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Abstract

Parity- and time reversal-violating (PVTV) pion-nucleon couplings govern the magnitude of long-
range contributions to nucleon and atomic electric dipole moments. When these couplings arise
from chiral symmetry-breaking CP-violating operators, such as the QCD 6-term or quark chromo-
electric dipole moments, one may relate hadronic matrix elements entering the PVTV couplings to
nucleon and pion mass shifts by exploiting the corresponding chiral transformation properties at
leading order (LO) in the chiral expansion. We compute the higher-order contributions to the low-
est order relations arising from chiral loops and next-to-next-to leading order (NNLO) operators.
We find that for the QCD #-term the higher order contributions are analytic in the quark masses,
while for the quark chromoelectric dipole moments and chiral symmetry-breaking four-quark op-
erators, the matching relations also receive non-analytic corrections. Numerical estimates suggest
that for the isoscalar PVTYV pion-nucleon coupling, the higher order corrections may be as large

as ~ 20%, while for the isovector coupling, more substantial corrections are possible.



I. INTRODUCTION

The study of P- and T-violating (PVTV) interactions can be traced back to the 1950s
when Purcell and Ramsey proposed searching for the existence of a permanent electric dipole
moment (EDM) of neutron [1]. Today, the subject attracts considerable attention as it is
known that CP-violation® is one of the necessary ingredients for explaining the imbalance
between the amount of matter and antimatter of the current universe [2]. The Standard
Model (SM) allows CP-violating interactions through the complex phase in the Cabibbo-
Kobayashi-Maskawa (CKM) matrix [3] but it is insufficient to account for the total observed
asymmetry [4-6]. Therefore, alternative sources of CP-violation (CPV) are required.

Assuming that the extra degrees of freedom (DOFs) associated with the beyond Stan-
dard Model (BSM) CPV are heavy, they can be integrated out of the theory at low energy
to obtain effective operators of higher dimensions that consist solely of SM DOFs. The
PVTV components of these effective operators will in turn generate PVTV low-energy ob-
servables, such as EDMs. Current experiments set upper limits on EDMs, including those
of the electron (8.7 x 107%¢ cm, 90% C.L.) [7], mercury atom (7.4 x 1073 cm, 95% C.L.)
8] and neutron (3.0 x 1072c cm, 90% C.L.) [9, 10]. These upper limits imply upper bounds
of the magnitudes of Wilson coefficients of the PVTV effective operators. When hadrons
are involved, translating EDM limits onto these operator bounds is highly non-trivial. The
matching between low-energy hadronic observables and the Wilson coefficients of operators
in quark-gluon sector involves various hadronic matrix elements that are difficult to evalu-
ate from first-principles due to the non-perturbative nature of Quantum Chromodynamics
(QCD) at low energy.

In this work we are particularly interested in the PVTV pion-nucleon coupling constants
g,(f), where i = 0,1,2 denotes the isospin. [11-15]. The g,(f) govern the strength of of
long-range (pion-exchange) contributions to atomic EDMs as well as to those of the proton
and neutron (see, e.g., [15, 16]). These interactions can be induced by various PVTV
effective operators at the quark-gluon/photon level such as the 6-term, the quark EDM
and chromo-EDM, the Weinberg three-gluon operator and various four-quark operators. In

particular, if a specific PVTV effective operator breaks chiral symmetry, then its P and T-

! Implying T-violation assuming that CPT is conserved



conserving (PCTC) counterpart will also generate corrections to pion and nucleon masses.
Consequently, there exist matching formulae that relate the induced gﬁf’ and these mass
corrections simply due to chiral symmetry [11, 12, 14, 15, 17]. In terms of the SO(4)
representation of Chiral Perturbation Theory (ChPT), the statement above reflects the fact
that the and PVTV components of the effective operator belong to different components of
a single SO(4) representation; therefore, their hadronic matrix elements are related through
the Wigner-Eckart Theorem. This idea is practically beneficial as one may then extract the
PVTV hadronic matrix elements for the gﬁf’ from the study of parity- and time reversal
conserving (PCTC) hadronic matrix elements that are the pion and nucleon mass shifts.
The latter may be obtained by lattice gauge theory or other phenomenological approaches.
For example, application to the #-term with a lattice value of nucleon mass shift yields
7% ~ (0.0155 = 0.0025)4 [18].

It is important to ask how robust these relations are when taking into account possible
higher order contributions involving chiral loops and higher order terms in the chiral La-
grangian characterized by addition low-energy constants (LEC’s). As a matter of principle
as well as for purposes of numerical precision, one must include these corrections when ap-
pealing the matching relations. For instance, Ref. [18] studied the higher-order effects to
the matching formulae induced by a QCD 6-term in a three-flavor ChPT. They found that
when the matching relation of g,(ro) is expressed in terms of the nucleon mass splitting then
its form is preserved by the chiral loop correction. Consequently, the corrections to the LO
matching relations are analytic in the quark masses.

In this work, we extend the study of Ref. [18] to cover all effective operators up to
dimension 6 that include only the first generation quarks based on 2-flavor Heavy Baryon
Chiral Perturbation Theory (HBChPT) in the SU(2)p, x SU(2)g representation. First, we
perform a general study of how these operators break chiral symmetry using the spurion
method. This allows us to implement the effects of the chiral symmetry breaking (CSB)
operators to the chiral Lagrangian in a straightforward manner and obtain the tree-level
matching formulae. Next, we study the chiral one-loop corrections to both §7(ri) and the
hadron mass shifts. The results are expressed in the most general form so that they may be
straightforwardly applied to any specific effective operator. Based on the general formalism
above, we study higher-order effects to the matching formulae induced by the complex

quark mass term (induced by the QCD #-term), the chromo-EDM and the left-right four



quark (LR4Q) operator that are the only three effective operators in the quark sector that
contain both PCTC and PVTV components simultaneously and at the same time break
chiral symmetry.

Given the length of this paper, it is useful to summarize here our main results point the
reader to respective sections for details. For convenience, we summarize these features in
The basic messages we wish to convey to the in Table I, whose content we now proceed to
explain. First, matching relations exist only for gff) induced by chiral non-invariant operators
that posses both PCTC and PVTV components. For these sources, g&" ) can be expressed in
terms of mass shifts for nucleon and pion. For chirally invariant sources, their low-energy
PCTC and PVTYV effects are not related by any chiral symmetry and are, therefore, mutually
independent. Hence, there exist no matching relations between g,(f) and hadron mass shifts
induced by these sources. It is also interesting to notice that gfro) depends on the I =1
nucleon mass shifts, while gfr” which has I = 1 depends on the I = 0 nucleon mass shifts.

Next, we consider higher-order effects, including both one-loop corrections as well as
contributions from higher-order LECs. For the loop correction, we find that in many cases a
one-loop diagram that corrects g? ) will have a corresponding diagram with similar structure
that corrects the nucleon mass shift (e.g., Figs. la and 2a). Furthermore, the CSB vertices
in these diagrams are related by the treel-level matching relations. As a consequence, the
one-loop corrections to gff) and nucleon mass shifts induced by these diagrams satisfy the
same tree-level matching relation. There exist exceptions to this rule, arising from one or
more of the following situations: (1) when the tree-level matching involves (Am?), the shift
of squared pion mass due to the extra operators, the loop corrections to this term do not have
counterparts that correct g,(f); (2) the naive matching between the PVTV tree-pion coupling
gfrlw)ﬂ and (Am?) is spoiled by vacuum alignment, so that diagrams involving insertion of
these operators do not satisfy the tree-level matching, and (3) there are several corrections
to the I = 0 nucleon mass that do not require extra CSB operators (such as in Fig. 2h, 2i and
2k) so there are no corresponding diagrams that contribute to §7(ri). With these observations
in mind, we show that the tree-level matching for g,(ro) induced by the #-term is preserved
under one-loop correction, confirming the result from Ref. [18], while matchings induced
by other operators such as dipole operators and four-quark operators are not respected by

loop corrections. On the other hand, contributions from higher-order terms in the chiral

Lagrangian do not respect the original matching relations in general, implying a dependence



of the matching relations on the associated LECs.

Finally, we estimate the numerical size of higher-order corrections to the tree-level match-
ing relation using experimental and lattice-calculated hadron mass parameters as inputs. For
each operator CSB operator O, if the tree-level matching relation has the form ng§3> = f@
where F, ~ 186MeV is the pion decay constant and f® is a function of hadronic mass

parameters as well as the PVTV Wilson coefficients, we may characterize the correction to

the LO matching relation as:

Fag) = 19+ (14600, + dlic) M)
where 51(231) and 5£%C are relative deviations due to one-loop correction and higher-order LECs

respectively. We are particularly interested at 51(231) because 5£%C does not involve chiral logs
and is therefore suppressed by usual chiral power counting. In principle, one could write
down explicit expressions for {51(331)} as we shall present in the following sections, however
their numerical values cannot be determined because they involve the isoscalar and isovector
nucleon mass shifts {(Amy)o, (0mn)e} induced by the operator O which is not the quark
mass operator (except for the case of 6-term). Therefore, in the numerical estimation of
{51(2);)} we shall simply set them to zero. The result is summarized in Table I where we

)

find that the tree-level matching formula for §7(r0 is relatively robust numerically under loop

corrections regardless of choice of the underlying operator while the status for §7(r1)

in general
receive large loop corrections. On the other hand, the quantity 5£%C involves unknown LECs
and can only be estimated at present based on rough dimensional arguments. Of course,
such estimation may never pretend to be any trustworthy prediction to the actual numerical
values of the LECs; in particular, as pointed out in [19], it makes no prediction to their
signs. It therefore only serves to provide a rough estimation to the order of magnitude of
the uncertainty brought up by the LECs. We find that the impact of the LECs on the

7(TO) )

-matching can be as large as (10 — 20)% while their effect on the gfrl -matching is usually

9
not much larger than 1%.

Our discussion of this study organized as follows. In Sec. II we give introduce a spurion
formalism and give a general discussion from the possible forms of the spurion that encode
the explicit CSB effects of the effective operators up to dimension 6. In Sec. III we write

down the most general form of PVTV operators as well as PCTC and CSB operators that

could contribute to the loop corrections for g,(f) and the mass shifts of the pion and nucleon.



Operator gfro) matching gfrl) matching 51((5213 51(01()113

f-term LO NNLO 0 [N/A
chromo-MDM/EDM LO LO 0.021]-3.1
LRAQ LO LO 0.12]-3.2
Chiral-invariant operators N/A N/A N/A|N/A

Table I: Numerical estimates of the one-loop contribution to the deviation of the tree-level
(4)

loop AT€ evaluated at the renormalization

matching formulae. The numerical values of o
scale u = 1GeV assuming all the nucleon mass shifts induced by non-quark-mass operators
are zero. Columns two and three indicate whether the leading matching relation arises at

LO, NNLO, or not at all.

