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Signatures of collective behavior have been measured in highly relativistic p+p collisions, as well as
in p+A, d+A, and 3He+A collisions. Numerous particle correlation measurements in these systems
have been successfully described by calculations based on viscous hydrodynamic and transport
models. These observations raise the question of the minimum necessary conditions for a system to
exhibit collectivity. Recently, numerous scientists have raised the question of whether the quarks
and gluons generated in e+e− collisions may satisfy these minimum conditions. In this paper we
explore possible signatures of collectivity, or lack thereof, in e+e− and p+p collisions utilizing A
Multi-Phase Transport (ampt) framework which comprises melted color strings, parton scattering,
hadronization via coalescence, and hadron re-scattering.

PACS numbers: 24.85.+p,25.10.+s,25.75.-q,25.75.Nq

I. INTRODUCTION

High-energy heavy ion collisions at the Relativistic
Heavy Ion Collider (RHIC) and the Large Hadron Col-
lider (LHC) liberate tens of thousands of quarks and
gluons that form a medium which is amenable to de-
scription by nearly inviscid hydrodynamics—see, for ex-
ample, Ref. [1]. Observables such as hadron yields,
particle spectra, and multi-particle azimuthal correla-
tions are well described within this framework, support-
ing the well-established conclusion that the Quark-Gluon
Plasma (QGP) behaves as a nearly perfect fluid. How-
ever, similar experimental signatures have now been mea-
sured in p+p collisions at the LHC [2, 3], as well as in pro-
ton or light ion-nucleus collisions (p+A, d+A, 3He+A) at
RHIC [4–7] and the LHC [8–10]. In fact, multi-particle
azimuthal correlations have now been measured in p+A
or d+A collisions at a wide range of center-of-mass en-
ergies, from 19.6 GeV [11, 12] all the way up to 5.02
TeV [13].

These results have sparked intense scientific discussion
about the minimum size, minimum lifetime, and the min-
imum number of initial quarks and gluons that are nec-
essary for QGP formation. What does the success of
viscous hydrodynamic calculations all the way from p+p
to p+A to A+A [14] tell us about these minimum con-
ditions? In addition to a hydrodynamical picture, alter-
native proposals exist based on initial-state momentum
domains [15, 16]. However, the collision geometry de-
pendence of these signatures in p+A, d+A, 3He+A data

∗ jamie.nagle@colorado.edu

from RHIC [7] currently pose a major challenge for these
alternatives.

Within the hydrodynamic framework, there is little ev-
idence for the existence of a minimum system size, or
a resulting number of final-state hadrons, below which
the successful description of experimental data breaks
down [17]. The lifetime of the QGP phase is reduced for
small systems and for systems with lower initial temper-
ature, but one still finds substantial translation of initial
geometry anisotropy into momentum space anisotropies
amongst final-state hadrons. However, it has recently
been noted that the agreement of viscous hydrodynamics
with data does not necessarily imply local equilibration
of the QGP, and may rather reflect non-hydrodynamic
modes rapidly damping away, even as the system never
comes close to equilibration [18, 19]. This may explain
the so-called “fast hydrodynamization” (i.e. the early
time after which a hydrodynamic description works) and
why hydrodynamics works for systems where the fun-
damental assumption of hydrodynamics that the system
size be much larger than the nominal mean free path
R̄ � λ is violated. Recent investigations may point to
minimum conditions such that these non-hydrodynamic
modes do not dominate [20].

In addition to hydrodynamics, alternative frameworks
have been proposed for understanding the translation of
initial geometry into collective correlations amongst final-
state hadrons. These calculations involve microscopic
transport models (e.g., ampt [21], bamps [22], vini [23],
mpc [24]) that trace well-defined individual constituents
(quarks and gluons) and generate collectivity via a mod-
est number of scatterings between them [25, 26].

This discussion of small hadronic collision systems
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raises the question of whether a high enough parton mul-
tiplicity exists in e+e− collisions for signatures of col-
lectivity to be clearly observed. The yields and spec-
tra of hadrons have been discussed in terms of thermal
models [27–30], though no clear conclusions have been
drawn from them. Thermodynamical string fragmenta-
tion has also been studied in comparing e+e− and p+p
collision results [31]. Other types of collisions involv-
ing deep inelastic scattering of electrons from protons
or nuclei, available for example at a future Electron-Ion
Collider, also provide scenarios where the same question
could be raised. In this paper, we focus on the simpler
e+e− case.

