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This paper presents how thermal mean field effects are incorporated consistently in the hydrody-
namical modelling of heavy-ion collisions. The nonequilibrium correction to the distribution function
resulting from a temperature-dependent mass is obtained in a procedure which automatically satis-
fies the Landau matching condition and is thermodynamically consistent. The physics of the bulk
viscosity is studied here for Boltzmann and Bose-Einstein gases within the Chapman-Enskog and
14-moment approaches in the relaxation time approximation. Constant and temperature-dependent
masses are considered in turn. It is shown that, in the small mass limit, both methods lead to the
same value of the ratio of the bulk viscosity over its relaxation time. The inclusion of a temperature-
dependent mass leads to the emergence of the x-function in that ratio, and it is of the expected
parametric form for the Boltzmann gas, while for the Bose-Einstein case it is affected by the infrared
cut-off. This suggests that the relaxation time approximation may be too crude to obtain a reliable
form of ¢/7r for gases obeying Bose-Einstein statistics.

1. INTRODUCTION

The vibrant experiment program pursued at the Rel-
ativistic Heavy Ion Collider (RHIC) and at the Large
Hadron Collider (LHC) have ushered in a new era of ex-
ploration of systems governed by the nuclear strong inter-
action. One of the remarkable features that emerged from
investigating the physics of relativistic heavy-ion colli-
sions is the fact that the created systems could be mod-
elled theoretically by relativistic fluid dynamics [1, 2].
This realization led to developments in the formulation
of relativistic viscous hydrodynamics in which observable
consequences of the dissipative effects have been isolated
[3-13]. Currently, second-order viscous hydrodynamics
provides a description of the fluid behavior [11-14] which
remedies the main failure of the Navier-Stokes — or first-
order — formulation: acausal signal propagation and nu-
merical instabilities plaguing relativistic systems.

While the hydrodynamic equations are universal and
provide a macroscopic picture of a relativistic fluid be-
havior in terms of conservation laws, transport coeffi-
cients are governed by the underlying microscopic theory
which must be used for their extraction. Although the
first applications of viscous hydrodynamics focused on
the shear viscosity, it has recently become clear that bulk
viscosity also plays an important role in the evolution of
the QGP system [15-17]. The calculation of bulk viscos-
ity from first principles, however, remains a challenging
project. It is on this aspect that we concentrate in this
paper.

The equations of the second-order hydrodynamics de-
scribe very efficiently the expansion of the system pro-
duced in heavy-ion collisions. This is a strong indication
that the system must thermalize very rapidly, which in
turn indicates that the system is strongly interacting at
presently achievable energies. Current estimates of the
bulk viscosity of QCD are mainly based on the equation
of state obtained from lattice QCD simulations [19, 20],

or rely on empirical extractions based on simulations of
relativistic nuclear collisions [15-18]. Application of lat-
tice QCD findings [21-23] and the hadron resonance gas
results [24, 25] allowed to determine that the bulk vis-
cosity is notably enhanced near the critical temperature
of the QCD phase transition while the shear viscosity is
substantially decreased in this region [26, 27]. Further-
more, the importance of bulk viscosity near the transi-
tion temperature region was shown to have a remarkable
impact on the elliptic flow coefficient vo [25, 28, 29] and
other heavy-ion observables [15-18, 30, 31]. Recently, the
behavior of bulk viscosity was also obtained from hydro-
kinetic theory which incorporates thermal noise [32].

Despite the progress described above, there is still a
need to develop methods which provide a better insight
in the effects of bulk viscosity at different energy scales.
In particular, one may be interested in having a consis-
tent analytical approach to bulk viscosity physics in the
regime of very high temperatures. At this energy scale
the coupling constant is small and fundamental quantum
field theoretical tools can be used to study bulk viscos-
ity systematically. Having given a comprehensive fluid
dynamic formulation of a weakly coupled gas may also
provide an essential benchmark for different approaches
and phenomenological applications.

In Refs. [33, 34] it was shown that quantum field theory
is equivalent, at least at leading order of perturbative ex-
pansion, to kinetic theory. Later calculations then could
use this efficient and intuitive kinetic theory framework
to study transport phenomena, see [35-37]. It has also
provided a natural language to formulate fluid dynamics
concepts. Within the kinetic approaches, the Chapman-
Enskog and the Grad’s 14-moment methods are com-
monly employed to study the nonequilibrium processes
of a fluid. They, however, rely on different treatments of
the distribution function. While the Chapman-Enskog
theory deals directly with solving the Boltzmann equa-
tion [38], the Grad’s approach is based on an expansion



of the nonequilibrium function in terms of the powers of
momenta [39]. To date, great progress has been made in
extraction of different transport coefficients within dif-
ferent theories. It seems, however, that the comprehen-
sive analysis of transport processes in a system exhibit-
ing conformal anomaly is not yet complete, especially in
cases involving a mean field interaction.

A violation of conformal symmetry has a different im-
pact on different transport coefficients. It does not affect
shear viscosity much, its leading order behavior is dom-
inated by the kinetic energy scale in weakly interacting
systems. On the other hand, the breaking of scale in-
variance dominates the physics of bulk viscosity. Conse-
quently, the behavior of bulk viscosity is largely deter-
mined by the sources of conformal symmetry breaking,
either the physical mass of plasma constituents or the
Callan-Symanzyk [y-function, which fixes the coupling
as a function of the energy scale [33]. The parametric
form of bulk viscosity should then be dictated by the
sources of scale invariance breaking squared, as shown
in Ref. [10] for QCD. The bulk viscosity of systems ex-
hibiting conformal anomaly due to presence of a constant
mass only, was later studied within the Chapman-Enskog
approach and 14-moment approximation, mostly in the
relaxation time approximation [41-43], and also within
other approaches [44]. Moreover, quasiparticle models
were also examined for systems of various matter con-
tent in Refs. [45-53].

We observe, however, that there is still a need to re-
visit a formulation of nonequilibrium fluid dynamics with
the mean field background. Such a formulation is essen-
tial when one needs to include variable thermal masses
consistently in the equations of viscous hydrodynamics.
Having the correct form of a nonequilibrium momentum
distribution is also critical while studying some aspects of
nuclear matter behavior phenomenologically, in particu-
lar, when implementing the Cooper-Frye prescription in
hydrodynamic simulations or examining electromagnetic
probes in heavy-ion collisions [17, 54-56]. Furthermore,
such a consistent approach allows for an exhaustive cal-
culation of transport coefficients.

The central part of this paper is devoted to derivation
of the nonequilibium correction to the distribution func-
tion where thermal effects are consistently included. Sub-
sequently, it is shown how the correction influences the
bulk viscosity behavior in the relaxation time approxima-
tion. The analysis is done systematically and it comprises
different cases, namely, formulation of equilibrium and
nonequilibrium fluid dynamics and then computation of
the ratio of bulk viscosity over relaxation time. A com-
putation is provided for gases of Boltzmann and Bose-
Einstein statistics in both the Anderson-Witting model
of the Chapman-FEnskog method and the 14-moment ap-
proximation. The analysis performed in this paper is
specific to single-component bosonic degrees of freedom.
Consequently, when the explicit form of the thermal mass
and the (8, function is needed, we will use those of the
scalar A\¢* theory [33, 34]. The method developed here

is not appropriate for one-component systems of Fermi-
Dirac distribution function. Such a system would be a
system of non-interacting fermionic degrees of freedom
where the thermal mass and bulk viscosity cannot be
determined. To count fermions accurately one needs to
consider a many-component system with the inclusion of
bosons mediating the interaction. This is not done here
and is left for future work.

The correction to the distribution function is found by
noticing that there is a twofold source of departure from
equilibrium. Firstly, there are hydrodynamic forces that
generate a deviation in the distribution function ¢ f, that
is, they change the functional form of the distribution
function. The other source is related directly to inter-
particle interactions, the effect of which is statistically
averaged and emerges as the mean field. Therefore, the
correction is expressed by two terms, which, for the Bose-
Einstein gas, is

dmgy fo(1 + fo)
dT? FEy,

[dKsf
JdKEy fo(1+ fo)
(1.1)

Af =6f —T?

