
+35.76C% p,) [1 — 0.002670as 5, (1 — 0.3632L3) |

+2.337 (Chipy) + Clipy ) - (82)

Here we have followed Ref. [38] and used a 8B binding energy of 0.1370 MeV. We also linearized in the "Be — p
scattering lengths, since their effect on S(0) is small. The final term of this equation isolates the d-wave contributions.
We have suppressed units in Eq. (82) for readability; the leading coefficient of each term has units eV b fm, the

coefficients of the scattering lengths, L;, and L, have units of fm~', and the coefficient of ¢; is dimensionless.
The coefficient of C(QSPQ) +C’(25 Ps) obtained in our EFT analysis (35.7642.34 = 38.10) agrees with that found by Baye

[38] within 0.3%. Eq. (82) also agrees with Baye’s results for the individual contributions to that coefficient from s-
and d-wave capture. Halo EFT therefore quantitatively reproduces the well-known result that, in this reaction, S(0) is
almost completely determined by 0(23 Pyt 0(25 p,) [68]. However, the near-insensitivity of S(0) to the s-wave scattering

parameters exhibited in Eq. (82) is not generic to all reactions that are dominated by direct external capture at low
energy. For example, the S(0) for *He(c,y)"Be has a significant correlation with the *He-*He scattering length [39, 69].

Baye obtained the dependence of S(0) on scattering lengths by retaining a potential model (that of Barker) for the
8B bound state but replacing the scattering states with phase-shifted Coulomb waves, with the phase shift specified by
the Coulomb-modified effective-range expansion just as in our Eq. (68). In contrast to the coefficient of 0(23 P2) +C'(25 Py)

the coefficient that Baye obtained for the scattering-length dependence of S(0) appears to disagree with Eq. (82).
However, the two results cannot be compared directly. The short-range deviations from asymptotic waves encoded in
€1, L1, and L, enter Baye’s calculation implicitly through the Barker potential model used to produce the bound state;
short-range effects are contained in Baye’s computed coefficient, but not explicitly parameterized. Taking e; = 0 (i.e.,
no core-excitation contribution), we infer that the coefficient in Baye’s scattering length term is reproduced by the
values Ly = Lo = 1.4, similar to what we find for potential models in Sec. VB below. In all our fits—whether to data
or to the results of potential models—we infer values of L; and Ly of order, but larger than, one. This suggests that
the short-distance piece of the radiative capture has a significant effect on the a(sg,) and a(sg,) dependence of S(0).

Indeed, the explicit dependence of the coefficient of a(s 5,y and a(s g,y in Eq. (82) on short-distance physics may clarify
a result of Ref. [38]. There it was observed that the formula for S’(0) in terms of scattering lengths disagrees with the
S’(0) found by direct computation of Barker’s potential model [21]. In Ref. [38] the discrepancy was interpreted as
sensitivity to short-range physics arising from the node in the potential-model s-waves; in the language of the EFT,
the observed “sensitivity to short-range physics” amounts to different implicit values for L, and Lo when the initial
state is computed in the potential model compared with when it is asymptotic at all radii.

Lastly, we point out that changing the binding energy of B by 1 keV, from 0.1364 or 0.1375 MeV (see discussion
in Sec. VB), produces a 1% difference in the coefficient of 0(23 P) and 0(25 P) in the s-wave capture piece of Eq. (82).
The effect on the d-wave capture piece is an order of magnitude less, and all other coefficients are changed by at most
1%. Changing the ®B binding energy by 1 keV will— if other parameters are held fixed—change S(0) by ~ 1%,

6. Phenomenological R-matriz

Some brief comments on the relation of our EFT to phenomenological R-matrix models may also be useful. For
scattering, the connection between the latter approach and halo EFT is derived explicitly in Ref. [70]. In the case of
radiative capture the phenomenological R-matrix has external-capture contributions that correspond very closely to
our Sgc, Scx, and Dgc amplitudes, but the integrals are cut off below some radius on the order of 3 fm: apart from
these lower limits on the integrals there is a nearly one-to-one mapping of our matrix-element terms onto terms of
the R-matrix capture amplitude given in Eq. (6) of Ref. [25].

As a matter of computation, phenomenological R-matrix models incorporate ANCs in exactly the same way as
the EFT (apart from the small-radius cutoff). Scattering phase shifts enter both external and internal R-matrix
amplitudes in much the same way they enter Sgc and Ssp, respectively. And the R-matrix parameterizes short-
distance contributions to radiative capture using radiative-width parameters that are completely analogous to our
L1 »—even down to the way they enter amplitudes.

One difference from halo EFT is that instead of an effective-range expansion, phase shifts are encoded in a pole
expansion of the R-matrix, each term of which has a reduced width and a level energy. In practice there is usually only
enough information to fit one pole and all others are approximated with a single high-energy pole that provides slow
energy variation at low energies. Because the ERE applies very generally, near threshold there must always be an ERE
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that corresponds exactly to any given pole expansion: the relationship between the R-matrix and ERE parameters
is worked out in Ref. [71]. The pole expansion implies, though, that phase shifts are more complicated functions of
R-matrix parameters than they are of ERE parameters, and, as in potential models, the R-matrix background-pole
parameterization can produce implicit correlations between ERE parameters in the fit. This may give the halo EFT
formalism, with its explicit construction around the ERE, significant advantages for near-threshold data fitting.

