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We present a covariant formulation and model calculations of the leading-twist time-reversal even transverse
momentum-dependent quark distribution functions (TMDs) for a spin-one target. Emphasis is placed on a
description of these 3-dimensional distribution functions which is independent of any constraints on the spin
quantization axis. We apply our covariant spin description to all nine leading-twist time-reversal even ρ meson
TMDs in the framework provided by the Nambu–Jona-Lasinio model, incorporating important aspects of quark
confinement via the infrared cut-off in the proper-time regularization scheme. In particular, the behavior of the
3-dimensional TMDs in a tensor polarized spin-one hadron are illustrated. Sum rules and positivity constraints
are discussed in detail. Our results do not exhibit the familiar Gaussian behavior in the transverse momentum, and
other results of interest include the finding that the tensor polarized TMDs – associated with spin-one hadrons –
are very sensitive to quark orbital angular momentum, and that the TMDs associated with the quark operator
γ+γT γ5 would vanish were it not for dynamical chiral symmetry breaking. In addition, we find that 44% of
the ρ meson’s spin is carried by the orbital angular momentum of the quarks, and that the magnitude of the
tensor polarized quark distribution function is about 30% of the unpolarized quark distribution. A qualitative
comparison between our results for the tensor structure of a quark-antiquark bound state is made to existing
experimental and theoretical results for the two-nucleon (deuteron) bound state.

PACS numbers: 13.60.Hb, 13.60.Le, 12.39.Ki

I. INTRODUCTION

Quarks and gluons are confined inside hadrons through the
strong interaction, therefore, high energy scattering experiments
are required to probe the quark and gluon structure of hadrons
and hadronization processes. This makes parton distribution
functions (PDFs) and fragmentation functions (FFs) crucial
ingredients in hadron and particle physics [1–3]. Recently,
transverse momentum-dependent quark distribution functions
(TMDs) and fragmentation functions (TMD FFs) have been of
significant focus both experimentally and theoretically [4–6].
At leading-twist the internal transverse momentum-dependent
quark structure of spin-half hadrons, such as the nucleon, is
expressed in terms of six time-reversal even (T-even) and two
time-reversal odd (T-odd) TMDs, and after integrating over
the transverse momenta of quarks there remain three PDFs:
the unpolarized, helicity and transversity PDFs. However, for
spin-one hadrons, such as vector mesons or the deuteron, the
spin degrees of freedom require three additional leading-twist
T-even TMDs, resulting in one additional PDF [7–9].1

In the pioneering work of Hoodbhoy, Jaffe and Manohar [7],
this new PDF was called bq1 (x), where x is the Bjorken scaling
variable and q the quark flavor. It represents the difference of
unpolarized quark distributions in a longitudinally polarized
spin-one hadron with spin projection λ = 0 and λ = ±1. In the
notation of Ref. [7]2

bq1 (x) =
1
4

[
2 q(λ=0)(x) − q(λ=1)(x) − q(λ=−1)(x)

]
, (1)
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1 For spin-one hadrons there are also seven additional T -odd TMDs [9].
2 In the Bjorken limit the corresponding structure function is b1(x) =∑

q e2
q

[
b
q
1 (x) + b

q̄
1 (x)

]
, where eq are the quark electric charges.

where q(λ)(x) = q(λ)
↑
+q(λ)
↓

are the unpolarized quark distribution
functions. It has been pointed out in Ref. [7], and in subsequent
investigations [10, 11], that bq1 (x) is sensitive to the orbital
motion of the constituents, and may also be sensitive to QCD
exotica [12–14]. An important sum rule for the bq1 quark
distribution is derived in Refs. [10, 15] and reads∫ 1

0
dx

[
bq1 (x) − bq̄1 (x)

