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We describe ultra-relativistic heavy ion collisions at RHIC and the LHC with a hybrid model using
the IP-Glasma model for the earliest stage and viscous hydrodynamics and microscopic transport
for the later stages of the collision. We demonstrate that within this framework the bulk viscosity
of the plasma plays an important role in describing the experimentally observed radial flow and
azimuthal anisotropy simultaneously. We further investigate the dependence of observables on the
temperature below which we employ the microscopic transport description.

I. INTRODUCTION

Ultra-relativistic heavy ion collisions carried out at
the Relativistic Heavy-ion Collider (RHIC) and the large
Hadron Collider (LHC) are unequaled tools to study
the many-body properties of quantum chromodynam-
ics (QCD), in particular its high-temperature deconfined
phase known as the quark-gluon plasma (QGP) [1, 2].
Since the QGP is only produced for a very short time
and cannot be observed directly, extracting its proper-
ties from heavy ion measurements is a major challenge
that requires modelling the many stages of the collision:
the pre-equilibrium dynamics of the system, the rapid
expansion and cooling of the QGP and the dynamics of
the dilute hadronic matter that is eventually measured
by the experiments.

In the past decade, hydrodynamic models have been
applied with great success to describe the distribution of
soft hadrons produced in heavy ion collisions at RHIC
and the LHC [1, 2]. The foremost experimental discov-
ery made using these models was that the QGP displays
remarkable transport properties, with one of the smallest
shear viscosity to entropy density ratio ever observed [3–
7]. A more precise determination of the transport prop-
erties of QCD matter, including their non-trivial tem-
perature dependence, is one of the primary goals of the
heavy ion research program.

For a long time, shear viscosity was considered to be
the dominant source of dissipation for the QGP produced
in heavy ion collisions [8–12]. Nevertheless, there are the-
oretical indications that bulk viscosity can become large
around the QCD crossover region [13–17] and can signif-
icantly affect the evolution of the QGP [18–22]. Early
investigations on the effect of bulk viscosity using realis-
tic hydrodynamic simulations often assumed small values
for this transport coefficient [23–25] and found modest ef-
fects. Other studies focused on the effects of dissipative
corrections due to bulk viscosity in the particlization [26]

of the hadron resonance gas [27–30]. Whether a large
bulk viscosity can be reconciled with the current theo-
retical description of heavy ion collisions is a topic of
great interest to the field.

Recent calculations done in Ref. [31] have addressed
this issue within a modern hydrodynamic description,
finding that a large bulk viscosity around the phase
transition region is essential to describe simultaneously
the multiplicity and average transverse momentum of
charged hadrons. This finding was made using IP-
Glasma initial conditions [32], second order hydrody-
namic equations [9, 33], and a transport description of
the late stages of the collision [34, 35]. Similar conclu-
sions about the importance of bulk viscosity have since
been reached by calculations employing different initial
state models that, similarly to IP-Glasma, also exhibit
large sub-nucleonic energy density fluctuations [36, 37].

The goal of this paper is to expand on the results pre-
sented in Ref. [31], offering a more detailed overview on
the effect of bulk viscosity on other heavy ion observ-
ables and different collision energies. In particular, the
effects of late stage hadronic rescattering [38, 39] will be
discussed in greater details. These have been investi-
gated in a number of previous publications [10, 11, 40–
49], where they were found to be especially important to
provide a reasonable description of the hadronic chem-
istry of heavy ion collisions, specially for heavier baryons.
Here, we shall perform a systematic study of the effects
of the switching temperature between the hydrodynamic
simulation and the transport model, showing that this
parameter has a significant effect on the momentum dis-
tribution of protons and multi-strange hadrons.

The rest of this paper is organized as follows. In Sec-
tion II, we explain each of the components of our model
and show how they are combined to give an integrated
description. In Section III, we compare the results of our
calculations with experimental data, focusing on the ef-
fect of bulk viscosity and hadronic rescattering. We show
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that a finite bulk viscosity resolves the tension between
the observed multiplicity and the average transverse mo-
mentum. We also show that the hadronic cascade is
an important ingredient for the description of hadronic
chemistry. We summarize our results and discuss impli-
cations in Section IV.

II. MODEL

The theoretical framework used in the present paper
can be divided in four parts: the pre-equilibrium dynam-
ics described with the IP-Glasma model, the hydrody-
namical evolution, the transition from fluid to particles
and the final hadronic transport.

A. Pre-equilibrium with IP-Glasma

The IP-Glasma model [32] describes the pre-
equilibrium dynamics of a large number of low-x gluons
by the classical Yang-Mills equation. The high-x partons
serve as the color sources for the initial gluon fields be-
fore the collision. For each nucleus, color charges ρai (x′T )
with color index a at a lattice site i in the x±-direction
are sampled according to a Gaussian distribution, satis-
fying

〈ρai (x′T )ρbj(x
′′
T )〉 = g2µ2

A(x′T ) δab
δij

NL
δ(2)(x′T −x′′T ) , (1)

where NL is the number of lattice sites in the x±-
direction. The value NL = 100 is used in this work.
The average color charge density per unit transverse
area g2µ2

A(xT ) is proportional to the saturation scale
Q2
s,A(xT ) determined in the impact parameter dependent

saturation model (IP-Sat) [50, 51]