B. Mapping potential and cluster models into the EFT parameter space

We now examine models from the literature and demonstrate that—at least below center-of-mass energy E = 500
keV—each corresponds to a specific set of EFT parameters. Our strategy is to take model outputs as data to be
fitted in the EFT and show that highly accurate fits result. This is easier than fitting experimental data because a
computed model produces more information than is available from experiment, and there are no measurement errors.
We computed phase shifts and S-factors for several potential models from the literature using our own code, which
included separate S-factors for each possible spin and orbital angular momentum channel in its outputs. For the one
microscopic model considered, S-factors are tabulated by channel in the original publication, and its author provided
a table of phase shifts that were originally published as a graph [72].

We chose five different models for fitting: three variant potential models of Davids & Typel [3] that were tuned to
the measured scattering lengths and their error limits; the potential model based on ab initio inputs from Navratil et
al. [60]; and a cluster model by Descouvemont [4]. These provide a wide range of conditions and were important in
the S(0) recommendations of Ref. [1]. While performing this work, we learned that the published S-factors for the
Davids & Typel potential with lower-limit scattering lengths contain a programming error, so that the lower-limit
curve apparently reflects a(sg,) = —20.9 fm, not —10 fm [73]. The calculations reported here reflect a corrected version
of this “lower” Davids & Typel potential model that reproduces the intended a(sg,) = —10 fm.

In fitting models, we use the 8B proton separation energy 0.1375 MeV from the 2003 mass evaluation (current
when the models were published); the fits to data discussed in Sec. VI use the currently recommended 0.1364 MeV.
The d-wave S-factor has very nearly the same threshold energy dependence in every model (including all EFTs),
so we first obtain ANCs for each model by fitting its d-wave S-factor separately in each spin channel. We then fit
scattering lengths and effective ranges to the computed phase shifts. In the potential models there is explicitly no
core excitation, so we set Scx = 0. For the cluster model we also set Scx = 0 as a simplifying assumption for fitting,
even though the model contains core excitation; it is difficult to fit uniquely from the model outputs, and we obtain a
precise fit without it, perhaps because core excitation can be traded against short-distance physics at these energies.
This leaves only the contact terms L; o undetermined, and we fix them from the s-wave S-factor in each spin channel.

C€3P2) aiBsy) T(35;) €1 L CE5P2) a58,) T(555) Lo

0.201 16.0 1.18 0 1.12 0.534 —10.0 3.93 2.69
0.201 25.0 1.36 0 1.27 0.533 —7.03 5.02 3.10
0.201 34.0 1.45 0 1.34 0.533 —4.03 8.56 4.19
0.109 —4.15 6.80 0 4.80 0.542 —6.91 3.57 3.73
0.108 7.19 0.785 0 0.725 0.480 7.19 0.785 0.725

TABLE IV: EFT parameters obtained from fits to models from the literature. The units for the ANC squared (C?) are fm™!,
and s-wave scattering scattering lengths (0(351) and a(552)) and effective ranges (7”(351) and 7(5g,)), and the short distance
operator coefficients (L1,2) are fm. The core-excitation contribution’s strength (1) is dimensionless. These units are implicitly
assumed and will not be shown in other places. From top to bottom the models are Davids & Typel lower, central, and upper
potential models [3], the Descouvemont cluster model [4], and the Navratil potential model [60].

The fitted parameters are shown in Table IV. In the table we quote all parameters to three significant figures. Two
different implementations of our calculation agree at this level for almost all numbers in the table. But additional
precision is needed to produce, e.g., the curves in Fig. 9. Readers interested in higher-precision results should
contact the authors. From top to bottom, the EFT parameters are for the Davids & Typel lower, central, and
upper potential models (corresponding to lower-limit, best-fit, and upper-limit scattering lengths), the Descouvemont
cluster model with the Minnesota potential, and the Navratil potential model. Crucially, we find that although the
parameters change from row to row, almost all are consistent with NDA, i.e. C? ~ I'*(2 4+ np)y*/A [see Eq. (40)],
(a(ssl), a(552)) ~ ’}/71, (T‘(ssl), 7‘(552)) ~ Afl, L172 ~ AL

In the top panel of Fig. 9 the original S(E) curves from these models are represented as circles and the fitted
EFTs are shown as continuous curves. The models occur in the same top-to-bottom sequence as in Table IV. The
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FIG. 9: Upper panel: S-factors from the EFT fits (continuous) and the original potential [3, 60] and cluster [4] models (discrete
circles). From top to bottom, the first three curves are the Davids & Typel potential models, with scattering lengths in both
channels increasing from top to bottom. Next comes the cluster model, then at the bottom the Navratil potential model. Lower
panel: Absolute values of S-factor residuals between the original models and fitted EFTs as fractions of the total. Symbols
correspond to models in the same way as in the top panel.

fractional difference between each EFT and its original model is shown in the lower panel. In the fitted energy range
0 to 0.5 MeV, these residuals are less than 0.2% of the total S-factor for the potential models. However, residuals
for the Davids & Typel models contain cancellation between s = 2 s- and d-waves, which individually deviate from
the original model by 0.4% at 500 keV. In the s = 1 channels of the Davids & Typel models, and in all channels
of the Navratil model, the deviation is less than 0.1%. For the Descouvemont model, errors are under 1% over the
fitted range. Extrapolating the EFT curves to 1 MeV, differences from the original models increase to about 1% for
potential models and 5% for the cluster model. The behavior of residuals in this 0.5 to 1.0 MeV energy range are
consistent with the truncation error of our calculation EFT being N3LO.