The Large Electron-Positron Collider (LEP) operated
from 1989-2000, and collided e+e− at center-of-mass en-
ergies of up to 209 GeV [32]. When the e+ and e− collide,
they annihilate and form a virtual photon or Z boson.
Here we focus on collisions at a center-of-mass energy at
the Z boson mass. The Z boson can decay into a quark
and anti-quark pair moving in opposite directions in the
Z boson’s center-of-mass frame. In a simplified picture,
a color string extends between the quark and anti-quark
as they recede away from each other [33]. This string
picture treats all but the highest-energy partons as field
lines, which are attracted to each other via the gluon
self-interaction, thus forming a narrow flux tube of color
field. The color field in the string provides the necessary
energy for new quark-antiquark pairs (qq) or diquark-
antidiquark pairs (qq qq) to be emitted along the length
of the string. Ignoring higher-order QCD effects, is it
possible that this single color string with parton emis-
sions and subsequent interactions among these partons
is sufficient to generate collectivity?

II. A MULTI-PHASE TRANSPORT

A Multi-Phase Transport (ampt) provides a frame-
work for the modeling of relativistic heavy ion colli-
sions [21]. ampt version 2.26 is publicly available [34]
and models these collisions as a succession of distinct
stages in time. Initially, the nucleons within the collid-
ing nuclei are spatially distributed via a Monte Carlo
Glauber calculation, as implemented within the hijing
model [35]. For each event, the impact parameter is ran-
domly chosen and nucleon-nucleon collisions result in the
formation of color strings. These color strings then pro-
duce quarks and antiquarks via a process referred to as
“string melting”. Quarks and antiquarks emitted from
this process are then allowed to interact with each other,
as coded within the zpc parton cascade [36], with an ef-
fective parton-parton cross section provided as an input
parameter to the code. Hadronization is implemented
via spatial quark coalescence. After coalescence, final-
state hadronic scattering takes place until the density of
hadrons is such that interactions cease to occur. This
framework has been reasonably successful at describing
a number of features, including particle spectra, yields,

and azimuthal correlations, in systems ranging from p+A
to d+A to 3He+A to A+A at RHIC and the LHC. For
example, see Refs. [17, 37–40].

The ampt model reports the entire history of the par-
tons in both space-time and momentum-energy coordi-
nates, as well as the final distribution of hadrons after
final-state scattering. One also has the ability to tune
the strength of, and even to fully deactivate, partonic
and hadronic scattering.

III. MODELING e+e− COLLISIONS IN AMPT

We have written a modified version of ampt where
every event is initialized with a single color string, and
where the receding quark and antiquark (uu or dd or ss)
are moving parallel to the longitudinal (z) axis. One can
think of this as experimentally rotating into a coordinate
system along the two-jet thrust axis. The center-of-mass
energy of the string is set in every event to correspond
to the Z boson mass, mZ = 91.18 GeV/c2. Without fur-
ther modification, the ampt code then carries out “string
melting”, resulting in an initial space-momentum distri-
bution of partons in each event. The partons are allowed
to interact, then to coalescence into hadrons, and the re-
sulting hadrons to scatter. We have set the parton-parton
scattering cross section to σparton = 3.7 mb. This value
is at the higher end of the range of values typically used
in publications to match data both in large and small
systems, typically 0.75 - 4.5 mb.

An example event in its partonic phase is shown in Fig-
ure 1. In this particular event there are approximately
30 partons resulting from string melting. A peculiarity of
ampt is that all partons are quarks and anti-quarks, with
no gluons, and they are constructed as if hadrons were
emitted from the string; that is, they are emitted in qq
pairs (mesons) and qqq triplets (baryons). A hadron for-
mation time τf = EH/m

2
T,H sets the time for these par-

tons to be available for scattering where EH and mT,H

are the energy and transverse mass of the hadron prior to
melting into partons [21]. As noted explicitly in Ref. [21],
the “typical string fragmentation time of about 1 fm/c is
not applied to the melting of strings as the fragmentation
process involved here is considered just as an intermedi-
ate step in modeling parton production from the energy
field of the strings in an environment of high energy den-
sity.” We find typical parton formation time values of
τf = 0.1− 0.3 fm/c, with a long tail to larger times. We
only display and analyze partons with formation time
τf < 3 fm/c and evaluate their spatial coordinates at the
parton’s individual formation time.

