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Abstract

A method to calculate the form factor for an external current with non-derivative coupling for
the three-body system in an effective field theory (EFT) of short-range interactions is shown.
Using this method the point charge radius of *He is calculated to next-to-next-to-leading order
(NNLO) in pionless EFT (EFT(#)), and the magnetic moment and magnetic radius of *H and
3He are calculated to next-to-leading order (NLO). For the *He charge and magnetic form factors
Coulomb interactions are ignored. The 3He point charge radius is given by 1.74(4) fm at NNLO.
This agrees well with the experimental *He point charge radius of 1.7753(54) fm [1]. The 3H
(®He) magnetic moment in units of nuclear magnetons is found to be 2.92(35) (-2.08(25)) at NLO
in agreement with the experimental value of 2.979 (-2.127). For 3H (3He) the NLO magnetic
radius is 1.78(11) fm (1.85(11) fm) which agrees with the experimental value of 1.840(182) fm
(1.965(154) fm) [2]. The fitting of the low-energy constant L; of the isovector two-body magnetic
current and the consequences of Wigner-SU(4) symmetry for the three-nucleon magnetic moments

are also discussed.
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I. INTRODUCTION

When systems are probed at length scales much larger than the scale of their underlying
interaction r then those interactions can be expanded in a series of contact interactions
known as short range effective field theory (stEFT). Systems with short range interactions
(i.e. cold atom systems, halo nuclei, and low energy few-nucleon systems) exhibit such
behavior at low energies. The applicability of stEFT to such a broad class of systems is
known as universality [3]. Importantly, stEFT possesses a power counting that allows for
systematically improvable calculations with error estimates. The power counting is in powers
of (Q/A)™, where @ is the typical momentum scale of particles in the system, A ~ 1/r is the
breakdown scale of srEFT, and using naive dimensional analysis [4] low energy constants
(LECs) in the theory are assumed to scale dimensionally in powers of A. However, for
physical systems of interest it is observed that the scattering length a scales unnaturally
(r < a~1/Q). This leads to interactions in a being treated non-perturbatively at leading
order (LO) and the creation of relatively shallow two-body bound states [5 [6]. Higher order
range corrections are then added perturbatively in a series of r/a ~ Q/A.

stEFT has been used successfully in the description of low-energy few-nucleon systems
through the use of pionless EFT (EFT(#)), characterized by the breakdown scale Ay ~ m,
and valid for energies F < m2/My. EFT(#) has been used in the two-body sector to
calculate nucleon-nucleon (NN) scattering [7HI0], neutron-proton (np) capture [7, 11}, 12]
to (S 1%) [13], deuteron electromagnetic properties [11, 2], proton-proton fusion [I4-
16], and neutrino-deuteron scattering [I7]. In the three-body sector it has been used to
calculate neutron-deuteron (nd) scattering [I8-24], proton-deuteron (pd) scattering [25-
30], *H and 3He binding energies [19} 26| [31], [32], three-nucleon electromagnetic [33], [34] and
weak properties [35], and nd capture [30], [37].

Techniques to calculate nd scattering strictly perturbatively were introduced in Ref. [23].
Ref. [38] then extended this method to the calculation of perturbative corrections to three-
body bound states. Using these methods, Ref. [38] calculated the triton point charge radius
to next-to-next-to leading-order (NNLO) finding good agreement with experiment. This
paper builds upon this work by considering the electric and magnetic properties of three-
nucleon systems in the absence of Coulomb interactions. In fact the calculation of the general

three-nucleon form factor, resulting moments (value at Q% = 0), and radii for any external



current with non-derivative coupling is considered in this work. This is possible since the
form factors for such currents depend on the same integrals but with different constants in
front of them.

In EFT(s) the charge form factor up to NNLO can be predicted using four two-body
LECs and two three-body LECs encoding interactions between nuclei. The two-body LECs
in this work are fit to the 3S; and 1S, poles for NN scattering and their associated residues,
while the three-body LECs are fit to the triton binding energy and the doublet S-wave
nd scattering length. In this work Coulomb interactions and isospin breaking from strong
interactions are ignored for *He, therefore next-to leading order (NLO) and NNLO Coulomb
and isospin breaking corrections to the three-body force can be ignored [2§]. The three-
nucleon EFT(3) magnetic form factor to NLO requires the same LECs as the charge form
factor with the exception of the NNLO energy dependent three-body force. In addition
the NLO magnetic form factor will require an isoscalar and isovector two-body magnetic
current.

The three-nucleon charge form factors are reproduced well using potential model calcu-
lations (PMCs) [39, 40], whereas the magnetic form factor of *H is reasonably reproduced,
but the 3He magnetic form factor poorly describes the first observed diffraction minimum
from experiment. Chiral EFT (yEFT) [41] reproduces the three-nucleon charge and mag-
netic form factors well for @ < 3 fm™'. The resulting charge radii, magnetic moments,
and magnetic radii from PMCs and yEFT agree reasonably well with experimental data.’
EFT(#) is only valid for momentum transfers of @ < 0.7 fm~! and thus cannot directly
address the issues observed in PMCs and xEFT for larger () values. However, EFT(#) can
garner insight into the importance of two- and three-body currents.

As shown in Ref. [42], going to the Wigner-SU(4) symmetric limit in which the NN
scattering lengths and effective ranges for the 35; and Sy channels are set equal reproduces
properties (e.g. bound state energy and charge radii) of the three-nucleon systems well
within expected errors. It was also shown that a dual perturbative expansion in EFT(5)
and powers of a Wigner-SU(4) symmetry breaking parameter led to good convergence with

experimental data for three-nucleon systems. Expanding on this, the values of the three-

! For a comparison between different methods, including EFT(#), for calculating the triton charge radius
consult Ref. [38]. Also note that in principle both xEFT and EFT() can be cast into a potential model.



nucleon magnetic moments in the Wigner-SU(4) symmetric limit are calculated in this work.
At LO in this limit the Schmidt-limit [43] is reproduced in which the magnetic moment of
the three nucleon system is given by the magnetic moment of the unpaired nucleon. It is
also demonstrated in the Wigner-SU(4) limit that the expressions for the NLO magnetic
moments can be written entirely in terms of LO three-nucleon vertex functions.

This paper is organized as follows. Section [lIf gives the EFT(#f) Lagrangian and all
necessary two-body physics, while Sec. reviews relevant properties of the three-body
system. In Sec. [[V|properties of the charge and magnetic form factor in EFT(#) are derived,
and the consequences of Wigner-symmetry on the form factors discussed. Finally, in Sec. [V]

results are given and conclusions are given in Sec. [V

II. LAGRANGIAN AND TWO-BODY SYSTEM

The two-body EFT () Lagrangian is
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where t; (3,) is the spin-triplet (spin-singlet) dibaryon field. Parameter y, (y,) sets the
interaction strength between the spin-triplet (spin-singlet) dibaryon and nucleons, while
P, = \/Lgagaﬂg (P, = \/LngTaag) projects out the spin-triplet iso-singlet (spin-singlet iso-

triplet) combination of nucleons. The covariant derivative is defined by
D, =0,+1QA,, (2)

where flﬂ is the photon field, and Q is the charge operator given by Q = (1+173)/2, Q =1,
and Q = (1 4 T3) for the fields N, i;, and §, respectively.? i/A; is the bare spin-triplet
dibaryon propagator which at LO is dressed by an infinite series of nucleon bubble diagrams

as shown in Fig. [Il This series, a geometric series, yields the LO spin-triplet dibaryon

2 Ty is the operator for the z-component of isospin.
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propagator, which receives range corrections from co; at NLO and NNLO as shown in Fig. [1]
The resulting parameters of the spin-triplet dibaryon propagator are then fit to give the
deuteron pole at LO and its residue at higher orders. The same procedure can be carried
out for the spin-singlet dibaryon propagator with parameters fit to the 1S, virtual bound
state pole at LO and to its residue at NLO. This fitting procedure is known as the Z-
parametrization [22, 44] and has the advantage of giving the correct residue about the poles
in the 35, and 'Sy channels at NLO instead of being approached perturbatively as in the

effective range expansion (ERE) parametrization. Using the Z-parametrization gives the

(NLO) (NNLO)

FIG. 1: The top equation shows the LO dressed spin-triplet dibaryon propagator, which can be
solved analytically via a geometric series. Nucleons are single lines, solid lines are the bare spin-
triplet dibaryon propagator i/A;, and the double line is the dressed spin-triplet dibaryon. The
cross represents a NLO order effective range insertion from cé(t)) and the star a NNLO correction

(1)

from cg,”.

