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The elliptic and triangular flow coefficients (vn, n = 2, 3) measured in Pb+Pb (
√
s
NN

= 2.76 TeV)
and p+Pb (

√
s
NN

= 5.02 TeV) collisions, are studied as a function of initial-state eccentricity (εn),
and dimensionless size characterized by the cube root of the mid-rapidity charged hadron multiplicity

density 〈Nch〉1/3. The results indicate that the influence of eccentricity (vn ∝ εn) observed for
large 〈Nch〉, is superseded by the effects of viscous attenuation for small 〈Nch〉, irrespective of the
colliding species. Strikingly similar acoustic scaling patterns of exponential viscous modulation, with
a damping rate proportional to n2 and inversely proportional to the dimensionless size, are observed
for the eccentricity-scaled coefficients for the two sets of colliding species. The resulting scaling
parameters suggest that, contrary to current predilections, the patterns of viscous attenuation, as
well as the specific shear viscosity

〈

η
s
(T)

〉

for the matter created in p+Pb and Pb+Pb collisions,
are comparable.

PACS numbers:

Relativistic heavy-ion collisions can lead to the produc-
tion of high energy density domains of strongly interact-
ing matter with an anisotropic transverse energy density
profile. The ensuing expansion and hadronization of this
so-called fireball of dense partonic matter, results in the
production of particles with an azimuthal anisotropy that
reflects the viscous hydrodynamic response to the initial
anisotropic energy density profile [1–11].
The shape of this profile ρe(r, ϕ), can be characterized

by the complex eccentricity vectors [12–16]:

En ≡ εne
inΦn ≡ −

∫

d2r⊥ rm einϕ ρe(r, ϕ)
∫

d2r⊥ rm ρe(r, ϕ)
, (1)

where εn =
〈

|En|2
〉1/2

and Φn denote the magnitude and

azimuthal direction of the nth-order eccentricity vector
which fluctuates from event to event; m=n for n≥ 2 and
m=3 for n=1 [15, 17, 18].
The anisotropic flow which derives from εn, results in

an azimuthal asymmetry of the measured single-particle
distribution. Thus, it can be quantified by the complex
flow vectors [19–21]:

Vn ≡ vne
inΨn ≡ {einφ}, vn =

〈

|Vn|2
〉1/2

, (2)

where φ denotes the azimuthal angle around the beam
direction, of a particle emitted in the collision, {. . . } de-
notes the average over all particles emitted in the event,
and vn and Ψn denote the magnitude and azimuthal di-
rection of the nth-order harmonic flow vector which also
fluctuates from event to event.
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Viscous hydrodynamical model investigations show
that vn ∝ εn for elliptic and triangular flow (n = 2 and 3)
for the “large” and moderate-sized systems produced in
central and mid-central heavy ion collisions [11, 16, 22–
24]. They also indicate that the temperature dependent
specific shear viscosity (i.e., the ratio of shear viscosity to
entropy density η

s (T)) of the partonic medium produced
in the collisions, serve to attenuate the magnitude of vn
and consequently the ratio vn/εn. Thus, viscous hydro-
dynamical model comparisons to vn measurements have
been, and continue to be an important avenue to estimate
the value of η

s (T) [2, 3, 5, 7, 10, 11, 16, 25–28] for the par-
tonic matter produced in these large to moderate-sized
systems.

For the small systems produced in peripheral heavy
ion collisions and light-heavy ion collisions (eg. pro-
ton–nucleus collisions), there has been a pervasive
predilection that collective flow does not develop because
viscous hydrodynamically-driven expansion breaks down.
In part, this notion stems from the expectation that mi-
croscopic scales such as the mean free path, are probably
similar to the geometric size of these systems. Thus, the
presence of the large gradients inherent to small systems,
could excite non-hydrodynamic modes or render invalid,
the hydrodynamic gradient expansion [29, 30] required
to accurately characterize the viscous hydrodynamic re-
sponse. It has also been argued that alternative mecha-
nistic scenarios, such as initial state correlations [31–33],
could account for the azimuthal anisotropy observed for
these small systems. A decisive validation of such sce-
narios would make the question of the validity of viscous
hydrodynamical evolution in small systems a moot point.