This very short parton formation time is often shorter
than the de Broglie wavelength for the parton. As such,
it may be that a well defined quasi-particle scattering
picture is not applicable. It is clear for these small sys-
tems that if the parton formation time were > 1 fm/c,
the number of parton-parton scatterings would be signif-
icantly reduced. It is notable that the applicability of
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hydrodynamic calculations are also in question since the
system size R is not longer much larger than the typical
mean free path. Thus, it is instructive to push both of
these pictures beyond their approximate regimes of ap-
plicability.

The blue markers in Figure 1 indicate the initial quark
positions and the red arrows, their initial momentum vec-
tors (with the vector length proportional to the momen-
tum magnitude). The spatial eccentricity is often char-
acterized via ε2, defined as

ε2 =

√
〈r2 cos(2φ)〉2 + 〈r2 sin(2φ)〉2

〈r2〉
(1)

where the averages are over all initial parton transverse
coordinates (ri, φi) relative to their center-of-mass coor-
dinate. The vector ψ2 is defined by the short axis of the
ellipse. The black open circle corresponds to the center-
of-mass coordinate of the total set of partons. The ellipse
represents their spatial orientation and eccentricity, and
the angle ψ2 shows the orientation of the eccentricity.
For this specific event the initial parton eccentricity is
ε2 = 0.34.

In ampt, the created partons are distributed around
the center of the string in the transverse plane with an av-
erage radius of approximately 0.1-0.2 fm. The eccentric-
ity thus varies event-by-event with a rather broad distri-
bution in ε2 from 0 to 1, since there is no intrinsic geome-
try and just fluctuations of the initial parton coordinates.
The partons are “born” after some initial momentum-
dependent formation time with a strong correlation be-
tween their radial position and momentum vector, i.e.
moving predominantly radially outward.

The measured e+e− mean charged particle multiplicity
at 91 GeV is≈ 21 [32, 41]. We have tuned the ampt input
value PARJ(41)= 2.5, which corresponds to parameter b
of the lund symmetric splitting function

f(z) ∝ z−1(1− z)a exp(−bm2
T /z) (2)

where z is the momentum fraction of the produced par-
ticle with respect to the fragmenting string and mT is
the transverse mass of the produced particle. We then
achieve a mean multiplicity of initial partons 〈Nparton〉 ≈
43 and a mean charged particle multiplicity of 〈Nch〉 ≈
21. It is notable that for ampt to describe p+p and
A+A multiplicities at different collision energies, these
lund parameters are tuned [42].

IV. SINGLE STRING RESULTS

In order to explore the single color string case, we have
run 300 million such events. It is notable that only 17.9%
of all partons resulting from string melting undergo one
or more partonic scatterings. For comparison, we have
run another 300 million events where all final-state par-
tonic and hadronic interactions were turned off. The lat-
ter gives us a baseline where only initial-state momentum
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FIG. 1. Single color-string event with partons in their initial
positions shown as blue points, and initial parton momentum
vectors shown as red arrows. The center-of-mass coordinate
for the set of partons is shown as the black open circle and
the spatial eccentricity shown as the ellipse.

correlations exist and, by definition, there is no collectiv-
ity in the final-state.

We have constructed long-range two-particle corre-
lations by taking all pairs of final-state hadrons with
pT > 0.5 GeV/c and calculating their relative angle ∆φ
with an imposed pseudorapidity gap |∆η| > 2.0. Note
again that pseudorapidity is defined by treating the string
axis as the longitudinal axis. Figure 2 (left panel) shows
the long-range two-particle correlation for hadrons with
pT ≥ 0.5 GeV/c in the one string case with (blue) and
without (red) final-state interactions. Also shown are
Fourier component characterizations for both cases and
quoted the second Fourier component (c2 = 〈cos(2∆φ)〉).
The two distributions are nearly identical indicating that
for this system, final-state interactions play a negligible
role in correlated particle yields across a rapidity gap.

The single color string case for modeling e+e− colli-
sions does incorporate a modest number of final-state
parton-parton scatterings. However, these scatterings
have a very small effect on the final rapidity-separated
collectivity signature. This may not be surprising for the
long range (large ∆η) two-particle correlations since the
initial geometric eccentricity is driven in this case solely
by fluctuations in the spatial coordinates of the partons
and should be mostly uncorrelated for different rapidity
slices.