coeflicients [22]
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where v, = 45.7025 MeV is the deuteron binding momentum, Z; = 1.6908 is the residue
about the deuteron pole, v, = —7.890 MeV is the 1Sy virtual bound-state momentum,
and Z, = 0.9015 is the residue about the Sy pole [45]. The scale 1 comes from using
dimensional regularization with the power-divergence subtraction scheme [5], [6], and all
physical observables do not depend on u. Parameter co; (cos) is split up into contributions
(n) ( (n)

cor. (cos ) at each order to ensure the pole position is fixed and has the correct residue. The

resulting spin-triplet (spin-singlet) dibaryon in the Z-parametrization up to NNLO is given
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LO interactions between nucleons and the magnetic field at the one-body level are given
by the Lagrangian

ma € Y - %
leog = MNT(/{Q + /{17'3)0' . B]V7 (5)

where ko = 0.4399 is the isoscalar magnetic moment of the nucleon and x; = 2.3529 is the
isovector magnetic moment of the nucleon in nuclear magnetons. At NLO there are two

two-body magnetic currents, Ly [7, 46] and Lo [7, [47] given by the Lagrangian
Ly~ Lo .. a
L9 = (eétﬂggBj + H.c.) - egz’ewkﬂthk. (6)

In the three-body system there will be a LO three-body force [19] with non-derivative
coupling, which receives corrections at higher orders to avoid refitting. At NNLO a new
energy dependent three-body force is required in EFT(#) [2I]. These three-body forces are
easily represented by the introduction of an interaction between 7,& [21], [38], dibaryons, and

nucleons via the Lagrangian

f)Q ,yz
Q—ho(\) [ iD T
2( )<Z 0+6MN+MN>

+ H.c.,

Ly =0t
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where © is a three-nucleon iso-doublet field containing *H and *He. The NNLO energy
dependent three-body force term is given by

0 0 0) (0

ﬁ2 _ _3(w§0))2h2( ) _ _3(w£0))2 2( ) _ _3w150)w£0)

7TQ2MN WQQMN WQQMN

For further details of three-body forces and how they are fit consult Ref. [3§].

ha(A). (8)
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III. THREE-BODY SYSTEM

Detailed methods for calculating the three-nucleon vertex function can be found in
Ref. [38] and a brief review of them, in order that this work is relatively self contained,
is given below. The LO three-nucleon vertex function is the solution of an integral equa-

tion represented by the diagrams of Fig. [2] Double dashed lines are spin-singlet dibaryons

FIG. 2: The coupled-channel integral equations for the LO three-nucleon vertex function, where
the triple line is the three-nucleon system, and the filled circle is the LO three-nucleon vertex

function.

and the triple lines three-nucleon fields. In cluster-configuration (c.c.) space [22] the LO

three-nucleon vertex function is given by the integral equation

Go(E,p) = By + Ko(q,p, E) @ Go(F, q), (9)

where Go(FE, p) is a c.c. space vector given by

Gossni(E,
Go(2,p) — [ Fow=nelEp) ) (10)

gO,¢—>Ns (E7 p)

and the inhomogeneous term By is a c.c. space vector given by

By — (_1) . (11)

Go.y—nt(E, p) (Gow—ns(E, p)) is the three-nucleon vertex function for a three-nucleon system
going to a nucleon and deuteron (nucleon and spin-singlet dibaryon). The kernel of Eq. @

is a c.c. space matrix given by

2
KO(qvpa E) = RO(Qapv E) D(O)(E - q—aa) ’ (12>

where

: (13)



matrix multiplies

DO(E, q) = : (14)

which is a matrix of LO dibaryon propagators. Qy(a) is a Legendre function of the second

kind defined as
1 1+a
Qo(a) = éln ( ) , (15)

l1—a

and the “®” notation is defined by

A
Alq)®B(q) = %/0 dqq®A(q)B(q).

The NLO and NNLO three-nucleon vertex functions are given by integral equations rep-

resented in Figs. [3] and [ respectively. In c.c. space the NLO three-nucleon vertex function
- ff AN N
Pl =
- + IO\ N

FIG. 3: The coupled-channel integral equations for the NLO correction to the three-nucleon vertex

function.

»

+

FIG. 4: The coupled-channel integral equations for the NNLO correction to the three-nucleon

D

vertex function.
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9
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where R (po, p) is a c.c. space matrix defined by

421 (g, + /152 — Mypo — i) 0

Ri(po,B) = [ " (17)
0 - (% + \/iﬁQ — Mnpo — ié)
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In c.c. space the NNLO three-nucleon vertex function is given by

=2
g2(E>p) = Rl (E - %715’) |:g1(E7p> - clg()(Eap)] + KO(q7p7 E) ® g2(E7Q>7 (18)
N
where
Zy — 1 0
C, = ! ) (19>
0 Z,—1

is a c.c. space matrix.

To properly normalize the three-nucleon vertex function the three-nucleon wavefunction
renormalization is needed, which is obtained by calculating the residue about the three-
nucleon propagator pole. This pole is fixed to the triton binding energy B = Esy, Esy =
—8.48 MeV [48], by appropriate tuning of three-body forces. Further details of how this is
done can be seen in Ref. [38]. The resulting three-nucleon wavefunction renormalization up

to and including NNLO is given by

T ¥ (B)
Zy = - 2
Cnm | S 2
LO NLO
S(B) (B 4., 5 Xo(B) V"
- - ~ My HyXo(B —B— ).
{zaw) (Sim) * gPmat) (S B 5 )y |
NNLO
where the ¥, (E) functions are defined by
2
Su(E) = —7Tr |DO(E— -2 ¢) @ G.(E,q)], (21)
2 My

and H, is the energy dependent NNLO three-body force [21], B8] from Eq. . Taking
the square root of Z, and expanding, the properly renormalized LO three-nucleon vertex

function is given by

To(p) = 1/ Z;°Go(B,p), (22)

the properly renormalized NLO correction to the three-nucleon vertex function by

i) = /210 [61(8.0) — 3G B.p)] 23



and the properly renormalized NNLO correction to the three-nucleon vertex function by

L) = /210 [6:(8.5) - o) 6:(B.p) 24

3 (3(B) 13(B) 2. = ¥3(B)
+{§<26(B) _526(3) —gMNH2m}go(Bap)

Y

where

m
70 = : (25)

IV. CHARGE AND MAGNETIC FORM FACTORS
A. Charge and Magnetic Moments

In Ref. [38] the charge form factor of the triton was calculated to NNLO in EFT(s).
Calculating the *He charge form factor, *H magnetic form factor, and the 3He magnetic
form factor in the absence of Coulomb interactions is essentially the same calculation as the
3H charge form factor. The only difference between these calculations are the coefficients
that appear in front of the same integrals. Both charge and magnetic form factors at LO
are given by the sum of diagrams in Fig. [5] where all photons are either minimally coupled

Ap photons or magnetically coupled from Eq. . Form factors are calculated in the Breit

(a) (b) (c)

FIG. 5: Diagrams for the LO three-nucleon charge and magnetic form factor. All wavy green
lines represent either a magnetic or flo photon and the black dot their respective coupling to the

nucleons.

frame in which the photon only imparts momentum Q but no energy on the three-nucleon

system, and all form factors are only functions of Q. Using the work of Ref. [38] the LO
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Form factor| a1 a2 bi1 b1 boy bas el cio | ear leo
SH /2 2 1 1
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3He (2 1 4 5
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Fypo(Q%) | =50 |ko— gk | =57 |Ko + gk1 Ko + gk1|Ko + 3k1|3k0| 31 | 5K1 | O

TABLE I: Values of coefficients for the LO *H and *He magnetic and charge form factors. Note
factors of ﬁ have been removed from the magnetic coefficients since the magnetic moments are

given in units of nuclear magnetons.

“generic” form factor in the limit Q% = 0 is given by

~ T s o(g—1 c11 + a1 C12
9%/ 34> — MyB Co1 Co2 + Qoo
1 bi1 — 2a11 bio + 3(a11 +a ~
T L : 11 11 012 (ann 22) & To(0),
¢*0* = (¢* + 2 = My B) bor + 3(a11 + as2) bao — 2as
where the c.c. space vector function ', (q) is
T (0) ¢’
I'.(q) =D B———q ) T.(q), 27
=0V (-1 d)r.0 (27)
and n=20,1,2,---. The coefficients a;; and ass come from the c.c. space matrix of diagram

Fig. (a), the coefficients b1, bya, ba1, and bys from the c.c. space matrix of diagram Fig. (b),
and the coefficients cy1, ¢12, Co1, and coo from the c.c. space matrix of diagram Fig. (c) The
only difference between the LO magnetic and charge form factors for *H and ®*He are the
values of these coefficients shown in Table[ll for each. Further details of how these coefficients
are obtained are given in Appendix [A]

Choosing the coefficients for the triton charge form factor gives

~ T Slag— ¢ 10
Fo(0) = 27 My <F0(q)> ® g : 3(q2 ) 0 (28)
q*\/50° — My B
1 1 -3 ~
® L'o(£).