Recent experimental measurements at both RHIC
[34, 35] and the LHC [36–40], have given strong indica-
tions for collective anisotropic flow in the small systems
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produced in peripheral heavy ion and light-heavy ion col-
lisions. Several attempts have also been made to rec-
oncile these measurements with viscous hydrodynamical
evolution of the high energy-density strongly interacting
matter which comprise these systems [41–45]. However,
the disparate influence of initial-state eccentricity, sys-
tem size and η

s (T) has not been fully charted. Currently,
it is also unclear as to what constitutes a good experi-
mental measure of the size of these systems, as well as
how small they can be, and still hydrodynamize. For
the latter, numerical simulations in strongly interacting
theories suggests that hydrodynamics remains applicable
when the system size (R) is of O(1/T) – the inverse tem-
perature. That is, when the dimensionless size RT ∼ 1
[46].
The respective influence of εn, system size and η

s (T) on
vn, can be studied within an acoustic model framework,
akin to that of relativistic viscous hydrodynamics [8, 47–
50]. Within this framework, the viscous attenuation of
vn for a given mean transverse momentum 〈pT〉 and cen-
trality selection cent, can be expressed as [4, 8, 47–50]:

vn
εn

∝ exp

(

−n2β
1

RT

)

n = 2, 3, (3)

where β ∝
〈

η
s (T)

〉

and R characterizes the geometric size
of the medium produced in the collision. For a given cen-

trality selection, the dimensionless size RT ∝ 〈Nch〉1/3,
where 〈Nch〉 is the mid-rapidity charged hadron multi-
plicity density [51]. The magnitude of 〈Nch〉 is observed
to factorize into a contribution proportional to the num-
ber of quark participant pairs Nqpp and a contribution
proportional to log (

√
s
NN

) [51];

〈Nch〉 = Nqpp[bAA +mAA log(
√
s
NN

)]3

bAA = 0.530± 0.008 mAA = 0.258± 0.004. (4)

Thus, for a given
√
s
NN

, variations in the magnitude
of 〈Nch〉 largely reflects a change in Nqpp. Indeed, for

the simplifying assumption that R ∝ (Nqpp)
1/3, Fig. 5 of

Ref. [51] shows that the ratio [〈Nch〉 /(Nqpp)]
1/3 is inde-

pendent of R ∝ (Nqpp)
1/3. This gives a further indication

that, for a fixed value of
√
s
NN

, variations in the magni-
tude of RT are not accompanied by significant temper-
ature changes. In contrast, a

√
s
NN

-driven variation of
RT for a fixed value of Nqpp, would result in significant
temperature changes.
Equation 3 suggests characteristic linear dependencies

for ln(vn/εn) and ln[(v3/ε3)/(v2/ε2)] on 〈Nch〉−1/3
, with

slopes that reflect the quadratic viscous attenuation pref-
actors for β; these combined features are termed acoustic
scaling. Since 〈Nch〉 is small for peripheral heavy ion col-
lisions and light-heavy ion collisions, Eq. 3 also suggests
that an uncharacteristically large viscous suppression of
vn (relative to that for large systems) is to be expected for

the small systems of dimensionless size RT ∝ 〈Nch〉1/3,
irrespective of the colliding species.
An observed similarity in the slopes for

ln[(v3/ε3)/(v2/ε2)] vs. 〈Nch〉−1/3
, for both small

and large systems, would not only confirm that 〈Nch〉1/3
is a good measure for the dimensionless size, but also
provide strong evidence that

〈

η
s (T)