The three Davids & Typel potentials differ in their / # 1 well depths to produce scattering lengths a(sg,) = 16, 25, 34
fm and a(sg,) = —10,—7,—4 fm. These models use spectroscopic factors from Cohen and Kurath [74] and produce
the ANCs C’(Qgpz) = 0.2010 fm~! and C(QSP2) = 0.5332 fm~—!; ANCs fitted to the d-wave capture “data” from the model
in the EFT (Table IV) are within 0.3% of these values. For the Navratil model the match between the fitted EFT
ANCs and the original ones in the model is of the same level of precision.

For the cluster model, the published ANCs correspond to 0(23192) =0.1116 fm~?! and C(Q5P2) = 0.5565 fm~!; however,

values 2.5% smaller were needed to fit the d-wave S-factors, apparently reflecting some unidentified difference in cluster
masses or 8B separation energy between the original calculation and our EFT code. Fitting the ERE over 0-600 keV
(three tabulated energies) yielded a(sg,) = —6.910 fm although this model was tuned for —7 fm; this probably reflects
the relatively wide energy range of our fit. The simplification that e; = 0 does not seem to have serious consequences,
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and our experience with experimental data (Sec. VI) indicates that €1 can be compensated in the fitting of L.

The match of the cluster model onto an EFT also differs from the other cases in that we had full information about
the potential models that we computed, at several decimal places and on a dense grid in energy. In contrast, we fitted
to published information for the cluster model, which necessarily had fewer printed data and more rounding (e.g.,
only two digits for capture from 3Dy scattering states). It is worth noting in this context that tests of the fitting
procedure with a 1 keV mismatch between the binding energies of the EFT and a potential model did not allow a fit
with smaller residuals than 1%. The difficulties in getting EFT to fit the cluster model with the same accuracy as
for the other models considered could either be due to larger higher-order effects for that model, or to these fitting
issues.

We also obtained a second set of EFT parameters matched to potential models, this time using ANCs and binding
energies directly from the original model and ERE parameters fitted over 0-30 keV, and still fitting L; 2 to 0-0.5 MeV
S-factors as before. These EFT fits reproduce the original models at threshold even more accurately; by construction,
deviations of this EFT fit from the original model grow with energy. The results for S(E) are not plotted, but in the
0-500 keV they match the original models about as well as the fits in Table IV and Fig. 9 do. The growth with energy
is again consistent with a calculation in which the leading omitted effect is N3LO.

VI. REALISTIC ANALYSIS: RECAPITULATION

Here, for completeness, we summarize the results of our analysis of experimental data for “Be(p,7)®B. Further

details are given in Ref. [32]. Some details related to Bayesian priors and computational issues can also be found in
Ref. [33].

A. Data selection

We included 42 data points measuring total S-factors in our analysis. They come from all modern experiments with
more than one data point for the direct-capture S-factor up to £ = 500 keV. All data lie at energies above 0.1 MeV.
We subtracted the M1 contribution of the 8B 1% resonance from the data using the resonance parameters of Ref. [75].
This has negligible impact for £ < 0.5 MeV due to the smallness of the correction and the small uncertainty on the
correction. Since we retain only points in this region, this eliminates the resonance’s effects. Ref. [1] summarizes
these experiments, which are Junghans et.al., (two experiments) [76], Filippone et.al., [75], Baby et.al., [77, 78],
and Hammache et.al., (two measurements published in 1998 and 2001) [79, 80]. We assigned common-mode errors,
listed in Ref. [32], according to the published accounting of experimental systematics. The Junghans BE1 target data
were left out of the final Ref. [1] analysis because of correlations with the BE3 data; we kept both sets because their
wide energy coverage provides valuable constraints on our model’s energy dependence, most likely outweighing the
disadvantage of correlations in overall normalization that are estimated to be small.

B. Analysis

We wish to extrapolate S(F) from the region of these data, 100 keV < F < 500 keV, to the region of relevance for
solar modeling, 30 keV and below (with peak sensitivity at 18 keV). We used the 42 data points to constrain the nine
EFT parameters, computing the posterior probability distribution function (PDF) of the parameter vector g given
data, D, our theory, T, and prior information, I. To account for the common-mode errors in the data we introduced
data-normalization corrections, ;. Since these errors affect all data from a particular experiment in a correlated way
there are only five parameters £;—¢5: one for each experiment that has a shared normalization error of this kind. (See
Ref. [32] for the one that does not.)

We performed a Bayesian analysis and used Markov Chain Monte Carlo to determine the posterior PDF, with
details described in Refs. [32, 33]. All EFT parameters but the s-wave scattering lengths are assigned flat priors over
ranges that correspond to, or exceed, natural values. We do, though, restrict the parameter space by requiring that
there is no s-wave resonance in “Be-proton scattering below 0.6 MeV.

We also constrain the EFT parameter space further by incorporating independent experimental information on the
s-wave scattering lengths via Gaussian priors on (a(s S1)» 4 52)), centered at the experimental values of Ref. [81],
(25, —7) fm, and with widths equal to their reported errors, (9, 3) fm. In fact, these numbers were extracted from an
analysis of scattering data using the ERE in s-waves and a single-pole R-matrix resonance in p-waves, with no value
of the effective range recommended. It is possible that interesting correlation structures in the EFT parameter space
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would result from a full analysis of those cross-section data; an EFT analysis along these lines is deferred to a future
publication.