PP — (2 + - MyB? \_3 1

This expression is the same as the normalization condition in Ref. [26], and therefore it

follows automatically that Fy(0) = 1 for the triton charge form factor. Plugging in the 3He
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charge form factor coefficients gives two times Eq. (28)), and hence F(0) = 2 for the *He

charge form factor.?
The NLO correction to the charge and magnetic form factors is given by the diagrams in

Fig. @ Diagram-(d) for charge form factors comes from gauging the dibaryon kinetic term

a_

(a) (b) (c)

(d) (e)

FIG. 6: Diagrams for the NLO correction to the three-nucleon charge and magnetic form factors.
The boxed diagram is subtracted to avoid double counting. For the charge form factor diagram (d)
comes from gauging the dibaryon kinetic term and for the magnetic form factor from the L; and

Lo contact terms given in Eq. @ Diagrams related by time reversal symmetry are not shown.

and for the magnetic form factor comes from the L; and Ly term of Eq. @ Not shown in
Fig. @ are diagrams related by time reversal symmetry. Diagram-(e) in the dashed box is

subtracted from the other diagrams to avoid double counting from diagram-(a) and its time

3 Conventionally charge form factors are defined such that F(Q? = 0) = 1.
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Form factor dll d12 d21 d22

FRQ?) | /Mn| 0 | 0 |3 /My
FERe@Q?) |ef) /My| 0 | 0 |3ep) /My
Fal @ | —2Ly | i1y | 14 0

Fi*(@) | —3L2 |=3Li|-5Li| 0

TABLE II: Values of coefficients for the NLO corrections to (d)-type diagrams for the 3H and 3He
magnetic and charge form factors. Note factors of ﬁ have been removed from the magnetic

coefficients since the magnetic moments are given in units of nuclear magnetons.

reversed version. The NLO correction to the “generic” form factor in the limit Q? = 0 is

~ T T o(g—1 C11 + ann C12
F1(0) = 27 My (Fl(q)> ®95 -9 (29)
g%/ %q2 — My B,y Ca1 Coo + 22
1 bi1 — 2ay; bia + 3(ay +a ~
r— N : 11 11 bi2 (an 22) & To(0)
q*0* — (¢* + * — My By) bo1 + 3(a11 + ag2) bas — 2as:
~ T olg — 7 c11 t+a C
+om My (I‘o(q)> - g (g—1) 11+ an 12
g2y /%q2 — My By Co1 Co2 + Q22
1 b1 — 2a11 bio +3(a11 +a ~
e N : 11 11 bi2 (an 22) T4 (0)
q 02 — (q + 2 — MNBO) b21 =+ 3(@11 -+ a22) 622 — 2@22
0)
~ T mo(qg—F 0 qyy + dyy d12 ~
— 47TMN (I‘O(q)) ® 5# My 0 X F0(£)7
q doy A 22 + doo

where the coefficients di1,d12,d21, and dyy are from the NLO c.c. space matrix for diagram
Fig. @(d) and are shown in Table . Again the derivation of these coefficients is given in
Appendix . For F;(0) the first two terms simply come from replacing f‘o(q) by f‘l(q) in
Eq. (26). The last term of F;(0) has NLO corrections from diagrams (a),(d), and (e) of Fig.[6]

For the three-nucleon charge form factor F7(0) = 0 as a consequence of gauge symmetry.

B. Charge and Magnetic Radius

In general the form factor can be expanded in powers of Q? yielding
1 Ay
Q) = 17 (1- g k) @) (30)
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where X = C' (X = M) for the charge (magnetic) form factor, and 4Z = 3H or 3He. f,?
(f2£) is the charge (magnetic moment) of the three-nucleon system, and (57%>AZ ((6r2,)" %)
is the point charge (magnetic) radius of the three-nucleon system. Higher order terms in
@Q?* are not considered in this work, because for values of Q? for which EFT(#) is valid form
factors are dominated by the constant and (Q? pieces. Methods for calculating the form
factor with all powers of % can be seen in Refs. [38], 49].

The coefficient of the Q? contribution to the “generic” form factor to any order up to

NNLO from type (a) diagrams is given by

1 a i+j<n _
250e @), =20 Y {G 0 © Ao ) @ Gy (31)
1,7=0

+2§iT(p) ® A,—i(p)djo + An5z’05jo} y

where the subscripts denote the order of the term in EFT (7). A, (p, k) is a c.c. space matrix,
A, (p) is a c.c. space vector, and A, is a c.c. space scalar. The detailed form of these functions
is given in Appendix [B] and they all depend on the coefficients a7 and ags. Note that the
NLO diagram-(e) of Fig. [6] is absorbed into the NLO expression for diagram-(a) [38]. The
c.c. space vector én(p) is defined by

2
G.(p) =D (B L 5)G.B,p). 2
G,(p) =D (B~ 8 5) 6.5 (52)
Type-(b) diagrams to any order up to NNLO give a Q* contribution of
L& o (Q?) ZLOZQ ) ® Bo(p, k) @ Gy (k) (33)
28@2 n Q2=0 — 4y 0 pa n—i )

where By(p, k) is a c.c. space matrix given in Appendix B} Functions B, (p, k) for n > 1 do
not exist. The Q% contribution from type-(c) diagrams to any order up to NNLO gives

i+ji<n

FOQY),,, =20 Y {6 (08 Corics0.0) @ G,(8) + Cons(k) © Gk |

1,7=0

1 0
2002 "

(34)
where C,,(p, k) is c.c. space matrix and C,,(k) is a c.c. space vector both given in Appendix .
Finally, the Q? contribution from type-(d) diagrams to any order up to NNLO gives

1 a i+j<n—1 _ N
2502 @)] L, =2 3 {Gi ) ©Dueiss0.K) @Gk + Dos(k) © GulR) |
4,7=0

(35)
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with D, (p, k) a c.c. space matrix and D, (k) a c.c. space vector both given in Appendix [B]
Summing the contribution from all LO diagrams the Q* part of the “generic” LO form

factor is given by

1 9 1o

59 @) = 33 (RI@+ @+ RO@) |, 60)
The NLO correction to the Q? part of the “generic” form factor is
1 92 1 92 a
25021 @) = 3508 (F@)+ FO@)+ FO@)+ Y@ |, 6D
E’ (B)1 0° 9
=(3) 2007 9 lory

where the NLO diagrams are summed together and the LO contribution is multiplied by the
NLO three-nucleon wavefunction renormalization. Finally, including all NNLO contributions
and multiplying the NLO term by the NLO three-nucleon wavefunction renormalization and

the LO contribution by the NNLO three-nucleon wavefunction renormalization gives

1 92 ) 1 0* [ (@), 2 (5) 2 (©) (2 () (2
5505 @) = 55 (B @)+ FO@+ FO@+ FO@) |, 69)
z( )1 8 S(B) 4 Z2(B)\ 1 &
So(B)20Q? 1@ Q=0 (zz(B) §MNH ¥ (B)) 20Q° (@) Q=0

for the NNLO correction to the Q? part of the “generic” form factor.

C. Wigner-Symmetry: Consequences

Additional information can be gleaned by going to the Wigner basis which is defined by

F%_)(Q) = Fn,zp—uvt(CI) - Fn,w—ws(Q) ) F,(;r)(Q) = Fn,¢—>Nt(Q) + Fn,zp—)Ns(Q)- (39)

At LO in the Wigner-SU(4) limit (v, = ;) [19, 42} [50] the component Fg:r)(q) = 0 and the
LO triton charge form factor only depends on Fgf)(q) giving the condition?

- T dg—10 4 (-)
1= QWMNF(() )(q) ® Q= — @'y (€), (40)
2,32 — MyB, ©C (@4 —MyBo)?