]
= 0, (2)

which simply means that the valence quark number does not
depend on the hadron’s spin state. It has been shown in Ref. [11]
that Lorentz covariance is important to satisfy the bq1 sum rule,
even though the constituents may be nonrelativistic.
There have been several experimental and theoretical stud-

ies of the b1 structure function for spin-one targets. For the
deuteron, b1(x) was first measured by the HERMES Collab-
oration [16], and a phenomenological parametrization of the
data was performed in Ref. [17], which found that sea quarks
significantly contribute to b1(x) in the low x region. On the the-
oretical side, the b1 structure function of the deuteron has been
investigated using, e.g., convolution approaches [7, 14, 18, 19]
and the covariant Bethe-Salpeter equation [11]. Because of its
importance, more precise experimental data for the deuteron
b1 structure function will be taken at Jefferson Lab as part of
the 12GeV program [20, 21]. For vector mesons like the ρ,
there exists no experimental data, however several theoretical
studies have been performed, examples include using ρ-meson
light-cone wave functions [22], and lattice QCD to determine
the first few moments [23].
The generalization of the PDF defined in Eq. (1), together

with its corresponding quark fragmentation function, to include
transverse momentum-dependence was performed in Refs. [8,
9]. In the latter paper, the spin density matrix formalism was
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used to derive important positivity constraints for the TMDs and
PDFs of spin-one hadrons, by extending the methods used for
the spin-half case [24]. To the best of our knowledge, however,
it is not yet clear how to systematically apply those theoretical
formulations to model calculations using effective theories of
QCD. This is an important motivation for the present study.

In this paper we present a covariant formulation for the TMDs
of a spin-one target which is independent of any constraints
on the spin quantization axis. This formalism is then used in
a covariant model calculation for all nine T-even TMDs of
the ρ+ meson. In deriving these results we first establish the
connection between the polarization 4-vectors, used in standard
Feynman diagram calculations, and the spin 4-vectors and
tensors which are used to define the various spin-one TMDs.
Special care is taken to present a clear and workable definition
of the three tensor polarized TMDs: fLL(x, k2

T ), fLT (x, k2
T ),

fTT (x, k2
T ), where kT is the quark transverse momentum and

we use the same notation as Ref. [24].3 The relation between
these TMDs and the bq1 quark distribution of Eq. (1) will be
derived, and the positivity constraints on the spin-one TMDs
and PDFs will be discussed in detail.

The formalism presented here can be straightforwardly used
to determine the TMDs of a spin-one hadron in any framework
used to model QCD, and we will choose the Nambu–Jona-
Lasinio (NJL) model [25, 26] as an effective quark theory for
QCD. A key feature of the NJL model is that chiral symmetry is
dynamically broken, and it has also been extended to incorporate
important aspects of quark confinement through an infrared
cut-off in the proper-time regularization scheme [27–29]. Our
results for the nine T-even TMDs and four PDFs of the ρ+
meson respect all requirements of Lorentz covariance at the
quark level. The NJL model has also been successfully used
to describe PDFs and electromagnetic form factors of mesons
and baryons, e.g., see Refs. [30–36].

Experimental data for ρ-meson TMDs will not be available
for the foreseeable future, however, it is nevertheless important
to study them in various non-perturbative approaches to QCD.
In addition, spin-one TMDs are a useful passage to the spin-one
TMD FFs, which may be measurable in the production of vector
mesons [37]. In fact, by using crossing symmetry the TMD
FFs for an elementary quark fragmentation process to vector
mesons can be obtained from the TMDs. We remark further
on this point in Appendix B. These elementary TMD FFs may
then be used as input to integral equations which describe
multi-fragmentation processes [38]. Further, the description
of the nucleon TMDs and TMD FFs, which are extensively
studied experimentally and theoretically [6], often requires the
inclusion of spin-one (vector and axial-vector) diquarks. One
may therefore use the results of our present investigation as
part of a description of the nucleon TMDs and TMD FFs.
This paper is organized as follows: Sect. II presents the

formalism for the leading-twist time-reversal even TMDs of
a spin-one target, and also provides the relations between the
polarization vectors, and the spin vectors and tensors which
are needed in actual calculations. Sect. III briefly introduces

3 We omit the commonly used subscript “1” on all TMDs because we only
consider leading-twist.

the NJL model, presents the covariant bound state description
for the ρ-meson, and describes the calculation of the ρ-meson
TMDs. Sect. IV provides a detailed discussion of our results
and a summary is given in Sect. V.

II. QUARK TMDS AND PDFS FOR SPIN-ONE TARGETS

This section first presents several useful relations for polar-
ization and spin 4-vectors and tensors, and then discusses the
operator definitions of TMDs and PDFs for spin-one targets.