For the description of quantities, see Table I. The ob-
tained form of the correction allows one to formulate hy-
drodynamic equations in a coherent way, where the Lan-
dau matching condition and thermodynamic relations are
guaranteed. Since the thermal mean field has a negligible
impact on shear viscosity, we further concentrate on bulk
viscosity dynamics, where the influence of the thermal
background reveals itself through the Landau condition
and the speed of sound.

We show that both the Chapman-Enskog and the 14-
moment approaches lead to the same final expressions for
the (/7g ratio in the small mass limit, where 75 is the
bulk relaxation time. In general, temperature dependent
mass results in the emergence of the §y-function, which
dictates the very high temperature form of the ratio. In
the Boltzmann case the ratio is

2
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where (1/3 — ¢2) is directly related to M., the noncon-
formality parameter: see Table I. This shows the ex-
pected behavior of the source of scale invariance break-
ing. One may observe that one factor of the scale invari-
ance breaking parameter is introduced directly by the
Landau matching, which comes from the small depar-
ture from equilibrium. The other factor emerges as a
correction to the pressure given by purely equilibrium
quantities, but not provided by the equation of state, as
argued in [10]. For a system with Bose-Einstein statis-
tics, the result is

C a1 N\P[2AT  4x? 9m2,
—=~=T"| - —c; —— — | 1- .
R 3 25m, 15 8m2

(1.3)

(1.2)




The leading order term is not of the expected depen-
dence because of the factor T'/m,, which comes from an
infrared cut-off. The same behavior is reflected either
if we neglect the constant mass term or thermally af-
fected quantities. Therefore, it rather indicates that the
relaxation time approximation, which assumes that 75 is
energy independent, may not allow one to entirely cap-
ture microscopic physics, in particular, of soft momenta
in quantum gases of Bose-Einstein distribution function.
A similar conclusion was reached in Ref. [10].

The paper is organized as follows. In Sec. 2 the in-
gredients of the effective kinetic theory are briefly sum-
marized and the derivation of the noneqilibrium ther-

mal correction is provided. Sec. 3 is devoted to the
formulation of fluid dynamic basic equations with the
mean field background. In Sec. 4, the analysis of the
bulk viscosity over relaxation time ratio is presented
in the Chapman-Enskog theory within which we solve
the Anderson-Witting model. In Sec. 5 we use the 14-
moment approximation to derive the evolution equation
for the bulk pressure and then to calculate the bulk vis-
cosity over the relaxation time ratio and other transport
coefficients in the bulk channel in the relaxation time ap-
proximation. Sec. 6 summarizes and concludes the work.
Appendices contain some technical details.

description equilibrium quantity nonequilibrium quantity
physical, zero-temperature mass of a particle myg mo

quasiparticle thermal mass Meq Mih

quasiparticle mass My = \/m My = \/m
quasiparticle energy by = \/m & =vVkZ+m2

quasiparticle four-momentum
Lorentz invariant measure

distribution function (in the local rest frame)

kKt = (k(),k) = (Ek,k)
dK =
fo=1/[e*Fx —1], with B=1/T f=fo+Af

E* = (ko, k) = (&, k)

4Pk /[(27)° Ex] dK = d*k/[(27)3&x]

beta function for a coupling constant A
temperature dependence of the thermal mass

nonconformality parameter

By = Td\/dT = 3)?/(167°)
T?dm2,/dT? = m2, + aT?Bx, with a = 1/48
M = (—m?) + aT2ﬂA)/3

TABLE I. The quantities characterizing the equilibrium and nonequilibrium dynamics of a gas with the Bose-Einstein statistics.
For the classical gas with the Boltzmann statistics some of these quantities have different values or forms and whenever there
is a need to distinguish them we add the subscript ‘¢’: Mmeq,c, fo,c = e BBk feys Mthye, ac = 1/(871'2)7 and M..

2. NONEQUILIBRIUM DEVIATION FROM THE
EQUILIBRIUM DISTRIBUTION FUNCTION

A. Boltzmann equation with the mean field effect

Kinetic theory provides an efficient classical descrip-
tion of complex microscopic dynamics of an interacting
many-body system. It is a good alternative to quan-
tum field theory to study transport phenomena in the
weakly coupled limit dominated by quasi-particle dy-
namics. By quasiparticles one shall understand particles
which, apart from zero temperature mass, gain additional
thermal mass due to interactions with the medium: the
effect of the mean field. They are characterized by a
mean free path which is much larger than the Compton
wavelength of system’s constituents, and by a mean free
time, which is much larger than the time between colli-
sions [36]. The dynamics of quasiparticles is encoded in
the phase-space distribution function which evolves ac-
cording to the Boltzmann equation.

We consider a system of uncharged thermally influ-
enced particles of a single species for which the Boltz-
mann equation reads

(k*0, — ENVEL - Vi) f = C[f], (2.1)

where C[f] is the collision term, f = f(z,k) is a distri-
bution function of quasiparticles' and the second term
of the left hand side involves the force F = dk/dt =
—V&._ The quasiparticle four-momentum is defined as
k* = (k° k), where ko = & is the nonequilibrium energy
given by

& = VK2 +m2, (2.

2
T

[\
~—

which is a time and space dependent variable since m
m2(z) = md + m2 (x), where my is the physical mass

1 We use here such a notation that whenever x and k appear as
arguments of a function, we mean z* and k* (or k* in case of
fo), respectively.



and m¢p(z) is the nonequilibrium thermal mass, which
varies in time and space. Knowing the z-dependence of
the energy, one may rewrite Eq. (2.1) as
- 1_
(k"0, — §vm§ Vi) f =C[f]. (2.3)
The central object of the kinetic theory is the phase-
space density function f(x,k). What we assume about
the system is that its departure from the equilibrium
state is small, which, in turn, means that the process

of the system equilibration is controlled by the small de-
viation in the distribution function, which we denote as

Af(x, k) = f(x, k) = folz, k), (2.4)

where fo(x, k) is the equilibrium Bose-Einstein distribu-
tion function and, in a general frame, it has the form

1
ol ) = T B~ 1
where 8 = f(z) = 1/T(x) with T'(x) being the local tem-
perature, and u, = u,(x) is the fluid four-velocity. The
four-velocity in the local rest frame is v = (1,0,0,0).
The quasiparticle four-momentum is k* = (k°, k), where
kY component is the equilibrium z-dependent energy

Ek:\/m,

where the dependence of x enters through the mass

m2 = m?*(x) = m§ +m2,(z) with m2,(z) being the equi-

T =

(2.5)

(2.6)

librium thermal mass, which is not the same as m# (z),
the nonequilibrium thermal mass. The Bose-Einstein
density function in the fluid rest frame takes the form

1
fO ((E, k) = .
exp (Ex(2)B(x)) — 1
Let us add that in the forthcoming parts we will be de-
riving all equations for the Bose-Einstein gas, but these
equations may be analogously found for the classical
Boltzmann gas with the distribution function

Joe(w, k) = exp(=B(x)un ()K" (x))

and these will be briefly presented as well. Our aim is
to reformulate the equations of the viscous hydrodynam-
ics when the effect of fluctuating thermal mass is incor-
porated. Therefore, we assume that thermal influence
on the process of the system equilibration is controlled
by the nonequilibrium correction to the thermal mass,

Am3, = m3, —m2,, which will be specified further.