4 Since the spin-singlet dibaryon is unphysical the Iy - ns(g) vertex function can take an arbitrary phase.

Thus for some authors the roles of I';") (¢) and ri) (q) are switched from the conventions of this work.
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from Eq. (28). Using this relationship and going to the Wigner-SU(4) limit for *H and *He

magnetic form factors gives the exact identities
Fyf(0) = (k0 — K1) = ptn» Ff(0) = (ko + K1) = p, (41)

for the LO three-nucleon magnetic form factors at Q? = 0. In this work the magnetic form
factors are normalized such that they give the three-nucleon magnetic moments in nuclear
magnetons at Q2 = 0. The three-body wavefunction is spatially symmetric under the change
of spatial coordinates of any two nucleons in the Wigner-SU(4) limit and nucleons of the
same isospin state have opposite spin: as a result their magnetic moments cancel leaving
the three-nucleon magnetic moment to be solely determined by the remaining unpaired
nucleon, which is also known as the Schmidt-limit [43]. Thus deviation from the Wigner-
SU(4) limit is a measure of the “asymmetry” of the spatial wavefunction, isospin breaking,
and higher order two- and three-body currents. Once Wigner-SU(4) symmetry is broken
a small mixed symmetry S’-state is induced, which is not symmetric under the change of
spatial coordinates of any two nucleons [51]. The proton and neutron magnetic moments
in nuclear magnetons are found to be p, = 2.793 and p, = —1.913 respectively, while the
three-nucleon magnetic moments are sy = 2.979 and psye = —2.127. Thus p, is about 7%
away from psy and p, is about 11% away from psy.. This implies that the Wigner-SU(4)
limit is a good starting point to describe the three-nucleon system and a dual expansion
in a Wigner-SU(4) symmetry breaking parameter and EFT(7) should yield order-by-order
improvements [42]. A simple proof that Eq. follows as a consequence of Wigner-SU(4)
symmetry is given in Appendix [C]

Going to the Wigner-SU(4) limit the NLO *H and *He charge form factor at Q? = 0,
Eq. , gives

- (g — 1) 4 (-)
0= 2 My (g) @4 = - DT () (42
NL1q <Q) 2 q2\/m q2€2 _ (qg +€2 _ MNB0)2 0 ( ) ( )
- (g — 1) 4 (=)
+2rMyT 7 () @ { = - T (¢
NLo (Q) 2 q2 /—%q2 — MNBO q2€2 . (qg + £2 - MNBO)2 1 ( )
mé(g—0)

—4chré><q>®{ : }@FM@),

2 q
where in addition to the limit v, = 7, the limit ey = c[()(t]) = c(()g) is taken. Using Eq. the
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NLO correction at Q* = 0 to the *H magnetic form factor in the Wigner-SU(4) limit is

2 ¢ 1 1 _ mo(q— 1) .
FyfL (0) = dn My (gM—VTV(m + 1) + Lo + §L1) r5 7 (q) @ {57} @ T (0), (43)
and for the 3He magnetic form factor is
. 2 ey _ wd(qg— 1)
FEO) = mty (3500 = )+ 30— 32 ) 160 0 {32 w00

Thus the NLO correction to the magnetic form factors in the Wigner-SU(4) limit at Q% = 0

can be entirely rewritten in terms of LO three-nucleon vertex functions.

V. RESULTS
A. Fitting L, and Ly

To calculate the three-nucleon magnetic moments to NLO the LEC L; (Ls) of the isovec-
tor (isoscalar) two-body magnetic current term in Eq. @ must be determined. Typically,
L, is fit to the cold np capture cross-section (o,,), which near threshold is given by [7, 52]

204%6
ag = S5V
Y Veal M

where Y10 (Yaro) is the LO (NLO correction to the) isovector magnetic dipole moment,

|:’YLO‘2 + 2Re[Y]jOYNLO]:| y (45)

and V,. is the relative velocity between the neutron and proton. Yo at threshold in the

Z-parametrization is given by [23]

Yio =ty vaim (1- 1)), (16)

s

and its NLO correction depending on L; by

Vit =gy (=) - 2 [1Z- ) + (2~ 1)) (@7
Ly

VT

Ensuring reproduction of the experimental cold np capture cross-section of oy,

334.2(5) mb [53] at a neutron velocity of v, = 2200 m/s yields L; = —6.90 fm.

a MNst

The value for Ls is typically fit to the deuteron magnetic moment [7] which to NLO in

the Z-parametrization in units of nuclear magnetons is given by [23]°

ta = (2Ziko + 2Lo;) (48)

® For similar expressions using different treatments of the LECs consult Refs. [T} [46]
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e

Fitting to the experimental deuteron magnetic moment py = 0.85741 537

yields Ly =
—1.36 fm. By naturalness arguments the size of L, and L; should be approximately
1/m; ~ 1.4 fm. Although L, is rather close to this value L; is significantly bigger. However,
since Ly (Lg) is driven by k1 (ko) it should be divided by this scale. Dividing L; by 2k;
and Ly by 2kg gives the values -1.47 fm and -1.55 fm respectively, which are in line with

naturalness expectations.

B. Charge Radii of Three-Nucleon Systems

The triton point charge radius has been calculated previously in EFT(#) [33] 42, [54] up
to NNLO [38]. Here the results of Ref. [38] are reviewed and the *He point charge radius to
NNLO in the absence of Coulomb interactions is given. The point charge radius squared is
given by ,

w2 == (3p0eFei@) ). (19
where Z"Z is the number of protons in the nucleus, n = 0 is the LO term, n = 1 is the

NLO correction, and n = 2 is the NNLO correction. Taking the square root yields the
three-nucleon point charge radius, which up to to NNLO is

0 7 L2y ven? 1 () 7\
ore” =1/ (0r2), 1 +§<5 2)1‘ +§<5 2>iz_§ (6 2>1‘z T (50)
2N01g)y  Z0TG) "Clo
LO NYO NIE,O

The three-nucleon charge radius TSZ is related to the three-nucleon point charge radius

5re? by A
(o) Y= (&) ) = ) = T (020, 1)

where N"Z is the number of neutrons in the nucleus, r, = 0.8783 £ 0.0086 fm [I] is the

proton charge radius, r2 = —0.1149 + 0.0027 fm? [1] is the neutron charge radius squared,
and TSZ is the three-nucleon charge radius. For *H (*He) the experimental charge radius
is rgl = 1.7591(363) fm (rg’ = 1.9961(30) fm) [I] and the resulting point charge radius is
ol = 1.5978(40) fm (drg* = 1.77527(540) fm). The point charge radius of *H and 3He up
to NNLO are compared with experiment in Table [T, Overlap within errors between theory
and experiment is seen at NLO and NNLO for the H and 3He point charge radius. The
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57’21{ fm 57‘2}16 fm

LO | 1.14(20)  1.26(22)
NLO | 1.59(9)  1.72(10)
NNLO| 1.62(4) 1.74(4)

Exp |1.5978(40) 1.77527(540)

TABLE III: *H and 3He point charge radius up to NNLO compared to experimental data [T].

LO point charge radius for *H and *He under-predict the experimental values. However, as
noted in Ref. [38] the correct value for the LO point charge radius is obtained in the unitary
limit. Thus, even though the LO values seem too small they are reasonable.

The error estimate for amplitudes in EFT(#) follows from the expansion parameter
$(Z, — 1) = 0.345 leading to a 35% error estimate at LO, a 12% error estimate at NLO,
and a 4% error estimate at NNLO.S Error estimates for charge and magnetic radii are half
of these values since it is given by the square root of an amplitude. Likewise, the error
estimate for cross-sections is doubled since it is obtained from squaring an amplitude. The
error for the NNLO three-nucleon charge radii comes from a ~1% error from cutoff variation
and a ~2% error from the EFT(#) expansion. This slight cutoff variation is due to either
a slow divergence or convergence of the NNLO three-nucleon point charge radii. To answer
this conclusively either a detailed asymptotic analysis must be performed or a calculation
to higher cutoffs. However, for cutoffs A > 10® MeV numerical issues are currently encoun-
tered and reliable calculations cannot be performed. To go to higher cutoffs new numerical
techniques will be required.

Despite the absence of Coulomb interactions in these calculations good agreement is found
between theory and experiment for the 3He point charge radius. Errors due to excluding
Coulomb corrections are roughly of the size aM, /(2p3,.) ~ 4%, where piy, = vV My Espe
is the binding momentum of *He, for the *He binding energy Fsy, = 7.718 MeV [4§], and
the factor of two comes from taking the square root of the amplitude for the charge radius.
Kirscher et al. [34] find LO three-nucleon charge radii very similar to those of this work.