Another test for the impact of partonic scattering on
collectivity, that does not require long-range rapidity cor-
relations, is to check for azimuthal anisotropy (v2) with
respect to the initial geometry orientation (i.e. ψ2) as
determined from the partons that emerge from string
melting— as shown in Figure 1, for example. The el-
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FIG. 2. ampt events with a single color string modeling e+e− → Z → qq. (Left) Long-range two-particle correlations |∆η| > 2.0
for hadrons with pT > 0.5 GeV/c, with and without final-state interactions. Fourier fits are also shown as lines and the c2
coefficients displayed. (Right) Azimuthal anisotropy (v2) calculated with respect to the initial parton plane with and without
final-state interactions, and then the net difference thus isolating the effects due to final-state interactions (black curve).

liptic azimuthal anisotropy v2 is defined by

v2 = 〈cos(2(φ− ψ2))〉 . (3)

Whereas here we use early stage partons to define the
event geometry, previous ampt studies of small system
collectivity have calculated v2 relative to the orientation
defined by participant nucleons [17, 38]. Figure 2 (right
panel) shows v2(pT ) with respect to the parton plane for
final-state hadrons. The results with interactions (blue)
and without interactions (red) both yield large negative
values for v2.

The explanation can be understood by examining Fig-
ure 1. In this event there is a fluctuation to have more
partons along the major axis of the ellipse, oriented along
the y = 0 line. The partons are born with large ra-
dial outward momentum (i.e. they have a strong radial
position-momentum correlation), and so there are more
partons initially moving to the left and to the right, as
opposed to up and down. Since the ψ2 vector is nearly
up, the particle distribution with no interactions already
has a large negative v2. The black curve in Figure 2
shows the net effect of interactions on the v2, which is
very modest, less than a 1% effect.

V. PROTON-PROTON COLLISIONS AND TWO
STRING RESULTS

The lack of collectivity observed in the single color
string case raises the question of what key conditions
exist in p+p collisions, where collectivity signals are ob-
served, that are absent in the e+e− case. In the pub-
licly available implementation of ampt, a p+p collision

is modeled via the creation of two color strings, sepa-
rated in the transverse plane by the impact parameter of
the interaction. We do not expect this simplified string
geometry to be a fully realistic model of the geometric
patterns of color excitations in p+p collisions, and thus
leave a detailed comparison to p+p flow data to a future
work. However, does having two (or more) color strings
provide a sufficient condition for collectivity?

In order to further explore this idea, we have extended
these calculations to the special case of two color strings
separated by 0.5 fm in the transverse plane. Each color
string is identical to those considered above with the
string oriented perfectly along the longitudinal direction,
except each has an energy corresponding to the half the
Z boson mass. Although this is not a realistic model for
a p+p collision, it allows us to more directly compare the
single string and two string cases. A single event display
is shown in Figure 3. This event has 40 partons initiated
from string melting and an initial parton spatial eccen-
tricity of ε2 = 0.64.

There are two key differences from the single color
string case. First, the number of parton scatterings is
substantially increased (even when controlling for the
higher total multiplicity of partons). In this case 40.3%
of all partons suffer one or more scatterings. It is notable
that this number is already quite similar to the percent-
age of partons that scatter in central d+A collisions at
center-of-mass energies from 19.6-200 GeV [38]. In this
two string case, there are partons from the left string
moving right and partons from the right string moving
left (i.e. towards each other). Second, there is now a
long-range correlation in the geometry of the initial par-
ton coordinates. The ψ2 axis is predominantly perpen-
dicular to the axis connecting the two strings (the x−axis
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FIG. 3. Two color-string event with initial parton positions
shown as blue points, and initial parton momentum vectors
shown as red arrows. The center-of-mass coordinate for the
set of partons is shown as the black open point and the spatial
eccentricity shown as the drawn ellipse.

in Figure 3), and this is true in all rapidity slices modulo
fluctuations.

Figure 4 shows the results with (blue) and without
(red) final-state partonic and hadronic interactions for
the long-range two-particle correlations (left panel) and
the v2 with respect to the parton plane (right panel).
The results are quite striking in that there is now a vis-
ible near-side ridge (a local maximum near ∆φ = 0) in
the long-range correlation that is only seen when interac-
tions are turned on. We again show a Fourier component
characterization and quote the c2 coefficient, and find a
much larger coefficient in the case with interactions.

Even more striking is the very large net v2 as a func-
tion of pT seen with respect to the parton plane (shown
as the black curve). In fact, this v2 result (again, hav-
ing accounted for the initial negative v2 from momentum
correlations alone), is quite similar in magnitude and pT
trend to that observed in p+p collisions and various light
ion-nucleus collision results.