Q2
s,A(xT ) =

2π2

Nc
αs(µ

2(r2
s))xfg(x, µ

2(r2
s))

×
A∑
i=1

1

2πσ2
0

exp

[
− (xT − xT,i)

2

2σ2
0

]
=

2

r2
s

(2)

µ2(r2) =
C

r2
+ µ2

0 (3)

where fg(x, µ
2) is the gluon distribution function in a

nucleon and µ0 is a momentum scale at which the gluon
distribution has a form of [50]

xfg(x, µ
2 = µ2

0) = Agx
−λg (1− x)5.6 . (4)

The gluon distribution at an arbitrary momentum scale
µ > µ0 is obtained from DGLAP evolution. Each nucleon
is assumed to have a Gaussian shape with width σ0 in
the transverse plane. The parameters are determined to

fit HERA deep inelastic scattering data [52]. In a qq̄ + p
scattering, r is the size of the qq̄ dipole and corresponds
to the spatial scale of the probe.

The positions of nucleons inside a nucleus are sampled
according to the Wood-Saxon distribution and xT,i is the
position of the i-th nucleon in the transverse plane. Once
the color charge distribution is determined, we solve the
classical Yang-Mills equation to obtain the gluon field in
each nucleus

Ai(1,2) = − i
g
U(1,2)∂iU

†
(1,2)(xT ) (5)

where the Wilson line U is

U(1,2)(xT ) = P exp

[
−ig

∫
dx(+,−) ρ(1,2)(xT , x

(+,−))

∇2
T −m2

]
.

(6)
The subscript (1) and (2) indicates projectile and target
quantities, respectively. Since the fluctuation scale of
ρ(1,2) is ∼ Qs, so is the fluctuation scale in Ai(1,2).

The gluon field right after the collision (τ → 0+) is
given by [53–55]

Ai(τ → 0+) = Ai(1) +Ai(2) (7)

Aη(τ → 0+) =
ig

2
[Ai(1), A

i
(2)] . (8)

For τ > 0, we evolve the gluon field according to the
Yang-Mills equation

∂µF
µν − ig[Aµ, F

µν ] = 0 (9)

where the field strength tensor is given as usual by

Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ] . (10)

After evolving the gluon field up to τ0 = 0.4 fm, the
energy-momentum tensor is formed out of the field
strength tensor

Tµν = −2 Tr
(
FµαF

να
)

+
1

2
gµνTr

(
FαβFαβ

)
(11)

where the trace is over color in the fundamental rep-
resentation. The time-like eigenvalue of Tµν = Tµλgλν
provides the local energy density and the flow velocity

Tµνu
ν = ε uµ (12)

of IP-Glasma at τ0.
The normalization of the energy-momentum tensor in

IP-Glasma is not fully constrained, owing to freedom in
the choice of αs, as noted in Ref. [56]. This normaliza-
tion can be fixed by comparing the results of the hydro-
dynamical simulation with charged hadron multiplicity
measurements. This is the procedure adopted in this
work. Effectively, this translates into a normalization of
the energy density ε of IP-Glasma. The initial flow uµ is
unaffected by this normalization of Tµν . Note that the
shear stress tensor of IP-Glasma is not currently used
to initialize the hydrodynamic simulation, where πµν is
initialized to zero.
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B. Second-order relativistic hydrodynamics with
shear and bulk viscosity

The main hydrodynamic equations are the conserva-
tion laws of net-charge, energy, and momentum. Since
we only aim to describe the matter produced in the mid-
rapidity region at high collision energies, the net-charge
can be approximated to be zero and we are only required
to solve the continuity equation for Tµν ,

∂µT
µν = 0.

In a viscous fluid, the energy-momentum tensor Tµν is
decomposed in terms of the velocity field as

Tµν = ε uµuν − (P + Π) ∆µν + πµν (13)

where ∆µν ≡ gµν − uµuν , P is the thermodynamic pres-
sure, Π is the bulk viscous pressure, and πµν is the shear
stress tensor. The relation between ε and P is given by
an equation of state, P (ε). In this work we use the equa-
tion of state constructed from a hadronic resonance gas
and lattice calculation [57].

The time evolution of the bulk and shear viscous cor-
rections, driven by the expansion rate θ = ∇µuµ and the
shear tensor σµν = 1

2

[
∇µuν +∇νuµ − 2

3∆µν(∇αuα)
]
, in

which ∇µ = (gµν − uµuν)∂ν , are given by the equations

τΠΠ̇ + Π = −ζ θ − δΠΠΠ θ + λΠππ
µνσµν (14)

τππ̇
〈µν〉 + πµν = 2η σµν − δπππµνθ + ϕ7π

〈µ
α π

ν〉α

−τπππ〈µα σν〉α + λπΠΠσµν (15)

which follows from the 14-moment approximation of the
Boltzmann equation [33, 58]. The first-order transport
coefficients η and ζ are the shear and bulk viscosities,
respectively. The shear and bulk relaxation time, τπ and
τΠ are found to be [33, 62]

τπ =
5 η

ε+ P
, (16)

τΠ =
ζ

15
(

1
3 − c2s

)2
(ε+ P )

(17)

where cs is the speed of sound. The second-order
transport coefficients are related to the relaxation time
through the relations

δππ
τπ

=
4

3
(18)

τππ
τπ

=
10

7
(19)

λπΠ

τπ
=

6

5
(20)