They also find that Coulomb corrections to the 3He charge radius are small and within the

6 Note, this error estimate is more conservative than that used in Ref. [38], which calculated the H charge
radius to NNLO.
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Method Bsy [MeV]|Bsge [MeV] Srgl [fm] Srgle [fm)]
AV18/UIX [5§] 8.473 7.740 1.593 1.777
XEFT [5§] 8.478 7.735 1.617 1.800
AV18/UIX HH [61] 8.479 7.750 1.582 1.771
AV18/IL7 GFMCI62] 8.50(1) -7.73(1) 1.58 1.80
XEFT N3LO/N2LO [41] - 1.594(14) 1.770(10)
EFT(¢#) (LO) [33] - 2.1(6) -
EFT(#t) (LO) [34] - 1.16(23) 1.30(28)
EFT(#t) (NLO) [54] - 1.6(2) -
EFT(#) (NNLO) - 1.62(4) 1.74(4)
Experiment: 8.4818 7.7180

Experiment: e~ 1.5978(40) [1] 1.7753(54) [1]
Experiment: p~ 1.6178(40) [1l, 63]

TABLE IV: Different theoretical predictions for the H and *He point charge radii and binding
energies. All EFT calculations fit to the experimental three-nucleon binding energies, with the
exception of the YEFT calculation of Ref. [58]. The error for the three-nucleon binding energies for
the GFMC results comes from statistical errors in Monte Carlo calculations. All other errors are
estimates from EFT or experimental errors. The error for the yEFT values comes from varying the
cutoff of the calculation [41]. Experimental numbers for the three-nucleon charge radii are given

using both the proton charge radius from electron scattering data and muonic hydrogen data.

4% error estimate.

A comparison of various theoretical calculations for the *H and 3He point charge radii
is given in Table [[V] Using the Lanzcos sum rule method [55] and the effective interactions
hypspherical harmonics (EIHH) [56, [57] method Ref. [58] calculated a *H (*He) point charge
radius of 1.593 fm (1.777 fm) using the Argonne-v18 [59] two-body and Urbana IX [60] three-
body (AV18/UIX) nuclear potential and a point charge radius of 1.617 fm (1.800 fm) using a
XEFT based potential. Ref. [61] obtained a value of 1.582 fm (1.711 fm) using the AV18/UIX
potetnial with the hyperspherical harmonics (HH) method. Utilizing Green’s function Monte
Carlo (GFMC) and a hybrid approach mixing YEFT for the current operators and the AV18
and Ilinois-7 [64] three-body (AV18/ILT7) potential for the wavefunctions, Ref. [62] found a
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value of 1.58 fm (1.80 fm). In Ref. [41] YEFT was used to calculate both the current operators
and wavefunctions using the HH method yielding a prediction of 1.594(14) fm (1.770(10) fm).
Finally, the *H (*He) charge radius has been calculated previously in EFT(#) yielding the LO
predictions of 2.1 + 0.6 fm [33] and 1.16(23) fm (1.30(28) fm) [34], and the NLO prediction
1.6 £0.2 fm [54]. The LO 2.1 £ 0.6 fm result used wavefunction techniques while the other
two predictions used position space techniques. Error estimates for the yEFT and EFT(#)
calculation of Ref. [34] are obtained via variation of the cutoff. However, estimating errors
using cutoff variation should be done with caution [65].

The “experimental” three-nucleon point charge radii are given by subtracting the proton
charge radius form the thee-nucleon charge radius. However, the average of measurements of
the proton charge radius from electron scattering and electronic Hydrogen spectroscopy [66]
disagree with measurements from muonic Hydrogen spectroscopy (0.84087(39) [63]) by seven
standard deviations. This discrepancy is known as the “proton radius puzzle” [67]. In Ta-
ble [V] the “experimental” three-nucleon point charge radii are given for the proton radius
determined from muonic Hydrogen spectroscopy and determined from electronic Hydrogen
spectroscopy and electron scattering data. The difference in the three-nucleon point charge
radii using different proton charge radii is approximately 1%, and therefore a N3LO calcu-

lation in EFT(5) would be able to distinguish them.

C. Observables from The Magnetic Form Factor

The three-nucleon magnetic form factor given in Eq. when X = M can be expanded

perturbatively as
A A A
F 7 (Q) = FM,ZO(Q2) + FM,ZI(Q2) +oee (52)
the three-nucleon magnetic moment can be expanded perturbatively giving

A A
pag = po” + 4 (53)

and the three-nucleon point magnetic radius squared can be expanded perturbatively yield-
ing

(5r2) D = (o3 T A () D e (54)
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where the terms with subscript “0” (“1”) are the LO contribution (NLO correction). Using

this perturbative expansion the LO three-nucleon magnetic moment is

A A
1o” = Fyf5(0), (55)
and it NLO correction
A A
= Fy(0). (56)

The LO three-nucleon point magnetic radius squared is given by

Ag 6 1 0?
(51" =~z (3Pl @

and its NLO correction by

(0730, = 2z (5@

Az
H1 2 \*Z
/LSZ 58@2 M,1 Q=O) Y <5TM>0 : (58)

Ko

Finally, the resulting NLO three-nucleon point magnetic radius is given by

A 1 (57’2 4z
orf =\ (01207 | 1 +5% (59)
M/0
LO NLO

From the 3H and *He magnetic moments the isoscalar and isovector magnetic moment

can be defined as

1
Hs = 5 (,U3He + ,udH) s (60)
and
1
o = 5 (Mspe — psm) (61)

respectively. The isoscalar magnetic moment only depends on Ly and k¢ up to NLO, while
the isovector magnetic moment only depends on L; and x; up to NLO. At LO the isoscalar
magnetic moment in nuclear magnetons is given by ps = 0.440(152) and fitting Lo to the
deuteron magnetic moment gives the NLO value ps = 0.421(50). This agrees well with the
experimental value of p, = 0.426. pu, is compared with experiment in Table [V] The first
NLO row is for L, fit to o,, and it is observed that p, is slightly under-predicted at NLO.
In the second NLO row L; = —5.62 fm is fit to the experimental 3H magnetic moment.
The last NLO row is given by L; = —5.83 fm which is a best fit to both o,, and sy,

where the relative error for o,, and psy between theory and experiment is minimized. For
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Moy L1 fit

LO |-2.31(80)  N/A

NLO |-2.20(26 Tnp

)

)
NLO|-2.56(31) Usy
NLO|-2.50(30) oy,p and psy

Exp| -2.55 N/A

TABLE V: Table of three-nucleon isovector magnetic moments in nuclear magnetons compared to
experiment. The first NLO row is for L; fit to oy, the second NLO row is for L; fit to psy, and

the final NLO row is Ly fit to both oy, and psy.

both of these choices of L; agreement is found between theory at NLO and experiment for
fy. The value for L; fit to o, and psy simultaneously with its associated EFT(#) error is

Ly = —5.834+2.01 fm. Values for L, fit to just o,, or usy are encompassed within this error.

D. Magnetic Moments and Radii of Three-Nucleon Systems

The LO and NLO calculation of the three-nucleon magnetic radii in EFT(#) treat nu-
cleons as point particles and hence the resulting values are called the point magnetic radii.
Contributions from the nucleon magnetic radii occur at NNLO in EFT(#) and are given by

the Lagrangian

1 — A 1 A 1 - d g
,cmag_——<rM> 11N ( 273)5-V2BN+—6<?”12\/1>nMnNT( 273)5-VQBN, (62)

where | /(r3,), = 0.776(34)(17) fm [68, [69] is the proton magnetic radius and +/(r
0.86475- 008 fm [68, [70] is the neutron magnetic radius. Using this interaction the full magnetlc

radius of 3H is

3 3 1 LO LO 1 " LO %O
()" = (o)™ 2 (B~ B (), g (e B ) ), (6

2 M3H 2 M3

and for *He is

e e 1 LO LO LO
<7“]2\4>5H _ <57“]2\4>3H 4z /,ip (M; 4 Mu ) <TM> + > Hn (/’l’s My ) <T12\4>na
0 R1 Ko K1

2 pspe H3He
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where pt© (1u59) is the LO three-nucleon isoscalar (isovector) magnetic moment in EFT ().

From Eq. it can be shown that in the Wigner-SU(4) limit these equations reduce to

2y = () (), (65)
and

(i) ™ = o)™ + (), (66)
This result is analogous to the magnetic moments in the Wigner-SU(4) limit since the cor-
rection to the three-nucleon point magnetic radius only depends on the magnetic radius of
the unpaired nucleon. Although contributions from the nucleon magnetic radii are strictly
NNLO we include them at LO and NLO to compare with experimental results that include
such nucleon structure. For the three-nucleon charge radii the experimental nucleon charge
radii are subtracted from the experimental three-nucleon charge radii to give the “experi-
mental” three-nucleon point charge radii (See Eq. ) that are then compared with theory.
However, unlike Eq. Eqgs. and depend on theoretical numbers. Therefore, the
nucleon magnetic radii are added to the theoretical point magnetic radii to get the full mag-
netic radius rather than subtracting them from the experimental three-nucleon magnetic
radii and pollute experimental numbers with theoretical numbers.