We also ran this two string configuration with just par-
tonic scattering, i.e. hadronic rescattering turned off, and
the v2 results are nearly identical. Thus, the dominant
contribution arises from parton scattering alone.

VI. TWO STRING ENERGY DEPENDENCE

While the two string scenario does not correspond to
an exact physical interaction system and is a simple proxy
for the p+p case, it is interesting to explore the energy
dependence of the correlation and flow observables. To

that end, we have run ampt with the identical configu-
ration of two strings as detailed above at different total
collision energies (184, 91, 60, 45, 30, 10, and 4.5 GeV).
For each energy, the resulting total number of partons
produced, the dNch/dη within the window |η| < 2.0, and
the percentage of partons that have at least one scatter-
ing are shown in Table I. There is a substantial decrease
in the number of partons produced at lower energies, as
expected; however, since the extension of the strings in
rapidity is also being reduced, the probability of scatter-
ing has a much weaker energy dependence.

TABLE I. Summary of two string results as a function of
the total available energy. Columns include the total number
of partons over all phase space, dNch/dη within the window
|η| < 2.0, and the percentage of partons that have at least
one scattering, i.e. Nscatter > 0.

Energy Npartons dNch/dη % of Partons
(GeV) - (|η| < 2) w/ Nscatter > 0

184 95 11.6 40.4%
91 75 11.2 40.3%
60 63 10.5 39.2%
45 55 9.7 38.7%
30 44 8.3 37.6%
10 19 6.5 24.6%
4.5 9 3.7 11.3%

Figure 5 shows the two-particle azimuthal correlations
with a pseudorapidity gap |∆η| > 2.0 for total energies
of 45, 30, and 10 GeV. The “ridge” feature is visible for
the higher energies all the way down to 45 GeV. There
is a hint of the ”ridge” feature at 30 GeV, and then it
disappears for lower energies. The very large correlation
peak at ∆φ = π from momentum conservation becomes
dominant at the lowest energies — note the change in
the vertical scale between the panels.

In addition, we have calculated the v2 relative to the
true geometry of the two string configuration. In the pre-
vious section, we determined ψ2 event-by-event using the
initial parton coordinates. However, in this case to avoid
the fact that ψ2 will have more significant fluctuations
at lower energies due to the smaller number of partons
in the event, we have simply set ψ2 to be along the axis
perpendicular to the line connecting the two strings. Fig-
ure 6 shows the v2 with respect to the true geometry for
hadrons with pT = 0.75 GeV/c as a function of the two
string total energy. Also superimposed on the same fig-
ure is the fraction of partons that undergo at least one
scattering.

The signal for the “ridge” does disappear below some
total energy, but that can be attributed in part to the
total domination of the momentum conservation corre-
lation as the total number of partons and final state
hadrons decreases. The real effective anisotropy relative
to the true geometry, which is not experimentally observ-
able, in fact has very little energy dependence until one
goes below a total energy of approximately 10 GeV.
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FIG. 4. ampt events with two color strings. (Left) Long-range two-particle correlations |∆η| > 2.0 for hadrons with pT > 0.5
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then the net difference thus isolating the effects due to final-state interactions (black curve).
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two-particle correlations |∆η| > 2.0 for hadrons with pT > 0.5 GeV/c, with and without final-state interactions. Fourier fits
are also shown as lines and the c2 coefficients displayed.

VII. SUMMARY

Experimental results from high-energy p+p and light
ion-nucleus collisions have prompted the question, what
are the minimal conditions for collectivity? We explore
this question for the case of e+e− collisions utilizing the
ampt framework and a single color string. The results in-
dicate only a modest number of parton-parton scatterings
and no observable collectivity signal. However, a simple
extension to two color strings which represent a simpli-
fied geometry in p+p collisions predicts finite long-range
two-particle correlations (i.e. the ridge) and a strong v2
with respect to the initial parton geometry. Studying the
energy dependence of the signal in the two string con-
figuration reveals a rather robust anisotropy relative to
the true geometry even at the lowest energies, though in
a regime where extracting the signal via experimentally

measured correlations is much more challenging. These
results imply that in small collision systems over a range
of energies, a minimum of two strings is sufficient to gen-
erate collectivity signals. The question of whether ad-
ditional mechanisms, such as higher-order effects, could
generate such conditions in e+e− collisions, or whether
they may be present in electron-ion collisions via a pic-
ture of a color dipole scattering with the nucleus, remain
to be explored.
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