δΠΠ

τΠ
= 1− c2s (21)

λΠπ

τΠ
=

8

5

(
1

3
− c2s

)
(22)

ϕ7 =
18

35

1

ε+ P
. (23)

These values were first obtained in [33]. Once we have η
and ζ as functions of temperature, it is possible to find
the temperature dependence of the relaxation times and
the remaining second-order transport coefficients. The
shear viscosity over the entropy density ratio η/s is set
to be constant in this work. It is shown in Ref. [59]
that the effect of the higher-order transport coefficients is
quite small (. 5 %) as far as low-pT observables are con-
cerned. Data-driven determination of the temperature-
dependent η/s via Bayesian analysis is performed in [37].
The temperature dependence of the bulk viscosity to en-
tropy density ratio ζ/s is fixed as shown in Fig. 1 and
the temperature where bulk viscosity peaks is set to be
Tpeak = 180 MeV based on the transition temperature in
the equation of state.
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FIG. 1: The temperature dependence of the bulk viscosity
over entropy density ratio used in this study. The QGP side of
the ζ/s is taken from Karsch et al. 2008:[14] and the hadronic
(HG) side is taken from Noronha-Hostler et al. 2009:[17].

C. Transition from hydrodynamics to transport
theory

During the hydrodynamic evolution, the system be-
comes gradually more dilute and, at some point, a hydro-
dynamic description will break down. Nevertheless the
system is still interacting and the subsequent dynamics
must be described in another framework, transport the-
ory for example. Using transport generally means that
fluid elements must be converted into hadronic degrees of
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freedom, which will then be described using a hadronic
kinetic theory simulation. In principle, this matching be-
tween degrees of freedom must be performed in a space-
time region in which both hydrodynamics and kinetic
theory are within their domain of applicability.

One way to transition from hydrodynamics to trans-
port theory is to do so when the expansion rate of the
fluid is moderately (but not significantly) smaller than
the mean-free path of the hadrons composing the fluid.
In this way, the system is interacting enough for hydro-
dynamics to apply and dilute enough for the Boltzmann
equation to be applicable. In practice, implementing such
procedure can be rather complicated, since it requires
extensive knowledge about the interactions among the
hadrons. In this work, we adopt the common simplifi-
cation of approximating the switching hypersurface as a
constant temperature hypersurface, with the switching
temperature Tsw becoming one of the free parameters of
our model. As we shall discuss in the following sections,
this parameter will be determined by optimizing the fit
of identified charged hadron multiplicity, especially pro-
tons.

It is important to emphasize that Tsw is an effective
parameter of the model, that is supposed to describe the
more complicated physics of the transition from the de-
scription of dense to dilute systems. In this sense, there
is no reason to expect such temperature to remain the
same as one changes the collision energy (from RHIC
to LHC) or even centrality class. One of our conclusions
will be that the preferred switching temperature at RHIC
(=165 MeV) is larger than the switching temperature at
the LHC (=145 MeV). This difference may be due to the
fact that systems produced at LHC energies have more
entropy and, consequently, are more long-lived than the
ones produced at RHIC. Furthermore, the smaller size of
the fireball at RHIC makes hydrodynamics breaks down
earlier than the LHC, even though the mean-free-path
is smaller at the point of switching from hydrodynam-
ics into microscopic transport. Naturally, a more precise
explanation for the switching parameters we extract can
only be obtained by improving the model, taking into
account a more realistic transitioning to the transport
phase with improved viscous correction to the distribu-
tion function.

We now present the details of how we switch from hy-
drodynamics to hadronic transport. On isothermal hy-
persurfaces with constant switching temperature Tsw, we
sample particles with degeneracy d and mass m according
to the Cooper-Frye formula [60]

dN

d3p
=

d

(2π)3

∫
Σ

pµd3Σµ
Ep

× [f0(x,p) + δfshear(x,p) + δfbulk(x,p)] (24)

where Ep satisfies E2
p = p2 + m2. The normal vector

d3Σµ is an exterior product of three displacement vec-
tors tangential to the hypersurface. In our simulation,
we construct the hypersurface from tetrahedra [9] and

sample hadrons at each of the grid locations x. We ap-
proximate the probability distribution of the number of
particles to be a Poisson distribution whose average value
is given by

N̄ |1-cell

=

{
[n0(x) + δnbulk(x)]uµ∆Σµ if uµ∆Σµ ≥ 0

0 otherwise
(25)

where the number density at thermal equilibrium n0 and
the bulk viscous correction δnbulk are given by

n0(x) = d

∫
d3k

(2π)3
f0(x,k) (26)

δnbulk(x) = d

∫
d3k

(2π)3
δfbulk(x,k) . (27)

The shear tensor correction does not induce a change in
the number density because of its spin-2 structure (see
Eq.(32) below), which is orthogonal to any scalar.

It is understood that quantum thermal distributions
are not Poissonian, since

〈N2〉 − 〈N〉2 = d V

∫
d3k

(2π)3
f0(k) (1± f0(k)) (28)

6= 〈N〉 . (29)

Nevertheless, within the range of switching temperature
considered in this work (135 MeV ≤ Tsw ≤ 165 MeV), we
verified that these quantum effects are less than 10 % for
pions and less than 1 % for heavier hadrons. Using the
Poisson distribution is therefore a reasonable approxima-
tion.