Due to gauge invariance the three-nucleon charge is reproduced exactly at LO and higher
order one-, two- and, three-body currents are arranged such that the three-nucleon charge
remains fixed, or simply put Fgﬁ (Q* = 0) = 0 for n > 1. However, no such condition
exists for the magnetic form factor, thus the three nucleon magnetic moments receive non-
zero contributions from higher order one-,two-, and three-body currents and they are not
reproduced exactly at LO. This is why Eq. contains no theoretical numbers, whereas
Eqgs. and do.

The values of the three-nucleon magnetic moments, three-nucleon magnetic radii, and
0np up to NLO are given in Table [VIl There are three NLO rows, arranged as in Table [V]
corresponding to different methods for fitting the L; coefficient. For all of these rows L is
fit to the deuteron magnetic moment. Fitting L, to oy, it is observed that the three-nucleon
magnetic moments are slightly under-predicted at NLO, while fitting Ly to pusy or usy
and o, leads to agreement between the three-nucleon magnetic moments and experiment.
For all choices of L; the three-nucleon magnetic radii at NLO overlap within errors with

the experimental values, in part due to their relatively large experimental error. All NLO
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M3 H3He rap fm rfle fm o(np —dy) mb Ly fit
LO (2.75(95) -1.87(73)  1.40(24) 1.49(26)  325.2 4 225.6 N/A
NLO|2.62(31) -1.78(21)  1.83(11) 1.92(11)  334.24+79.7 Tnp
NLO|2.98(36) -2.14(25)  1.77(11) 1.83(11)  370.47 +88.4 L3y
NLO|2.92(35) -2.08(25)  1.78(11) 1.85(11)  364.5+87.0 opp and pay
Exp| 2979 -2.127 1.840(182) [2] 1.965(154) [2] 334.2(5) [53] N/A

TABLE VI: LO and NLO three-nucleon magnetic moments in nuclear magnetons, three nucleon
magnetic radii, and o, compared to experiment. The different NLO rows are different fits for L

as described in Table [V1

results for the magnetic radii have a smaller estimated theoretical error than the current
experimental error. The results for L; fit to usy and o,, are taken as the predictions of
EFT(#) at NLO in this work.

A comparison of different calculations of three-nucleon magnetic moments, magnetic radii,
and o, is given in Table Ref. [40] uses the HH method and AV18/UIX to obtain a *H
(*He) magnetic moment of 2.994 (—2.112) and a magnetic radius of 1.800 fm (1.909 fm).
The hybrid approach in Ref. [62] using AV18/IL7 with GFMC finds a magnetic moment of
2.960 (-2.100). The xEFT calculation of Ref. [41] finds a magnetic moment of 2.979 (-2.127),
magnetic radius of 1.801(14) fm (1.920(14) fm), and o, of 329.1(6) mb. For these values
of the YEFT calculation the LECs are fit to reproduce the 3H magnetic moment. A NLO
EFT(#) calculation which includes Coulomb corrections [34] fits Ly to psy and finds a *He
magnetic moment of -2.130. This is roughly 5% away from the NLO prediction for psg. of
this work when L is fit to usy and Coulomb interactions are ignored, which agrees with the
8% error estimate from excluding Coulomb effects. All calculations predict the magnetic
moments well and within the large experimental errors all predictions for the magnetic radii

agree with experiment.

VI. CONCLUSIONS

In this work it was demonstrated how the zeroth (i.e. charge of charge form factor and
magnetic moment of magnetic form factor) and second (i.e. charge and magnetic radius of

charge and magnetic form factor respectively) moment of a generic form factor for a three-
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UsH U3 He rj’\}[{ fm rj}[{e fm  o(np — dvy) mb

AV18/UIX [40] 2,994  -2.112 1.800 1.909 -

AV18/IL7 GFMC[62] | 2.960  -2.100 - - -

xEFT N3LO/N2LO [41]| 2.979  -2.127 1.801(14) 1.920(14) 329.1(6)

NLO EFT(#) [34] 2,979  -2.130 - - -

NLO EFT(#) 2.92(35) -2.08(25)  1.78(11) 1.85(11)  364.5+87.0

Experiment 2,979 -2.127 1.840(182) [2] 1.965(154) [2] 334.2(5) [53]

TABLE VII: Values of three-nucleon magnetic moments in nuclear magnetons, three nucleon mag-

netic radii, and o, from different theoretical calculations and experiment.

body system coming from an external current via a non-derivative coupling can be calculated
in stEFT. This was carried out for three-nucleon systems in EFT(#). Extension of this work
to calculate the generic form factor for arbitrary Q2 values is straightforward using the work
of Refs. [38, 49, [71] but of limited interest in EFT(s#) which in only valid for @ < 0.7 fm™".
In addition by calculating the zeroth and second moments directly the number of integrals
is reduced and results at larger cutoffs can be calculated without numerical issues. Using
the methods of this work the point charge radii of the three-nucleon system was calculated
to NNLO, while the magnetic moments and magnetic radii were calculated to NLO.

The point charge radius of *H (*He) is 1.14(20) fm (1.26(22) fm) at LO, 1.59(9) fm
(1.72(4) fm) at NLO, and 1.62(4) fm (1.74(4) fm) at NNLO.” NLO and NNLO val-
ues both agree within errors with the experimental point charge radius of 1.5978(40) fm
(1.7763(54) fm) for *H (*He). In this work Coulomb interactions were not included in the
calculation of *He properties. Coulomb corrections should be roughly a 4% correction and
can be included perturbatively [30, 32]. The error estimate at NNLO is due to a small
amount of observed cutoff variation (~1%) and EFT(#) error (~2%). Cutoff variation at
NNLO is either a consequence of slow convergence or divergence. To answer the question of
which a detailed asymptotic analysis or a calculation to higher cutoffs needs to be carried
out. Definitively answering this issue at NNLO is relegated to future work.

The magnetic moment of *H (3He) at LO is 2.75(95) (—1.87(73)) in nuclear magnetons.

" The point charge radius of *H was calculated previously in Ref. [38] but is shown here with the more

conservative error estimates of this work.
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This agrees with the experimental magnetic moment for *H (3He) of 2.979 (-2.127). The
LO magnetic radius of *H (*He) is 1.40(24) fm (1.49(26) fm), which under-predicts the
experimental value of 1.840(182) fm (1.965(154) fm) [2]. This under-prediction is in line
with what is observed for the three-nucleon point charge radius at LO. Indeed a large jump
is observed in the LO to NLO three-nucleon magnetic radius just as for the three-nucleon
point charge radius. At NLO the isoscalar two-body current L, is fit to the deuteron
magnetic moment. Fitting the isovector two-body current L; to psy and oy, (L; = —5.83+
2.01 fm) yields the NLO *H (*He) magnetic moment 2.92(35) (-2.08(25)), the NLO cold np
capture cross-section 364.5 + 87.0 mb, and the NLO *H (*He) magnetic radius 1.78(11) fm
(1.85(11) fm), which are all consistent with experiment.

Using coordinate space techniques the three-nucleon magnetic moments have been calcu-
lated previously by Kirscher et al. [34] in EFT(5) to NLO for different pion masses by fitting
to Lattice QCD data. Calculating at the physical pion mass Kirscher et al. fit L; to pusy and
found good predictions for the 3He magnetic moment and the *H and *He magnetic polar-
izabilities at NLO in which Coulomb interactions were included. They also considered the
three-nucleon charge radii at NLO and found good agreement with experiment. However,
they did not consider the value of o, with their choice of L;.

Due to gauge symmetry the three-nucleon charge form factor at LO gives the three-
nucleon charge at Q?=0 and all higher order corrections give zero contribution at J?=0. This
gives exact analytical expressions involving the properly renormalized three-nucleon vertex
functions. Going to the Wigner-SU(4) limit these identities for the charge form factor can
be used to make predictions about the magnetic form factor. In particular it is found that
the *H (®*He) magnetic moment is the proton (neutron) magnetic moment in the Wigner-
SU(4) limit reproducing the Schmidt-limit [43]. Comparing this to the experimental values
of three-nucleon magnetic moments provides added evidence that the Wigner-SU(4) limit is
a good starting point to describe three-nucleon systems. Corrections breaking Winger-SU(4)
symmetry can be added perturbatively as in Ref. [42]. It is also demonstrated that the NLO
correction to the magnetic moment can be written entirely in terms of LO quantities in
the Wigner-SU(4) limit. These results in the Wigner-symmetric limit should be taken as
an essential benchmark since any technique that is able to calculate three-nucleon magnetic
moments in the Wigner-SU(4) limit should reproduce them exactly up to to numerical error.