This “Bayesian model averaging” samples the part of the EF T parameter space that is consistent with the scattering
lengths quoted in Ref. [81]. Regions in that space which reproduce the shape and the magnitude of the S(E) data
more accurately are then weighted more strongly in the final extrapolant.

C. Results

The tightest parameter constraint in our fit to capture data is on the sum 0(23P2) + C(Z5P2) = 0.564(23) fm ™!, which

sets the overall scale of S(F). Neither ANC is strongly constrained by itself, but they are strongly anticorrelated. The
ab initio calculation of Nollett & Wiringa [49] predicts ANCs that agree with our extraction within error bars, 0(23 )T

Cl p,y = 0.537(26) fm ™', while there is some disagreement with another ab initio prediction of 0.509 fm~" [29] from

Navratil et al. The extraction of these ANCs from transfer reactions has been fraught with ambiguities, particularly
with regard to optical potentials. From ("Be,®B) reactions on heavier targets, Tabacaru et al. inferred 0(23 Py T

0(25 Py = 0.466(0.049) fm~" [82]. Efforts based on deuteron stripping have yielded results ranging from about 0.45 to

0.70 [83-87], with the more recent results in fair agreement with ours.

In addition to the correlation between ANCs, our analysis also showed that the effect of core excitation, parame-
terized by €; in the EFT, can be traded against the short-distance part of the spin-1 E1 matrix element: there is a
slight non-zero signal for the quantity 0.33 L1 /fm — &;. The data do prefer a positive Ly: its one-dimensional PDF
yields —0.58 fm < Ly < 7.94 fm at 68% degree of belief.

We then computed the PDF of S(F) at many energies and extracted each median value and 68% interval. At 0 keV
(20 keV) we found S = 21.3370 80 eV b (S = 20.6710-0%), again at 68% degree of belief, including all errors associated
with parameter selection. A choice of the EFT-parameter vector g that corresponds to natural coefficients, produces
curves close to the median S(E) curve, and has a large value of the posterior probability is given in Ref. [32]. Ref. [32]
also supplies information on the derivatives of S(E) at 0, as well as a simple parameterization for the thermal reaction
rate.

D. Comparison to Solar Fusion II value

Ref. [1] recommends S(0) = 20.8 £0.7(expt) £ 1.4(theory) eV b. In that work experimental errors were inflated by
a factor of 1.65 to account for large x? values with respect to the models employed. Each fit in Ref. [1] consisted of an
overall rescaling of one model for S(E), based on the idea that the models could accurately predict the shape of the
S-factor but needed further adjustment of ANCs (or spectroscopic factors) to match the data. The theoretical error
in Ref. [1] was taken as half the difference between the lowest and highest extrapolated S(0) obtained in this way.
The models that determined the theory error bar in Ref. [1] were ultimately the Navratil semi-ab initio model [60]
(last line of Table IV and lowest curve of Fig. 9, upper panel) and the original Davids & Typel low-scattering-length
model that is now known to inadvertently have had a(sg,) outside the empirical range; see Sec. V. This procedure
was motivated by a desire to consider a set of models that were consistent with general physical principles, and then
not discriminate between them on the basis of small differences of y2.

Our S(0) is consistent with the result of Ref. [1]. But our total error, including model selection, and without any
error inflation, is about the same size as the inflated experimental error quoted there. It is therefore markedly smaller
than the combined 0.7(expt) + 1.4(theory) error bar given there. We attribute this smaller total uncertainty to two
things. First, our Bayesian sampling of the EFT parameter space means we explore the full range of reasonable models
of this process. We showed in Sec. V B that differences amongst models below E = 0.5 MeV—including the Navratil
and Davids & Typel models that defined the error bar obtained in 2011—can be encoded in nine EFT parameters.
Our Monte Carlo sampling of that space thus includes the capture models that set the bounds in Ref. [1], the other
models from that analysis whose results lie between those two, and models which fall elsewhere in EFT-parameter
space as well. The computation of a PDF on this EFT-parameter/model space then permits discrimination—based
on experimental data—regarding the shape of the S(E) curve. Not all of the physics in that curve comes from the
external-capture part of the matrix element, so rescaling a model curve to match the data only produces a reliable
result up to a certain level of accuracy. In contrast, the Bayesian model averaging that we implemented through
EFT parameterization of the capture amplitude favors regions of the model space that produce better descriptions
of the S(F) data. Second, although the Navratil and Davids & Typel models are included in this model averaging,
they correspond to a(sg,) = +7.2 and a(sg,) = —20.9 fm respectively and are thus strongly disfavored by the prior on
a(ss,) that we have taken from the Angulo data. In other words, neither of the models that ultimately determined
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the theory error bar in Ref. [1] was consistent with the scattering lengths published in Ref. [81]. Had those models
been excluded, the range of extrapolated S(0) would have been substantially narrower.

The near-equality of our 68% degree-of-belief interval with the experimental error estimated in Ref. [1] appears to
be entirely coincidental. The analysis there indicated a nearly 2¢ inconsistency among data sets, given the assumption
that any one of nine theoretical S(E) shapes was correct. The errors in that analysis were then inflated by a factor
of about 1.65 to account for the inconsistency. Our analysis does not include this inflation factor. In Refs. [32, 33] we
looked for, but did not find, quantitatively clear indications of inconsistency amongst the data sets in the results of
our analysis.

