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In order for a Sullivan-like process to provide reliable access to a meson target as t becomes
spacelike, the pole associated with that meson should remain the dominant feature of the quark-
antiquark scattering matrix and the wave function describing the related correlation must evolve
slowly and smoothly. Using continuum methods for the strong-interaction bound-state problem, we
explore and delineate the circumstances under which these conditions are satisfied: for the pion, this
requires —t < 0.6 GeV?, whereas —t < 0.9 GeV? will suffice for the kaon. These results should prove
useful in planning and evaluating the potential of numerous experiments at existing and proposed

facilities.

I. INTRODUCTION

The notion that a nucleon possesses a meson cloud
is not new [1]. In effect, this feature is kindred to the
dressing of an electron by virtual photons in quantum
electrodynamics [2] or the existence of dressed quarks
with a running mass generated by a cloud of gluons in
quantum chromodynamics (QCD) [3—7]. Naturally, any
statement that each nucleon is accompanied by a me-
son cloud is only meaningful if observable consequences
can be derived therefrom. A first such suggestion is can-
vassed in Ref. [8], which indicates, e.g. that a calcula-
ble fraction of the nucleon’s anti-quark distribution is
generated by its meson cloud. Mirroring this effect, one
may argue that a nucleon’s meson cloud can be exploited
as a target and thus, for instance, the so-called Sullivan
processes can provide a means by which to gain access
to the pion’s elastic electromagnetic form factor [9-13],
Fig. 1(a), and also its valence-quark parton distribution
functions (PDFs) [14-16], Fig. 1(b).

One issue in using the Sullivan process as a tool for ac-
cessing a “pion target” is that the mesons in a nucleon’s
cloud are virtual (off-shell) particles. This concept is
readily understood when such particles are elementary
fields, e.g. photons, quarks, gluons. However, providing
a unique definition of an off-shell bound-state in quantum
field theory is problematic.

Physically, for both form factor and PDF extractions,
t < 0 in Figs. 1, so the total momentum of the 7* is
spacelike.! Therefore, in order to maximise the true-
pion content in any measurement, kinematic configura-
tions are chosen in order to minimise | — ¢|. This is
necessary but not sufficient to ensure the data obtained
thereby are representative of the physical pion. Addi-
tional procedures are needed in order to suppress non-
resonant (non-pion) background contributions; and mod-
ern experiments and proposals make excellent use of, e.g.

L We use a Euclidean metric: {vu, v} = 265 V5 = 14717273,
Yol = —Aeupos ouw = (i/2)wwls a b =
i, aib;; and P, spacelike = P2 > 0.

FIG. 1. Sullivan processes, in which a nucleon’s pion cloud
is used to provide access to the pion’s (a) elastic form factor
and (b) parton distribution functions. t = —(k — k)% is a
Mandelstam variable and the intermediate pion, 7" (P = k —
k"), P? = —t, is off-shell.

longitudinal-transverse cross-section separation and low-
momentum tagging of the outgoing nucleon.

Notwithstanding their ingenuity, such experimental
techniques cannot directly address the following ques-
tion: supposing it is sensible to speak of an off-shell
pion with total-momentum P, where P? = (v — 1)m2,
my =~ 0.14 GeV, so that v > 0 defines the pion’s virtu-
ality, then how do the qualities of this system depend
on v? If the sensitivity is weak, then 7*(7) is a good
surrogate for the physical pion; but if the distributions
of, e.g. charge or partons, change significantly with o,
then the processes in Figs. 1 can reveal little about the
physical pion. Instead, they express features of the entire
compound reaction. Since there is no unique definition
of an off-shell bound-state, the question we have posed
does not have a precise answer. On the other hand, one
can use the bound-state equations of continuum quantum



field theory in order to explore the issue.