The most accurate determination to date of three-nucleon magnetic radii is from magnetic
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form factors measured from electron scattering [72]. Extracting the magnetic form factor
requires looking at the angular distribution of scattered electrons and subtracting out the
much larger isotropic contribution from the charge form factor, which leads to the larger
uncertainties for the magnetic radii vs. the charge radii. Future experiments involving the
hyperfine splitting of atomic S-wave states in muonic *H (u3HT) and *He (u3He™) offer the
possibility of more precise measurements of the three-nucleon magnetic radii [73] [74]. The
NLO EFT(#) prediction of the three-nucleon magnetic radii has an approximate 6% error,
which is already smaller than the experimental error for the magnetic radius of *H (*He) of
~10% (~8%). EFT (1) offers the possibility of precision calculations with controlled errors
for three-nucleon properties. A NNLO EFT(#) calculation of three-nucleon magnetic radii
including perturbative Coulomb corrections [32] would give a result accurate to about 2%.

Using spectroscopic data on pHe™ the 3He charge radius can in principle be determined
to hundred-fold better accuracy than from current electron scattering experiments [75].
However, extraction from spectroscopic data is hampered by the relative uncertainty of two
photon exchange (TPE) contributions. The best current theoretical determinations of TPE
are accurate to about 3% [58, 76, [77]. A N®LO EFT(#) calculation of TPE can improve on
this accuracy by a factor of two. Measurement of the *He charge radius from p*He™ will give
insight into the so called “proton radius puzzle” [67] in which a seven standard deviation
discrepancy is seen between the proton charge radius determined from electron scattering

and Hydrogen spectroscopy [66] vs. muonic-Hydrogen spectroscopy [63].
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Appendix A:

To derive the values in Table [[] the spin-isospin operator in c.c. space for each diagram
in Fig. 5| must be projected onto the doublet S-wave channel. The spin-isospin c.c. space
operator for diagram-(a) for minimally coupled Ay photons is

1+T ¢ a £ij
( 5 3) 5561, (A1)
b

and for magnetically coupled photons
(FLO + Tglil)g (O'n)g (Sij, (AQ)

where a (3) is the initial (final) nucleon spin, a (b) is the initial (final) nucleon isospin, and
i (j) is the initial (final) dibaryon polarization. Projecting these operators into the doublet

S-wave channel using the projectors in Ref. [22] yields

1fo; 0 (HTTS)%’ 0 o 0 _ (HTT?’) 0 : (A3)
slom)\ 0 e ) Lom 0 L)

for minimally coupled Ag photons and

1fo; 0 (Ko + T3k1) 0004 0 o 0\ _ (A4)
3\ 0 75 0 (ko + T3K1)0ndaB 0 7a
_% (l{g + Tglil) X 0 T,
0 3 (3/40 — Tg/ﬂl)
for magnetically coupled photons. Choosing 73 = 1 (73 = —1) gives the coefficients a;; and

aso for *He (®H) in Table . The Pauli matrix o,, couples to the magnetic field B,, not shown
here.

The spin-isospin c.c. space operator for diagram-(b) of Fig. |5 for minimally coupled A

1 aa
i 9 j
Bb

photons is given by

and for magnetically coupled photons by

w -I- z aa
[P o+ makct) 0P (46)
where Pj(z) = /8P, (Pj(x) = /8P;) for x = t (v = s) in the spin-triplet iso-singlet (spin-

53}
7

singlet iso-triplet) channel. Here the indices and “j” are either spinor or isospinor indices
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depending on the values of (z) and (w). The values of (x) and (w) give the matrix element

of the c.c. space matrix. Projecting onto the doublet S-wave channel gives

1(a; 0 (352) 0505 74 (552) 0 <m O>:<—(%F) () > A
(7 0) () o () ) N0 )\ () ) ) T

2 2

for minimally coupled Ay photons and

1 (Uj 0 ) — (Ko — T3k1)0i000; —Ta(Ko — T3k1)040; <Ji 0 ) = (A8)

3\ 0 78 —(Kko — T3K1)TBO0,, —Ta(Ko — T3K1)TBO, 0 7a
< —2(ko — 73k1)  3(3K0 + T3k1) > o
L(3ko + T3k1) 2(3ko +5mam1) |
for magnetically coupled photons.
The spin isospin c.c. space operator for diagram-(c) of Fig. 5[ for minimally coupled A
photons is given by

1 1+ t
(x) 3 (w) asa
and for magnetically coupled photons by
1 x w t a sa
§Tr [PJ( ) (Ko + T3kK1) O’nlji( ) ] 050y (A10)

Projecting onto the doublet S-wave channel yields

1<aj 0) $Tx [o505 (157)] 4T [0 (147) 7] (m 0 ) = (A1)

2
SN0 7 )\ 5T [oirs (552)] 5T [ (H57) 7]

2
10
01+2n )

for minimally coupled Ay photons and

1 (aj 0 > %Tr [0j0n0i(ko + T3k1)] %Tr [0 (Ko + T3k1)Ta] (m 0 )

—  (A12)

3\ 0 75 0 7a

2Tr [0,0:m8(ko + T3k1)] 2Tr [0, 78(Ko + T3k1)TA]

4 2

3R0  3K1T3

2 O’TL?
§/€1T3 0

for magnetically coupled photons.
The spin isospin c.c. space operator for diagram-(d) of Fig. |§|f0r Ay photons from gauging

the dibaryon kinetic term is given by
Gua (€801 + A 802611651 + 810050))5%6E A13
wx(COt wtVij COs ws( 11071 20 jO)) BYb ( )
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0wt Picks out the contribution from the spin-triplet dibaryon and ¢, from the spin-singlet
dibaryon. The indices ¢ and j in 9,00,0 and 6;16;1 are spherical isospin indices and correspond
to the fact that only the the np and pp spin-singlet dibaryon are charged and not the nn
spin-singlet dibaryon. The spin isospin c.c. space operator for diagram-(d) of Fig. |§| for the

magnetic form factor comes the two-body currents in Eq. @ which give
Z'Lgejméwtéxtégég — L1(01i030wt0zs + 0nj0i30usdzt )50y - (A14)

Projecting in the doublet S-wave channel gives

1fo; 0 0ij C(()g) 0 o 0\ cgz) 0 (Al5)
3 0 78 0 (2(5,41 + (5,40)5,436(()2) 0 7a 0 (1 + %T?))Cég) 7
for Ay photons coupled to the dibaryons and
cJin — . 2 1
1(ao; 0 169" Ly L16;n043 op 0 _ —15L2 —3Lli73 on (A16)
3\ 0 75 —L10in0p3 0 0 74 —zlims 0
for photons magnetically coupled via the L; and Ly two-body currents.

Appendix B:

The scalar function A, is given in Ref. [3§] for a specific choice of a1; and age. Generalizing

to arbitrary aq; and ags gives

A
Ao = [ dog? (e f70) + s (@) (B1)
0
where
O (= MY L fepe op, D420+ 4Dy D30 B
Jusl®) = 5550 DD }{Q( {tsy = 2Dy D +2D7) + 4Dy, D7(3 —v{t,s})}, (B2)
t,s
f{(tl,)s}(q) = (Zt,sy — 1)f{(2 )s}(q), (B3)
and
Zua—1\?| /~
(2) _ {t.s} (0)
f{t,s}(q)_( 2’7{t5} ) [<D2_7%t,s}> f{t,s}((D (B4)
My - ~
+ = {8D2D o= S—BD} .
19272D° D3, , () = ey = 3D)
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The variables Dy; 5, and D are given by

~ 3 ~
D = Zq2 - MNE ) D{t,s} = Vt,s} — D7 (B5)

where {t,s} is a shorthand for two different functions one with subscript ¢ and the other

with subscript s. The c.c. space vector function A, (p) is given by

allft(n) (p,q) + 3G22fs(n) (p,q)

A
A,(p) = | dag®
P /o qq —anf (p,q) — 3an £ (p, q)

where
1
fio(p,q) = —2wf{<ﬁl}<q>p—q@o<a> (BT)

N ]2\?; D{lt,s} (Pil)g’ { (1 _5(;2)2 i [(1% i g) (143 a3 a2)] ﬁ}

My 1 1{~

- 4327 Do}, (p0)?
~ 9 ¢
_ D)2
(Vtsy — 3 )21_a2},

o —1 - 1
000 = (22 G + D), ) = 25D fly (0 ule) (B8)

- = 38D°Dyrsy — 54" (Vitsy — 3D
432m DOD%, ) (P0)° () =30 00 =30 70
5 1
_D?Dyya |4(1+a?) — (202 + 82
and
Zia — 1\ ~
T = (P52 ) [ sy (B9)
My 1 { 2 2 ~ 1
— S 18D’Dg g —q 75_3D}_Qa
967 D3th,s} {t,s} (Yt} ) 7 o(a)
My 1 1 ~ )
- ~ DDy, }