Our final uncertainty on the extrapolated S(0) accounts for both the experimental errors and the differences among a
wide class of models that are consistent with naturalness and information on the “Be-p scattering lengths. In Bayesian
model averaging there is no way to divide the degree-of-belief interval into a “theory” and an “experimental” error
bar: the data determine the weightings of many different models, which all contribute to the final extrapolation. We
are able to take full advantage of this more quantitative accounting of model uncertainties because of the simultaneous
generality and consistency with basic physics provided by the halo EFT parameterization. Bayesian model averaging
over the EFT parameter space yields a more general, and more rigorous, accounting of model uncertainties than
examining a range of broadly plausible models.

VII. EFFECTS AT N’LO AND BEYOND

The calculation we have carried out here is complete to NLO in the expansion in powers of kjow /A. In the numerator
Fiow any of the soft scales k, v, k¢, a, or 1/ag,) and 1/aeg,) can appear. This suggests an expansion parameter
~ 20% for amplitudes, so errors due to higher-order effects in the S-factor could be as large as 10%. However, our
success in fitting the NLO halo EFT amplitude both to models and to experimental data suggests that 10% is an
overestimate of the EFT truncation error. In this section we examine various higher-order effects and attempt to
assess their impact on the S-factor.

A. Higher orders in the proton-'Be interaction

First, it is important to recognize that although we nominally worked to NLO, we captured a large set of higher-
order corrections by resumming the range corrections in both the s-wave scattering ERE and the formulae for the
p-wave ANCs. A strict NLO calculation would have re-expanded observables in powers of risg,) and rsg,). In the
single-channel s-wave case such a resummation improves the accuracy of the EFT amplitude from NLO to N2LO,
because the shape parameter (coefficient of the k* term in the ERE) affects the EFT amplitude only at N3LO [45].

However, the presence of "Be* as an explicit degree of freedom in the EFT means that core excitation enters the
s-wave ERE at N?LO (for a natural coupling). In the limit that v, is well below the maximum momentum of interest
this could have a 5% effect on the amplitude. This is mitigated by the restriction of our S-factor study to proton-"Be
energies below 500 keV, which corresponds to a momentum k. = 28.7 MeV/c: this is less than 10% higher than
~va. The limited phase space available to the “Be*-proton channel reduces the amount it can change the cross section
in the energy domain of interest. For the natural-sized coupling assumed in this work we estimate its effect to be a
few per cent at most.

Second, we recall that in this paper we consider only the Coulomb potential between the proton and the core.
Transverse photons can also be exchanged between these two charged particles. However, as noted above, their effect
is suppressed by V?/c? < 0.1%. This estimate is for “potential” photons, which obey gy < |q|. One might be
concerned that, e.g., “ultra-soft” photons, which have gy ~ |q| ~ F, will produce larger effects, since they receive an
infra-red enhancement from the photon propagator. However, the small amount of phase space available for these
modes more than compensates for that enhancement, ultimately making “ultra-soft” photons an O(V?3/c?) effect.

B. Higher multipoles

Next, we turn our attention to the accuracy of the approximations that we made in evaluating the matrix element
of the electromagnetic current in Section IV. There we wrote e**»* ~ 1, which means we have neglected multipoles
higher than E1 in the external photon field.

In the region up to 500 keV there are no resonances in the proton-’Be system, and so standard dimensional
arguments give a reasonable estimate of the effect of higher multipoles. Photon radiation of M1 character will, for
example, be radiated from the system with an amplitude that is ~ V/¢ smaller than the E1 amplitude we have
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computed here. Since M1 and E1 photons do not interfere in the total radiative capture cross section, the M1
multipole then has an effect in the S-factor only at O(V?2/c?). As already mentioned above, this means neglecting
M1 radiation is an approximation that is good to better than 0.1%. We note that this approximation breaks down
immediately above E = 500 keV, due to the presence of the 11 resonance in proton-"Be scattering and its allowed
M1 transition to the ®B ground state.

E2 transitions to the 8B ground state are also allowed, e.g., from p-wave proton-’Be scattering states. Using an
estimate for the amplitude for E2 radiation [88], we find that it is suppressed by w(r)/5 compared to E1 radiation,
where (r) is the size of the emitting region. (The factor in the denominator is the (2L + 1)!! that enters the amplitude
for multipolarity L.) For very-low-energy capture the size of the emitting region can be tens of fermis, and w can
be as large as 500 keV. Thus we conservatively take w(r) = 0.1, suggesting an E2 amplitude that could be a couple
of percent of the E1 amplitude at the upper end of our energy range. As is the case for M1 radiation, E2 and E1
amplitudes enter the S-factor incoherently, so even with these conservative estimates we expect that E2 transitions
affect S(F) by less than 0.05%.

This analysis of higher multipoles within the EFT formalism agrees with previous estimates using potential-model
[89, 90], R-matrix [91], and microscopic [92, 93] approaches, and with our own potential-model calculations [32] using
the potential of Ref. [40]. Indeed, more detailed models generally yield even smaller effects than our EFT estimate,
accounting for less than 0.01% of the total direct-capture S-factor for energies up to 500 keV.