A. Polarization and Spin 4-vectors

The polarization 4-vectors of a spin-one particle with 4-
momentum p and mass mh are given by

ε
µ

(λ)
(p) =

(
p · ε(λ)

mh
, ε(λ) +

p
(
p · ε(λ)

)
mh (Ep + mh)

)
, (3)

where Ep =

√
p2 + m2

h
. The polarization 3-vectors ε(λ) are

eigenvectors of Σ · S with eigenvalues λ = ±1, 0, where Σ
are the 3 × 3 spin matrices in the adjoint representation with
components (Σk)i j = −iεki j , and the unit vector S represents
the spin quantization axis, which can be chosen arbitrarily.
The orientation of the polarization 3-vectors is chosen so that
ε(0) = S, ε(±1) · S = 0, and −i

(
ε∗
(λ)
× ε(λ)

)
= λ ε(0).4 By

construction the polarization 4-vectors satisfy the following
relations: ∑

λ

ε
µ∗

(λ)
(p) εν

(λ)(p) = −g
µν +

pµpν

m2
h

, (4)

ε
∗µ

(λ)
(p) ε(λ)µ(p) = −1, ε

µ

(λ)
(p) pµ = 0, (5)

ε
µ∗

(1)(p) = −ε
µ

(−1)(p), ε
µ∗

(0)(p) = ε
µ

(0)(p). (6)

We identify the spin 4-vector of a spin-one particle by

Sµ(p) =
(
p · S

mh
, S +

p (p · S)

mh(Ep + mh)

)
, (7)

which is identical to εµ
(0)(p).5 The following relation between the

spin and polarization 4-vectors is then easy to confirm [2, 39]:

λ Sµ(p) =
i

mh
εµναβpν ε∗(λ)α(p) ε(λ)β(p). (8)

TMDs are defined to be independent of the polarization state of
the target, we therefore assume pure spin states characterized
by the spin projection λ on an arbitrary spin quantization axis
S. This also provides for a clearer physical interpretation of

4 If one chooses S along the z-axis, the polarization 3-vectors assume the
standard forms e(+1) = −

1√
2
(1, i, 0), e(−1) =

1√
2
(1, −i, 0), and e(0) =

(0, 0, 1). For a general direction of S characterized by the polar angles
(θ, φ), the polarization 3-vectors can be obtained by a rotation expressed in
the notation of Euler angles by ε(λ) = e−iφΣ3 e−iθΣ2 eiφΣ3 e(λ).

5 More precisely, the spin 4-vector for a state with λ = ±1, 0 is equal to
λ Sµ (p) with Sµ (p) given by Eq. (7). Note that the state λ = 0 has zero
vector polarization but non-zero tensor polarization.
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the TMDs. For the Feynman diagram calculations that give the
TMDs it is then convenient to express the spin density matrix
ε
µ∗

(λ)
(p) εν

(λ)
(p), for pure spin states with some fixed λ, by the

spin and momentum 4-vectors. To derive such a result it is
convenient to decompose the spin densitymatrix into symmetric
and antisymmetric Lorentz tensors. The antisymmetric piece
can then be expressed by the spin 4-vector using Eq. (8), and
for the symmetric part one can use the completeness relation of
Eq. (4) to express it as a second rank spin tensor [2, 39]. The
final result is the following identity:

ε
µ∗

(λ)
(p) εν

(λ)(p) =
1
3

(
−gµν +

pµpν

m2
h

)
−

iλ
2 mh

εµναβpαSβ(p)

−
3λ2 − 2

2

[
Sµ(p)Sν(p) −

1
3

(
−gµν +

pµpν

m2
h

)]
. (9)

In this study we choose the 3-momentum of the target in the
z-direction and denote the Cartesian components of the unit
vector S by S = (ST , SL), where ST = (S1

T , S
2
T ) is normal to the

hadron momentum and SL = S3 is the z-component. In terms
of ST and SL the spin 4-vector given in Eq. (7) is expressed as

Sµ(p) =
(

p3

mh
SL, ST ,

Ep

mh
SL

)
, (10)

where for any given direction S, the particle can have the
three possible spin projections λ = ±1, 0 onto this direction.
Therefore, longitudinal polarization means that ST = 0 and
|SL | = 1, and there are three spin projections λ = ±1, 0 along the
direction of the momentum, whereas transverse polarization
means that SL = 0 and |ST | = 1, and there are three spin
projections λ = ±1, 0 along the direction ST perpendicular to
the momentum. We emphasize that SL and λ are in general
different quantities.