~ 1
DDy o |41 +a?) — (202 482 )0 ——— L]
{t’}{( +e) ( p ' Cq) =)
The variable a is defined by
a_<12+p2—MNE
qp '

(B10)
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A, (p, k) is c.c. space matrix given by

A,.(p, k) = (B11)

/A doi? an [ (K, q) + 9ass & (0 Ky q)  —3(anf (0, kv ) + asa 7 (9, K, q))
0 _3(a11ft(n) (p, k,q) + ag f (p, k,q)) ags f (p, k,q) + 9a11ft(n) (p, k,q)

where
iy (o, k. q) = =27 {f{(f)s}( )ptio(a) + fioy (. Q)ktio(b)} (B12)
2O (Lol
A fria (a )kqQo( )quo(a)
My 1 1 ~
+ 55 Dth o {2DD{,5,S} <{12(1 —b*)(1 — a?) + 4]%a(1 — b)) + 4%5(1 —a?)
+ 2ab E(l —b?) + %(1 — aQ)] + 2bE [26° — (14 a%)] + 2a§ [2a® — (14 b%)]
i (Fl B 2) =) ( =2)0- > (1-82)2(1 — a?)?
+q2<[4+kb+ a—2E]3 } —(1=0v*) (1~ 2a—>
a q qq
1
+§(1 —a ) <1 — 20~ ) Qo(a) — 2__(1 - bQ)(l —a )QO( )Qo(a )) (1 —02)2(1 — a2)2 } )
o) = (P22 (e + DI k) (B13)
{t,s} p’ q 27{15,5} V{t,s} {t,s} b, r,q

= 20 (. 0) Q) = 27 1 (1 0) 1 Qul0)

Zua—1\ My 1 1 k k
+( {60} ) N — H4+ b+ a—2—£ab}
sy /) 54 DDy €°Fp qq

q
+§(1—b2)(1—2a—>Q0( Pa—a? (1—2b )
1

kp 2 —a? a
520 gl >}

1= )1 —a)

Zgpsy — 1 M | £ 1 (0) 1
+2 | —— s +D k,q)—Qo(a) + ,q)—Qo(b
T < 2(1.4) ) (Vi) ) |:f{t,s}< Q)pq o(a) f{t,s}(P q) kq o(b)

Z ,S -1 =~ 1 1
—am (100 - (ﬁ) (e + D@ ) 2-Qufa) - Qo)
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and

Zuo — 1\, ~
Fiowy 0.k 0) = <%) (D? =) Fioy (0, Ky ) (B14)

=20 (k. 0) Q) = 272 (1)1 Qo)

Zia—1\* My 1 1 k kp
+( {t.s} ) N {|: + 2 b—|— a—2——ab}
qg q qq

2(t,5} 27 Dy ¢*k*p?
k 9 p _
+g(1_b)(1—2a>620() q( )(1 Qb)Q(’()
kp 2 _ a2 a 1
—255(1 —b )(1 )Qo(b)Qo( )} (1 - 62)(1 _ CL2)

Z{t,s} -1 2 ~9 2 (0) L 1 1 b
+ 2 m (D _V{t,S}) f{t,s}( vq)p_qQO( )"‘f{ts}( )k_qQO()

Zts _1 2 ~ 1 1
(f{ts}() (L) (D?—v%t,swf{(ﬁi}(q)) o Qo(a) QD)

27{15,5}

The variable b is defined as

2 | 12
q +k*— MyE
b= . B15
- (B15)
The c.c. space matrix By(p, k, ()) is given by
2Mym 1 1
Bo(p, k) =— B16
0(p’ ) 9 pgkg (1 _ &2)2 ( )
4 a 1p + k%14 3a? b1 bio
X Q= — 2a — ,
31—a? 3 pk 1 —a? byy boy
where now and for the rest of the appendix
2 | 12
p°+ k" — MyE
= ) B17
o (B17)

C, (k) is a c.c. space vector given by

T

2¢110™ (k) — 2¢010™ (k
Cn(k:) _ C119; ( ) C219 ( ) ’ (B18)

2012g§n) (k) — 2099 " (k)
where

My

53
384D°D3,

g0 (k) = {4D2Dyuy (2D = 119) + K0 — 3D) Dy + 262 D%}, (B19)
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A -1 ~
1 t,s
Iioy (F) = (;W%) [(’m,s} + D)gly),y (k) (B20)

M - _
e $2D?Dy gy + KD — Dyt
192D4 D2 ths} {t.s}
{t.s}
and
2) () = Zitsy — 1 ’ 2 2 ©) (1.
9™ =\ 5 ) |07~ )9 () (B21)
M - ~ 1
+96i§3—lj\;2 {QDQD{LS} =+ k2 (D — §D{t,s}) }] .
{t.s}

For these functions and all functions below in this appendix the variables 15, Dy, and Dy are

defined as

D= Z_Lkg - MNE s D{t,s} = '7{t,s} - D (B22)

The c.c. space matrix C,(p, k) is defined by

2 [eng™ (0, k) = 3ea198" (0, 1)] 2 129t (b, k) = Benagl™ (v, )|

Cn(p k) = o . " " ., (B23)
2 [02195 (pu k) — 3c119; <p7 k)] 2 [02295 (p7 k) — 3c129, (p7 k)}
where
1
0
g (p k) = — 27T9§t,)3}(k‘)ﬁ620(a) (B24)
Myr 1 (1 1 1 ne  p , 1
S Mvr LI L (B) 2]
541)1){“}1916{pkl—a?Jr 2(a+a k g1 (1—a2)?
Mymk 1 1 12— 2q N
- —Qola) — — o~ 3D,
44 p DD?, {k:2 Q@) = F T [7“’ J
Z t,s} 1 ~
gﬁ,)s} (p, k) = <—{ 2}% ) [(’y{t,s} — D)gg(t)?s}(p, k) (B25)
MN7T 1 ~ ~
e 2D?Dy; oy + k(D — Dy }
96D1D?, , Pk @@ {2D° Dy + )

k  Mym 2 1 1 a 1@()
P7252D{t78} pkl—a2 k21—a?2 K2 olad )
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and

Zi— 1\’ ,~
Gios) (P k>:( o ) (D2 =990 (0. ) (B26)
My ~ (= 1
——Q {2D2D gtk (D——D . )}
A8D3D3, | P ol@) {ts} 5 Dies)

k Mym 2 1 _i a —lQW)
P36DDyyy \Phl—a? K1-a® 27 '

®,,(k) is a c.c space vector given by

(n) (n) T
o0 dih{™ (k) — dor RSV (K) -
dishi™ (k) — dash" (K)

where
1 - _
B (k) = —{4D2D o+ k23D — i1 } B28
{t,s}( ) 963 D?t p {t.s} ( Y, }) ( )
and
h({i}s}(k:) = 0. (B29)

Finally, the c.c. space matrix ®,,(p, k) is given by
(bl (. k) = 3duh (p. k)| |dYR" (b, k) = 3daah” (p, k)

Du(p k) = ., (B30)
[d21hu(9n) (pv k) - 3d11h§n) (pa k)] [dQZhgn) (pa k) - 3d12 h <p7 k)]
where
1
hfﬁ)s}( k) =— 27Th$)5}( )I%Qo(a) (B31)
2m 1 E p ) 1
— 42+ 8 -3¢ 1| ———
“wm e | 1) Y
T 1 a — 2%
" 18DD2, . pk {Qo(a) T2 } ’
{t, }
and
@) Zitsy — 1 ) " 1
hii (0, k) = \ Dyrsyhy, o (0, k) + 27 Dy sy hyy s}( ) EQO(G) (B32)

T 1 k 1
T (o] - Qo<a>}] |

The NNLO functions h{t S}(k) and h{m}(p, k) can only be used for the charge form factor.
These functions include NNLO corrections from gauging cg) and c[()ls) that should not be

included in the magnetic form factor.
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Appendix C: Wigner-SU(4) limit

The three-nucleon magnetic moments are defined by the matrix element

2]\6/[N <AZ 4 > , (C1)

where the nucleon magnetic moment term is inserted between the three-nucleon wavefunction

3
Z(I{o + /411T3(i))0§i)

=1

}AZ > and summed over all nucleons in the system. Summing over all nucleons yields the
operators
ZU;) =25, , ngaé” =2Y.., (C2)
i=1 i=1
where S, is the total spin of the three-nucleon system and Y,, an SU(4) operator. Assuming
the three-nucleon system has Wigner-SU(4) symmetry than it is an eigenstate of the operator

Y.. and the matrix element reduces to

€ A
Z
i {

2(koS. + K1Yz (C3)

AZ _ 2]5[1\;(’%04_'%1)7 AZZ?)H ‘
< (K}O—Iil), AZ:3H6
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