These loop corrections are then computed in Sec. IV in their most general form. Based on
these results, we perform case-by-case study of the matching formulae for §7(ri) induced by
different effective operators, including both loop and LEC contributions, in Sec. V. Finally,

we shall draw our conclusions in Sec. VI.

II. CHIRAL SYMMETRY AND THE SPURION METHOD

It is well known that a massless two-flavor QCD obeys the SU(2), x SU(2)g chiral sym-
metry defined by the following transformation on the quark field:

Qr — VrQr, Qr— Vp.Qr (2)

where {Vg, V. } are 2 x 2 unitary matrices. Chiral symmetry is explicitly broken in ordinary
QCD only by the quark mass terms. However, when we consider effects from BSM physics
there may be additional higher-dimensional operators that break the symmetry as well. In
general, these symmetry-breaking terms can always be expressed as products of Qg, Q; with
some constant matrices (or products of matrices) in such as way that if these matrices would
transform with a specific way under the chiral rotation then the corresponding terms would
be chirally invariant. These matrices, known as spurions, are used to describe the explicit
CSB effects in the low-energy effective theory of QCD because we expect the latter to obey
the same symmetry breaking pattern as QCD itself.



Here we present the most general form of QCD spurion that encodes the effects from all
effective CSB operators up to dimension 6 that involve only the light quarks and massless
gauge bosons. Our choice of operators are those that obey the SM gauge symmetry at
high energy (see Ref. [20] for a complete list of operators). They then undergo electroweak
symmetry breaking (EWSB) where the neutral Higgs is replaced by its vacuum expectation
value (VEV). These operators can be divided into two categories, namely the quark bilinears
and the four-quark operators. Operators in different categories in general take different form

of spurions.

A. Quark bilinears

At dimension four the only CSB terms are the quark Yukawa coupling terms that then
undergo EWSB to give rise to the quark masses. At the same time, a non-vanishing QCD
f-term may then be rotated away using the axial anomaly to be replaced by complex phases
in the quark masses (this procedure will be reviewed in Sec. V A). The resulting Lagrangian

will take the general form
—QrXQL + h.c. | (3)

where X is a complex 2 x 2 diagonal matrix in flavor space and the term would be chirally
invariant if X would transform as X — VpX VLT under chiral rotation.

At dimension six the only CSB bilinear operators of quarks are the 12 H? operators and
the dipole-like operators 2. On the one hand, the ¥? H? operators reduce to complex quark
mass terms after EWSB so we do not need to discuss them separately. On the other hand,

the dipole operators have the general form
QLo T HdgV,, (4)

where T is a generator of any one of the SM gauge groups and V;}j are the corresponding
field strength tensor (a similar structure appears for up-type quarks with dg — wug and
H; — €;,H}). After EWSB, the dipole operators reduce to the dimension five forms

- I/A a
qro"”’ —qrG

2 v o qrFuL,  qotqrZu, ﬂLU“VdRW:; . (5)

2 Another operator of the form i(H'D, H)agy"dr, with H; = ¢;H; will be classified as a four-quark

operator after the W-boson is integrated out.



We can neglect the last three operators because their effects in the generation of pure
hadronic operators will be suppressed with respect to the first either by the electromagnetic
coupling strength or inverse powers of the heavy gauge boson masses. The remaining opera-
tors are the flavor-diagonal quark chromo-magnetic dipole moment(cMDM)/chromo-electric
dipole moment(cEDM).

In terms of the chiral spurion, the cMDM and CEDM operators take the form

_ \a
QRUMVXEQLGZV ; (6)

where again X is a complex 2 x 2 diagonal matrix. We then conclude that the quark bilinears

appearing in Eqgs.(3,6) imply the same form of the spurion, namely:
X =a+brs (7)

where {a,b} are complex numbers. If the spurion would transform as X — Vi X VLT under
SU(2)r, x SU(2)g then the Lagrangian would be chirally invariant. Furthermore, any PVTV
effects are contained in the imaginary part of a and b.

When the spurion method is applied to the baryon sector of the chiral Lagrangian, it is

convenient to define the following quantities:
X, =d' Xul £ uXTu (8)

where the subscript “+” (“-”) denotes that the matrix is Hermitian (anti-Hermitian) and u
is a matrix function of pion fields defined in Appendix A. They “transform” under chiral
rotation as Xi — K XiK . One advantage of this notation is that it allows us to construct
Lagrangian of which PVTV effects come entirely from the spurion matrix X. For instance,
X+ is parity-even and X_ is parity-odd if X is a real matrix because u <> u under P.
Therefore, in LO effective Lagrangian, the spurion involved should be )~(+ and not X_

because we require the Lagrangian to be P (and T)-even when the matrix X is real.

B. Four-quark operators

Next we study the most general form of spurion fields induced by dim-6 four quark
operators. As explained at the beginning of the section, these operators encode effects of

BSM physics at high scale which is assumed to obey the Standard Model SU(2);, x U(1)y

9



symmetry, so they are constructed using the SU(2);, doublet field @, as well as the singlet
fields {ug,dr}. Following the notations in Ref. [20], these operators can be grouped into

the following categories:

1. (LL)(LL):

The two independent operators could be chosen as
QL' QrQr.Qr, Quy"T'QLQry, T QL. 9)

They are both chirally invariant so they do not give rise to any non-trivial spurion.

2. (RR)(RR):

There are four independent operators in this category that can be chosen as

- _ 7 7 _i 7 oA A
upy*ururyur, dpY'drdryudr, URY'urdrY.dR, URV”?URCZR%?CZR- (10)

These operators break chiral symmetry as X or Xz ® Xg where the spurion matrix Xz =
73. Chiral symmetry would be preserved if the spurion matrix would transform as Xz —
VrX RVA under chiral rotation. Here, the notation A ® B means that the matrices A and

B appear simultaneously in a quark bilinear or a four-quark operator, e.g. QABQ or

QAQQBQ.
3. (LL)(RR):

There are four independent operators in this category that can be chosen as

Y Y Y

_ B _ B _ _ S
Q"' Qrury,ur, QL’V”?QLURVM?URa Q"' Qrdry,dr, QL'VM?QLdR'Yu?dR-
(11)
These operators break chiral symmetry through a single spurion matrix Xg.
4. (LR)(LR):
There are two operators in this category, namely
e VY, A A A A
e"QrurQrdr, € QL?URQL?dR (12)

10



Both operators are chirally invariant: for instance, the first operator can be rewritten as
91 QL Q' Q’ /2 so its SU(2)p, and SU(2)g-invariance are explicit. Meanwhile, they
allow complex Wilson coefficients that give rise to PVTV physics. We can then define their

“spurion” simply as a complex number.

5. Induced Left-Right Four Quark (LR4(Q) Operator

Finally there is another four quark operator that arises from z(f] "D, H)ugy"dr. When
the W* boson contained in D,, is exchanged with the LH charge changing quark current,

one obtains the following four-quark operator after EWSB:

C4qCZL’)/‘uuLﬂR”yudR + h.c.

= _§(04qQR1 e QLQL QR + C4qQR QLQLl e Qr)
_4(C4qQRﬂ&QLQL QR + 4qQR1 SE EQLQLl E Qr) (13)

where the right hand side is obtained using a Fierz transformation. We see that this operator
breaks the chiral symmetry as c4qXg, ® Xpg + chXzR ® XLL where Xgr = (1 + 73)/2,
Xpr = (1—73)/2 and would be chirally invariant if Xp, — VeXg, V] and X1z — Vi X1 2V
under a chiral rotation. One observes that the part of the operator proportional to Recy,
is has the structure QrQQrQr — Qrm3QLQrm3Qr (and terms with ),-insertions), so it
is PCTC with isospin 0 or 2. Meanwhile, the part proportional to Imey, has the structure
QrQLQrmQr — QrmQrQrQr (and terms with \,-insertions). It is PVTV and with isospin
1.

Up to this point we have discussed all the possible operators up to dimension six that
would break the QCD chiral symmetry. A complete list of spurions induced by these oper-
ators can be found in Table II. It is important to note that only the complex quark mass
term, the dipole-like operators, and the LR4Q operator are chirally non-invariant and con-
tain both PCTC and PVTV components. These three types of operators will be relevant in
(4)

the discussion of the matching formula for the gz’ in the upcoming sections.

11



Operators Spurion Constant value |“Transformation Rule”

Quark bilinears X a+brs X = VpXV}
Four Quark: a a a—a
(LL)(LL), (RR)(RR), Xg T3 Xp = VRXgV)

(LL)(RR), (LR)(LR)| Xgp® Xgr T3 ® T3

Induced LR4Q cagXrL @ Xir | Xro = (1+73)/2,| Xgr — VaXgroV),
+CZqX£R®X;[2L XLR:(l—Tg)/Q XLR%VLXLRV;

Table II: Complete list of spurions that enter the chiral Lagrangian. For each spurion, we
show the constant value it takes during its implementation in the Lagrangian (third
column), and how it would need to transform in order to leave the Lagrangian chirally
invariant (fourth column). Among all the operators, only the quark bilinears and the

induced LR4Q operator are chirally non-invariant and at the same time contain both

PCTC and PVTV components.

III. CHIRAL SYMMETRY BREAKING OPERATORS IN A LINEAR REPRE-
SENTATION

Insertions of the spurion fields we discussed in Sec. II into the chiral Lagrangian will give
rise to CSB operators consisting of baryons and pions. Among them, the leading PVTV
NN operators and the hadron mass operators are of greatest importance because their
Wilson coefficients will enter the matching formulae for the §7(ri) that is the focus this work.
At the same time, the existence of such operators automatically implies the presence of a
whole series of CSB operators with higher powers of pions whose operator coefficients are
related by chiral symmetry. The relation, however, depends on the explicit form of spurion.
Consequently, it is not practical to write down a single CSB Lagrangian containing terms
with an arbitrary number of pion fields without specifying the form of spurion.

Nevertheless, a subset of CSB operators with higher powers of pion fields (e.g. NN,
NNmrm and mrmm operators) must be included in this work because they contribute to §7(Ti)
and hadron mass parameters at one-loop and will therefore modify the matching formulae

from their tree-level expressions. For this purpose, it will be convenient to express the

Goldstone bosons (i.e. pions in our case) in the CSB operators in linear, in stead of non-

12



linear, representation. By doing so we pay the price of losing the manifest chiral structure
of each term. On the other hand results of the loop corrections will be completely general
and independent of any particular choice of spurion. Eventually, when we need to apply the
general result to specific effective operators (spurions) we simply refer back to the non-linear
representation, expand each term in powers of pion fields, and match the coefficients with
those in the general linear representation.

We will also include the A-baryons as explicit DOF's since the nucleon-A mass splitting
vanishes in the large- N, limit [21] and since inclusion of As is generally required in order to
respect 1/N, power counting. As far as this work is concerned, the A-baryons only appear

as virtual particles in loop corrections to the g&" ) and nucleon masses.