II. PIONS: ON- AND OFF-SHELL

All correlations with pion-like quantum numbers, both
resonant and continuum, are accessible via the inhomo-
geneous pseudoscalar Bethe-Salpeter equation:

A

Ts(k: P) = Ziys + /d D (@ P K300 K P), (1)

where x5(¢; P) = S(¢,)Ts5(q; P)S(q5): ¢ = ¢ + nP,
¢y = ¢—(1—n)P, P is the total quark-antiquark momen-
tum; fdA represents a Poincaré invariant regularisation
of the four-dimensional integral, with A the regularisa-
tion mass-scale; and Z;(¢?, A?) is the mass renormalisa-
tion constant, with ¢ the renormalisation point. In addi-
tion, S is the dressed-propagator for a u- or d-quark (we
assume isospin symmetry throughout), K is the quark-
antiquark scattering kernel, and the indices r, s, t,u de-
note the matrix structure of the elements in the equation.

The physical (7 = 0) pion appears as a pole in the
pseudoscalar vertex, viz. [17]

P2am2~0  pS

Ls(k;P) = Wﬂmsz(/ﬂ;]p) +reg., (2)

™

where “reg.” denotes terms analytic on vm?2 =~ 0,

Uy (k; P) = 75 [iEx (k; P) + v - PEr(k; P)
+v-kk-PGr(k;P)+ o kP, He(k; P)] (3)

is the pion’s Bethe-Salpeter amplitude and p$ measures
the ratio of the in-pion condensate and the pion’s leptonic
decay constant [18].

In proposing reactions like those in Fig.1 as paths to
real-pion targets, one is naively thought to assume that
for some nonzero and sizeable vg, the pion pole remains
the dominant feature of the pseudoscalar vertex and the
pion’s wave function is “frozen”:

vills pgr
P2Z+m?2
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L's(k; P) L (k; P). (4)

With modern methods of experiment and analysis, how-
ever, the reactions in Figs.1 provide sound realisations
of a pion target under softer assumptions; namely, the
pole associated with the ground-state pion remains the
dominant feature of the vertex (equivalently, the quark-
antiquark scattering matrix) and the Bethe-Salpeter-
like amplitude describing the related correlation evolves
slowly and smoothly with virtuality. Under these condi-
tions, then Vv < g a judicious extrapolation of a cross-
section to v = 0 will yield a valid estimate of the desired
on-shell result. The question posed in the Introduction
may now be translated into the challenge of determining
the value of vg for which these conditions are satisfied.

To address this issue, we consider the following modi-
fied Bethe-Salpeter equation:

A

Do(k: P) = Zuvs+A(2) /d bes(4; P K75 (0,5 P) , (5)

introduced about fifty years ago and discussed exten-
sively in Ref. [19]. Importantly, since the equation de-
termining the residue of any pole-solution to Eq. (5), i.e.
the related homogeneous Bethe-Salpeter equation, is the
same in any channel that possesses overlap with the pion,
then for the purpose of elucidating the character of an
off-shell pion, it suffices to consider Eq. (5).

A(7) in Eq. (5) may be interpreted as a coupling, upon
which, inter alia, the nature and location of all pole-
solutions to this equation depend. The original Bethe-
Salpeter equation, Eq. (1), is recovered when A\(v = 0) =
1, at which point the canonical normalisation of the
bound-state amplitude is fixed by enforcing a constraint
on d\(v)/dv|,_,. If A(v) is shifted to values below
unity, i.e. the coupling is weakened, then the (—P?)-
location (bound-state mass-squared) of the first pole-
solution, Eq. (2), moves to larger values: the ground-state
“pion” becomes heavier. On the other hand, if A(v) is in-
creased above unity, then the first pole-solution moves to
v > 0, viz. the pseudo-pion becomes lighter and, eventu-
ally, the pole-solution shifts to spacelike momenta. Ow-
ing to linearity, Eq. (5) evidently defines a class of solu-
tions for I's (k; P) that depend smoothly on A(#), and all
such solutions have the property:

P+(1-vm2=~0 p5(v) T (k; PIA())

s (k; P|A(9)) P2 4 (1 — v)m?2

+ reg.;
(6)

namely, in the neighbourhood of the pseudo-pion pole,
the vertex is effectively represented by a free-particle
propagator for that state with a residue proportional to
its Bethe-Salpeter amplitude. This is the desired gener-
alisation of Eq. (4).