After we determine the number of particles in each cell,
we sample the momentum of each particle according to
the following prescription [26]

dN

d3p

∣∣∣∣
1-cell

=
d

(2π)3
[f0 + δfshear + δfbulk]

pµ∆Σµ
Ep

(30)

if (f0 + δfshear + δfbulk) > 0 and pµ∆Σµ > 0. Otherwise,
dN/d3p

∣∣
1-cell

= 0. In our simulation, the deviation from

particle spectra given by Riemann integration of Eq.(24)
is less than 5% for pT < 2 GeV. Therefore, as long as the
soft physics is concerned, Eq.(30) is an adequate imple-
mentation of the Cooper-Frye transition.

The explicit expressions for the equilibrium distribu-
tion functions and the shear [61] and bulk [23, 62] viscous
corrections are

f0 =
1

exp (p · u/T )∓ 1
(31)

δfshear = f0(1± f0)
πµνp

µpν

2 (ε0 + P0)T 2
(32)

δfbulk = −f0(1± f0)
Cbulk

T

×
[

m2

3 (p · u)
−
(

1

3
− c2s

)
(p · u)

]
Π (33)
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where

1

Cbulk
=

1

3T

∑
n

dnm
2
n

∫
d3k

(2π)3Ek

×fn,0 (1± fn,0)

[
m2
n

3Ek
−
(

1

3
− c2s

)
Ek

]
(34)

and the flow velocity uµ and temperature T on the hyper-
surface are determined from the hydrodynamic evolution.
The summation is over hadronic species.

D. Microscopic transport UrQMD as afterburner

The sampled particles are propagated in UrQMD (ver-
sion 3.4) [34, 35], which simulates interactions of hadrons
and resonances with masses up to 2.25 GeV. These in-
teractions include inelastic processes through resonance
scattering, BB̄ annihilation and string excitation, as well
as elastic scatterings. Whenever experimental data are
available, the hadronic cross sections in UrQMD are based
on the data. When measurements are not available, cross
sections are extrapolated from other processes based on
detailed balance and the additive quark model. Using
UrQMD as afterburner allows for a more realistic descrip-
tion of the late stage of the collision, where the mean
free path is not short compared to the macroscopic scale
given by system size or expansion rate.

Note that while baryon-antibaryon annihilation is in-
cluded in UrQMD, pair creation is not. This is because
BB̄ predominantly annihilate into multiple pions, but
the opposite channel, which would involve the simulta-
neous interaction of multiple hadrons, is not currently
supported by UrQMD. Consequently, all BB̄ pairs in the
system originate from the Cooper-Frye procedure and,
strictly speaking, detailed balance is not obeyed. This
violation of detailed balance is not expected to be a ma-
jor issue: previous works such as Ref. [67] have shown
that the contribution of baryon-antibaryon creation is
considerably smaller than that of BB̄ annihilation. It is
also possible to make the argument that since the sys-
tem is expanding and the mean free path is comparable
to the macroscopic scale, there are more baryons and
anti-baryons than there would be in local thermal equi-
librium. This is because the system does not have enough
interactions to reach equilibrium. The excess of mesons
over thermal equilibrium is less significant owing to the
lower masses. Therefore, one can expect that BB anni-
hilation will be more frequent than the inverse process in
the evolution toward equilibrium. In this sense, switch-
ing from hydrodynamics to transport coincides with the
point where the BB̄ annihilation becomes dominant.

III. RESULTS AND DISCUSSION

In this section, we discuss the results of our simulations
for Au-Au collisions at RHIC (

√
sNN = 200 GeV) and

Pb-Pb collisions at the LHC (
√
sNN = 2.76 TeV) where

a wide set of measurements are available. The central-
ity classes 0 − 5%, 10 − 20%, 20 − 30% and 30 − 40%
are considered. We highlight the effect of bulk viscosity
and the importance of the hadronic rescattering stage.
We show that our approach is capable of describing a
large number of hadronic observables consistently with
a fixed set of parameters. The main parameters in this
work are the switching temperature between the hydro-
dynamic expansion and the afterburner UrQMD, Tsw, and
the value of the effective shear viscosity over the entropy
density ratio η/s.

A. Integrated observables

Observables integrated over the transverse momen-
tum pT generally have a reduced sensitivity to out-of-
equilibrium corrections of the hadronic momentum dis-
tribution (δfshear) because of shear viscosity, compared
to pT -differential observables. Therefore, the multiplic-
ity dN/dy||y|<0.5, the mean transverse momentum 〈pT 〉,
and the pT -integrated anisotropic flow coefficients vn are
investigated first. The anisotropic flow vn is computed
using the multi-particle cumulant method based on the
flow correlations among particles as in Ref. [66].

Figure 2 shows the multiplicity and average pT for pi-
ons, kaons and protons, as well as the charged hadron
anisotropic flow coefficients v2,3,4, from central to semi-
peripheral centrality bins. The charged hadron v2 is
shown for the two- and four- particle cumulants. Cal-
culations that include both shear and bulk viscosities are
in the left panels, while the calculations with only shear
viscosity are presented in the right panels. In both cases,
the value of η/s was adjusted such that the measured
charged hadron vn is reproduced. A value of η/s = 0.095
is used when both bulk and shear viscosity are present,
while a larger value of η/s = 0.16 is necessary in absence
of bulk viscosity. This important effect of bulk viscosity
on phenomenological extractions of η/s had been quan-
tified previously in Ref. [31].