A. PVTYV operators

Following the foregoing discussion , we proceed to write down all possible forms of lowest-
order PVTYV operators involving nucleons, pions and A-baryons in the linear representation
of Goldstone bosons that are relevant to this work. For the coefficient of these operators
we adopt the following unified notation, namely: the coefficient gg”' ) is the real coefficient
of the j-th PVTV operator of type K with isospin I (the superscript j will however be

) can only have

suppressed if there is only one operator with isospin /). Because the gﬁf
isospin I = 0, 1,2, for the renormalization of these operators at leading order we only need
to consider all PVTV operators with I = 0,1,2. Furthermore, we choose to parameterize
gg”' )in such a way that all of them are dimensionless by the inclusion of appropriate powers

of F in front of each operator.

1. NN operators
The PVTV NN operators are defined as [16]:
L=gON7 - 7ZN + gWr,NN — 3P 1%, N7, N (14)

where Z = (1/3)diag(l 1 — 2) is needed to combine two isospin triplets into an I = 2
quantity.

13



2. AAT operators

The PVTV AAT operators have the general form 7' A bir, where T is the field repre-

sentation of the A-baryon as explained in Appendix A. They can be chosen as

L = g(AO)A Ta{-' T + Zg(AlvAl) Eabcﬂ_b[TaTcT?)u _ T?)TCTCLM] + Zg(AA) Eab3Ta—» —»Tbu

AL [T T + w T T — 7w T T — m Tor T + g2 I“bm,TCTaTC“ (15)

Note that the 77 (a = 1,2,3) denote a set of three two-component vectors in isospin
space, satisfying 777 = 0. This representation allows us to write down all expressions in

terms of quantities such as 7% and Z% where the indices run from 1 to 3.

3. mmm operators

The PVTYV 3-pion operators should look like m7w7m as operators with derivatives are of
higher order. In particular, the only operator relevant to us is the I = 1 operator (the
others have [ = 3):

£ =gV Fa’m. (16)

= gﬂ'ﬂ'ﬂ'

It is T-odd because the neutral pion field changes sign under T under our conventions for

the pion-nucleon interactions.

4. NNmrmm operators

The PVTV N Nnrrm operators can be chosen as
g( ) g(l) g( 1) g( 2)
L= ZTENT AN 4 SN N+ S T, my N7 7N + S0 T, N N7 (17)

™ s s T

B. PCTC operators

Following the same line of thought as in the previous subsection, we shall construct all
relevant PCTC CSB operators that contribute to the loop correction to hadron mass shifts.

Again these operators are defined using a linear representation of the Goldstone bosons.

14



1. 7w operators

There are only two kinds of CSB 77 operators that are the isospin invariant (I = 0) and

isospin-breaking (I = 2) mass terms respectively:

L= —%(Ami)ﬁQ — g(émi)I“bﬁaﬁb. (18)
Here we define (Am?2) such that it does not include the LO-contribution from the quark
mass (i.e. the well-known (m2), = 2Bym contribution in ChPT, as we shall also discuss in
Sec. VA). That is, we shall include only (m?), in the pion propagator while the (Am?) and
(6m2) defined above appear only in the form of two-pion vertex in Feynman diagrams, as
depicted in Fig. 2. Similar argument applies for the quantities (Ama), (dma) and (074)
which we shall define below: they appear only in the form of A — A vertex, while the A-
propagator contains only da, namely the nucleon-delta mass splitting in the chiral limit, as

defined in Eq. (B1).

2. mrmm operators

There are two four-pion operators up to I = 2. They can be written as:

L =g (7 + g7 T mum,. (19)

Again, we define gfl?r) such that it does not include the LO-contribution from the quark mass.

3. NN operators

Again there are only two kinds of CSB NN operators, corresponding to the nucleon

o-term and the mass splitting term. We write them as

L= (Amy)NN + @%V)N@,N. (20)

Even though the operator NN is chirally invariant, it can still be obtained through an
insertion of a spurion (e.g. from the isospin-invariant part of the quark mass matrix) so it

must included for completeness.

15



4. NNmm operators

We are only interested in the I = 0, 1, 2 operators that are

O gy PO o) )
L= %NN# + %NQN# + %N% RNy + %Iﬂbwawijzv. (21)

™ ™ T s

There is another I = 2 operator but it is T-odd.

5. AA operators

There are four kinds of AA operators corresponding to four mass terms. However here

we are only interested at the I =0, 1,2 operators. They are:
Tara, (6mA) ma a, ~ abrpa
L= (Amp)TT™ + LT + 3(6mma) T T (22)

Again we define (Ama) such that it does not include the original residual mass dn in the
chiral limit. Similar to NN, the operator TﬁT‘W is chirally invariant yet it can still be

induced by a spurion-insertion so we need to include this term.

IV. ONE-LOOP CORRECTION TO g&“ AND HADRON MASS SHIFTS

With all the relevant operators defined in Sec. III it is now straightforward to compute
the most general one-loop corrections to both §7(ri) and the hadron mass shifts. To obtain the
total result one needs to compute both the one-particle irreducible (1PI) diagrams and the
wavefunction renormalization graphs. The latter are quite standard and are summarized in
Appendix D.

Terms in the chiral effective Lagrangian at low energy are arranged according to increasing
powers of I, a typical small energy scale in the theory. A valid power expansion in HBChPT
requires £/(2nF;), E/my < 1. Following usual conventions [22], forms such as d,,, m, and
the A — N mass splitting do count as O(E') while the light quark mass m, and other
quantities linearly proportional to m, count as O(E?) because we shall see later that m?2 ~
m,. Based on such power counting, there are seven types of 1PI diagrams that contribute

to the correction of §7(ri) up to NNLO and they are summarized in the first seven diagrams
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Figure 1: Loop diagrams that give rise to PVTV pion-nucleon interactions. Each circular
vertex denotes a PVTV interaction vertex defined in Sec. IIT A. Diagram (g) involves
O(E?) NN7r coupling. The last diagram does not contribute to gﬁf’ due to the derivative

nature of the chiral-invariant pion-nucleon coupling.
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in Fig.1. Together with the wavefunction renormalization, they give

4959 A092nATaAs ;. AGx . 5Tnnse ]
03 hoop = —po—la = =g py = la+ (g + = )+ (Zy = 1)
+ (V7 = Voo
_(1 _(1,1 _(1,2 _(1
sy 120800 1602va0kA) | 802adNAr,,  40030kex 8092yaGiex
(77 1oop = F? ot ( 32 * 3F?2 Ma— F, ¢ 3F; ’

5gNN37r 5m3r 7(r17r)7r / —(1)

+(v Z - 1)100p§7(r1)

5(32) _ 49A97(r)] n (8g7rNAg(AA7)r n 4097%NA9§7A2;)[ B (297(r2) i QQJ(VN)?m + 591(v21\2f)37r)]
I Jloop = " 0F2 27F2 4= \Tp2 3F2 ¢
+(Zn = 1) + (V Zr — ioopd?” (23)

with the loop integral functions {/,} defined in Appendix C. Throughout this paper, the
UV-divergence of the loop integral expressed in terms of the quantities L and L' that are
defined as

2

L’EL—i—ln(mLfEm—7+ln4w+ln(m )2 (24)

Similarly, we shall study the one-loop corrections to the hadron mass shifts, i.e. (Am?2),
(Amy) and (dmy) defined in Egs. (18) and (20). The relevant 1PI-diagrams are given in
Fig. 2. In the nucleon sector, the most general one-loop corrections to the nucleon sigma

term and mass splitting (defined in Eq. (20)) are given by

2(A 2 (A . (0)
6(AmN)ilOOp = (ZN— 1)(AmN)Z ( mN)ZgAIa 8g7rNA( mA)Z[d+ 3(gNN7r7r) I,

F? F? E,
(A;Z i SQ%NA}E,QAm%)iIb 3m8 (flg D (3 + 432) (L + 1) = 2
gy + g, - By 4 (4 1) + )
5(Omn)izoop = (Zn — 1)(6my); + W@ . 4093N9A]§fm)"fd
+6(g§wv)737r) + 2(9wre): I (25)

Fr
Here the subscript ¢ denotes the specific choice of effective operator that induces the spurion
field, e.g. i = ¢ (quark mass), ¢ (quark cMDM/cEDM) and 4¢ (LR4Q). In the pion sector,
we will concentrate on the isospin-singlet pion mass shift. For the case of -term and dipole

operators, this is the only pion mass shift that comes into play. For the case of LR4Q),
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Figure 2: The non-vanishing one-loop amputated diagrams contribution to the hadron
mass shifts. Each square denotes a PCTC CSB-interaction defined in Sec. III B. Diagram
(4) and (k) involve O(FE?) NN interaction vertex.

although I = 2 pion mass shift is also generated, but it is not independent from its isosinglet
counterpart. Therefore, we are allowed to choose only the I = 0 pion mass shift to enter the
matching relations. Its loop correction reads:

11(Am2),m? 8 smE(g):

2\ — !
0(Amz )i oo 24m2 2 L+ )+~

(L' +1). (26)
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V. DISCUSSION OF THE MATCHING RELATIONS OF g\
With all the preparations in Sec. II-IV we are now in a position to discuss the matching
relations between the gﬁ) and the hadron mass shifts induced by various effective operators.

It is obvious that a necessary condition for these matching relations to exist is that the
underlying operator should possess both PCTC and PVTV components simultaneously.
This simple observation greatly reduces the amount of relevant operators to four types,

namely (1) the complex quark mass operator, (2) the dipole-like operators, (3) the LR4Q
operator and (4) the two chirally invariant (LR)(LR)-type operators. We shall apply our

general formalism in Sec. II-IV to study the influences of these four types of operators

separately.

A. Quark mass and QCD #-term
We shall start with the review of previous studies of the P and T-violation generated by

the QCD #-term (see, e.g. Ref. [12, 18, 23] and references therein). The QCD Lagrangian
}G“ G — 9-_93 G G (27)
32m2 M

with a non-zero 6-term takes the following form:
L({gir, qir}) = Z[Cfﬂwfb — GirMogir, — Gir-Mogir] — 1O
where My = diag(mj ms ...) is the real quark mass matrix. Due to the axial anomaly, if we
perform an axial rotation ¢; — €7 ¢g; to the quark field ¢;, the Lagrangian will change as
9: .
GG (28)

0 —i6;
L{qir air}) = LU qir, e qir}) + zi:@i 1672

Therefore, for a two-flavor QCD with Q = (ud)T, we may perform the following rotation to
(29)

eliminate the f-term:
Q — e%(g_aTS)VSQ
Here « is so far a free parameter that will be fixed later by the requirement of vacuum
(30)

stability. The resulting Lagrangian looks like
1 a apuyv
ZG G

L=QiPQ — QrX,Qr — QLX;QR -

where now X is the complex quark mass matrix that acts as a spurion as described in Sec.
(31)

(V]

{cosav —iesina + (—ecosa + isina)7s}

II:
X, =me™"
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with m = (m, +mg)/2 and € = (mqg—m,,)/(m, +mg). Throughout this paper we shall take

m =~ 3.6MeV and € ~ 0.33 from lattice calculation [24] whenever their values are needed.