It is now apparent that within the context of the con-
tinuum bound-state problem in quantum field theory,
Eq. (5) provides the natural framework for analyses of the
virtuality-dependence of pion properties.? Indeed, in one
way or another, this equation and the smooth virtuality-
dependence of the solutions, I's(k; P; A()), are an inte-
gral part of every continuum study of the bound-state
problem in QCD, with off-shell calculations leading to
(verified or verifiable) on-shell predictions (e.g. Refs. [28—
37]). In this connection, the quantity §(v) := [A(7) — 1]
can be said to measure deviations induced by nonzero

2 Off-shell mesons are typically defined more simply [20-27]. For
example, in Refs. [23-27] the internal structure is assumed to be
frozen and off-shell features, when incorporated, are expressed
solely through the virtuality dependence of a vacuum polarisa-
tion diagram built using the frozen amplitudes. Our framework
delivers a unification and generalisation of these approaches.



pion virtuality. Eq.(6) states that at any value of P? =
(v —1)m?2, there is a unique value \(#) for which Eq. (5)
exhibits an (off-shell) pion pole at (v — 1)m2. Subse-
quently, a comparison between the Bethe-Salpeter ampli-
tude obtained at that pole and the v = 0 amplitude will
reveal the nature of (any) changes in the internal struc-
ture of the associated correlation; and the same result is
obtained irrespective of the particular interpolating field
used to generate an overlap with the pion. The value of
vg is the boundary of the v-domain for which any such
modifications are modest. Here, “modest” means that all
quantitative measures of structural change evolve slowly
and smoothly with .

III. COMPUTED PROPERTIES OF AN
OFF-SHELL PION

The character of an off-shell pion may be assessed by
any nonperturbative approach that provides access to the
solution of Eq. (5) because, as we have highlighted above,
all bound-state equations with a connection to the pion
channel possess identical structure at the pole, wherever
it is located, and the form of Eq. (5) makes no assump-
tions about the character of the Bethe-Salpeter kernel.
In order to proceed, we choose to approach this problem
using methods developed for the continuum bound-state
problem [38-41].

The kernel of Eq. (5) involves the dressed light-quark
propagators, so it is coupled with the light-quark gap
equation. The problem can therefore be analysed by
using a symmetry-preserving truncation of this pair
of equations. A systematic scheme is described in
Refs. [42—44]; and the leading-order term is the widely-
used rainbow-ladder (RL) truncation. It is known to be
capable of delivering a good description of 7- and K-
mesons [38-41], for example, because corrections in these
channels largely cancel owing to the preservation of rele-
vant Ward-Green-Takahashi identities.

A more realistic description is provided by the class of
symmetry-preserving DB kernels [45], i.e. dynamical chi-
ral symmetry breaking (DcsB) improved kernels, which
shrink the gap between nonperturbative continuum-QCD
and the ab initio prediction of bound-state properties
[46-48]. A basic difference between the two is that DB
kernels produce a smoother transition between the weak-
and strong-coupling domains of QCD, something that is
expressed in mesons, e.g. via softer leading-twist parton
distribution amplitudes (PDAs) [49-51]. Having made
the distinctions clear, we now note that the RL trunca-
tion is adequate herein because we aim to explore con-
trasts between bound-state properties off- and on-shell,
and differences between RL and DB results will largely
cancel in such ratios.

In RL truncation, the relevant gap- and Bethe-Salpeter
equations are (p = k—q, T}, (p) = 0, —Dpupu/p?) [52-54]:

S7H(k) = Za (i - k +mP™) + 2(k), (7a)
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where Zs is the quark wave function renormalisation; and

Is(k; P) = Z4’75
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Egs. (7), (8) are complete once the process-indepen-
dent running interaction is specified; and we use [54, 55]

82y F(s)

In[r 4+ (1 + S/AQQCD)Q} )

—= 8r* .
G(s) = %5’ e /e 4

where v, = 12/25, Aqcp = 0.234GeV; 7 = 2 — 1
F(s) = {1 — exp(—s/[4m?])}/s, my = 0.5GeV; ¢ =
0.8 GeV, w = my; and a renormalisation scale ( = (19 =
19 GeV [52]. The connection between Eq. (9) and QCD’s
gauge sector is canvassed elsewhere [46-48]. Here we
only note that Eq.(9) has the correct shape but is too
large in the infrared, for reasons that are well understood.
Notwithstanding this, used judiciously in RL truncation,
Eq. (9) serves as a valuable tool for hadron physics phe-
nomenology. (Notably, for a wide range of observables,
Eq. (9) produces results that are practically equivalent to
those computed using earlier parametrisations [52, 56].)