(2.7)

(2.8)

B. Form of Af

As stated earlier, in this work we study systems with
distribution functions that are perturbed from their equi-
librium value. More specifically, the nonequilibrium
phase space density can be written as

[l k) = fun(z, k) +0f (z, k) (2.9)

The first part, fin(z, k), still retains the local-equilibrium
form of the distribution function, but the thermal mass
contains the nonequilibrium corrections

fth(xy k) = fo(«r7 k)|mg+mgq(1)_)m§+mgq($)+Am?h(w) (210)

= [exp (\/k2 +m§ +m2 (z) + Amfh(a:)ﬂ(x)) - 1} -

The second part, ¢ f(x, k), is a change in the functional
form of fo(z, k) caused by hydrodynamic forces, or equiv-
alently, non-vanishing gradients of energy and momen-
tum densities. The nonequilibrium correction Af then
has two parts

Af(ka) = f('rvk) - fO(Ia k)
=0f(z, k) + 0 fin(z, k),
where to the leading order in small change, ¢ fin(z, k) =
fth(xa k) - fO(Ia k) is

S fen(z, k) = —folz, k) (1 + fo(z, k)

(2.11)

Am%h(x)

2B (1) B(x),(2.12)

which is obtained by expanding fi,. Since Am3, is the

nonequilibrium deviation, it itself is going to be a func-

tional of Af. Hence, the equation

Am?2,
2F),

must be solved self-consistently for Af.

Af=6f—Bfo(1+ fo) (2.13)

C. Form of Am3,

Recalling the basic foundations of effective kinetic the-
ory, the analysis here relies heavily on findings within the
scalar A\¢? theory, as provided in Refs. [33, 34], which
makes the introduction of thermal corrections analyt-
ically feasible. But the analysis presented here works
equally well whenever the equilibrium thermal mass has
the form ~ ¢g"T? where g is the dimensionless coupling
constant and n is a positive integer. We intend to pro-
vide an effective macroscopic framework to study weakly
interacting systems, where the strength of interaction is
determined by the coupling constant A < 1. The cou-
pling constant is scale (temperature) dependent and the
analysis performed here pertains only to the perturbative
regime. Within this approach the equilibrium thermal
mass is found to be

A
mgq = (;]O) qo0,
where we have introduced the equilibrium scalar quantity
qo- The function gy and its nonequilibrium counterpart ¢
are defined through the corresponding distribution func-
tions as

(2.14)

q = /dKf07

qz/dle.

(2.15)

(2.16)



For the definitions of the symbols, see Table I. Therefore,
one can observe that Eq. (2.14) contains the coupling
constant A(qp), which is temperature dependent since o
is temperature dependent.

Throughout the analysis we always keep the assump-
tion that all nonequilibrium quantities are slowly vary-
ing functions of space points, which justifies that the
nonequilibrium dynamics is governed by small deviations
of the quantities from their equilibrium values. There-
fore, we further assume that the nonequilibrium thermal
mass is a function of the scalar quantity ¢ only. The
same assumption is applied to the running coupling A(q).
Thus, the nonequilibrium thermal mass can be expanded
as

mi,(q) = mi,(q + Ag) = mgq((Jo) + Amg, (2.17)
with
dmgq

dqo

Am3, = Aq. (2.18)
The function ¢ is uniquely defined by Eq. (2.16) and
should be obtained self-consistently from this equation.
Hence to evaluate Am? , we need to find Ag which is
itself a function of Amz . The deviation of the scalar
quantity ¢ can be written as

dqo 2
Eq. (2.18) then takes the form
1 dm?
Am?, = . 9 [ dKdsf.  (2.20)
_ dqu 9q0 qu
dgo OmZ,

On the other hand both mgq and ¢y are related by tem-
perature, so that one can find

dmgq B dmgq dgo

dr  dqy dT

dm? dm?. 9
eq [ p2 eq 940
= — dKFE 1 (2.21
a0 ( / kfo(1+ fo) + a7 8m§q> (2.:21)
2
Extracting further TT?% and inserting it to
Eq. (2.20) leads to
dm? JdKGf
Am? =272 —4 . (2.22
" I BTaKE S+ f 2
2 _ 2 2
where we used dmg, /dT = 2Tdm,/dT*.
Inserting Eq. (2.22) to Eq. (2.13), one gets
dm?, fo(1+ fo) [dK&f
Af=0f —T? 4.0 0 (223
f=of dr? Ey,  [dKEfo(1+ fo) (2.23)

Analogously, the correction for the Boltzmann gas is

dmgq,c fO,c deéfc
dr? Ey deEkac’

Afc = 5fc - T2 (224)

where the subscript 'c’ has been used to emphasize that
the formula holds for the classical gas. Egs. (2.23) and
(2.24) are one of the main results of this paper. In previ-
ous analyses [15-47, 19-53], the second term in Eq. (2.23)
was missing or was incomplete. When applying Cooper-
Frye formula in viscous hydrodynamics, it is Af, not § f
that should be used.

D. Temperature dependence of the thermal mass

The thermal mass is a function of the scalar quantity qq
and is defined by Eq. (2.14). Its temperature dependence
is dictated by

dmgq o )‘(QO)@

_ Y dX(qo)
ar 2 dT '

2 dT

(2.25)

qo is one of the thermodynamic functions discussed in de-
tail in Appendix B and its leading order value is found to
be T?/12. Additionally, the second term in Eq. (2.25) en-
codes the running of the coupling constant as a function
of the energy scale, which is the essence of the renormal-
ization group [Bx-function, defined by

d\(qo)
dT

Ba=BN) =T (2.26)
It should be obtained using diagrammatic methods. In
case of the scalar theory, g is positive and proportional
to A2. Collecting these contributions, one finds

dm?
2 dT; = mZ, + aT?B,. (2.27)
where mZ, = A\T?/24 and a = 1/48.
One can analogously consider a temperature-

dependent scaling for the classical Boltzmann gas. In
this case, the thermal effective mass may be assumed
to have the same form as (2.14). The only difference is
that one uses the Boltzmann distribution function fy .
instead of fo. This gives qo. = T7/(27%) + O(m2), as
given by Eq. (B.16) and it leads to

dm?

T° dz‘jgc =mlq.c+ acTBa, (2.28)
where m2, . = ANT?/(47*) and a, = 1/(87?).

3. EQUATIONS OF HYDRODYNAMICS WITH
THERMAL CORRECTIONS

A. Local equilibrium hydrodynamics

First consider the system under strict local equilib-
rium. By that we mean that the functional form of the
distribution function is still fy given in Eq. (2.5) or in
Eq. (2.8), but the temperature as well as the thermal



mass is x-dependent. Such a system possesses a con-
served stress-energy tensor of the form
" = /de“k”fo — g" Uy, (3.1)
where the metric tensor we use is
diag(1l,—1,—1,—1). The extra term Uy = Up(x) is
the mean-field contribution that guarantees the thermo-
dynamic consistency of hydrodynamic equations and the

conservation of energy and momentum, via the following
condition

g =

AUy = %de (3.2)

eq?
where qg is the Lorentz scalar defined by Eq. (2.15).

Since we study here a system with no conserved
charges, the Landau frame is a natural kinetic framework
to define the four-velocity u* via

uw, T4 = eou”, (3.3)
where the eigenvalue €y can be identified as the local en-
ergy density. With this definition the energy-momentum
tensor may be decomposed using two orthogonal projec-
tions ufu” and A* = ¢g" — wFu”. The equilibrium
energy-momentum tensor becomes

T} = equtu” — PyAM, (3.4)

where Py is the local thermodynamic pressure. The en-
ergy density and the pressure are in turn given by

€0 = €0 — Uy, (3.5)
Py = Py + Uy, (3.6)
where
€0 = ((uuk™)?),, (3.7)
Py = —%(A’“’k#kl,)() (3.8)

with the notation <...>0 = [dK...fo. Let us point
out that the enthalpy is not changed by the mean field
€0+ Py = €9+ Py. One may also check that the definition
of energy density (3.5) and pressure (3.6), together with
the condition (3.2), guarantee that the thermodynamic
relation

dPy
Tsy = Tﬁ =€+ P07 (3'9>

where sq is the entropy density, is satisfied.