〉

for the medium
produced in these systems are comparable. Thus, the
validation of acoustic scaling for vn/εn across the full
range of dimensionless sizes afforded in Pb+Pb and
p+Pb collisions, could provide further constraints for
the range of applicability of viscous hydrodynamics, as
well as aid its utility for precision extraction of η

s (T).
In this letter, we use recent pT-integrated

(0.3 < pT < 3 GeV/c) v2 and v3 measurements in
Pb+Pb (

√
sNN = 2.76 TeV) and p+Pb (

√
sNN = 5.02

TeV) collisions, to explore validation tests for acoustic
scaling of vn/εn and the ratio (v3/ε3)/(v2/ε2). We find
that these tests provide crucial insight on the influence
of system size on viscous hydrodynamic-like evolution.
Additionally, they allow a direct comparison of

〈

η
s (T)

〉

for the hot and dense medium produced in p+Pb and
Pb+Pb collisions, over the full range of system sizes

characterized by the dimensionless size RT ∝ 〈Nch〉1/3.
The data employed in this work are taken from the

CMS centrality selected flow measurements for Pb+Pb
collisions at

√
sNN = 2.76 TeV with the event plane

method [52, 53] and the CMS Nch-selected flow measure-
ments (with peripheral subtraction) for Pb+Pb collisions
at

√
sNN = 2.76 TeV and p+Pb collisions at

√
sNN =

5.02 TeV [37]. The Nch selections for the latter measure-
ments were made for 2.4 units of pseudorapidity (i.e.,
|η| < 2.4). Consequently, the efficiency corrected values
were scaled to obtain 〈Nch〉 for one unit of η, to ensure
consistency with the centrality dependent measurements.
The requisite 〈Nch〉 values for the centrality selected mea-
surements were obtained from the CMS multiplicity den-
sity measurements [54].
The necessary 〈Nch〉 dependent eccentricities were cal-

culated following the procedure outlined in Eq. 1, with
the aid of a Monte Carlo quark-Glauber model (MC-
qGlauber) with fluctuating initial conditions [55]. The
model, which is based on the commonly used MC-
Glauber model [56], was used to compute the number of
quark participants Nqpart(cent), εn(cent) and εn(〈Nch〉)
from the two-dimensional profile of the density of sources
in the transverse plane ρs(r⊥) [14, 21, 55]. The model
takes account of the finite size of the nucleon, the wound-
ing profile of the nucleon, the distribution of quarks inside
the nucleon and quark cross sections which reproduce the
NN inelastic cross section at

√
sNN = 2.76 and 5.02 TeV.

A systematic uncertainty of 2-5% was estimated for the
eccentricities from variations of the model parameters.
Validation tests for acoustic scaling were performed by

plotting vn/εn and (v3/ε3)/(v2/ε2) vs. 〈Nch〉−1/3
respec-

tively, followed by evaluations for the expected patterns
of exponential viscous attenuation, and the relative vis-
cous attenuation β-prefactors indicated in Eq. 3.
Figure 1(a) shows the 〈Nch〉 dependence of v2 and v3

for the combined data sets for Pb+Pb collisions, as well
as the 〈Nch〉 dependence of ε2 and ε3. To facilitate a
comparison between vn and εn, the εn values are divided
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FIG. 1. (a) vn and εn vs. 〈Nch〉 for Pb+Pb collisions at
√
s
NN

= 2.76. The filled and open symbols indicate centrality selected
(I) and Nch-selected (II) measurements respectively. The dotted and dashed curves show εn values which are normalized to vn at

〈Nch〉 ∼ 1600; (b) vn/εn vs. 〈Nch〉−1/3 for the data shown in panel (a). The dashed lines represent fits to the eccentricity-scaled

data following Eq. 3; (c) [(v3/ε3)/(v2/ε2)] vs. 〈Nch〉−1/3 for the data shown in panel (b). The dashed line represents a fit to
the data following Eq. 3.

by a factor (indicated in the figure) to normalize vn and
εn at 〈Nch〉 ∼ 1600. Fig. 1(a) shows that, for 〈Nch〉 & 400,
vn follows the trend for εn, i.e., vn ∝ εn. However, for
〈Nch〉 . 400, the vn trend is opposite to that for εn.
We attribute this unmistakable difference in trend, to
the very large viscous attenuation effects which result for
small system sizes, i.e., small dimensionless sizes. That
is, for small values of RT, the expectation that vn ∝ εn is
supplanted by the dominating effects of the exponential
viscous attenuation indicated in Eq. 3.