C. Higher-order pieces of the E1 amplitude

Finally, we must consider the fact that the evaluation of the direct-capture E1 amplitude in Section IV amounts to
considering only the leading term in the expansion of the pertinent spherical Bessel function jo(wr). The next term in
the jo(wr) Taylor series — sometimes called a “retardation term” — is however a factor of w?r?/6 smaller than the O(w)
term. It too is at most a 0.2% effect. Moreover, the proton magnetic moment’s contribution to the direct-capture E1
amplitude is suppressed by about w/M,, [88], which increases to =~ 0.05% at 0.5 MeV, and thus its contribution to
the S factor are less than 0.1% (the nuclear magnetic moments’ contributions are even smaller).

There also are higher-order pieces of the short-distance part of the amplitude Sgp. They are represented by higher-
dimensional operators that contain derivatives acting on photon, n, or ¢ fields. However, parity conservation ensures
that these contain at least two spatial derivatives. (The equations of motion can be used to convert all time derivatives
to spatial derivatives.) They are thus suppressed by k? ~ 2Mg E compared to the NLO short-distance effects we have
included here. This makes them N3LO. We have tested the impact that the inclusion of this kind of N3LO term has
on our Bayesian analysis [32]. This revealed no statistical evidence for non-trivial energy dependence of either L; or
Ly in the experimental data on “Be(p,7)®B.

VIII. SUMMARY

We have studied the “Be(p, v)®B reaction in a low-energy effective field theory up to NLO. This yields an amplitude
valid over the entire < 500 keV energy range directly relevant to astrophysical modeling and data extrapolation.
Major results at LO and NLO were presented in previous reports. In this paper we provide details of our work.

We first discussed the EFT power counting based on velocity scaling. The Coulomb potential is very important in
our reaction, and velocity scaling—originally developed in the context of a system of two heavy quarks interacting
via gluon exchange—is well-suited to its treatment. We used velocity scaling to include electromagnetic interactions
in a simple EFT in which strong interactions are classified according to the power counting developed for systems
with large s-wave scattering lengths and shallow p-wave bound states. In order to make a connection between EFT
calculations and ordinary quantum mechanics we computed amplitudes using time-ordered perturbation theory and
the Lippmann-Schwinger equation, since the intermediate states are easily identified there. This also allows us to
fully exploit existing knowledge of Coulomb wave functions in coordinate space. Indeed, one major feature of this
work is the development of EFT matrix elements in position space. It will be interesting to explore higher-order loop
diagrams using this method.

We applied the Lagrangian, power counting, and calculational methods developed in our simple EFT to the
"Be(p, v)®B reaction, including all the complications necessary for a realistic calculation, i.e., spin degrees of free-
dom and a "Be core excitation at low energy. The latter modifies the corresponding effective range expansion within
the EFT: the s-wave acquires a small inelasticity, while the p-wave becomes an elementary coupled-channel prob-
lem. The 8B ANCs were also computed in terms of the underlying EFT parameters. This connection was used in
our previous LO work to fix the EFT parameters to ANCs computed ab initio and produce a LO estimate of the
S-factor [18].
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We then computed the reaction amplitude using time-ordered perturbation theory and found that loop diagrams are
finite in calculations using the spatial coordinate. The final results bear similarities to those of quantum-mechanical
models, but with the crucial difference that there is an explicit hierarchy of contributions—external capture, core
excitation, and short distance terms—that had never before been studied as systematically. This displays the power of
EFT, which provides a systematic way to organize the matrix element. The resulting amplitude is model independent
in the sense that it has no regulator dependence and a minimal parameter set for a specified accuracy. The generality
of the formalism places estimates of theory uncertainties on firmer ground.

As an explicit demonstration of this, we showed that several published models can be defined as specific points
in the EFT parameter space—at least as far as the capture amplitude up to center-of-mass energies of 500 keV is
concerned. The S-factors and phase shifts of each model permit extraction of an unambiguous set of EFT parameters:
ANC:s from the d-wave S-factors, s-wave couplings from phase shifts, and contact couplings from the s-wave S-factors.
The coordinates of these models in the space of EFTs (i.e., corresponding values of EFT couplings) in general agree
with power-counting expectations. From the difference between the fitted EFTs and the original models outside the
fitted energy range, we estimate that the truncation error of our calculation is actually N3LO and thus < 1%.

The halo EFT developed here thus covers the space of low-energy theories of "Be(p,y)®B and has omitted terms
that are negligible over the energy range important for extrapolation from laboratory to astrophysical conditions.
This facilitates our data-driven extrapolation, wherein we use Bayesian methodology to sample the space of EFT
parameters and compute the posterior PDF in that parameter space based on data on "Be(p, v)®B and the scattering
lengths extracted in Ref. [81]. The resulting extrapolant does not include the tacit assumptions of a potential model
and produces a smaller (combined theory and experiment) uncertainty than that of previous evaluations.