1. Tree-level matching

Now we would like to generate PVTV operators in the chiral Lagrangian by appropriate
insertions of X,. In the pure pionic sector, the leading operator at O(FE?) with an X,-

insertion is:

F?B F2 By 0 0 272
08 0Tr[XqUT + UX;] = 00 Om(cosacos§ — esin asin 5)(1 - —;2 +..)
0
4 0 272
+F2 Bym(sin o cos 3 + e cos asin 5)(1 — 3—]7;02 + ...);—Z. (32)

where Fj is just F; in the chiral limit.

Note that the existence of the 7y term makes the vacuum unstable as one may lower the
energy of the system indefinitely by keep creating neutral pions from the vacuum. To avoid
that, we simply impose the “vacuum alignment” condition that says the value of a should
be chosen such that the 7y term vanishes [25, 26]. For the case that the #-term is the only
source of T-violation, the vacuum alignment condition is simply a ~ —cf/2 assuming @ is

small. The complex quark mass matrix X, then turns into:
X, = M, — i%(l — 4. (33)

After imposing the alignment condition we obtain m? = 2Bym where m?2 is defined as the
squared mass of charged pions 74 (which leads to By ~ 2.7GeV if we take the lattice value
for m [24]). The mass splitting between charged and neutral pion occurs at O(E?) level.
Also, note that the requirement of vacuum alignment kills the 7y term as well as all other
terms that have an odd number of pions. Therefore the term in Eq. (32) does not give any
T-violating operator. Instead, we obtain an isospin-invariant mass term for the pion triplet.
Also, an important feature one observes is that, after vacuum alignment the PVTV term in
Xqu is an isoscalar (recall the definition of Xy in Eq. (8) and the subscript ¢ denotes the
contribution from the complex quark mass matrix). That implies, at the leading order of

m?2 expansion, the PVTV interactions induced by the #-term are all isoscalars.

s
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In the nucleon sector, the leading term that gives a non-zero T-violating effect is®:
A NXg N 4 Te[ X NN = 2m(e; +2¢))(NN +...) — 2mec; (N3N + ...)

2m(1 — 2)6 272
B Gl L
F, 3F;

N7 #N. (34)

where + --- denotes terms additional pion fields. This simply corresponds to the pion-
nucleon Lagrangian with chiral index A = 1 by Mereghetti et al [12]. The first term
contributes to the nucleon sigma term (Amy), = 2m(c; + 2¢}) while the second term

contributes to the nucleon mass splitting (dmy), = —4mecy. The third term contributes to

3¢ and flj(\%vsn with g = —2m(1 —&?)fc1 /Fy and gj(\%vsn = _%@(TO) (

it is interesting to note
that, in the SO(4)-representation of ChPT, e.g. in Ref. [12], the relation between gj(\(,]?\,?m and

§7(T0) is apparently different: g}ﬁ}vym = —§7(r0). However one is able to show their equivalence

using the equation of motion (EOM) . Now since both (dmy), and 7 depend linearly on

c1, one may relate them as:
1—¢€? _
F,9 = 2; (6my) g0 (35)

Notice that we have made use of the fact that F, = Fj at leading order. This replacement

is crucial so that the same equation holds even when higher-order corrections to the pion
decay constant are included, as we shall discuss later. Eq. (35) is exactly the tree-level
matching relation between gﬁo) and (dmy),. The same procedure is used to determine
all other matching relations at tree level so we may skip the intermediate steps when we
introduce them later.

In the A-sector we have an analogous leading term that gives T-violation:
T Xy T + ST Xy | T (36)

and we have an analogous coefficient matching:

- 1 — g2 _
Frgihe = —5—(0ma),f (37)

2. Loop correction

Next we shall consider the one-loop correction to the left-hand-side (LHS) and right-
hand-side (RHS) of the tree-level matching relation (35). The loop correction to F.g and

3 The operator coefficients are related to those in Bernard, Kaiser and Meifiner [27] by ¢; = 2BycEXM

I BKM
¢} =2Bgcy ™.

)
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(0my), are given in Eq. (E1) and (E3) in Appendix E respectively. The former is expressed
in terms of =) and gf)m that can be related to (dmy), and (6ma), by Eq. (35) and (37)
respectively because any correction is of higher order in power counting. With these we

obtain
1 —¢g?
2e

i.e., the tree-level matching formula (35) for gfro) is preserved at one-loop.

5(F7r§7(r0))loop - 6)76(677/LN)¢1,100pa (38)

3. LECSs and the higher-order matching formula

Higher-order terms in the chiral Lagrangian must be introduced to cancel the UV-
divergence in the loop corrections and make the full expression p-independent. Apart from
the baryon wavefunction and F, renormalization that are well-known, for the case of the
f-term CPV source we only need the O(E*) terms that involve two insertions of X,.. Such
terms in the pure pionic sector are introduced in Appendix D. In the nucleon sector we

have:

LY = FSBBHATXZLINN + foTr[X )N X, N + fsNX2 N
+ATHXZ NN + f3Tr[ X, JNX, N + fsNX2 N} + ... (39)

Details of the O(E?) contribution to Fﬂgfri) and the hadron masses are summarized in
Appendix E 1. After some rearrangement we are able to match the final result with Eq. (1)
as:

o) _ 1— ez (0)
Frgn’ = 9% 0(0mn)q(1 + dppc) (40)

where the relative deviation from the LECs is given by:

4 2.2
o 4m7r5 r r 64m7r5 r r
5LEC - (5mN)qF7§ (f5 + f6) - FE (2L7 + LS) (41>

Throughout this paper, we use the superscript “r” to represent a renormalized quantity of
which the infinite value L + 1 is subtracted from the corresponding bare quantity following
the Gasser-Leutwyler subtraction scheme [28], i.e. a bare quantity A and its renormalized

value A" are related by A = A" + B(L + 1) where B is a finite number. The absence of
5(0)

loop

shows that the LO-matching formula is modified at higher order but the modification
is analytic in the quark masses (i.e., not logarithmic with respect to pion masses). This

relation has already been studied under the SU(3) version of ChPT in Ref. [18].
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One may perform a quick estimation of the size of 5%0 using lattice results and dimen-
sional analysis arguments. First, for the contribution from L], we note that it contains a
large prefactor 64 but is also suppressed by the square of the isospin breaking parameter ¢.
Furthermore, we have L ¢ ~ 107% from meson data fits [29]. That gives a contribution of
order 1073 to 58%0 that is very small. On the other hand, the impact of f] is less transpar-
ent because the sizes of fg4 are not well-determined. Here we shall estimate their order of
magnitude based on chiral power counting. For instance, one may compare the contribution
of O(p?) (i.e. linear to m) and O(p?) (i.e. quadratic to m) contribution to the nucleon mass;
they are proportional to mc; and F3B2m?f; respectively, as one is able to read off from
Eqgs. (34) and (39)%. Chiral power-counting suggests that the latter should be suppressed

with respect to the former by a factor of order (m,/27F;)?. This implies
F3Bim? f; ~ (my /21 Fy)?cim (42)

which leads to f; ~ 3 x 1073 for ¢; ~ 1. This gives 58%0 ~ 0.1 which is a 10% correction to

the tree-level matching relation.

B. The dipole-like operators

Next we shall study the effect of the leading flavor-diagonal dipole-like operator namely
the quark cMDM/cEDM. As discussed in Sec. II, the spurion for this operator is simply
identical to the one for the complex quark mass. The Lagrangian in the quark-gluon level
reads

L=> gscfffcia“”&Gqu =3 gsdqqo“”%&Gqu
2 2

q=u,d q=u,d
a

- A
= ngRUuV?GZuXcQL + h.c (43)

where Jf]‘/l and ch are the cMDM and cEDM of the quark ¢ respectively. The matrix X, acts
as the spurion for cMDM /cEDM as described in Sec. II, and is given by

1 - - 1 - -
X, = §(dg4 +idy) + §(d§” +idy) T3 (44)

4 The factor F;2B2 is just due to the definition of the coefficients of the O(p*) counterterms f; so that

they are dimensionless.
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where do(d)) = dy(dM) + dg(d}) and dy(d) = d,(dM) — dy(d}') are the isoscalar and
isovector cEDM (¢cMDM) respectively.

1. Tree-level matching

The implementation of the spurion X, into the chiral Lagrangian works exactly in exactly

the same way as the complex quark mass. In the pionic sector the only operator at lowest

order is:
_ -2 _ 2—'2
BESTY[X,UT + UX!] = 28F8dM(1 — % b))+ ABES (1 — 3—]7;2 + )% (45)
0 0 0

where ( is a dimensionless constant. This operator will again induce a pion tadpole term
that makes the vacuum unstable. In order to cancel this term, we have to include the
term with an X -insertion given in Eq. (32) and choose an appropriate value for the free
parameter « to eliminate the my term induced by Eq. (45). Assuming no 6-term, we obtain

a pion mass shift (Am2), = 88F3d) as well as the vacuum alignment condition
@~ (—4BFd))/(Bom) = —(Am3)ed, / (m3dy") (46)

. The non-zero value of o leads to an interesting consequence, namely: in order to study
the effect of T-violation induced by the cEDM, it is not enough to consider only terms with
X, insertions. One needs to include all the terms with X, insertions as given in Sec. V A
because the quark mass picks up a complex phase o even without the existence of a #-term.
Also, « is related but should not be confused with the so-called “induced #-term” introduced
by Pospelov and Ritz [30]. To see their relation, we take the complex quark mass matrix
X, defined in Eq. (31) (without 6 just for simplicity) and expand it to the first power in
a. After plugging in the explicit expression of a one immediately sees that X, takes the
following form

~ 2(Am?2). m 5

X, = My + i%(l — )y — i e

— 47

where M, is the real quark mass matrix and D = diag(d, dgy) is the cEDM matrix. The
second term in Eq. (47) has the same form as the second term of Eq. (33) and defines an

“induced # angle” whose value is given by
Oina = 2(Am2).(do + edy)/(m2(1 — 2)d)!) . (48)
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In the presence of a f-term one needs only to replace finq by fing — 0 (see Eq. (33)).
Furthermore, if we assume Peccei-Quinn mechanism [31] then @ simply relaxes to fi,q.