B. Definition of Spin-one TMDs and PDFs

The TMDs of a spin-one target are defined with respect to the
following transverse momentum-dependent quark correlation
function:

Φ
(λ)S
βα (x, kT ) =

∫
dk+dk−

(2π)4
δ
(
k+ − x p+

)
×

∫
d4z eik ·z S 〈p, λ |ψα(0)ψβ(z)|p, λ〉S,

=

∫
dz− d2 zT
(2π)3

ei(xp
+ z−− kT · zT )

× S 〈p, λ |ψα(0)ψβ(z−, zT )|p, λ〉S,

≡ ε∗
(λ)µ(p) Φ

µν
βα(x, kT ) ε(λ)ν(p), (11)

which we illustrate in Fig. 1.6 In Eq. (11) ψ represents the
flavor SU(2) quark field operator, α and β are Dirac indices, and
a± = 1√

2

(
a0 ± a3) , aT = (a1, a2) are the light-cone± and trans-

verse components of a 4-vector aµ. The 3-momentum of the

6 This TMD definition ignores the additional complications that arise from
explicit gluon degrees of freedom and the gauge link.

p

ε∗(λ)µ

p

ε(λ)ν

k

β

k

α

Φ
µν
βα

(x, kT )Φ(λ)S
βα (x, kT ) =

Figure 1. (Color online) Graphical representation of the correlator of
Eq. (11). The dots labeled by α, β indicate the Dirac indices of the
quark field operators, the line labeled by the momentum k represents
the active quark, and the thick line labeled by the momentum p and
the polarizations εµ∗ and εν represents its parent spin-one target. The
shaded oval represents the spectator states.

target (p) is assumed in the z-direction, and the quark’s momen-
tum components normal to this direction are denoted by kT . The
state |p, λ〉S indicates that the projection of the target’s spin on
the direction S is equal to λ = ±1, 0, and is normalized accord-
ing to the covariant normalization S 〈p, λ′ |p, λ〉S = 2 p+Vδλ′λ,
where V is the quantization volume. In the last step of Eq. (11)
we expressed the quark correlation matrix as a contraction of
the polarization-independent Lorentz tensor matrix Φµνβα and
the product of polarization 4-vectors for the external target
lines.
The matrix Φ(λ)S (x, kT ) of Eq. (11) is decomposed into

Dirac γ-matrices as usual by [4]

Φ
(λ)S
βα =

1
2

[
s + vµ γµ + aµ γ5γµ +

i
2

tµν γ5 σµν

]
βα

. (12)

The coefficient functions that contribute at leading-twist are
v+, a+ and t+i , which we represent respectively by

〈γ+〉
(λ)
S
(x, kT ) =

1
2

TrD
[
γ+Φ(λ)S (x, kT )

]
,

≡ ε∗
(λ)µ(p)

〈
γ+

〉µν
(x, kT ) ε(λ)ν(p), (13)

〈γ+γ5〉
(λ)
S
(x, kT ) =

1
2

TrD
[
γ+γ5Φ

(λ)S (x, kT )
]
,

≡ ε∗
(λ)µ(p)

〈
γ+γ5

〉µν
(x, kT ) ε(λ)ν(p), (14)

〈γ+γiγ5〉
(λ)
S
(x, kT ) =

1
2

TrD
[
−iσ+iγ5Φ

(λ)S (x, kT )
]
,

≡ ε∗
(λ)µ(p)

〈
γ+γiγ5

〉µν
(x, kT ) ε(λ)ν(p), (15)

where i = 1, 2 denotes the transverse vector components. From
the structure of Eq. (9), and rotational invariance in the trans-
verse plane, we can parametrize these coefficient functions by
the spin-one hadron TMDs in the same way as Ref. [24]:7

〈γ+〉
(λ)
S
(x, k2

T ) ≡ f (x, k2
T ) + SLL fLL(x, k2

T )