B. Nonequilibrium hydrodynamics

The stress-energy tensor of fluid dynamics out of equi-
librium takes the following form

T = / AKEPEY f — g"'U, (3.10)

which is formally the same as Eq. (3.1). The mean-field
correction U must be now a function of ¢ = [dKf only
[31].  We emphasize that the formulation of fluid hy-
drodynamic framework with the thermal correction still
has to conform with all assumptions that were made to
provide the effective kinetic theory, discussed in Sec. 2.
In particular, such a description requires the system to
be sufficiently dilute and quasiparticles’ mean free paths
to be much longer than the thermal width of its con-
stituents, which is maintained when the strength of inter-
action is weak. Furthermore, to allow for validity of hy-
drodynamics, the system has to be characterized by some
macroscopic length scale at which macroscopic variables,
such as pressure and energy density, vary. Under these
assumptions, nonequilibrium hydrodynamic description
applies to systems where departures of all quantities from
its equilibrium values are characterized by small correc-
tions. Therefore, the nonequilibrium function U, in par-
ticular, may be expanded as

U=Uy+ AU, (3.11)
where
dUy
AU = —Ag. 3.12
o 4 (3.12)

However, as discussed before and explicitly shown by
Egs. (2.17) and (2.18), the thermal mass is also a func-
tion of ¢ only. Therefore, applying the relation (2.18) to
(3.12), one finds
AU = %OAmfh, (3.13)

As before, this is also the condition that U must sat-
isfy to maintain the energy-momentum conservation law
0, IT* = 0.

The stress-energy tensor of the viscous hydrodynamics
(3.10) may be next decomposed into the local equilibrium
part and the nonequilibrium deviation

TH =T + ATH, (3.14)
where T} is given by (3.4) and AT*” carries all dynam-
ical information needed in order to determine how the
nonequilibrium system evolves into equilibrium. Let us
notice that a separation of viscous correction from the
equilibrium part in Eq. (3.14) has been done not as a
rearrangement of Eq. (3.10) but rather as an expansion
of the stress-energy tensor around its local equilibrium
value. As shown in Appendix A, we have

ATY = / dKE;Af, (3.15)

AT = / dK Exk'Af, (3.16)

y o Am? kiki
ATV = /delkﬂAf— 2““ /dKFfO
k

2
22 [, o0



where Am? and Af are given by (2.22) and (2.23), re-
spectively. Egs. (3.15) and (3.16) shall dictate the form of
the Landau matching condition, and Eq. (3.17) contains
the definitions of the viscous corrections.

C. Landau matching condition in the rest frame

The Landau matching is defined by the eigenvalue
problem

u, TH = eu”, (3.18)

where € is the energy density of the nonequilibrium state
including the thermal correction U. In the fluid rest
frame it comes down to two equations, corresponding to
the conditions on the energy density and the momentum
density:

T = ¢, T = 0. (3.19)
Under the Landau matching condition, the local equilib-
rium is defined to have the same local energy and the
momentum density
AT =0, AT = 0. (3.20)
Using Egs. (3.15) and (3.16) with the correction to the
distribution function Af given by Eq. (2.23), we obtain

dm
Ae:/dK {Ei _7? (Zﬂ;}w, (3.21)
_ i zdmgqde/k”fO(foJrl)}
O_/dK{Ekk T B g1 )

However, the second term in Eq. (3.22) vanishes because
of rotational symmetry in equilibrium. Hence the Landau
matching conditions are

2 o dmdy
/dK B -1 5y =, (3.23)
/ dK ELE'Sf = 0. (3.24)

The second condition indicates that Jf cannot have a
vector component: it can only contain a spin 0 part and
a spin 2 part.

D. Shear-stress tensor and bulk pressure in the
local rest frame

The shear tensor 7% and the bulk pressure II are
found from Eq. (3.17) in the local rest frame, where the
Egs. (2.22) and (2.23) are inserted. Then, as shown in
Appendix A, one obtains

ATY = / dKE'EISf. (3.25)

We can reorganize (3.25) to separate the spin 0 part and
the spin 2 part as follows

AT = 7% 4 §9TI, (3.26)

where
7 = / dKE RS f, (3.27)
I = % / dKK25f, (3.28)

where k{*k7) = k'k? — k26% /3. These coincide with the
commonly known forms of the shear-stress tensor and
bulk pressure in the local rest frame.

E. General frame

In a general frame where the flow velocity u* may be
arbitrary, the energy-momentum tensor is?

T = / dKk"EY fo — g" Uy
+ / dK |EFEY —u“u”TQszq 5f. (3.29)
|0 (3.

The Landau condition then becomes

dm?

/dK[(uuk“)k” —u’T? dTe;}éf =0 (3.30)

and the viscous corrections are given by

= (kg M= —%<Awk#k">§, (3.31)
where (...)s = [dK(...)df. We have also used the no-
tation A) = ARY AP where ALY = (ARAL+AFAY —
2/3A" Ayp)/2. The definitions (3.31) have the well-
known structures, but the thermal mass that enters them
is now z-dependent and the Landau matching contains
a correction due to the temperature dependent mass.
These arguments are essential when one aims at examin-
ing transport properties of the medium.

4. NONEQUILIBRIUM CORRECTION IN THE
CHAPMAN-ENSKOG APPROACH

Chapman-Enskog theory provides a way to directly
find the solution to the Boltzmann equation for near-
equilibrium systems. Solving the full Boltzmann equa-
tion, however, is formidable task. In this paper, we

2 In Ref. [33], the energy-momentum tensor correction was written
down incorrectly, but the mistake vanished with the imposition
of the Landau matching condition, ensuring the validity of the
subsequent derivations.



use the Anderson-Witting model [57] to find the explicit
leading order solution. In this section, we focus on the
bosonic quantum gas case. Treatment for the Boltzmann
gas case is identical if one replaces fo(1 + fo) with the
Boltzmann factor fo ..

A. Solution of the Anderson-Witting equation in
the rest frame

With the medium dependent thermal mass, the
Anderson-Witting model is given by

(k0 — &xvEL Vi) £ = RO

TR

(4.1)

where k#* = (&, k). In the fluid cell rest frame u* =
(1,0,0,0) and u - k = &.
To use the Chapman-Enskog method, we let

f=f+h+fot -

where each f,, contains only the n-th derivatives of the
thermodynamic quantities and the flow velocity. The
first order equation is obtained by identifying Af = fi
in the right hand side and using all other quantities in
their equilibrium forms

(4.2)

1 0 E,
(kﬂau — =0im cqak ) folx, k) = —gAf(x,k), (4.3)
where now k* = (Ej, k).
Evaluating the left hand side yields

1

(k“&u - =0;m eqak )fo(:c k) = =Bfo(z, k)1 + fo(x, k))

dm? k2 o
2 2 2 € A
X [(c (Ek —T dT;) )(a u') — kYk >ajuz} ,

(4.4)

where the equations of motion from the ideal hydrody-
namics

o = 2L (4.5)

T )
0T = —Tc2ou' (4.6)

are used to remove time derivatives.