This pattern of exponential viscous attenuation is
made transparent in Figs. 1(b) and (c), which show the
telltale acoustic scaling patterns of a characteristic lin-
ear dependence of ln(vn/εn) and ln[(v3/ε3)/(v2/ε2)] on
(Nch)

−1/3 (respectively), with slope factors which reflect
the n2 dependence on harmonic number. Note that the β-
prefactors (indicated in Eq. 3) for ln(vn/εn) vs. (Nch)

−1/3

are 4 and 9 for n = 2 and 3 respectively, and the prefactor
for ln[(v3/ε3)/(v2/ε2)] vs. (Nch)

−1/3 is 5. Note as well
that the ratio (v3/ε3)/(v2/ε2) leads to a significant re-
duction in the influence of possible pT-dependent viscous
effects [50] for the 〈pT〉 values of interest.
The dashed lines in Figs. 1(b) and (c) represent fits to

the eccentricity-scaled data following Eq. 3. They indi-
cate relatively good fits which suggest a size-independent
〈

η
s (T)

〉

value for the full range of system sizes spanned
by the combined data sets for these Pb+Pb collisions.
This observation is consistent with the earlier expectation
that variations in the magnitude of RT at a fixed value
of

√
s
NN

, are not accompanied by significant temperature

variations. Moreover, a weak temperature dependence of
η
s (T) has been indicated in recent viscous hydrodynam-
ical calculations [11]. This implied size-independence of
〈

η
s (T)

〉

, does not preclude viscous attenuation which is
significantly larger in small systems than in large systems
(cf. Figs. 1(b) and (c)).

The results obtained for the Nch-selected measure-
ments for p+Pb are shown in Fig. 2. They indicate
strikingly similar patterns to the ones shown in Fig. 1
for the Nch-selected Pb+Pb data, albeit with different
magnitudes for vn and εn. Fig. 2(a) shows that the 〈Nch〉
dependence of vn is opposite to the trend for εn over the
full range of the measurements. Here, the εn values are
also divided by the indicated factors, to normalize vn and
εn at 〈Nch〉 ∼ 100. Note that the 〈Nch〉 values in Fig. 2
are for one unit of pseudorapidity. The statistical sig-
nificance of the εn values, precluded a comparison to a
few data points at larger 〈Nch〉 corresponding to the top
1% fraction of the events. The observed trends confirm
that the very large viscous attenuation effects, previously
identified for the small systems created in Pb+Pb colli-
sions (c.f. Fig. 1), are also present in these p+Pb colli-
sions, for comparable 〈Nch〉.
The revealing acoustic scaling patterns of a

characteristic linear dependence of ln(vn/εn) and
ln[(v3/ε3)/(v2/ε2)] on (Nch)

−1/3 (respectively), with
slope factors which reflect the n2 dependence on har-
monic number, are also apparent in Figs. 2(b) and
(c). They are strikingly similar to the scaling patterns
previously observed in Figs. 1(b) and (c) for Pb+Pb
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FIG. 2. (a) vn and εn vs. 〈Nch〉 for Nch-selected (II) measurements of vn in p+Pb collisions at
√
s
NN

= 5.02 TeV. The dotted

and dashed curves show εn values which are normalized to vn at 〈Nch〉 ∼ 100; (b) vn/εn vs. 〈Nch〉−1/3 for the data shown in

panel (a). The dashed lines represent fits to the eccentricity-scaled data following Eq. 3; (c) ln[(v3/ε3)/(v2/ε2)] vs. 〈Nch〉−1/3

for the data shown in panel (b). The dashed line represents a fit to the data following Eq. 3

collisions. The indicated dashed lines, which represent
fits to the eccentricity-scaled data (following Eq. 3),
also suggest a common

〈

η
s (T)

〉

over the full range of
dimensionless sizes characterized by 〈Nch〉 in these
p+Pb collisions. Here, it should be emphasized again
that this implied size-independence of

〈

η
s (T)

〉

for the
medium produced in p+Pb systems of varying sizes, are
fully compatible with the large size-dependent viscous
attenuation effects produced in these collisions.