Another significant effect of bulk viscosity is a consid-
erable suppression of the average transverse momentum
of hadrons, which can be seen by comparing the left and
right hand sides of Fig. 2. The change in average pT is
significant for all hadron species (pions, kaons, protons).
Bulk viscosity is essential for a simultaneous description
of the multiplicity and 〈pT 〉 of hadrons when IP-Glasma
initial conditions are used: without bulk viscosity, the
system expands too rapidly, leading to a larger hydro-
dynamic transverse flow than suggested by average pT
measurements. Bulk viscosity improves the agreement
with data by acting as a resistance to expansion, reducing
the transverse flow of the system. Besides this change in
the plasma expansion, part of the modification of 〈pT 〉 is
from the effect of bulk viscosity on the hadronic momen-
tum distribution — δfbulk given by Eq.(33). The average
pT is actually decreased by δfbulk. If δfbulk were smaller,
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FIG. 2: Integrated vn (upper), mid-rapidity multiplicity dN/dy|y=0 (middle) and mean-pT (lower) as functions of centrality.
The ratio of the shear viscosity to entropy density η/s is determined to fit the ALICE data on vn [63]. The left-hand panels
include bulk viscosity as shown in Fig. 1, while the right-hand panels were computed with ζ/s = 0. The non-zero bulk viscosity
alters the favored value of η/s. The ALICE data [68] for dN/dy||y|<0.5 and 〈pT 〉 are also shown.

a similar suppression in 〈pT 〉 could be achieved with a
larger bulk viscosity. More details about the effect of
δfbulk on integrated hadronic observables are presented
in Appendix A. We highlight here that δfbulk has a small
effect on the vn of charged hadrons and the multiplicity
of pions and kaons.

The switching temperature Tsw between the hydro-
dynamic simulation and the hadronic afterburner is
145 MeV for the calculations presented in Fig. 2. This
choice can be understood from Fig. 3 (solid lines), which

shows the dependence on Tsw of the multiplicity and av-
erage transverse momentum of identified hadrons (the
charged hadron momentum anisotropies have a small de-
pendence on Tsw — this is discussed in more details be-
low). The multiplicities of pions and kaons are shown
to have a weak dependence on Tsw, while protons are
much more sensitive to this parameter. The value of Tsw

around 145 MeV leads to the best agreement with ALICE
measurements for the proton multiplicity.

Figure 3 (solid lines) also shows that dependence of the
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FIG. 3: Mid-rapidity multiplicity dN/dy||y|<0.5 (left) and mean-pT (right) of pions, kaons and protons as functions of the

switching temperature Tsw. The most central Pb-Pb collisions with
√
sNN = 2.76 TeV are considered. The ALICE data [68]

are shown as the bands.

average transverse momentum on Tsw is mild for all three
hadrons species. We verified that a similar Tsw depen-
dence was found for more peripheral collisions, up to the
30 − 40% centrality class, for both the multiplicity and
〈pT 〉. We further verified that the dependence on the
switching temperature Tsw of these same observables is
very similar with and without bulk viscosity. The effect
of Tsw on the identified hadron 〈pT 〉 is thus small com-
pared to the effect of bulk viscosity. In consequence, we
emphasize that in absence of bulk viscosity, it would not
be possible to obtain a good agreement with identified

hadron 〈pT 〉 by changing the value of Tsw.
Also shown in Fig. 3 is how hadronic rescattering af-

fects the Tsw dependence of the multiplicity and aver-
age transverse momentum. It is found that calculations
that include hadronic decays but not hadronic interac-
tions (dashed lines) have a larger slope in Tsw than those
that include both hadronic decays and rescattering (solid
lines). This means that hadronic rescattering reduces the
dependence on Tsw. The effect is fairly small for pions
and kaons, but significant for protons. Heavier baryons,
shown in Fig. 4, have a similar dependence on Tsw as
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√
sNN = 2.76 TeV are considered.

protons. Since hydrodynamics describes an interacting
medium, it is indeed expected that the transition be-
tween hydrodynamics and UrQMD will be smoother —
if not necessarily smooth — when hadronic rescattering is
included. The larger dependence of protons and heavier
hadrons on Tsw can be seen as a systematic uncertainty
of our model for observables involving these hadrons.

The effect of hadronic rescattering on our multiplic-
ity and mean pT calculations is shown again in Fig. 5,
this time as a function of the centrality class, and com-
pared against ALICE data. The switching temperature

is fixed Tsw = 145 MeV, which as explained above pro-
vides a good description of the proton multiplicity. It
can be seen in Fig. 5 that the effect of hadronic rescat-
tering is very similar across centralities. We also show in
Fig. 5 the explicit effect of a subset of hadronic rescat-
terings, namely baryon-antibaryon annihilation. What is
interesting about BB̄ annihilations is that they represent
most of the change in the multiplicity of protons due to
hadronic rescattering, although they have a very small
effect on the average transverse momentum of protons.
This result is in general agreement with the observations
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made in [40].