Solving Eq.(7) for the dressed propagator, S(k) =
1/[iv-kA(k?) + B(k?)], is now straightforward; and, with
the solution in hand, the kernel of Eq. (8) is fully de-
termined. Thus, using m%?® = 3.4MeV, at the on-shell
point, A(v = 0) = 1, we obtain [55]: m, = 0.134GeV,
fr =0.093 GeV in fair agreement with experiment [57].

With this foundation, we can begin to explore the per-
sistence of pionic characteristics as one takes the corre-
lation off-shell. To that end, in Fig.2 (upper panel) we
depict the v-dependence of the virtuality eigenvalue: the
result is linear on v < 45,

A7) =1+0.016 7, (10)

i.e. the change in A\(v) is purely kinematic and, hence,
the pion pole dominates the quark-antiquark scattering
kernel Vo < 45.

The next issue to address is if/how the internal struc-
ture of the correlation is modified. A detailed picture of
possible rearrangements of the pion’s internal structure
can be obtained by studying the impact of v > 0 on the
scalar functions in Eq. (3). This is illustrated in Fig.2
(lower panel), which depicts the k?-dependence of the
ratio of the leading Chebyshev moment for one of the ul-
traviolet (UV) dominant amplitudes in Eq. (3), where for

any function that leading moment is (z = k- P/Vk2P?):

g-/ dz /1 — 22 W(k? z; P?).
s

W(k?; P?) = (11)

The evolution pattern of the correlation’s internal
structure is more subtle than that of A(v). Notwith-
standing that, we find that structural modifications are
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FIG. 2. Upper panel. v-dependence of the virtuality eigen-
value introduced in Eq.(5). The curve is linear on v < 45,
Eq. (10), a result which indicates that the pion pole dominates
the quark-antiquark scattering kernel on this domain. Lower
panel. v-dependence exhibited by one of the UV-dominant
terms in the pion’s Bethe-Salpeter amplitude, Eq. (3).

significant Vo > 45. Moreover, there is a measure of am-
biguity in demarcating the domain within which struc-
tural changes can be considered modest. We therefore
choose conservatively and identify vs = 31, since on the
domain v < wg the pattern exhibited by the ratios in
Fig. 2 is both simple and readily interpreted. Namely, on
k? < 1GeV?, i.e. at length-scales ¢, > 0.2fm, the im-
pact of v % 0 on the pion’s internal structure is modest,
even at v = 31. The domain k? € [1, 4] GeV? is a smooth
region of transition into the UV. Then, on k? > 4 GeV?,
viz. for £ < 0.1fm, one observes plateaux, which describe
nearly constant shifts in the amplitudes. The magnitude
of the shifts grows with v and that growth is linear to
within 3.5%.

The UV tail of the pion’s Bethe-Salpeter amplitude
maps algebraically into a v-dependence of pS in Eq. (2):

A

ipS(v) = Zs trcn/d Ysxx(q% g P;v),  (12)
q

where x» = S(q,)'x(¢% ¢ - P;v)S(g;) and the trace is
over colour and spinor indices, because the value of the
integral in Eq. (12) is determined by the ultraviolet be-
haviour of the integrand [58]. An analogous leptonic de-
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FIG. 3. Virtuality dependence of the quark-antiquark core
density in the pion correlation: solid (black) curve. On the
depicted domain, the evolution is linear to within 3%, as high-
lighted by the dashed (green) line. (We use ( = 19GeV.)

cay constant can also be defined:

A
fr(v)Py = Z4 tYCD/d YVsVuXx(a® q- P;v).  (13)
q
One can now form the product Iifr(v) = fw(”)ﬂgr(”)v

which is a quark-antiquark core density for the corre-
lation, an in-pion condensate [18], whose growth with
virtuality is depicted in Fig. 3. Unsurprisingly, given the
preceding observations, xS (v) grows approximately lin-
early with virtuality on v < vs:

#S(v) ~ KS$(0)[1 +0.0327], k5(0) = (0.28 GeV)?3. (14)

Hence, the picture that emerges from our analysis of
Eq. (b) is an off-shell pion whose internal structure is es-
sentially unaltered at length-scales £, = 0.1fm. On the
other hand, at the core (¢; < 0.1fm) the quark-antiquark
density increases slowly with virtuality, reaching a value
at v = 31 which is roughly twice that of the on-shell
pion, in line with expectations based upon the plateaux
in Fig.2. (A linear fit to x$(7) on v € [0,55] is a poor
representation of the result: the rms-difference is greater
than 10% and it underestimates xS (0) by 40%.)

As evident in Fig.1, only one pion is off-shell when
using the Sullivan process to generate a hadron tar-
get. Consequently, the modest structural changes de-
scribed above enter linearly in the scattering amplitudes.
Their impact is illustrated in Fig.4, which depicts the
7*(v) + v — 7 transition form factor, F*(Q?, v). Us-
ing the “brute force” algorithm employed in Ref. [59]
(to compute the propagators, Bethe-Salpeter amplitudes,
photon-quark vertex, and scattering amplitude) yields
the curves drawn in the upper panel of Fig.4. Those
curves terminate at Q2 = 4 GeV? because the algorithm
is unreliable at larger momenta.

To complete the calculation of F*(Q?, v) directly at ar-
bitrarily large spacelike @2, it would be necessary to use
the method introduced in Ref. [60], i.e. develop a new per-
turbation theory integral representation for the Bethe-
Salpeter amplitude at each required value of the virtual-
ity. That is straightforward but time consuming, so we



FIG. 4. Upper panel. Direct calculation of the n*(v) +v — 7
transition form factor at a range of virtuality values. Lower
panel. Constrained extrapolations to large Q? using Eq. (15).

employ a simpler expedient. Namely, we capitalise on the
analysis in Ref. [60], which shows that the computed elas-
tic pion form factor can accurately be interpolated by a
monopole multiplied by a simple factor that restores the
correct QCD anomalous dimension. We therefore write
1
=— - 4(Q* v
B 1+ Q%ag(v)
1+ QQ[ag(v)/b%(v)] In(1+ QQ/A%CD)
(15b)

Fr(Q%0) (15a)

A(Q* v)

where mg = 0.72 GeV (i.e., the p-meson mass computed
using this framework [54]) is fixed by the elastic pion
form factor, and ag(v), b, (7) are fitted to the behaviour
of F*(Q?% v) on Q? € [0,4] GeV?:

ao(v) = 0.29(1 + 0.028 ) ,
by(v) =2.3(14+0.017v).

(16a)
(16b)

The lower panel depicts a collection of such constrained
extrapolations. Pointwise comparison with Fig.2 in
Ref. [60] demonstrates the veracity of Eq. (15) for z = 0.

An important feature of the transition form factor is
highlighted by the lower panel of Fig. 4, viz. once again,
on v < vs the magnitude of F*(Q?, v) for Q% > 10 GeV?
grows approximately linearly with ». This, too, can be

FIG. 5. Virtuality-dependence of pion twist-two PDA. Solid
curve: inferred v = 0 result, a good approximation to that
calculated in RL truncation, dashed (blue) [49, 60]; and dot-
dashed (green) curve, inferred PDA at v = 31. Even this
appreciable virtuality only introduces a modest rms relative-
difference between the PDAs determined herein; namely, 13%.
Measured equivalently, the RL result differs by 34% from that
appropriate to QCD’s conformal limit (dotted, red).

traced to the behaviour illustrated in Fig. 2 (lower panel)
because, reviewing the analysis in Ref. [61], it is readily
established that the UV behaviour of the 7*(v) +v — 7
transition form factor must respond linearly to changes
in the Bethe-Salpeter amplitude and such modifications
should become evident on just this domain.