Finally, we point out that the EFT and Bayesian methodology used here is applicable to other systems with similar
features.
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Appendix A: Lippmann-Schwinger expansion

Following the canonical quantization procedure (e.g. [52]), we can derive a Hamiltonian from the toy-model La-
grangian in expression (1). Without showing the details, we list the free Hamiltonian density and the strong-interaction
potential density:

2 2 2

\Y% \Y%
N | _ot = _
Ho(@) =ct | —gpp | etn | =g | n=9" | —qpp, ~ B¢ ) ¢
—)2
: \Y%
fol - ~-A ; Al
+7 S = | ™ (Ala)
Ws(x) = —hsdTne+ H.C., (Alb)
Wy(x) = —hpm! 0 Viie+ H.C. . (Alc)

The free Hamiltonian and potential Hy = [ dxHo(x), Wy = [ deWs(x), and W), = [ deW,(x). In principle, the
daggered fields should be represented by the corresponding conjugate momentum fields, e.g., Il = 0L/ d¢, but for
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simplicity we just use the daggered fields themselves. After quantization, the fields are operator-valued functions

depending on the space coordinate x; when acting on a state in Fock space the fields annihilate particles while the
daggered fields create particles, for example ¢(x) = [ (‘Z: s etPoz g p, and o (x = (‘Z: ¢ e, ¢'E¢L¢. We stress that
no anti-particle degrees of freedom exist in this theory

The subtlety due to the extra minus sign for the s-wave dimer (¢ field) free Hamiltonian in expression (Ala) should

be properly dealt with. For this field we impose the canonical commutation relation [¢(x), ¢'(x')] = —6 (z — ).
Then, if |0) is the vacuum state and |Py) = gi>;3(1)|0)7 it follows that (Pj|Py) = —(2m)36 (P¢ - Pé)) This won’t cause
any problems in our EFT, because the particle number is conserved and finite, and therefore the energy is bounded
from below. However, the completeness relation for the ¢-mode subspace is:

dPy
o=~ [ Gr5IP il (42)

An alternative approach to deal with the sign is to introduce an extra sign for defining the ket state, (Py| =
(0|(=)¢p,, so that the state’s norm and the expectation value of Hamiltonian are positive. Physical results, e.g., the
scattering T-matrix, computed in this way are the same as using the approach we have given here. All the other
fields have conventional norms/completeness relations, e.g., [c(x), c!f(z')] = § (x — '), (P!|P.) = (27)3 (P. — P.),
and I, = f o )3 P.){P.|. (Of course, for a fermion, the anti-commutator should be used.)

“_»

Quantization of the electromagnetic sector of the theory needs more care and won’t be discussed here (see e.g. [52]).
After quantization the Hamiltonian can be written as:

W, = Z / P, SFWP, Aa}. AOP, Afe/da:JN( ) A(a:)+8e2/da:da:’pN(w)fw($l) (A3)

P
e T |z — /|

The first term is the free Hamiltonian for a transverse photon with two polarizations. The last term is the pure
Coulomb potential W, while the second term is what remains of the canonical J*A,, interaction, which elsewhere in
the text we refer to as —Lgps. The current and charge densities associated with the matter fields, Jy and py, can
be derived from the EFT Lagrangian.

Since the two-particle state |n,c) appears frequently in the calculation, we now list several important relations
between the individual-particle coordinates R,, and R. (momenta P, and P.) on the one hand, and the center-of-
mass coordinate R, (momentum P,.) and relative coordinate r,. (momentum p,,.) on the other:

R, = R,.+ fry., (A4)
R. = R — (1= f)rne (A5)
P, = (1= f)Puc+ pne (A6)
P. = fPyc—pnc, (AT)

As mentioned before, f = M./M,.. Based on the single-particle Fock-state definition, the two-particle-state normal-
izations are

<R;R2|Rch> = 6(R;z - Rn)a(Ri - Rc) ) (AS)
(PyP!|P,P.) = (2m)°3(P; — P,)(2m)°6(P! — (A9)

P.).
The Fock states with given space coordinates are defined as |R,R.) = n'(R,)c'(R.)|0). Equivalently, these states
can be labeled by variables that manifestly separate out CM motion, i.e., | Pye Pne) = |PnPe) and |Rye Tne) = [ Ry Re)-
Since

dR,dR. = dRy.dry. (A10)
dP,dP, = dP,.dpy. , (A11)

the normalizations for the states of Eq. (A8) and (A9) can be rewritten as

(RycThel Rnctne) = 0(Rye — Rue)d(The = Tne) (A12)
< ncpnc|PncpnC> = (27T)35(P7,10 - Pnc)(27r)35(p;7.c - pnc) : (A]_3)

Plane waves are then written as:

(R, R|P,P,) = ¢/(PueRutPeRe) _ i(Puc-Ructpuctne) — (R 1 | P poc). (A14)
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FIG. 10: The matrix element of the EM vertex Lgy—defined in expression (A3)-between initial free n — ¢ state and final free
n — ¢ plus one transverse photon state.

We make extensive use of the so-called Coulomb distorted states, defined in terms of the plane waves as:

1

WWC:) ‘PnaPC> ’ (A15)

1P, x5 = (1 +

with Ho = Hg + We. These states can be computed analytically, and are:

(Rpe Tne| Prc, Xz(onD - eiPnc-Rmxgiz (Pne) - (A16)
with X;,iz (rne) the so-called Coulomb wave functions in coordinate space [35, 94], details of which can be found in
Appendix B.

Now we are in a position to compute several matrix elements used in the scattering and reaction calculations. For
Wy, we have

(Pol Wl Pac () = (P / () (1) (r)e(r)] Puc. 52)
= 271' 55( nc_P¢)X§JfZ(O) (A17)

Note the subscripts of momentum variables in the Fock state indicate the particle type therein. In the 2nd step of the
derivation, the sign is flipped because of the ¢ state’s negative norm. Hermitian conjugation of this vertex’s matrix
element amounts to complex conjugation of the expression (A17).