The Af in the right hand side of the Anderson-Witting
model is just Eq. (2.23). Letting 6f = fo(1 + fo)o, we
get

Af(k) = fo(k)(1+ fo(k))
T2 dm?2, [ dKé(k)fo(k)(1 k
[ oty - T2 ke JARORDRIO+ 50D,
Ey, dI? [dKEfo(k)(1+ fo(k))
where the z dependence of all quantities is suppressed
for the sake of brevity. In previous derivations, the last
term was missing [47, 52, 53]. Dividing ¢ into the shear

and the bulk parts ¢ = ¢s+ @1, and comparing Eqs. (4.4)
and (4.7), the shear part of ¢ is trivially obtained as

ds(k) = — 2 kD) 9,

T (4.8)

since the angle integration over the spin-2 tensor k% k%
vanishes. For the bulk part, letting

b )
o (k) = (@Ek + —) Opu’ (4.9)
E,
and comparing Egs. (4.7) and (4.4), we get
1
a=Tgrf <c - §> (4.10)
and
—MBTrJ1,0
b= 4.11
Jl.,O — TQ(deq/dTQ)J 1 0 ( )
where we defined
L, dme
M= (mm ). (4.12)
With mZ, oc XT”?, we have
1
M= (mg — aBT?), (4.13)

where ) is the coefficient function of the coupling con-
stant renormalization group and a = O(1) depends on
the theory. The parameter M can be identified as the pa-
rameter of nonconformality of the system (or the source
of the conformal invariance violation). We have also in-
troduced a notation for thermodynamic integrals

Ing = aq/dK(u k)T (A KRR fo(k)(1+ fo(K)),
(4.14)

where a;, = 1/(2¢ + 1)!!, which can be evaluated in the
fluid cell rest frame. The bulk part of the leading or-
der Chapman-Enskog solution of the Anderson-Witting
equation is then

on(k) = TrB(Oiu’)
X <(c§ —1/3)E}y

1 Mg
Ek J170 — T2(dmgq/dT2)J_170
(4.15)
To show that ¢, (k) is in fact proportional to (c2 —1/3),
we can use
o _ dBRy/dT _ 31
déo/dT ngo - (T‘Qd’l?’l,gq/dTQ)‘]1707

(4.16)

where Py and €y are the pressure and the energy density
given in Egs. (3.6) and (3.5). Using the identities from
Appendix B2, one can also show that

2 _ _ MJy0

s Jg_]o — TQ(dmgq/dTQ)JLO'

(4.17)



Hence finally
(k) = TRAOu')(c —1/3)

J3.0 — T?(dm?2,/dT?).J
% Ek _ i 3,0 ( meq/ ) 1,0 ) (418)
Ek Jl.,O — T2(dmgq/dT2)J,170

Eq. (4.18) is another main result in this work. This equa-
tion slightly differs from the analogous one for the Boltz-
mann statistics shown in Ref. [17, 46, 49].

In hydrodynamic simulations, it is practical to replace
the system expansion rate by the bulk viscous pressure
using the Navier-Stokes relation IT = —(6, which gives

on(h) =5 (~ =) (@ =19

J3.0 — T?(dm?2, /dT?).J
y Ek— 1 3,0 ( mcq/ ) 1,0 ) (419)
Ek Jl.,O — T2(dmgq/dT2)J,170

Having given the solution of the Anderson-Witting
equation, one can also find Af explicitly. Inserting
Egs. (4.18) and (4.8) into (4.7) one finds
AR

Ey

AF(K) = fo(k)(1+ fo(k))r { ~ (Oyu)

+(0u") (2 —1/3 (E - ——)] 4.20

(@) = 1/3) (B = g7 ) | (120)

The phase space density correction Af has a much sim-

pler form than ¢. However, for transport coefficient cal-

culations, it is ¢ (equivalently 0 f), rather than Af, that
is needed.

B. Energy conservation and Landau matching in
the Anderson-Witting case

By multiplying k* = (&k, k) and integrating over diC,
the left hand side of Anderson-Witting equation Eq. (4.1)
turns into 0, 7", where the stress-energy tensor T+ is
defined in Eq. (3.10). Assuming that the mean-field con-
tribution U satisfies

RG]

0U () = T /dle(x,k), (4.21)
we get 0, T = 0.

Under the same condition, the right hand side of the
Anderson-Witting model within the Chapman-Enskog
approach must also vanish

TR

dK Exkt Af =0 (4.22)
to ensure energy-momentum conservation. This condi-
tion for energy-momentum conservation is actually ex-
actly the same as the Landau conditions we derived in
Section 3 C. Upon using A f in Eq. (2.23) in the fluid rest
frame, these become

d 2
O:/dK (E,f—T2 ;;f;>5f

(4.23)

and

0= / dK Ey k'S f. (4.24)
Eq. (4.24) is automatically satisfied by the §f = fo(1 +
fo)(¢s + ép) obtained in the previous subsection since it
does not contain a vector part. In the condition (4.23),
the shear part ¢ also vanishes because it contains a spin-
2 tensor. Using Eqs. (4.18) and (4.14), it is easy to show
that the energy conservation and the Landau condition
are indeed fulfilled. This automatic fulfillment of the
Landau condition for the quasi-particle case would not
have been possible if one missed the Am?2, correction in

Af.

C. The shear and the bulk viscosities in the
Anderson-Witting model

The full leading order Chapman-Enskog solution to the
Anderson-Witting model is given by Eq. (4.7) with ¢
and ¢p, obtained above. The shear viscosity can be eval-
uated by using Eq. (3.27) for %7 and Eq. (4.8) for ¢s
as

Y= dK fo(1 —ao"

T 15 R fo( +f0)EkU ,

where 07 = —1/2(8"u +87u' —2/3¢" 9u"). Identifying
= 2no*, we get

(4.25)

n

— =fJ32 (4.26)
TR

and subsequently find the shear viscosity in the relax-
ation time approximation, which was examined in few
papers, see, for example, [41, 43, 49], and has the form

n _e+hH

—_ = 4.27
TR 5 ( )

For the bulk viscosity, we start with Eq. (3.28)

k2

= /dK 3 of. (4.28)

Using the Landau condition, Eq. (3.23), one gets
=M / K, (4.29)

in which only the bulk part is relevant
=0 [ K fo()0+ fak)on(h)  (430)

with ¢ (k) given by Eq. (4.18). Since I = —(d;u’, one
can read off the bulk viscosity to the relaxation time ratio
from Eq. (4.30) as

i :BM2<

TR

J_1,0d1,0
Jl.,O - TQ(dmgq/dTQ)J,LO
J1,0J1,0
- — 4.31
Jg_]o - TQ(dmgq/dTQ)JLo> ( )




The integrals present in Eq. (4.31) have been computed
in Appendix B2. Using them one gets the value of the

ratio as
M? (7T 11 9m?
S M (L ILA L T )y g0
TR 2m2\4dm, 12 44m?2
For the application in relativistic viscous hydrodynamics,
it is more useful to use the speed of sound. Applying

Eq. (4.17) and (4.31) one can explicitly show that the
ratio is proportional to (1/3 — ¢5)?, namely

¢ afl N\’ (2T 4n? 9m2,
STt -—) (2= - (1 .
- 3 2%m, 75 8m2

(4.33)

Note the appearance of T'/m,, in the expression (4.33).
This is in clear contrast to the Boltzmann statistics case
which does not show such a behavior. The analysis for
the Boltzmann statistics case is identical to the analysis
above except that in place of J, 4, we have

In,q = Qq / dK(u . k)nimz(_A,uvk#kV)qfO,C(k)a (434)

where fo (k) = e #¥"%_ In this case, one gets

<Boltz — T4 1 . CQ 2 @ _ 36m,

TR 3 ¢ 2 al )
The origin of this discrepancy is the fact that the Bose-
Einstein factor behaves like f(k) ~ T/E}, in the infrared
limit which makes the thermodynamic integral J_; ¢ in
Eq. (4.31) diverge in the m, — 0 limit while I_; ¢ does
not. As a result, soft momenta govern the structure of
¢/7r. However, since the calculation was performed in
the relaxation time approximation, which assumes that
TR is independent of energy, it may not capture the right
soft physics. A similar behavior was seen in Ref. [10],
where QCD bulk viscosity is studied. The authors claim
that the correct behavior of bulk viscosity is obtained
in the relaxation time approximation by neglecting the
infrared divergent term. But in principle there is no rea-
son why this term should be ignored within the present
framework.

Further, notice that starting from Eq. (4.4), the spin 0
part (the bulk part) and the spin 2 part (the shear part)
of the analysis are totally independent. Hence, it is pos-
sible to generalize the leading order Anderson-Witting
equation as

(4.35)

1 0
(kuaﬂ — §almgqa_kz> fo(x, k)

= —&Afs(:zr, k) — &Afb(x, k), (4.36)
Tr 11

where A fg and A fy, is the shear and the bulk part of Af.