We may now construct other PVTV chiral operators induced by the quark cEDM re-
membering that they can be generated by either the X, or the X -insertion. It should be
pointed out that the tree-level matching relations we present below are already well-studied
previously using the chiral SO(4) formalism [11]. Here we recast the analysis using the
SU(2)1, x SU(2)g formalism and also generalize it to include the A-resonances to show how
the same physics works under different representations. Also, our method has the advantage
that it can be generalized more easily to the three-flavor case in order to study the role of the
strange quark in the matching relations. In the nucleon sector the leading CSB operators

are

A NXy N + ¢ Te[ X NN 4 & FZNX N + & F2Tr[ X, |NN. (49)

Following the same logic as in Sec. V A1, one finds the following tree-level matching rela-

tions:
) -
_(0) _ (Amﬂ)c d1 do
Frgx’ = (5mN)q mgr d~g/[ (5 N)CCZ{V[
Am?), d
Pl = 2 [~(8ma)y S 4 (A | 2 (50)
™ 0

as well as gj(\?}\l,éﬂ = —2§7(r0’1) /3. One observes that gfro) depends on both dy and d; while gfr”
depends only on d;. However, if we take lattice calculations [32, 33] that give (Amy), ~
—37MeV and (dmy), ~ 2.26MeV then we find that gfr” is about 30 times more sensitive to
d; than §7(T0) provided that there is no accidental cancelation between the two terms in §7(T1).

In the A sector, the most general terms at leading order are:
T X T + ST X T T + & F T X o T + & Fy Te[Xo | TLT (51)

that lead to analogous tree-level matching relations®:

. -
) _ (Amz)e dy do.
FWgAAW - (5mA)q m% CZSJ + (5mﬁ)cd~{w
) N
(1) o] (Amz),. dy
Frgapne = —2|—(Ama), m2 + (Ama). CZéV[
_(1,2
= Fghn, (52)
% One can easily show that ie?*°r, [TETCT3“ — TSTCTGM] + ie“b3Tl‘jf'- FTH = _WQTﬁTiH.
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2. Loop correction

The one-loop corrections to the LHS and RHS of the tree-level matching relations (50)
can be inferred from Eq. (E8) and (E9) in Appendix E. After some straightforward rear-

rangement, one obtains:

~(0) _ - (Am )e dl @ - i(Ami)c /
O(Frgy )100p =0 [ (5mN) m72r dM me)ch{V[ 1 ( mN)qCZéV[ 872 F2 L
oop
Am?2).. d
S(Fag Moy = 26 {_(AmN)f ) +(AmN)C] o
T loop
d (Amy) 394 I 292 I
2 1 N)g 11 A / TNA g
ea(amd). T |- CEmr - a2+ e )
3m2(Am?2). d1 , 1
8723 dM ((71 +47) (L' +1) - DY 472) (53)

i.e., the one-loop corrections do not obey the tree-level matching relations and the induced
mismatch between the LHS and RHS of the relations are proportional to (Am?2).. For the
case of I = 0, the tree-level matching is preserved by the loop correction only in the dy — 0

limit.

3. LECSs and the higher-order matching formula

The relevant LECs that are needed to cancel the UV-divergences in the loop diagrams
are in the O(E") Lagrangian and the O(E2d) terms in the chiral Lagrangian. The former
have already been discussed in Sec. V A 3 so we shall concentrate on the latter. In the pionic

sector the relevant O(FE?d) Lagrangian is

LoD — 9B PG TY[X,UT + UX]Tr[X Ut + UX]] + Gy Tr[X, U — UX]]Tr[ XU
~UX[]+ GyTr[U'XUTX, + UX[UX]} + FAH{G T [0,U0* U Te [ X UT + UX]]
+GsTe[0, Ut U(XIU + UT X))} (54)

In the equation above, the E? factor comes either from a factor of X, or two derivatives. In

particular, the G4 and G5 terms are required as they cancel divergences of both F, and Z;

that receive extra loop corrections due to the generation of (Am?).. In the nucleon sector,

27



the O(E2d) Lagrangian can be chosen as

ﬁg(Ezd) 2Bo{ 1 Tr[ Xy X INN + goTr[ X INX o N + gsTr[ Xy JNX o N

+gaN{X 4, Xt N + gsTe[ X, X._|NN + gsTr[X, |NX, N
+g:/Tr[X._]NX, N + gsN{X, , X._}N}. (55)

With all these, one can straightforwardly deduce the modified matching formula for gﬁf).
While all details are given in Appendix E 2, the final outcome is:

_ (Am ) d1 d()
Frg) = <—<6mN>q g O | (0 G, + i)
Am2), d
Fg) — 2(—(AmN)q( 2W) +(AmN)C) d—;d( + 600+ Oinc) (56)
™ 0

where the relative corrections {§} due to loop and higher order LECs are given by

2 2 B
o _ m . - mi  (0my)e do d
5loop 87T2F2 < + n(mﬂ) ) < (5mN) ( ) d dl
g

2 1
n  _ 394, 8ganas r_ L 3y e
toop = (167T(AmN) (Ampy), F2( m%) 1672(Amy), F?’((71 +472)1n(mﬂ)
1 m?2 m2  (Amy)e\
——y —4 141 2 1— il =
i)+ ) (1 G ) o
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and

dmie 8midM 1 dMd,
5(0) — | _ 4 w0 - _ 20 TO r r
LEC ( 3(5 ) F3[f2 +f3 + (f5 +f6)] (5 N)q(Amgr)c[g(B d{\/ldl)(gg_'_%)
CZO r r €/ r 16 F; msz r r r r
_dTl(97 +gs) + g(% +9s)] — 7(Amﬂ)c [(2GT + G — 2G} — GF)
2 dM 3&0 v ey 04m2 2oL I

e () do dYY -
(0mn)q (Am2). dM dy

4
o = (G al2 o+ T 4205+ (L4 A + 4L+ T+ 2060 = DR

™

4m4dM do
(1+5 )(fs + fe)l + (Amn),(Am2), [Ed (97 + 91+ 95 + 96 + 97 + g8)
q 1
T T dM T T 16F7Tm72rdM T T T T
—(g5 +98) — 5@(91 +93)] — (AT%)CO[(QGl + Gy — 2G — Gy)
207{‘43JOTT64m o

(1_ mz (lAmN)c)l (58)

respectively. The functions {I]} are just the renormalized version of the loop functions {I;}
defined in Appendix C following the Gasser-Leutwyler subtraction scheme [28].

One may perform a numerical estimation of the loop corrections to the tree-level matching
relations upon neglecting the unknown matrix elements (Amy ). and (dmy).. In the isoscalar
channel, we find that o, (0) ~ 0.021 (taking p = 1GeV for the renormalization scale) therefore

one has good convergence. On the hand, in the isovector channel we have 5 —3.1 that

loop
does not show any sign of convergence . The reason is that (Amy), ~ —37MeV is much
smaller than 0 and m,, so terms in Eq. (58) such as
(5/(Ama)) (=), (8 /(A )g) (B /ma ) ()2, (g /(D)) In(-)?
A qunm ) A mn)q A/ My nm ) My mpy)q nm
may overcome the usual chiral suppression. This implies that the matching formula for I = 1

cEDM has very limited practical use. Fortunately, there is a recent study by de Vries et al
suggesting that the effect of 5

Joop €211 be completely get rid of by re-expressing the tree-level

matching relations (50) in terms of derivative operators [34].
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The impact of higher-order LECs encoded in 5£%C can also be studied following the
power-counting argument in Sec. V A 3. To make the discussion tractable, let us assume
d¥ ~ dM, dy ~ dy and take the denominators in 6\ to be O(1). The contribution from L7
is negligible as we discussed before. The contribution from f to 58%0 is around 0.1, similar
to the case of f-term, while its contribution to 51(41}30 is expected to be much smaller because
it is divided by (Amy), instead of (0my),. New LECs appeared in Eq. (58) are {G]} and
{gr}. The estimation of their sizes involves two steps: first, the contribution from the O(d)
Lagrangian (45) and (49) to the pion and nucleon masses can be estimated using Weinberg’s
counting rule [35]. Then, the effects from {G;} and {g;} are expected to receive a further
(my /27 F,)? suppression due to chiral power-counting. This implies, using Eq. (E12) and
(E13):

o F,)3dM
2 A 2 o~ ez 2( U 7

27TF7F)( ) (27er) Ar

)2(27TFW)2d~£V[
47

(Am2).,, ~ 16m2F.d"GT ~ (

c,ct

~ Am2dM g~ (V2 (Amy ). ~ (2
mad;" g; ~ ( )*(Amy) (szﬂ

(Amy) ok

(59)

T
c,ct

which gives Gf ~ 0.03 and ¢/ ~ 0.02. Applying them to Eq. (58), we find that the
contributions from g/ to 58%0 is around 0.2 and all other effects are of order 1072, Hence the
only potentially-large LEC corrections to the tree-level matching relations are the f/ and
g;-correction to gﬁo).

Finally we shall mention briefly about the quark MDM/EDM operator gro*”qpF),,. Al-
though its form is analogous to that of the quark cMDM /cEDM, it involves an interaction
with photon that in turn introduces another CSB quantity, namely the quark charge ma-

trix. As a consequence, the chiral structure of the resulting hadronic operators is much more

complicated. Interested readers are referred to Ref. [11] for more discussion.

C. LR4Q

The last type of chirally non-invariant operator that contains both PCTC and PVTV
components simultaneously is the LR4Q operator. The form of its corresponding spurion is

already explained in Sec. II so we shall go straight its application.
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1. Tree-level matching

In the pionic sector, the only LO-operator we can write down is
L = pF(cagTr[UT X g e [UX 5] + €3, Tr[UTX] QI T [UXE,]) (60)

where Xgr = (1+73)/2, Xpr = (1 —73)/2 are the LR4(Q) spurion matrices defined after Eq.
(13), ¢4 is the complex Wilson coefficient of the LR4Q) operator and p is a real dimensionless
number. Again, this Lagrangian induces a pion tadpole term that must be removed by
including the term with an X -insertion and choosing the value of the free parameter o
appropriate. This imposes the vacuum alignment condition @ ~ —8pFjImecy,/(Bym) =
—16pFTmcy,/m?. Therefore, to study the T-odd effect from the LR4Q operator, we need
to also include the contribution from X, with the value of o chosen above. With these, the

relevant quantities one could extract from Eq. (60) are:

64pF Recy
(A2 = S0
16pF; Rec, 1
(m2)sg = ——L0E (A,
3(Am2)4 Imc4
g = —16pF1 = — ushl a. 61
g7r7r7r p 0 mc4q 4F02 Rec4q ( )

There are several differences compared to the case of quark bilinears. Firstly, there exists
an I = 2 pion mass term (recall its definition in Sec. IIIB) because the spurion for the
LR4Q contains all I = 0,1,2 components while the spurion for quark bilinears only have
I = 0 and I = 1 pieces. Secondly, we find a non-vanishing PVTV three-pion coupling
§7(T17F)W.In the case of the quark bilinears, the dipole operators and complex quark mass have
the same spurion structure. Consequently, if one chooses the parameter o such that the
tadpole contributions from the complex quark mass and dipole operators cancel (vacuum
alignment), the corresponding contributions to §7(r1727r also cancel. In contrast, the spurion
structure for the LR4Q operator differs from that for the complex quark mass, so the three
pion term is not eliminated together with the pion tadpole.