In Fig. 6, we show the results of our calculations at
RHIC by comparing with STAR measurements [70–72].
Like it was done with LHC calculations, the value of Tsw

was adjusted so as to provide a good description of the
proton multiplicity, while the value of η/s was fixed using
the charged hadron v2. The values of Tsw = 165 MeV
and η/s = 0.06 were found to provide good agreement
with the respective measurements. The quality of agree-
ment with measurements can be seen to be similar to
that found at the LHC (c.f. Fig. 2). We verified that the
dependence on Tsw of the multiplicity and average trans-
verse momentum of identified hadrons is very similar at
RHIC as at the LHC.

To conclude this section on integrated observables, in
Fig. 7 we investigate the effect of the switching tempera-
ture Tsw between hydrodynamics and UrQMD on the mo-
mentum anisotropy v2{2} of integrated charged hadrons,
at RHIC as well as at the LHC. The upper curves cor-
respond to peripheral 30-40% collisions, and the lower
curves to central 0-5% collisions. The solid line corre-
sponding to the calculation with hadronic decays and
rescattering, and the dashed line including only hadronic
decays but not rescattering. As observed previously for
the multiplicity and average transverse momentum, the
inclusion of hadronic rescattering reduces significantly
the observable’s dependence on Tsw (i.e. solid lines flatter
than dashed ones). At both RHIC and LHC, hadronic
rescattering increases vn, which is consistent with the ef-
fect of rescattering observed on pions in Ref. [43]. This
increase is larger at RHIC than at the LHC, and is also
larger for peripheral events than for central ones. Our
understanding is that this is a consequence of the dif-

ferent lifetime of the hadronic transport phase compared
to the hydrodynamic expansion for the different central-
ities and collision energies, as well as a consequence of
how isotropic each system is at the transition between
hydrodynamics and transport.

B. Differential observables

In this section, we examine pT differential observables.
At this point, all model parameters have already been
fixed with integrated observables both at LHC and RHIC
energies.

The pT differential vn{2} of n = 2, 3, 4 of charged
hadrons are compared with the ALICE [63] and the CMS
[64, 65] data in Fig. 8. Note that the pT -differential vn
is evaluated from the azimuthal correlation between par-
ticles of interest and reference flow particles, given that
the particles of interest are those in specific pT bins [66].
Although v2{2} deviates from the data at high pT , es-
pecially when compared with the ALICE measurements,
our calculation shows a reasonable agreement with data
for pT . 1 GeV, where we have the most particles.

We next turn to identified hadron observables at LHC
energies. The pT -differential spectra of pions, kaons and
protons are shown in Fig. 9, with (solid line) and without
(dashed line) the effect of hadronic rescattering, for four
different centralities. Calculations that include hadronic
rescattering agree very well with measurements for the
most central collisions (0 − 5%), for all three hadron
species. Tension with data appears and increases in
more peripheral centralities, especially in kaons and pro-
tons, but also in pions at pT above 1.5 − 2 GeV. As ex-
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pected from the discussion of integrated observables, the
hadronic transport phase has a minor effect on the pion
spectra, which is slightly hardened at pT > 2 GeV. The
kaon spectra get flatter resulting in a better agreement
with the experimental measurement. A more significant
effect of rescattering is seen in the proton spectra: the
low pT parts of the spectra is reduced in the transport
phase owing to BB̄ annihilations while hadronic rescat-
tering shifts more protons to higher pT . This shows once

again that the inclusion of the hadronic transport phase
is important to describe the measured proton spectra at
the LHC.

Figure 10 shows identified particle elliptic flow coeffi-
cients at the LHC, with measurements from the ALICE
collaboration [75]. Comparing the simulation results with
(solid lines) and without (dashed lines) hadronic rescat-
tering, we find once more that pions and kaons v2(pT ) are
largely insensitive to rescattering. On the other hand,
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hadronic rescattering has a large effect on the proton
v2(pT ), which is considerably decreased by hadronic in-
teractions. Even though v2 around the mean pT is well
reproduced, our calculations overestimate the v2 of pi-
ons and kaons at higher pT . We highlight that tension
with ALICE measurements was also observed at high pT
for the v2 of charged hadrons shown in Fig. 8. We note
that tension with measurements at high pT is less wor-
rying than in lower regions of transverse momenta, since
this region of pT is more sensitive to uncertainties in the
viscous corrections to the hadron distribution function
(δf), as well as potential contribution from recombina-
tion with (mini-)jet shower partons. Nevertheless, there
still seems to be room for improvement at lower pT in
our description of identified hadron vn.

By comparing calculations of identified particle spec-
tra performed without bulk viscosity [77, 78] to results
obtained here (see also Ref. [76]), one concludes that
the inclusion of bulk viscosity shifts particles to lower
pT , leading to a better agreement with data at low pT
(. 1.5 GeV). As mentioned earlier, further quantitative
analyses will need to consider higher order corrections to
δf and mini-jet contributions: these could play a signifi-
cant role in the intermediate to high pT range.

The pT spectra and v2 of strange baryons are shown in
Fig. 11 and compared with the ALICE data [75, 81, 82].
The pT dependence of the spectra of Λ, Ξ and Ω is
described well, although deviations of up to 20% are
observed in the normalization. The effect of hadronic
rescattering, which suppresses the pT spectra more at
low pT , is consistent with the decrease in multiplicity
and the increase in average transverse momentum seen

in the previous section. We consider the level of agree-
ment with experimental data to be acceptable consider-
ing the non-negligible dependence of heavier hadrons on
the switching temperature between hydrodynamics and
UrQMD shown previously in Fig. 3.