In fact, when the dominant physical processes for the

shear relaxation and the bulk relaxation are different, this

is the most natural form of the Anderson-Witting model.
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The analysis of this generalized Anderson-Witting model
follows exactly the same route as for the single 75 except
that the shear viscosity and the bulk viscosity have dif-
ferent relaxation times.

As discussed in Ref. [33, 34], the dominant physical
process for the shear relaxation and the bulk relaxation
can be indeed very different and the bulk relaxation can
be dominated by the soft sector. Hence, the appearance
of T'/m, is not entirely unnatural given that 71 can have
very different m, dependence from 7, and the bulk relax-
ation is dominated by the soft number-changing process.

D. Comparison of Af to previous works

The phase space correction A f in Eq. (4.20) ultimately
comes from solving the first order Chapman-Enskog ap-
proximation. Hence, it should come as no surprise that
Eq. (4.20) is consistent to similar results found in other
similar works provided that the right expression for the
speed of sound is used. For instance, in Ref. [19] one
finds that the bulk part of the phase space correction in
the Boltzmann case is derived to be

Afr(k) = fo.c(k)or(k) (4.37)

with

(4.38)

where the speed of sound is ¢, = (3+2K5(z)/K5(2)) ™",
with z = mg/T and K, (z) being the modified Bessel
functions of the second kind. This ¢g is different than
¢y in Eq. (4.19) since ¢ is a part of Af while ¢y is a
part of 0 f. The phase space correction A fg is, however,
equivalent to the bulk part of Af in Eq. (4.20) if one
uses the speed of sound expression (4.16) with J,, , —
I,.q. As mentioned above, this is as it should be since
both are solutions of the first order Chapman-Enskog
approximation.

The big difference between the previous treatments
and ours is in computing the bulk viscosity. The bulk
viscosity must be calculated using 6 f and not Af as ex-
plained in the previous section. If one uses Af (or Afg)
instead of d f, the ratio (/7 would be incorrectly calcu-
lated.

5. TRANSPORT COEFFICIENTS IN THE
14-MOMENT APPROXIMATION

When a system features a conformal anomaly, first or-
der transport coefficients reveal different sensitivity to
the source of the conformal symmetry violation, as ex-
plicitly shown in the previous section. In particular,



shear viscosity is fully determined by the dominant en-
ergy scale, which is the temperature 7', and thus the
shear viscosity over its relaxation time ratio behaves as
T* at leading order in the conformal symmetry break-
ing making the effects of scale anomaly negligible. On
the other hand, bulk viscosity over the relaxation time
is fully determined by breaking of conformal symmetry.
Such a difference makes it justified to omit the analysis
of shear viscous effects and to evaluate first and second
order transport coefficients related to bulk pressure be-
cause the additional term in Eq. (2.23) indeed concerns
only the scalar part. The analysis is performed at leading
order in the conformal breaking parameter while includ-
ing the thermal mass consistently.

The bulk pressure is given by Eq. (4.29). Noting that
Eq. (2.23) can be expressed as

dmg, fo(1+ fo) 11

MAf=MG&f—T?

dT? FEy f dKEkfo(l + fo) ’
(5.1)
one can rewrite Eq. (4.29) as
H:M/dKAf, (5.2)
where
y MJ10 (5.3)

M = .
J170 — T2(dmgq/dT2)J_170

To obtain the equation of motion for the bulk pressure,
we first take the time derivative of II

ﬁ:J\Z/dKAf

22

—H\Z[/dKAf'— Meq /dK%Af}, (5.4)
k

2

where we adopted the notation A = ut0, A for an arbi-
trary quantity A, which reduces to the time derivative in
the rest frame of the fluid. From the Boltzmann equation

(k0. — &ver- Vi) £ =Clf) (5.5)

where C[f] is the collision integral, one finds
1 - -
utOu(Af) = Wb [C[f] — k*0ufo — KMV Af
w-

1 1
+§V’ﬁlikao + gvminAf] . (5.6)
Inserting the expression (5.6) to Eq. (5.4) and keeping
only leading order terms, that is, terms which are evalu-

ated with k — k, we have

ﬁ —C = —M |: - B(']l.,o - TQ(dmgq/dTQ)JfLo)

8 ) M2
+§9(J1,0—mmJ_1,0) + E—EH 11

m? 2
_M($ + %H)p_g —MpliugU;w, (57>
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where 6 = V u" and o, = 0;,u,) is the Navier-Stokes
shear tensor. In Eq. (5.7) we adopted the following no-
tation for the collision term

C - M/dK(u )] (5.8)

and for the irreducible moments
Pn = <(uakoz)n>57

Evaluating u,0,T"” = 0 and implementing the for-
mula (4.16) for the speed of sound squared, one obtains

P = (ko) "R E)5. (5.9)

B 110 — o,
 J30— T?(dm2,/dT?).J;,

8 +¢260.  (5.10)
0

Next, calculating time derivatives M and mgq, Eq. (5.7)
simplifies to

. - 1 dmg
nI-c= —ﬂMKg - C§> <J1,0 - T? deqjl,())

2 22aT?
+MJ_170] - (5+ 250175

. _ A)en

- o, A+ M?p_o6 — Mp"o,,  (5.11)
where
= Jio—T?*(dm?2, /dT?)J_ 1
PR S i G T L K TR
J370 — T2(dmgq/dT2)J170 3

with the quantity (¢2 — 1/3) given by Eq. (4.17).

To close Eq. (5.11) in terms of II and 7", one can
apply the 14-moment approximation, which allows to ex-
press the irreducible moments by II and 7" as follows

(5.13)
(5.14)

0
pP—2 = ’75 )H7
Py =750,

where the coefficients 7;0) and 752) are combinations of

different thermal functions J, ;. Their particular forms
are presented in Appendix C. Also, using the Anderson-
Witting model for the collision term

Af

TR

Ol = ~(u- k) (5.15)
where Af is given by Eq. (2.23), the collision integral
becomes

C=-—.

(5.16)
TR

Applying the collision term in the relaxation time ap-
proximation (5.16), the irreducible moments, Eqgs. (5.13)
and (5.14), and the relation for the speed of sound (4.17)
to the evolution equation (5.11), one obtains

. I 0 ¢ Al
e Lo S0 ommyn i g, (5.17)
TR TR TR TR



where
¢ 9 Ji0d-1,0
2 = M ’ 5
P T T 2, T T
J1,0Jd1,0

— 5.18
Jg_]o — TQ(dmgq/dTQ)JLO ( )

is identical to the expression obtained in the Chapman-
Enskog approach found in the previous section,
Eq. (4.31). The remaining transport coefficients are

5 2aT?

omt _ g2y 2O 28T 5 )
TR 9M

Air 1, (2)

LA Ve 5.20
TR 3 Cs 72 ( )

Converting M to the speed of sound and taking mo — 0

limit, one gets

) 2dm?2, J_

ﬂ%é 1+T_qu1’0 4 l_cg
TR 3 2 dT? Jl,O 3

2\ 2 2
©) [ J3,0 o dmey I,
+'}/2 <E - T dT2 § — Cy s (521)

Al @) ([ J3,0 2 dmzq 1 2
—x|14+ — -1 - — .22
TR ( 12 J170 dT2 3 ©s ,(5 )

where Wéo) and 752) are calculated in Appendix C and

are given by Egs. (C.14) and (C.15), respectively. When
inserted, one gets the leading orders of the coefficients

61’[_1'1%% 1+imeq_ 3mgq
TR 3 8 T 1672 T2

(e 6 T
LA N
3 ) \ 157 meq

2
1 T4
097(=—-¢2) — 5.23
¥ (3 ) i (5.23)
Ar 1
% ~ 1.05 (5 - cﬁ) : (5.24)

where the numerical factors come from evaluating
g0 (12/15)% ~ 0.97 and (1 + 12¢2/15) ~ 1.05 with go and
g2 given by Egs. (C.16) and (C.17). As seen, the coef-
ficient drrr/7r is affected by the soft physics even more
strongly than the bulk viscosity which is manifested by
the factors 1/meq and 1/mg,.