In the nucleon sector, the leading operators are :

ANX N + AT (X NN + & F{eag Te[UT X g Te[UX L] + ¢4, Te[UTX] R Te[UXE [FNN.
(62)

6 One can show that, other structures such as ¢4 Tr[UT Xgr]NuXpguN + chTr[UTXzR]]\_qu};LuN + h.c.
are not independent from the ¢; structure we just wrote down.
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Again, following the same logic as in Sec. V A 1, they lead to the following tree-level matching
relations [14, 36-38]:

3(Am2), Imey
F.g0 = 2= g q
9 4m72T ( mN)q ReC4q
3(Am2), Imey
Fﬂ‘(l) — | A 4(A —) 63
it el Ay + (A | s (63
as well as §\ ks, = —ggn Jand Fog\hs, = ((AL(AmN) (AmN)4q)g;iiZ- In particular,

one observes that before considering the vacuum alignment the only PVTV N N7 operator

is gn . Including the vacuum alignment contribution gives

330 e = (Omn)g/2(Amu)g (64)

Taking the lattice inputs for (Amy), and (dmy), gives g,(ro)/g,(rl) ~ —0.03, i.e., the [ =1
component is the dominant piece as long as there is no accidental cancellation between the

direct and vacuum alignment contribution to §7(r1). This is consistent with observations in

Ref. [14, 37]. This is because the I = 0,2 components of the LR4(Q) operator is PCTC while
the I = 1 component is PVTV (see the discussion in Sec. IIB5). Finally, in the A-sector

the leading operators are

T X gy T + ST Xy JTITH + G F{cagTr[UT X o ] TY[U X 5]
+¢;, Tr[UT X7, Tr[UX;L]}T;TW (65)

that lead to the following tree-level matching:

B 3(Am2), Imcy
F. 0 _ _ m)44 (s q
gAAW 4m72T ( mA)q ReC4q
_(1,1) 3(Am§)4q Imc4q
Frgann = “omz (Ama)g — 4(Ama)ag Reca,
1,2
= Fogan (66)

2. Loop correction

The one-loop corrections to the LHS and RHS of the tree-level mataching relations (63)
can be inferred from Eq. (E15) and (E16) in Appendix E. After straightforward rearrange-
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ment on obtains:

S(Frg ooy = 6 [—%(mm} 100p+ (5mN)q3(§T124q EZZZ o+ Z)
S ey = o5 [ )y 5 4 a2 N
+§<Ami>4quzz [(QA:;;;%L’ + 9= 4{?}?75“ (I - %>
+2g]§§A (I, w%)}} 9m52(?27’;§)4q EZZZ((% +dye) (L +1) — %% — dp).

(67)

Again, one clearly sees that the tree-level matching relations (63) are not obeyed by one-
loop corrections. Analogous to the case of dipole operators, the mismatch between LHS and

RHS of the matching relations are proportional to (Am?)y,.

3. LECs and the higher-order matching formula

The O(E?cy,) terms in pion and nucleon sector can be chosen as:

LOF ) = 2B FH K, (caqTr[ X X g Tr[UX g) + ¢, Te[XIX] R Te[UXE, )

+ K Tr U X (eag Tr[UT X ) TY[U X 1) + ¢, Tr[UT X R TY[U X, 1)}

+FH K34 Tr[0,U X | TY[0MU X 1R

+ Kycay Tr[0, UM U T [UN X g | Te[U X LR] Y + hec. (68)
LD — 9B F iy (caq Tr[ X X i | Tr[U X ] + ¢, Te[XIX] ) Tr[U XS, )N N

+h Tr[UT X, (cag Tr[UT X g Te[UX 5] + ¢, Te[UTX] Q] TR [UX S, NN

+ha(cag Tr[X X pr) NuX pguN + ¢, Te[X]XT I NuX ], ulN)

+ha(cag Tr[UT X pp UT X ) NuXp pulN + ¢, Tr[UTX] ,UT X | NuX T uN)

+hs(cag Tr[UT X pr] N{u' X ul, u X pu} N

+chTr[UTX£R]N{uTXquT, uXl, ulN)} + h.c. (69)
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)

respectively. One can thus straightforwardly deduce the matching formula for gﬁf precise to

O(E?cy,). With details provided in Appendix E 3, the final result turns out to be

_ 3 (Am3), Imc, 0 £(0)
0) __ T
ng7(r ) = _ZTgrq(émN)q R,eC4Z (1 + 6loop + 5LEC)
_ 3(Am2) Imc
P — { s (A )y + AAmN)1g | (14 810, + GLc) (70)
™ q
with
2
© _ __mz |1 Ry
5loop - _27_‘_2};2 |:1 _'_ln(m—W) :|
3g4m3 8g2 \yam? I7 3Imi 1
5(1) — Al aNA'""'r Im — g N T 4 In(-=— 2
loop [16W(AmN)qF3 D) F200 = 02) ™ Tomzampy) e (1 + 42 ()
1 m2 1 u 8 m:  (Amy)g]
- o 4 o 7r - 1 N2 1 - 7r q 71
1= H2) = o (g ) )] l 3 (Amn)y (Am2)a, (71)
as well as
dmie 16 FomiRecy e
5(0) — _ ™ T T 4 T ™1 _ s 4q 3hr 5h7" _ 2h7"
LEC 3F7§(5mN)q[f2 +f3 + (f5 +f6)] 9(5mN)q(Amgr)4q[ 3_'_ 4 5]
16 F2m2Rec ., . . . 64m? ., .,
—W(—Kl +6K2+K3 —6K4)— 2 52(2L7+L8)
) 2q s
4
m’ﬂ' T T T T T
fire = {mm(l TN 25+ (L )5+ AL+ ) 2 - 1 f
m q
8  F.mRec,
2(1 2 T T = ™ q 2h" hr — h" 2K
+( +€)(f5+f6)]+3(AmN>q(Am72r>4q[ 1+ 3 4+ 5]
16 F2m2Rec . . . . 64m?2 S
_?W(_Kl +6KS + K — 6K]) — —5~ e2(2L + L}) | x
) 2q s
2 —1
1 o § mﬂ' (AmN)4q . (72)
3 (Amy )y (Am2)a,

Similarly, we may estimate the magnitude of the loop correction to the tree-level match-
ing relations. Upon neglecting the unknown matrix elements (Amy)y, and (dmy)sg, we

have 6% = —0.12 and s

loop loop = —3-2 respectively, which implies a moderate convergence in

the isoscalar channel and the non-convergence in the isovector channel; the §7(r1) matching
formula for LR4Q is therefore not useful in practice. Meanwhile, the magnitudes of the LEC
corrections 58%0 can be estimated following the procedure outlined at the end of Sec. V B 3.
The contributions from f/ and L] are similar with the case of cEDM, while for the new

LECs labeled as { K]} and {h]}, we estimate their sizes again using the Weinberg counting
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rule. Eq. (E19) and (E20) then give:

2mF, ) Recy
2 A 2 ~ ez 2( bis q

21 F; ) Recy
2 A ~ My 2( T q
onr,) (Bmaie ~ (G

(Ami)Zq,ct ~ 16m72rF7?R‘eC4qKZT N(

(AmN)qu ~ 4m72TFWRec4qh§ ~ (

(73)

leading to K] ~ 0.02 and A ~ 0.01. With these, we find that the h}-contribution to 58%0
is around 0.08 while all other contributions are of the order 1072. Hence the conclusion we

may draw here is again similar to the case of cEDM.

D. The (LR)(LR) operators

Finally, let us discuss the last class of four-quark operators that could be T-odd, namely
the (LR)(LR)-type operators we introduced in Sec. IIB4. Since they are chirally invariant
their “spurion” is nothing but a complex a complex number a. Therefore, when their effects
are implemented into the chiral Lagrangian, terms proportional to a and a* can in principle
both appear with independent coefficients (e.g. via terms like (aya + aga*)o + h.c. where
a; and ay are unrelated coefficients) so there is no definite matching formula between the
PCTC and PVTV observables. Similar considerations apply for other chirally invariant
operators, such as the Weinberg three-gluon operator. Therefore, we focus only on the

chirally non-invariant operators in this paper.

VI. CONCLUSION

The computation of hadronic matrix elements induced by effective quark-gluon operators
that are relevant for tests of fundamental symmetries is a non-trivial task. Among them,
the PVTV pion-nucleon couplings gff) that contribute to nucleon and atomic EDMs are
of particular interest in this paper. These operators can be induced by PVTV effective
operators that are either chirally invariant nor non-invariant . The latter class is interesting
theoretically because the PCTC and PVTV components of the CSB operator can be grouped
into a single spurion field that enters the effective chiral Lagrangian. Consequently, there
exist matching relations between the g,(f) induced by the spurion field and various PCTC
and CSB observables, such as the pion mass and the nucleon mass shifts that are induced

by the same spurion field. These relationships are analogous to the relationships between
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matrix elements of different components of a vector due to the Wigner-Eckart theorem. The
relations between PVTV and PCTC hadronic matrix elements are extremely useful because
one could utilize studies of the PCTC hadronic observables (say, through lattice) to obtain
their PVTYV counterparts.

A caveat to the use of this formalism is that the matching formulae are derived at tree-level
and may receive non-negligible higher order corrections from loop diagrams and/or higher
order terms in the chiral Lagrangian. In order to study the higher order effects, we have
performed a general classifications of relevant operators that could generate loop corrections
to §7(ri) and CSB observables, and we have calculated the most general loop corrections to
those quantities. We then applied this general formalism to study the loop corrections to
the matching formulae induced by all relevant effective operators (of the lightest generation)
up to dimension 6. In general, we found that the matching relations for g,(ro) are relatively
stable as the loop corrections lead to at most O(10%) modifications. On the other hand,
the robustness of the §7(r1) matching formulae is more complicated as the corrections depend
strongly on the ratio F(Amy)o/(Am2)o. We also find that, the inclusion of A-resonances
in the loop diagrams does not spoil the matching relation of §7(T0) but does affect the §7(T1)—
matching significantly. For the impact of higher-order terms in the chiral Lagrangian, we
find that the largest effects arise from the corresponding LECs in the nucleon sector, which

(0)

may give rise to a (10-20)% modification of the matching relation for gr’. Contributions

from the LECs in the pion sector are in general not much larger than 1%.
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Appendix A: Chiral Building Blocks in SU(2);, x SU(2)r

Here we summarize the building blocks of SU(2);, x SU(2)g ChPT that are required

to construct a chirally invariant Lagrangian and implement the effect of chiral symmetry

breaking. For most of the notations and conventions we follow the pedagogical article by

Scherer [39]. For the pion decay constant we take F,, = 186 MeV following the convention

[16]. Although this is not the standard convention in the literature using SU(2);, x SU(2)r

ChPT, it allows us to compare our results more easily with previous work on the study of

7\ that mostly adopt the SO(4) representation.