For all three heavy strange baryons, our calculation
overestimates the v2(pT ). Previous studies [41, 45], also
based on a hybrid approach with isothermal particliza-
tion, found some tension with hyperons as well, although
we highlight that comparisons with these previous mod-
els is not straightforward because of differences in the
hydrodynamic modeling (e.g. initial conditions). Once
again, since heavy hadrons have been shown in this work
to be especially sensitive to the transition between hy-
drodynamics and the afterburner, this tension is not un-
expected. There have been proposals in the literature
that strange hadrons may chemically freeze out earlier
than non-strange particles [83–85]. We cannot necessar-
ily conclude this from our investigations, but we can say
that improvements in the transition between hydrody-
namics and hadronic transport are important to obtain
a better description of heavy hadrons, including the Λ,
Ξ and Ω baryons.

As shown in Fig. 10 the hadronic rescattering has a
significant effect on proton v2 and we expect a similar
effect in the higher harmonics as well. Figures 12 and
13 show our calculations for the identified hadron v3{2}
and v4{2} in several centrality classes. Overall, we find
that the level of agreement with data and the effect of
rescattering is similar for v3 and v4 to what was observed
for v2.

We now turn our attention to Au-Au collisions with
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√
sNN = 200 GeV at RHIC. Figure 14 shows the pT -

differential v2, v3, and v4 of charged hadrons. The pT
spectra and differential v2 of identified hadrons are shown
in Figs. 15 and 16, respectively. The hybrid approach
provides a good description of the charged hadron vn at
pT . 1 GeV. At higher pT , v2{4} and v3{2} measure-
ments are overestimated. This is a similar trend as seen
at the LHC in Fig. 8. The agreement observed with data
for the identified spectra (Fig. 15) is also comparable with
the LHC results: calculations describe well the measure-
ments in central collisions but increasing tension is seen
in more peripheral bins. As for the identified hadron v2

(Fig. 16), there are deviations from experimental data in
the high pT range.

A larger tension with experimental data is found for
the pT spectra and pT -differential elliptic flow of strange
baryons, as shown in Fig. 17. We repeat that these heav-
ier hadrons are more sensitive to the transition between
hydrodynamics and UrQMD than lighter ones, and that
this level of agreement with measurements is not unex-
pected.

IV. SUMMARY AND CONCLUSION

In this paper, we compared a hybrid model of IP-
Glasma initial conditions, shear and bulk viscous hydro-
dynamics (MUSIC), and microscopic hadronic transport
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(UrQMD) with a wide range of integrated and differential
measurements from Pb-Pb collisions (

√
sNN = 2.76 TeV)

at the LHC and Au-Au collisions (
√
sNN = 200 GeV) at

RHIC. We investigated how different observables depend
on our model parameters, such as the transport coeffi-
cients and the switching temperature from hydrodynam-
ics to the hadronic transport. We found that the bulk
viscosity is important to consistently describe the mid-
rapidity multiplicity, mean pT of identified hadrons, and
the integrated vn within this model.

The inclusion of the bulk viscosity reduces our esti-
mate of the value of the effective shear viscosity by ap-
proximately 50%. This reduction of shear viscosity is

consistent with the intuition that both the shear and
bulk viscosities act to reduce the anisotropic flow, and
that to produce a similar amount of entropy generated
by the larger shear viscosity alone, the shear viscosity in
the presence of non-zero bulk viscosity should be smaller.

Heavy hadrons were found to be particularly sensitive
to the switching temperature between hydrodynamics
and the afterburner. Future improvements on the match-
ing between hydrodynamics and the hadronic transport
will be important in reducing this dependence.

It should be emphasized that all three components of
our model, IP-Glasma, viscous hydrodynamics and the
hadronic after-burner play important roles. The energy
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deposition mechanism of the IP-Glasma model helps pro-
vide a good description of the correct higher flow har-
monics, and the large gradient found in the initial energy
density enhance the effect of bulk viscosity. The hadronic
afterburner is important to improve the description of
identified particle observables.

Looking ahead, the addition of mini-jets and jet en-
ergy loss will allow us to extend the investigations pre-
sented in this work in the intermediate and high pT re-
gions of the observables. Moreover in addition to the
observables described above, it is also useful to study the
effects of fluctuations and transport coefficients on the
event plane correlations and flow harmonics correlations

rn, which is the subject of a future publication. A fur-
ther area of possible improvement is the treatment of the
non-equilibrium corrections to the thermal distribution
functions. So far, our δf is species-independent. Mak-
ing it species-dependent following the line of arguments
in Ref. [94], for example, is an undertaking we leave for
future work.
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Appendix A: Viscous corrections to the momentum
distribution of hadrons

At the end of a hydrodynamic simulation, fluid ele-
ments must be converted into hadronic degrees of free-
dom. This conversion is made possible under the as-
sumption that hydrodynamics and kinetic theory have
an overlapping region of validity in the late stage of the
collision. This overlap allows for the momentum distri-
bution of hadrons to be related to the energy-momentum
tensor of the fluid in such a way that energy and momen-
tum are conserved across this transition.