The size dependence of the ratio of the eccentricity-
scaled coefficients (v3/ε3)/(v2/ε2), for the p+Pb and
Pb+Pb measurements are compared in Fig. 3. Note that
this ratio leads to a significant reduction in the influence
of possible pT-dependent viscous effects [50] which could
be different for p+Pb and Pb+Pb collisions. The com-
parison indicates strikingly similar magnitudes and slope
trends for both sets of measurements. Note that it is
the slope which carries information about

〈

η
s (T)

〉

, not
the magnitude. The latter is not required to be similar
for the two sets of colliding species to have compara-
ble values of

〈

η
s (T)

〉

. The dashed line, which represent
the results from a fit to the combined data sets, indi-
cate that, within an uncertainty of ∼ 7%, a single slope
value β = 0.83± 0.06, can account for the wealth of the
combined measurements. To estimate the overall fit un-
certainty, independent fits were performed for each data
set.

The observed similarity between the p+Pb and Pb+Pb
β values, suggests that

〈

η
s (T)

〉

for the medium created in
p+Pb and Pb+Pb collisions are comparable. However,

a further calibration that maps the extracted value of β
on to a quantifiable value for

〈

η
s (T)

〉

would be required.
An appropriately constrained set of viscous hydrodynam-
ical calculations, tuned to reproduce the results shown in
Figs. 1 - 3, could provide such a calibration to give a
relatively precise estimate, as well as simultaneous vali-
dation of the initial-state eccentricity spectrum for these
collisions.

In summary, we have presented a detailed phenomeno-
logical investigation of the influence of dimensionless size

RT ∝ 〈Nch〉1/3, on the viscous attenuation of the ellip-
tic and triangular flow coefficients measured in Pb+Pb
(
√
s
NN

= 2.76 TeV) and p+Pb (
√
s
NN

= 5.02 TeV) col-
lisions. We find that, for for small 〈Nch〉 (small dimen-
sionless size), the magnitude of the flow coefficients are
dominated by the effects of size-driven viscous attenu-
ation in both p+Pb and Pb+Pb collisions. Strikingly
similar acoustic scaling patterns of exponential viscous
modulation, with a damping rate proportional to n2 and
inversely proportional to the dimensionless size, are ob-
served for both the p+Pb and Pb+Pb eccentricity-scaled
coefficients. Such patterns suggest that the very large vis-
cous attenuation effects, apparent in the small systems
created in p+Pb collisions are also present in Pb+Pb
collisions of comparable 〈Nch〉. The scaling parameters
for the ratio of the eccentricity-scaled vn coefficients, fur-
ther suggests comparable size-independent specific shear
viscosities

〈

η
s (T)

〉

for the hot and dense matter pro-
duced in p+Pb and Pb+Pb collisions, contrary to cur-
rent predilections. These results provide crucial insight
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FIG. 3. Comparison of ln[(v3/ε3)/(v2/ε2)] vs. 〈Nch〉−1/3

for centrality selected (I) and Nch-selected (II) Pb+Pb mea-
surements, and Nch-selected (II) p+Pb measurements. The
dashed line represents a fit to the combined data sets, follow-
ing Eq. 3.

on the important role of dimensionless size for viscous
attenuation. Such insight could aid ongoing efforts to
establish the lower size limit for applicability of viscous
hydrodynamics, as well as to aid its utility for precision
extraction of the transport coefficients for hot and dense
partonic matter.
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