—_

U= exp{z'z}#o“} transforms as U — VzUV, under SU(2), x SU(2)x.

u = /U transforms as u — VyuK' = KuV, where K = K(V,Vy,,U) is a unitary

matrix. It reduces to isospin transformation matrix when Vi = V.
The SU(2) nucleon field: N = (p n)T transforms as N — K N.

The chiral axial vector u, = u'(9,U)u’ is a Hermitian and traceless operator. It

transforms as u, — KuHKT.

The A-resonance field T} transforms as 7T}, — KiK T}, where:

~ .. . . 1 . .
K = 6" 4 780y + — (') — 770}, + O(6, =) (A1)
0

satisfying K K%' = §'. For SU(2)y, the matrix K% simply reduces to the trans-
formation matrix of an isospin triplet. Also, in order to eliminate the spin-1/2 and

isospin-1/2 components, Tj is subject to the following constraints:

fy“Tﬁ =0
T, = 0. (A2)

In particular, the first relation, combining with the (relativistic) free-field EOM (i@ —
ma)T), = 0, gives 0, T = 0 that reduces to v*T}; = 0 in the HBChPT formalism. In

37



terms of the physical A-fields, Tj can be expressed as:

Tl - L A’H_—%AO
VR LAt A
V3 H
T2 B i A+++%AO
V2 LAt A
V3 H
2 [ AT
T) = — 3 : (A3)
AO
I

Details of the inclusion of A-resonance in ChPT can be found in Ref. [22].

6. w, = 3Tr[r'w,] is a Hermitian operator that transforms as wi, — K"wJ.

Appendix B: Relevant Chirally Invariant Lagrangian

Here we write down the PCTC, chirally invariant Lagrangian involving pion, nucleon
and A-resonance fields that is relevant to our work, expanded to O(E?) in ChPT using the
SU(2)1, x SU(2)g formalism. It is given by [22, 39, 40]:

F2 _ _
L = %Tr[@uUa“UT] + Niv-DN + gaNu,S*N
+Ey N[y (v - u)? + you - u] N

—T!'[iv - DY = 6T + ganal[TV'w, N + Nw!, TF] + ... (B1)
where D,, and Df] are the chiral covariant derivatives on the nucleon and A respectively
while the A — N mass-splitting is given by do = ma — my. In the absence of external
fields, we have D, = 0, + 3{u',d,u} and D = 6YD, — £e*Tr[r*{u', d,u}]. The value of
the A-nucleon-pion coupling constant is given by grna = 1.05 according to [22]. Fitting to

scattering observables yields [39]:
Y1~ 0621,’}/2 ~ —0,984 (B2)

Also, we have dropped the terms that are not needed in our work, e.g. coupling term of the

form N[S*, S"|u,u, N as well as the AA7 interaction terms.

38



The free propagators of pion, nucleon and A-resonance are

l

D.(k) = —————
iDx (k) k2 —m2  + ie
. 1
Bk = hre
. ij —1 3/2 ¢ij
ZDA(]{:)W/ U'k—(SA—FiEPMV 3/2 (BB)
respectively, where
3/2 4
P/u/ = gNV — UMUV -+ ﬁSNSV
o = 307 — et (B4)

are the projection operators for spin-3/2 and isospin-3/2 respectively.

Appendix C: Loop Integral Functions

Here we define several loop integral functions {I;} that always appear when one calculate

loop diagrams given in Fig.1 and 2:
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Iy

d
,u4_d/ dl g 1 » 1 . 1 |
(2m)d" —v-l4ie—v-l4+ie 12— m2+ie
3m2 1

s /
647r2(L + 5)

H/ i IR ! !
K @2m)8 v 1—6a +ic 3P " m2 +iel2—m2 +ie

N / 1 /<o 9 5A+\/52A—m72r
_L +@[6A—2 5A—mﬂln m.

82

/~L4_d/ dl . 1 . 1 | l |
2m)d™ —v-l+ie  P—m24iel> —m2 +ie
3My,
64m

d?l —1 —1 1
4—d af op
lo P. Pl ——
! /<27r>d “v 1= 0 +ie IO T o8 Fie 32T 2 e

8—;(25Z—mi)L’+f—i_% 52A—m?rln5A+\ﬁlm
4—d dl i ™
|
—%(LHA)
d
iu4_d/(2d7rl)ds'l—v-§+ies'll2_n;2r+z~€
m3
3o

it / ddll - [ e —
a 2r)a" v 1= 0a +ic 3212 —m2 +ic
oa 3

(C5)

(C6)

5,2 (=02 +=m2)L' +

2 7272

with the divergent quantity L’ defined in Eq. (24).

1 Sa + /0% — m2
265 (6m2 — 56%) 4+ 12(6% — m2)?/?In = il mA M

(C7)

In Table III we give the numerical values of the renormalized loop functions I] where the

divergent quantity L+ 1 is subtracted and the renormalization scale y is taken to be 1 GeV.

Appendix D: Relevant One-Loop Corrections in Ordinary ChPT

Here we summarize some important results for ordinary ChPT at one loop that are

necessary in our work. First we introduce the relevant O(E?) and O(E*) Lagrangian that
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I} Iy I7 I 17 Iy Ig

303MeV?|5.66MeV |2.08MeV |2590MeV?2 |-486Me V2 [ 27000MeV3 |-273000Me V3

Table ITI: Numerical values of the renormalized loop functions with =1 GeV.

are crucial in the cancellation of one-loop UV-divergence. They are [28, 41]:

B S
EO(ES) = (27T;E:r>2BoTI'[Xq+]N’LU -DN + ...

Loy = 2ByLyTr[0,U*U T [ X,UT + UX]] 4 2By LsTe[0,UT0"U (U X, + XU))

+4BJLeTr[ X, Ut + UX]]? + AB{ L, Ty [ X, U — UX])?
+4BJLsTY[UX]UX] + UTX,UTX,] + ... (D1)

The loop and LEC corrections to Zy and Z, are given by:

2,02 2 2
ZN —1 = 9gAm7r |i__ _i_ln(i)ﬂ o gnNA[(252A _mgr)L/

1672F2 | 3 My w2 F?
+20% — 46a4/6% —m21n 02t anjA — m?r] - 252501;1;’%
VZ,—1 = —127;@3 (L' +1) 12”52 (2L + Ls)
- 3;;3 I - 1%&% (2L + Ls). (D2)

It is worth pointing out that the wavefunction renormalization of the nucleon field Zy is finite
as its infinity is absorbed by the LEC Byy. Meanwhile, the wavefunction renormalization of
the pion field Z, remains infinite as the LEC 2L, 4+ Ls is not used to subtract the infinity
in Z,. This is not an issue because Z, is not a physical observable. On the other hand,
the pion decay constant F) is a physical observable; therefore its renormalization must be
finite. The same combination of LECs 2L, + L5 is used to subtract the divergence entering

F instead of Z. It gives:

m2 16m2 4 . 16m2
F.=F |1+ 1257 (L' +1)+ 72 (2L4 + L5)} = Fy {1 - ﬁ]e + W(2L4 + L5)} .
(D3)
Also, the one-loop correction to the squared charged-pion mass is useful:
2 (s 32m721' T T T T
m2=m2, |1+ ﬁfe — ?(2@1 + LE — ALY — 2L8)} : (D4)
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Finally, since the LEC By is only used for Zy and not other quantities (as far as this
work is concerned), we will not distinguish the loop and LEC contribution to Zy in the

main text. Rather, Zy is simply taken as a finite quantity.

Appendix E: Some important details in Section V

Here we collect some important intermediate results — including loop corrections, LEC
corrections and implications of higher-order vacuum alignment — that are crucial in order to

derive the main conclusions in Sec. V yet are too long to be put in the main text.

1. 6f-term

First we consider the one-loop renormalization to Fﬂgfro). Eq. (23) together with Sec.

VA1 gives
_(0)

i i 2 . 495 4092 vadaax
5(F7rg7(r0))100p = F: [ (Zn - 1)97(r0) + (= F? Tl t F2A [a)g( - %I (E1)

Similarly, the nucleon sigma term and mass splitting (recall their definitions in Sec. 111 B)
also receive loop corrections from the CSB operators we wrote down in Sec. VA 1. With
the identification (gy.r)s = ~2(Amx)o/Fr, (Gier)s = 0 and (kg = —(6ma)y/ Fr,

we obtain:

12 6 8¢g2 Am
5(AmN)q’loop = (ZN _ 1)(AmN)q . ( FgA[ + F2] )(AmN)q _ ngAI(TQ A)q[d

™

F? F? 9 167w 2F3 2
40972rNA(5mA)
9F?

12 8 Imi 1
TR AV L ((71+472)(L’+1)+—%) (E2)

2 4
S0 )asoon = (Z = DOma)y + (5T + g;“f)(a m), -

17, (E3)
Here we include loop corrections for both (Amy), and (dmy), even though the tree-level
matching relation only involves the latter in the case of #-term, because the former will
appear in the matching relations induced by cEDM and LR4Q).

Next we consider consequences of the introduction of O(E*) Lagrangian. First, the
O(E") Lagrangian in pion sector defined in Eq. (D1) leads to a modification of the vacuum-
alignment condition: -

el 64m?

o s 2 r T
=7 1+ =" (1 = )(2L] + L) (E4)

™
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where LT are the renormalized O(E*) LECs in the pion sector. This gives rise to an extra

O(E*) contribution to gi:

~ 32(0my ) m2e(l — e?)(2L5 + L) - O
3(g), — — 22— L L5 _ g,
_ 64(Amy)mie(1 —&?)(2L5 + LE) -
56 = et ST g, (E5)
The subscript “v” denotes the contribution from higher-order vacuum alignment.

In the nucleon sector, the O(E?*) Lagrangian (39) provides LEC-contributions to the
nucleon sigma term and mass-splitting:

m4

MAmNMm::nga+f%ﬁ+2h+«r+§ﬁﬂ

45m

0(0mn)ge = (fz + f3). (E6)

The subscript “ct” denotes direct contributions from higher-order LECs (which also play the
role of counterterms, hence the naming of the subscript). Meanwhile, the LEC contributions

for §7(ri) are given by:

2 = 1)(fo+ fs + f5 + f)ma

(Frg e = 73 —f
S(FrgM)y = 2 (& =D+ f5+ 20 +2f + f5)m; TG (ET7)

F3

Note that the LECs for F;; and v/Z, — 1 will always cancel each other so they never appear
in 6(F:g\")et (see Appendix D).