Repeating the same analysis for the Boltzmann gas,
which leads simply to replacement of the thermody-
namic functions J,, ; — I,, 4, one obtains the same value
of (Boltz/Tr as within the Chapman-FEnskog approach,
Eq. (4.35). The other two coefficients have the forms
(5.21) and (5.22) with ,” and 43 given by Eqs. (C.19)
and (C.20). The explicit expressions in the my — 0 limit
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are then found to be

omm,Boltz 4 -
TR 3

1 2
—-10.8 <§ — cﬁ) , (5.25)
/\Hﬂ' Boltz 1 2
T 16| o - 5.26
= (5-¢). (5.26)

where the numerical factors were found from 144gg. =~
—10.8 and (14 12¢2.) ~ 1.6 with go. and go. written
up below Eq. (C.20). One can also see from Eqs. (5.19)
and (5.20) that when thermal quantities are neglected
and the constant mass is kept, we reproduce (Bolt/Tr,
AMir,Boltz/Tr and the two first terms of o1 Boit,/7r from
Ref. [41].

6. SUMMARY AND CONCLUSIONS

In this paper we analyzed the influence of the mean
field on fluid dynamics in weakly interacting systems of
a single species, where all occurring masses are much
smaller than the system’s temperature. The main atten-
tion was paid to proper determination of the form of the
nonequilibrium correction to the distribution function
which depends on the mass varying as the temperature
varies. The correction guarantees a consistent hydro-
dynamic description which satisfies thermodynamic rela-
tions and the conservation of energy and momentum and
furthermore gives an accurate fixing of the temperature
through Landau matching. The correction plays a central
role in studying thermal dependence of bulk viscous dy-
namics. Therefore, we further considered the Anderson-
Witting model of the Chapman-Enskog approach and
computed (/7r of single-component Bose-Einstein and
Boltzmann gases. We also derived the evolution equa-
tion for the bulk pressure in the 14-moment approxima-
tion and obtained relevant transport coefficients. Both
methods provide the same result for ¢/7r.

The ratio (/7r obtained for the Boltzmann statistics
behaves as expected, that is, it is given by the noncon-
formality parameter squared. When thermal effects are
omitted, we reproduce the result from Refs. [41, 43]. On
the other hand, for very high temperatures the ratio gets
dominated by the gy-function. We also see that in spite
of breaking conformal invariance, bulk viscosity vanishes
at some critical temperature where ¢ = 1/3. In case
of the Bose-Einstein gas, we have shown that the lead-
ing order term of (/7g is different than expected either
if we neglect the physical mass or thermal effects. The
ratio in this case is strongly redounded by the infrared
physics, which introduces an additional energy scale de-
pendent factor T'/m,. We suspect that the relaxation
time approximation used here does not include the en-
tire microscopic physics of a quantum gas, in particular,
it is insensitive to phenomena at the soft scale. There-
fore, we conclude that to compute the bulk viscosity over



its relaxation time for quantum gases of Bose-Einstein
statistics, one needs to use more advanced methods and
solve an integral equation. It can be done starting from
either the linearized Boltzmann equation or Kubo for-
mulas, in which case the formula for the bulk relaxation
time has been recently found [59].
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Appendix A: Components of the energy-momentum
tensor correction

The correction to the energy-momentum tensor is
aTy”
om 2

and its particular components are derwed as follows. For

1 =v =0, one gets
A 2
;nth/dKfQ

2
-5 [ KL+ fo) -

ATH = / AKE'EYSf + =0 Am2, (A1)

AT = / dKEESf +

= / dKE;Af, (A.2)

where the condition on AU, given by (3.13), and
Eq. (2.13) have been used. Using Eq. (2.23) for Af, one
has

AT = / dKE;Af,

= /dKE,‘g’ [6f

Ldmiy fo(L+ fo)  [dKGf ]
dT? B, [dKEpfo(1+ fo)

d
= [ dK | E} 0
/ < BT dr? ) f
Analogously, one gets the momentum density variation

0i i Am%h i
AT = [ dKELk 5f—Tﬁ dKE' fo(1+ fo)

=T

(A.3)

= / dK Bk Af. (A.4)
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The stress tensor variation is

AT = /de%ﬂ'(sf— %B/d (1+ fo)
_A’;"‘fh /de;Q fo+89AU
:/deiijf— %/ kl]f Jo
g A / dK fo, (A.5)

where Eq. (2.23) has been applied. Egs. (A.3) - (A.5)
reproduce these provided by Egs. (3.15) - (3.17). Among
all these expressions, AT% needs further simplifications
to show how one can obtain Eq. (3.25). The second and
the third term of the first line in Eq. (A.5) may be com-
bined to get

2
AT :/deikﬂ'af— %/dlﬂczkﬂa (fo)
k

+69AU. (A.6)

Next, using g, (...) = ZE0,(...

by parts leads to

) and then integrating

ATV — / AKEKISf — 57 Ag“h / dK fo + 69 AU

= / dK kKIS f,

where the condition (3.13) has been used.

(A7)

Appendix B: Details of the thermodynamic integrals

1. Boltzmann statistics

Our strategy to evaluate the integrals with the Boltz-
mann statistics is to use the integral representation of
the modified Bessel functions of the second kind

K,(z) = / df cosh(nf) exp (—zcoshd), (B.1)
0

We will also need the Bickley functions defined by
exp (—z cosh 6)

Kir(2) :/0 a0 (cosh §)r

We will need the following series in the small z limit

(B.2)

1
Ki(2) ~ - — 2(1 — 2y +1nd—2Inz), (B.3)
2 1 22
8 1 =z
48 4 1
384 24 1
Ks(z) = - AT (B.7)



where vg = 0.577 is the Euler constant and In4 = 1.386
and the higher order terms in z were neglected. For the
Bickley function [58], we need

Kij(z) = = —2(1 —yg — In(z/2)) (B.8)

m
2

Using |k| = k = m, sinh @, the thermodynamic func-
tions I, 4, defined by (4.34) and evaluated in the fluid
rest frame, can be expressed as

Tn+22n+2
272

X / df(cosh 0)"~2%(sinh §)*7"% exp (—z cosh ), (B.9)
0

I,4(T, z) = aq

where z = ¢ and a, = 1/((1 + 2¢)!!). Using coshz =
(e"+e~7)/2 and sinhx = (e* —e~*)/2, and the definition
Eq. (B.1), these integrals can be expressed in terms of the
modified Bessel functions of the second kind.

Let us consider I3 first. After the angle integral, we
have

1 o0
Iz = W/o dk k? B e~ BW/T. (B.10)
Using k = my sinh 6, this becomes
mi > 12 3 —zcosh
I3 0= 92 df sinh® f cosh” 6 e , (B.11)
™ Jo

where z = m,/T. By using coshax = (e + e *)/2 and
sinhz = (e” — e *)/2 and the definition Eq. (B.1), one
gets

m>

_T; (2K1(z) — K3(z) — K5(2))

mb 384 16 127° 22
~—2r [T _ ) ="_(1-2-1). (B.12
3272 ( 25 z3> 2 ( 24) ( )

The other useful integrals are found in a similar way

I30 =

Lo~ i—j (1 - %2> , (B.13)
[ 1om~ 2—3;2 (1 - %) : (B.14)
Iy ~ 47T—7;5 (1 - ?) , (B.15)
Ipo = 2T—7T22 (1 - ?(1 —2y+1n4 - 2lnz)> ,(B.16)

where Iy o = qo is needed for the thermal mass evalua-
tion. For e + P, we have

T4 2 4
e+Pm—2<4—Z—+Z—). (B.17)
Vs
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2. Bose-Einstein statistics

The thermodynamic integrals for the Bose-Einstein gas
are defined by Eqs. (4.14)

Tug =ty [ ARG 180k R Ao(1 + fo)
(B.18)

In the fluid rest frame and after the angle integrals J, 4
becomes

o] 2
Tua = 5% [ b Fua(B0) So(BO(1 + o(B1)
(B.19)
and

Foq(By) = B}29% = BP2Y(E? —m2)?. (B.20)

Using O fo(Ex) = —TiEkfo(Ek)(l-i-fo(Ek)) and integrat-
ing by part, we can rewrite the above as

o
aqT

Tna =55 | Ak fo(BR) Ok (KFug(B) . (B.21)

4 T 27T2

Changing the integration variable to Ej, we further get

a,T [
Jng = /m B Gog (B (B, (B22)
where
Gn,q(Ek) = (Ek/k) Ok (kEFy o(E))
2 ,2\gpn—2q—1 2 2 _

using k = \/E? —m2.