One can elaborate by recalling [62-64]:

Q*>A%ep

Q*Fr(Q%) 16mas (Q%) 7w,

1
w, = %/0 dx%goﬂ(a:),

(17a)
(17b)

where ¢ () is the pion’s twist-two valence-quark PDA.
Contemporary analyses demonstrate that ground-state
meson PDAs are well represented by [49-51, 65] ¢(z) =
Ap[z(1 — x)]P, where N[, ensures fol dzp(x) = 1. More-
over, when the consistently-computed PDA is used,
Eq. (17) underestimates the direct RL calculation by only
15% on Q% ~ 8 GeV2. One may therefore equate Eq. (17)
with 85% of the UV limit of Eq. (15) and infer p. This
procedure yields p(v = 0) = 0.29, to be compared with
p = 0.30 in Ref. [60], thereby confirming its validity
and also the remark following Egs. (16).> For v > 0,
Eq. (17) receives minor modifications: f2 — f. fx(7) and
wj — Wy Wy(y), Where @(z;7) is a PDA for the off-
shell pion. Using the revised formula in the matching
procedure and assuming the offset remains at 15%, then
p(v = 31) = 0.105. This inferred virtuality-dependence
of the PDA is depicted in Fig. 5: the dilation grows mod-
estly with increasing v. Such a connection between the

3 Direct comparison is meaningful because Ref. [60] neglected evo-
lution of the pion’s Bethe-Salpeter wave function, whose role and
importance is discussed in Refs. [36, 66].



UV behaviour of the pion’s Bethe-Salpeter amplitude and
dilation of the PDA is readily verified using a simple gen-
eralisation of the algebraic model introduced in Ref. [49].

At this point, we use generalised parton distributions
(GPDs) to translate the behaviour of F(Q?, v) into in-
sights regarding the impact of virtuality on extractions of
the pion’s valence-quark PDF via the process in Fig. 1(b).
In particular, recall that the elastic form factor can be
written [67—69]:

1
F.(Q?) = /_1 dx H*, (z,0,Q?), (18a)

u” ()
where H, (7,0,Q?) is the pion’s GPD and u™(z) is its

valence-quark distribution function. Notably, too, at a
typical hadronic scale [70]:

= H", (z >0,0,0), (18b)

v(2,0,Q%) R (1—2)? VQ2<oo.  (19)
Hence, considering a half off-shell generalisation of the
GPD, which may be accomplished following Ref. [71], us-
ing a matrix element defined with an initial state corre-
sponding to the lowest-mass pole solution of Eq. (5), and
given the modest v-dependence of F*(Q?, v), Egs. (18),
(19) indicate that u™(z; v) will behave similarly. In par-
ticular, the power-law describing its decay on x ~ 1
should not depend strongly on v.

IV. CONCLUSION

We have explored the properties of an off-shell pion by
introducing a virtuality eigenvalue, A(7), into the Bethe-
Salpeter equations describing the formation of bound-

states and correlations in scattering channels that over-
lap with the pion. The pion pole dominates the scatter-
ing matrix so long as A(v) is linear in the virtuality, v
Within this linearity domain, alterations of the pion’s in-
ternal structure induced by v > 0 can be analysed by
charting the v-dependence of the pointwise behaviour
of the Bethe-Salpeter amplitude describing the correla-
tion. Following this procedure, we demonstrated that for
v < wg = 31, which corresponds to —t < 0.6 GeV? in
the notation of Fig. 1, the off-shell correlation serves as
a valid pion target. Namely, on this domain the prop-
erties of the off-shell correlation are simply related to
those of the on-shell pion and, consequently, a judicious
extrapolation to v = 0 will deliver reliable results for
pion properties.

In the present context it is natural to ask for a similar
statement concerning the kaon. We have addressed this
issue by repeating the analysis described herein for a fic-
titious s 4+ § pseudoscalar bound-state. Using a s-quark
current-mass that produces the empirical ¢-meson mass
[55], we obtain mys = 0.70 GeV and find Vg =27
(units of m2, ). Interpolating to the kaon mass, we es-
timate that an off-shell correlation in this channel can
serve as a valid meson target on —t < 0.9 GeV?2.
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