From a kinetic theory point of view, the energy-
momentum tensor Tµν only contains information about

the second moment of the momentum distribution func-
tion, which constrains predominantly the small momen-
tum region of the distribution. In consequence, the
transition from fluid to particles carries some ambiguity,
since multiple hadronic momentum distributions similar
at lower momentum but different at higher momentum
can correspond to the same energy-momentum tensor.
On the other hand this uncertainty in the higher mo-
mentum region of the distribution should not be a major
issue for soft hadronic observables, which are the observ-
ables of interest in hydrodynamic simulations of heavy
ion collisions.

The matching from fluid to hadrons also depends on
the collision kernel describing the microscopic interac-
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tions of all species of hadrons, which is not known
well. Even simplified description of species dependence
of hadronic interactions can become quite challenging to
handle (see e.g. Ref. [94]). In consequence, simpler ap-
proximations are generally made regarding the collision
kernel describing the microscopic interactions of hadrons
in order to relate the energy-momentum tensor to the
hadron’s momentum distribution. In this work, the relax-
ation time approximation and the 14-moments approxi-
mation were both used to this effect.

An additional assumption made regarding the depen-
dence of the hadronic momentum distribution on the
shear stress tensor πµν and the bulk pressure Π is that

it can be linearized:

f(P, πµν ,Π) ≈ f (0)(P ) + Cshear(P )πµνPµPν

+Cbulk(P )Π

≈ f (0)(P ) + δfshear + δfbulk (A1)

where we used the common notation that the linearized
term depending on the shear stress tensor πµν is referred
to as δfshear and the one depending on the bulk pressure
Π is δfbulk. The functional form of Cshear(P ) and Cbulk(P )
depend on the collision kernel used to describe hadronic
interactions. The explicit form of δfshear/bulk is given by
Eqs (32) and (33).

Since there is a certain level of uncertainty in the
determination of δfshear and δfbulk from the energy-
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momentum tensor, it is useful to quantify the depen-
dence of hadronic observables on these two quantities.
In this section, this is done for the integrated observables
shown in Section III A for the LHC. Since the effect of the
bulk pressure and the shear stress tensor on integrated
hadronic observables are significantly different, they are
discussed separately in this Appendix.

1. Corrections from shear viscosity

Because of the tensor structure of the shear
πµν-linearized momentum distribution the multiplicity
dN/dy does not depend on δfshear (for a boost-invariant
system). Experiments often employ cuts in transverse
momentum when calculating the multiplicity of hadrons,
which will lead to some dependence on δfshear. Never-
theless, these cuts are very small for the measurements
used in this work and we verified numerically that the
multiplicity of hadrons is essentially identical with and
without δfshear.

The effect of δfshear on the average transverse momen-
tum of thermal (Cooper-Frye) pions, kaons and protons
and the pT -integrated vn of thermal charged hadrons is
shown in Figs. 18(a) and (b) respectively. The effect on
〈pT 〉 is very small, and we verified that it remains small
even after hadronic decays are taken into account. The
vn of charged hadrons displays a larger dependence on
δfshear, of 2 − 5% for the v2, 5 − 10% for the v3 and
10 − 20% for the v4. We verified that we obtain similar
numbers after hadronic decays are included.

2. Corrections from bulk viscosity

The δfbulk used in this work has an explicit dependence
on the mass of hadrons — see Eq.(33). Consequently, it
is to be expected that the effect of δfbulk on different
species of hadron will show a mass dependence.

The effect of δfbulk on the pion, kaon and proton
dN/dy is shown in Fig. 19. Figure 19(a) is for ther-
mal hadrons, and (b) is after hadronic decays. The effect
of δfbulk decreases the multiplicity of thermal pions by
∼ 15%, very slightly decreases the multiplicity of thermal
kaons (∼ 5%), and increases the multiplicity of protons
by∼ 10%. There is thus a change in the effect of δfbulk on
the multiplicity at a mass slightly above the kaon mass.
Hadronic decays cancel out the suppression from δfbulk

on thermal pions against the enhancement from δfbulk

on heavier hadrons which decay into pions. The result
is a negligible effect of δfbulk on the final pion multiplic-
ity. A similar effect is seen in the final kaon multiplicity,
while the already-enhanced thermal proton multiplicity
is further increased after decays (∼ 20%) by the effect of
δfbulk on heavier hadrons.

The effect of δfbulk on the average transverse momen-
tum of pions, kaons and protons also shows a mass de-
pendence, as seen in Fig. 20, with (a) being once again
for thermal hadrons and (b) being the result including
hadronic decays. The thermal pion 〈pT 〉 is suppressed by
∼ 10%, while thermal protons are suppressed by ∼ 5%
and kaons are in-between. Since heavier hadrons have a
smaller correction from δfbulk, the inclusion of hadronic
decays lessens the effect of δfbulk on lighter hadrons, as
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seen in Fig. 20(b).

Finally, unlike for δfshear, we found that the δfbulk

used in this work leaves the pT -integrated vn of charged
hadrons unchanged, whether hadronic decays are in-
cluded or not.

We highlight that the multiplicity and average trans-
verse momentum of hadrons, which were largely insensi-
tive to δfshear, are affected by δfbulk. We thus find the
interesting conclusion that integrated observables that
are not sensitive to δfshear are sensitive to δfbulk, and
vice versa. While the effect of δfbulk is not very large,
the results found in Figs. 19 and 20 certainly warrants
additional investigations in the future about the effect of

δfbulk on hadronic observables.
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