+
SLT · kT

mh
fLT (x, k2

T ) +
kT · STT · kT

m2
h

fTT (x, k2
T ) , (16)

〈
γ+γ5

〉(λ)
S
(x, kT ) ≡ λ

[
SL gL(x, k2

T ) +
kT · ST

mh
gT (x, k2

T )

]
,

(17)

7 In our calculations of Sect. III only theT -even TMDs are non-zero, therefore
we do not display theT -odd TMDs in the parametrizations of Eqs. (16)–(18).
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〈
γ+γiγ5

〉(λ)
S
(x, kT ) ≡ λ

[
Si
T h(x, k2

T ) + SL
k iT
mh

h⊥L(x, k
2
T )

+
1

2 m2
h

(
2 k iT kT · ST − Si

T k2
T

)
h⊥T (x, k

2
T )

]
, (18)

where we have introduced the following quantities with implicit
S and λ dependence:

SLL =
(
3λ2 − 2

) (
1
6 −

1
2 S2

L

)
, (19)

Si
LT =

(
3λ2 − 2

)
SL Si

T , (20)

Si j
TT =

(
3λ2 − 2

) (
Si
T S j

T −
1
2 S

2
T δ

i j
)
. (21)

The last three terms on the right-hand side of Eq. (16) define
the tensor polarized TMDs, which are specific to hadrons with
spin J > 1. In calculations these tensor polarized TMDs
arise by contracting the expression obtained from the Feynman
diagrams for 〈γ+〉µν(x, kT ) with the tensor part of Eq. (9).

A partonic (probabilistic) interpretation of the quark TMDs
can be obtained by using the light-cone quantization formal-
ism [40]. Following the same steps as in Sect. II of Ref. [38],
we arrive at the relation

〈Γa〉
(λ)
S
(x, kT ) dx d2kT =

S 〈p, λ |b†(k)σa b(k)|p, λ〉S
S 〈p, λ |p, λ〉S

, (22)

where k = (xp+, kT ) and we have arranged the four Dirac
matrices into the 4-vector:

Γ ≡
{
γ+, γ+γ1γ5, γ

+γ2γ5, γ
+γ5

}
, (23)

and also defined σa = (1,σ) with σ the usual Pauli spin
matrices. For the quark creation and annihilation opera-
tors, b† and b, we have used the notation b†(k)σa b(k) ≡∑

s′s b†s′(k) (σ
a)s′s bs(k). It then follows from Eq. (22) that

for a = 0 the quantity on the left-hand side is the number
density of quarks with longitudinal momentum fraction x and
transverse momentum kT , while for a = 1, 2, or 3 it is the
number density of quarks with (x, kT ) and spin in the x, y, or
z direction, minus the same number density but for opposite
quark spin direction.
All distributions defined so far refer to the TMDs of a

quark. The TMDs of an antiquark are defined in terms of
the correlation function given in Eq. (11), except with the
quark field ψ replaced by the charge conjugated field ψc =

C ψT = iγ2 ψ
∗, where C = iγ2γ0 is the charge conjugation

matrix. Then, by using translational invariance and the relation
C−1ΓTC = {−γ+,−γ+γiγ5, γ

+γ5}, one can show that this
antiquark correlation function for some (x, kT )with 0 6 x 6 1,
is equal to the correlation function of Eq. (11), but evaluated at
(−x,−kT ) and attaching a minus sign for the operators γ+ and
γ+γiγ5.

Integrating our results for 〈Γ〉(λ)
S
(x, kT ) [Eqs. (16)–(18)] over

kT gives the four PDFs for a spin-one target:

〈γ+〉
(λ)
S
(x) ≡ f (x) + SLL fLL(x), (24)〈

γ+γ5
〉(λ)
S
(x) ≡ λ SL g(x), (25)

〈
γ+γiγ5

〉(λ)
S
(x) ≡ λ Si

T h(x). (26)

The relations between the TMDs and PDFs are given by

[ f , fLL, g, h] (x) =
∫

d2kT [ f , fLL, gL, h] (x, k2
T ). (27)