If some care is taken with the operation of derivatives, we can compute the matrix element for W), in a similar
fashion:

<P7ra77j‘Wp‘Pn07X§7::l> = <P7r,7'rj|/d'r(—)hpﬂ'J(’I”)n('l‘)f/}éc(’r)‘Pnc,X;::D

_h
Zﬁ;(%)%(ﬂw =Py [ drsriopg o)

L (27)2(P,e — Py)0;x5E)(0) . (A18)
R

The index j corresponds to the dimer state with spin projection j on the Z axis.
We can also calculate the vertex shown in Fig. 10 in the plane-wave basis (in Coulomb gauge):

<P72aPcla P’yvA)\‘LEM|Pn7Pc> =

(27)6 (Pae — Pl — P,)6 (pne — Pl — [Py) ¢ 2065

M,
(2m)°8 (Prc = Pre = Py) 6 (Pne — P + (1= f)Py) e ¢

[pnc'i_ (1 _f)Pnc] +

Qc*

Again A* means the transverse photon with polarization \. P, and € are the photon’s outgoing momentum and its
polarization vector. It is then straightforward to convert this to a matrix element between Coulomb-distorted states
in the frame where the total initial momentum of the nc system, P,. = 0.

(Phoxb, Py AN L Poc = 0,X57)) = (21)%0 (P, + P,) x

n C

€ /drncXLj)*(rnc) |:6—iwa»r,,wZC\24n - ei(l—f)Pyr,,w% (_iei 'arnc) X;J—:Z (rnc) . (A20)
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We can also define the full propagator for all the fields, which is useful in diagrammatic calculations. For example,
we define the full propagator Dy

1

The states are free dimer states here. The other fields’ propagators are defined in the same way and hence won’t be
shown explicitly here. The matrix elements can be expanded using the LSE.

Appendix B: Asymptotic Coulomb wave function

The Coulomb-distorted incoming and outgoing wave functions in coordinate space are

X;i)(r) = e 5MRTT(1 £ in) M (Fin, 1; £ikr — ikr) (B1)
with n = Z(:Z"nfziem = kkc, and 53— for the relative energy of the two-particle system. M(a,b; z) is the Kummer
function [43], and at small z:

a a(a+1)22
Mla.b:2) =1+ = el B2
(a.b2) =1+ g2+ S 7yor + (B2)

By using this expansion, we get

chi)(r =0) = C, oetioo

s

9;xi”(0) = 3C, et ik . (B3)

. _ 2le” BN (I414in)]
with C)); = —Te

As with the plane wave, the x

2io; — L(I+1+14n)
= T(+1—in) *

have a partial-wave decomposition:

and e
(i)( )

W) = an SR T e (B4
W) =t R o) (85)

Here Y™ () is a conventional spherical harmonic, but ¥}, (#) = Y™ (#)*. Meanwhile, Fj(k,r) is the regular solution
of the Schrédinger equation with pure Coulomb interaction at angular momentum I:

Fy(k,r) = Cyae™ (kr) ™ M (1 + 1+ in; 21 + 2, —2ikr) . (B6)

It is a real function for real k, r, and k¢, as can be checked using M(a, b, z) = e*M (b — a,b, —z). Associated with it
is an irregular real solution, known as G;(k,r). (More details can be found in Ref. [43].) The two can be related to
the Whittaker function [43] for real k, r, and kc¢:

Gi(k,r) +iFy(k,r) :ewle%"(—i)lw_mH%(—Qikr) ; (B7a)
Gi(k,r) —iFy(k,r) = e "7 e3(0)' W, 11 (2ikr) . (B7b)

Here W, ,,(2) is analytic in &, g, and z. An important property about this function needs to be pointed here, i.e.

ET(41 - in)Win,H% (2ikr) as a function of k is analytic on the whole lower complex plane, including the real axis.

To prove this statement first observe that I'(l + 1 — in) is analytic when Im k& < 0, and, as mentioned before, the
Whittaker function is analytic for non-zero k. Therefore, to prove the proposed analyticity property, we only need
to focus on k — 0 — 0" from the lower plane. The Whittaker function can be represented in integral form [95] (for
z2#0, —m < argz < m, and Re(’%"1 —K)>0):

ZFe=? +oo g1 W, p=1
Wee(z)=———— e Pwr R4+ )T raw B8
0= | a+2) (B3)



38

which leads to

Lk
Yl U ! 2ikr] "
Winis172(2) 01+ 1 —in)2'.zoir = e e Yw(w+2)" |1+ " dw
0
+oo o] _2rkg
= / e Yw?e” "w dw (when k — 0 —i0") , (B9)
0

which is finite. Note that as long as Im(k) < 0, the —7 < argz < 7 and Re(‘%r1 — k) > 0 conditions are satisfied.
Eq. (B9) indicates that we can analytically continue k'T'(1+1 —in)Wip 141 (2ikr) from k’s lower half-plane (Im(k) < 0)
to the real axis (Im(k) = 0). Following the same arguments, we can analytically continue kT(l—i—l—&—in)WﬁmH% (—2ikr)

from k’s upper half-plane (Im(k) > 0) down to the real axis (Im(k) = 0). This proves the analyticity properties claimed
in the main text.
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