2. dipole-operators

First, the one-loop renormalization to Fm@(ri) is:

~(0)
_ 4 2 4042 B
5(Frg )00y = Fr ( gA[ — 2 1)g® - ZIeNAIAAn (g 1) ()]

F2 F2 9F2
) 19 6 8g2 v AGoud) )
5(Frg Mooy = Fi (ﬁﬁ+pmwwﬁ%%&q+@wﬂ#% (ES)

Meanwhile, with (947r) = (Am ) /6F27 (QNNW) —2(Amy)c/ Fx, (gNNT('ﬂ') = 0 and

(g](\} ]\2,)7T7r) = —(dmpy)./ Fy (recall their definitions in Sec. IIIB), the one-loop renormalization
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to hadron mass parameters is:

S(AMN)esoop = (Zn — 1)(Amn)e — (Amy), <1§2[ . ﬁ%‘m) B 897%%;?%)%
IQgiETA?mi)CIC + 897%%;?%)0% - gi?;;i)c((% +47)(L' +1)
—272) ' ’ i
5(6mn)etoop = (Zn — 1)(0mn)e + (— % Iy 4;;4 L) (G — 4OgiN9AF(§ma)c I
5(AM2) 100p = —%(LHL%), (E9)

Next we consider consequences of the introduction of O(E2d) LECs. First, O(E2d) terms
in the pion sector (54), together with the O(E") pion Lagrangian, modify the vacuum-

alignment formula as

(Amz)co Czl 64(Am2)

o = ———me0 L TR e + L) + (205 + LL)] —
(m%)o dév[ Fg [( 6 8) ( 7 8)]dév[
—16F,[(2G] + G3)dy — e(2Gh + G5)do). (E10)

Note that the divergent pieces of the LECs cancel each other, leaving « finite. This leads to

extra vacuum-alignment contribution to g&" ):

3(g0), - SEe 1 1) + <L+ L
—16(dmn)4[(2GT + G5)d, — e(2G% + G5)do]
= 0(g");
a0, = TS o 1 1)+ ot + LI,
—32(Amn),[(2G] + G5)dy — £(2GY + G5)d]
= o(gM); (E11)

Eq. (54) also provides LEC-contributions for the I = 0 and I = 2 pion mass shift:

32

S(AmM2) e = S 2F,[3(2G 4 G3)d) — £(2G% + G5)dM]
~ 32m?
—16d)'m2 F (2G4 + G5) — F27T (2L4 + Ls)(Am2).
2 ~
§(6m2) e = B—mfere(QGg + G3)dY. (E12)

3
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Note that there is no loop contribution to (6m? ), so the corresponding LECs must be finite,
therefore 2G5 + G5 = 2G4 + G5. Also notice that terms like 2L, 4+ Ls and 2G4 + G5 come
from the wavefunction renormalization.

In the nucleon sector, the introduction of O(E%Z) Lagrangian gives the following conse-

quences. First, it modifies the cMDM-induced nucleon mass shifts:

S(AMN ) et = Am2[(dy" — ed?) (g7 + g5) + db' (92 + g5)]
5(6mn)eet = 8m2[(ga + ga)d — (gl + g)dM). (E13)

Also, combining with the O(E*) LECs and the leading-order vacuum alignment, we obtain

the LEC-contributions for gﬁf’:

A
ME¢W:=M(;&mEmm+ﬁ+E+M
2

8m7r 7 r r 7 r r
+T[3d0(92 + g1+ g7 + 93) — edi(gs + g5 + g + g8)]

§(Frg\M) e = —%5;[2(1%—5)f1+2f2+(1+5)f3+2(1+5)f4+(5 —1)fs

(14D (fE+ f5)] + 8mE[di(g) + g2 + g3 + g + g5 + gs)

—edo(gy + g5 + g5 + g5 + g5 + g5)]

B 4(Am Cme’;‘d 8mie 5 , roor
O(Fegi)er = % 1[f2+f3+f5+f6] s d(gs+ it g+ gh)  (B14)
3. LR4Q

First, the one-loop renormalization to ngfri) is:

~(0)

) 4 2 . 40g2 _
5(F7rg7(r0))loop = F7r (Fg2AI - ﬁIe)gfrO) gévTA.ng] + (ZN - 1) ()]

[ —(1,1) 2 2
B 124> 8 . 892 NATANS 40g 8095 _
5(F7rg7(r1))100p = F7r (_ F2A Ia - 3F2 ]5)97(r1) + NFA2 AA I ( Ja 4 Ic + 3FNA ]b)ggr)w

™

5NNse ;152 (Am2),, Tmey,

2 c 16m2F2  Recy,

- (71 + 472) (L' + 1) = 292) + (Zn — 1)953)] :

(E15)

Meanwhile, for LR4Q-induced hadron mass parameters, with the identification that

(9 \rr)1g = —16(AMN)ag/3Fx, (9\)1g = 2(AM2)4g/3F2 and (¢52)1, = 2(6m2)sy/F2 at
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tree-level, we obtain:

1247 16 8¢2 Am
I(AMN)ag100p = (Zn — 1)(Amy)sy — (ﬂ]a + L) (Amy), — ganal A)dg I,

F2 oo e 2

2+ B ), — PRI (o, (1) - 23
S, = DN (174 2
§(0m2)ag100p = %(LUr g). (E16)

Next we consider consequences of the introduction of O(FE?cy,) LECs. First, O(F?cy,)
terms in the pion sector (68), together with the O(E?) pion Lagrangian, modify the vacuum-

alignment condition as:

3(Am2)yy0Imey,  48(Am2)y, 5 Imcy
- 2 /49, m QLT + LT 2L + L 2
Q 4 (mgr)o Rec4q + FE [( 6+ 8) +e€ ( 7_'_ 8)] Rec4q
15(Am2)y, 1
162 Imey (KT + 4K5) + DA Mg o (E17)

3272F?2  Recy,

Unlike the case of the #-term and cEDM, the angle o here is UV-divergent. It does not
cause any problem though since « itself is not a physical observable. The modified vacuum

alignment condition leads to extra contributions to g7T ) and g7T :

o WB(dmn)(Am )4 2 e g Imey
57", = quj 1[(2L¢ + Ls) 4+ e*(2L7 + L8)]Fc4§
—16( ) F. Imc4q(K1 -+ 4K2)
_ 15(Am2)4,(6my), Imey
— 5(aOnr m)4q q 907 41
(9") + 32m2F3 Rec4q( +1)
_ 96(AmN) (Am2 )4 IHIC4
1 o m 2 r r
5(gM), = Fig (2L + Ls) + e2(2L% + LL)] Rec4z
—32(AmN)qF7rImc4q(K1 -+ 4K2)
2
_ 5@9)2 N 15(Am2) 4, (Amy), Imc4q(L L), (E18)

1672 F3 Recy,
that are also UV-divergent. This should not bother us because these divergences, together

with the divergences from the one-loop corrections to Fj. g,(f), will be canceled by the O(FE?cy,)

LECs as we shall discuss later.
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Finally, Eq. (68) also contributes to the pion mass shifts:

32m> 1
5(Am72r)4q,ct = — F27T(2L4 -+ L5)(Am72r)4q - 16F7?R604q(2K4 - gKg)mi
16
+?Ffm72rRec4q(3K1 + 22K2)
32m2 16 64

5(5m72r)4q,ct = — (2[/4 + L5)(5m72r)4q — gFER,eCZLqumi — EFfmerecélqu

F2
(E19)

The introduction of O(E?cy,) LECs in nucleon sector contributes to the LR4Q-induced

nucleon mass shifts:

5(AmN)4q,ct = 2F,Tm72TRec4q [th + 4h2 + hg + h4 + 2h5]
§(6my)ager = 4eFym2Recyylhs + hy — 2hs). (E20)

Next, combining with the O(E*) LECs and the leading-order vacuum alignment, we obtain

the LEC-contributions for gﬁf’:

4(Am?2)4ym2e Tmey 4F, Imcy,m?e
5F7r7(0) ¢ = )49 ' q T r 7T q'''r 3h Shu — 2h
(Frgy)et 3 Rec4q[f2+f3+f5+f6]+‘ 37[ 3+ 0Ny 5)
3(Am? 27
S(Fog)e = — 2Bl Moy ) 2y g gy (1 e fy 4+ 2(1 4 22)

F3 Recyq
"‘(62 — 1)f5 + (1 + 52>(f5r + fg)] + 4F7T1mc4qm72r[2h1 + 8h2 + hg + 3h4 + 2h5]
(Am2)y,m2e Tmey, 8F, Imcy,m2e

5(F7r§7(r2))ct = F3 Recy, fot+ fa+ fi + fi]+ 3

[ha = hs] (E21)

As we noticed before, one may choose the values of the combinations 3hs + 5hy — 2hs,
2h1+8hs+ hs+3hs+2hs and hy — hs to subtract out the UV-divergences from 5(Fﬂ§7(ri))1oop +
J) (gﬁf))v together with the residual UV-divergences coming from the LECs f; in ¢ (ngfri))ct.

Details of such subtractions are given in Table IV.

Appendix F: Divergence Subtraction and Renormalized LECs

In this section we summarize the divergence subtractions by the counter terms. Following
the Gasser-Leutwyler subtraction scheme, the relation between the bare and renormalized

LEC is given by
B

2

A=A"+ = (L+1) (F1)
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where A is the bare LEC, A" is the renormalized LEC and B is a finite quantity. Also, since
any physical result must be p-independent, the renormalized LEC A™ must be u-dependent

in the following way:

Ay = A+ D (%) (F2)

in order to cancel the p-dependence in the divergent loop integral.

The values of the finite quantity B for different combinations of LECs are summarized

in Table IV.
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A B
2L4 + Ls _6L4
2L¢ + Lg _5_11,2
2L + Ls 0
Bag 9”;29124 “29§NA m,;;;éi
2f1+ f3,2fa+ [, f5 + fo 0
f Fw(gTj;?C’l)(?_i 3y F,Tg,TNQAéEzHcQ) 252Am2m R FﬂggﬁAéA 25Am23m | St
2G1 + G3 _%
2G2 + G3 0
2G4 + G5 _8
91+ 94,93 + g4 0
95 + 96,97 + gs
92 + 93 2 (991 _ 3y Sena(ert2) 25%;%"13 _ QQiangFMA 4 3B +in)
92+ 94 ~G(F + §) + mppta Mo
g6 + g8 2F]§fq (sgA 4 ) n 10Fﬂg§jrB x ABc2 252Am_72Tm72T
2fs—J5 _Mngj:)?dﬁ(?_g Sy ngiNzAézerzcg) 25%71_7%”13
—15(95 + 98) _r ”96%1;?% 452&5’”% _ 3(71;%472)
2Ky — + K3 %
Ks _g
3K, + 22K, _
K5 _g
2hy + dh + hs + ha + 205 (% 1) + Ryads 262771—%7713 s =08 4 dp(m + 47)
ha + ha — 2hs 0
3hg + bhy — 2hs5 321;%(39,4 L1 ) 40F7rg72§(\)mpcg 2<§2Am—2m§r
2fa— s 6(919_(?_1)(%:201)_’_3@)
g (2 8ha g ~thga (ol (Falra) | i)
+3hy + 2hs) — FW9§£$5A 452;1217”% _ ’Yl-i;l’yg
ha — hs 4F§§cl (3g R 207, gfgg APC2 252%_%@

Table IV: Infinity subtraction by the LECs.
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