Our strategy to evaluate this integral is to separate
the high momentum contribution and the low momentum

contribution. We know how to evaluate

/ dEkE,ifo(Ek)le“/ draly e (B.24)
z n=1

My

where © = Fj/T and z = my/T in terms of the poly-
logarithmic functions Li,(z). Hence, we first expand
the square-root in m2/E? and identify the non-negative
power terms in Ej. Denoting the collection of such terms
as H, ¢(Ex), we then separate the integral as

a, T [
Inq = # - dEy Hp q(Ey) fo(Ex)
a, I [
+ﬁ dEy (Gn,q(Ey) — Hn,q(Ex)) fo(Ek)

(B.25)

One can show that the reminder Gy, (Ex) — Hy, o(Er) =
O(1/E}) for all n and ¢. Then expanding fo in the small
By /T limit,

T 1 Ej

fo(Ex) = ) + 557+ 0 ((Ex/T)*) (B.26)



we can keep the first three terms in the integrand to
calculate the soft contribution. This integral can usually
be exactly evaluated.

Let us consider Js . From Eq. (B.22), we have

T ° AF* — 22
_/ dE;}, wﬂ@

2 2 2
2m Ek —my

Js0 = v). (B.27)

Mg
Expanding the square-root in powers of m2/E?, we get

Gs0(Er) = 4E — m2Ey + O(1/E}). (B.28)

We can then separate the hard and the soft parts

J3,0 =

)

2T / dEy (AE} — m2Ey) fo(Ey)
+ g [, 48

Since the square bracket behaves like 1/E}, we can use
fo(Er) = T/E, — 1/2 4+ E} /12T to evaluate the second
integral. It is

AB} - 3m2E}

E2

NG k_4FE} + m2E,
VEE —m2

Jo(Ek).

(B.29)

T5 (23 324 70
Jofty — (2 2 B.30
md 272 (3 16 + 180) ( )
with z = m,/T. The hard part is
Jyad T [ B, (4B} — m2E ) fo(Ek)
) k (4B — mEy) fo(Ey
T5 0o 5 ) 1
:F/z dx(4ac —zx)ex_l
_ 24 Lig(e™*) 4 24z Liz(e %) + 1122 Lig(e™*
_22( ig(e™7%) 4+ 24z Lig(e™*) 4+ 112° Lig(e™*)

+323 Lil(e_z))

T [dnt w222 23 2t TP

= | — - _Z 4+ _Z 0(%).

27r2<15 6 3+4 180 ( ))
(B.31)

Adding the two yields

T5 (Amx* w222 24
hard soft _
Jg)o = J =+ J370 =~ —27'r2 (—15 6 =+ 16) (B32)

This formula works better than 1 part in 10* up to z =
m, /T = 1.

The usual way of evaluating Bose-Einstein integrals is
to use the modified Bessel functions of the second kind

T [  k AE* —3m2E? &
J. _ = dk— k -k —nEy/T
30 = o /0 By k D

4 ©0
Tm;

272
n=1

(%Kz;(m) + %Kz(m)) : (B.33)
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Using the small 2z expansion of K,,(x) and collecting only
the terms converging under the infinite sum, we get

Tmi~( 24 1
~ on? — ntzt  n2z2
T5 4t w222
15 6 '
which gets only the first two terms.
The useful integrals are then found using the former

JBessel

(B.34)

method
Jro ~ %3 (1 - ;’—i + g) : (B.35)
Js1 ~ 22?2 (1 - 185;22) , (B.36)
Jo10~ %g (1 - 2?2 + %2> . (B.37)

These formulas provide very good approximation up to
z = 1. In evaluating J_; o one would expect to use the
Bickley functions equivalently but this method does not
work because the sum cannot be easily evaluated, even
for the leading behavior.

For the enthalpy, one gets

22T 1522
P~ 1— B.38
or 15 < 82 ) (B.38)
and for the thermal mass
T2 3z
~—[[1—-—=). B.39
w~ g (1-2) (B.39)

Appendix C: Irreducible moments

To express the irreducible moments of the distribution
function one can apply the Grad’s 14-moment approxi-
mation, where the correction to the distribution function
of the Bose-Einstein gas is a generalization of the Boltz-
mann one, shown in [14, 41, 43], and takes the form

§f = fo(1+ fo)|Eo + Bom?2 + Do(u - k) — 4Bo(u - k)Q}H
+fo(1+ fo)Bap“p’magp. (C.1)

The coefficients Ey, By, Dy, and By are functions of m,,
T, and u”k, and they read

1

By = C.2
2 2,]4727 ( )
Dy J3.1J2,0 — Ju,1d1,0
— = 4= = (9, C.3
3By J3,0J1,0 — J2,0J2,0 ? (C3)
Ey 9 J3,1J3,0 — Ja,1J2,0
20 2 g ZBB0 T IA120 o (g
3By J3.0J1,0 — J2,0J2,0 ! (G4)
1
Bo=— (C.5)

30157271 + 3CQJ371 + 3‘]471 + 5J472 ’



where terms related to the particle diffusion have been
dropped. Therefore, the irreducible moments p_,, and
p"" can be expressed by II and 7 as follows

pon =101, (C.6)
p =P, (C.7)

(0)

where the coefficients 7y, 2

and v, ' are

YO = (Ey + Bom?2)J—n0 + DoJi—n0 — 4BoJa—p,0,(C.8)

Jy
(2) — a2 C.9
T Tis (C.9)
Only 'yéo) and 752) are needed here.

Using the prescription shown in Appendix B for eval-
uating relevant thermodynamics functions one finds that
the leading order terms of coefficients Ey, By, and Dy,
which are

16

where

4872 (78 — 10125¢(3)¢(5))

07 5(1975¢(3) — 2835¢3(3) — 300m4((5))
~ 22.36, (C.11)
g — —21674(2((3) — 25¢(5))
07 1976¢(3) — 2835¢3(3) — 30074¢(5)
~ —22.29, (C.12)
b — 372 (7% — 405¢2(3))
07 1976¢(3) — 2835¢3(3) — 30074C(5)
~ —0.84. (C.13)

Therefore, the leading order of Wéo) and 752) is

o) . 9o

Y2~ LATA) (Cl4>
2 g2
P~ T (C.15)

where

B 32(7% — 10125¢(3)¢(5))
90 = 5(1076¢(3) — 2835C3(3) — 30074C(5))

~ 1.51, (C.16)
_ B
9= 3007 ~ 006 (C.17)

For the Boltzmann statistics, one needs to change all
integrals J, 4 — Inq and M — M.. The leading order
results for the classical gas are

2 2 2
Fy~ — Dy~ —— By~ ———, (C.18
0 2T4 ’ 0 3T5 ) 0 96T6 9 ( )
which lead to

0 goc

Y & T (C.19)
2 gac

) ~ T (C.20)

where go. = —(5 + 12y — 12In2) ~ —0.075 and g9, =
1/20.
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