Therefore, for spin-one hadrons there are nine leading-twist
TMDs and four PDFs, if we restrict ourselves to the T-even
distributions. Note that the tensor polarized PDF fLL(x),
defined in Eq. (27), is related to bq1 (x) given in Eq. (1) by

bq1 (x) =
1
2

f qLL(x), (28)

where we have made explicit the quark flavor index. This
result is easily seen by noting that in the helicity basis [SL =
1, ST = 0] our quantity 〈γ+〉(λ)

S
(x) of Eq. (24) becomes equal to

f (x) − fLL(x) (3λ2 − 2)/3. Taking the combination of hadron
helicities λ indicated in Eq. (1), and using the probabilistic
interpretation of 〈γ+〉(λ)

S
(x) expressed by Eq. (22), it is easy to

confirm Eq. (28).
To conclude this section we discuss the positivity constraints

among the spin-one hadron TMDs and PDFs. From the
probabilistic interpretation, given by Eq. (22), of the quantities
〈Γ〉
(λ)
S
(x, k2

T ) of Eqs. (16)–(18), we obtain the inequalities:〈
γ+

〉(λ)
S
(x, k2

T ) > 0, (29)〈
γ+

〉(λ)
S
(x, k2

T ) >
���〈γ+γ5

〉(λ)
S
(x, k2

T )

��� , (30)〈
γ+

〉(λ)
S
(x, k2

T ) >
���〈γ+γiγ5

〉(λ)
S
(x, k2

T )

��� . (31)

These relations must be valid for any spin quantization axis
S and spin projection λ. These inequalities lead, e.g., to the
following naive positivity constraints for the spin-one TMDs:8

f (x, k2
T ) > 0, (32)

−
3
2

f (x, k2
T ) 6 fLL(x, k2

T ) 6 3 f (x, k2
T ), (33)��gL(x, k2

T )
�� 6 f (x, k2

T ) −
1
3

fLL(x, k2
T ) 6

3
2

f (x, k2
T ), (34)��h(x, k2

T )
�� 6 f (x, k2

T ) +
1
6

fLL(x, k2
T ) 6

3
2

f (x, k2
T ), (35)

where Eqs. (32)–(34) are derived from Eqs. (29) and (30) by
considering a spin-one hadron with longitudinal polarization
[ST = 0, |SL | = 1], and Eq. (35) is derived from Eq. (31)
by considering the case of transverse polarization [|ST | =
1, SL = 0]. A more general discussion of positivity constraints
among the TMDs, based on the antiquark–hadron forward
scattering matrix, can be found in Appendix A and Ref. [24].
In these analyses it is shown that positivity of the eigenvalues
of the antiquark–hadron forward scattering matrix leads to six
sufficient positivity conditions on the spin-one TMDs. These

8 By naive positivity constraints we refer to constraints derived from Eqs. (29)–
(31), as opposed to the more rigorous positivity constraints obtained from
the antiquark–hadron forward scattering matrix (see Appendix A).
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sufficient conditions are rather complicated and difficult to use
in practice, however numerous additional necessary conditions
can be obtained for the spin-one TMDs by considering the
positivity of the principal minors of the antiquark–hadron
forward scattering matrix, and Eqs. (29)–(31) as explained
above. Integrating Eqs. (32)–(35) over kT gives the following
naive positivity conditions on the PDFs:

I. f (x) > 0, (36)

II. −
3
2

f (x) 6 fLL(x) 6 3 f (x), (37)

III. |g(x)| 6 f (x) −
1
3

fLL(x) 6
3
2

f (x), (38)

IV. |h(x)| 6 f (x) +
1
6

fLL(x) 6
3
2

f (x). (39)

Analysis of the antiquark–hadron forward scattering matrix for
the PDFs gives three sufficient conditions (see Appendix A),
which can be expressed as Eqs. (36)–(38) and the generalization
of the Soffer bound [41] for spin-one targets [see Eq. (A40)],
which is a more stringent version of Eq. (39).

III. NAMBU–JONA-LASINIO MODEL AND RHO TMDS

This section presents the method used to calculate the ρ-
meson TMDs and PDFs. We use the NJL model, which is a
covariant quantum field theory that exhibits dynamical chiral
symmetry breaking and, via the introduction of an infrared
cut-off in the proper-time regularization scheme, incorporates
important aspects of the quark confinement. Further details are
given in Appendix B.

A. Rho Meson as a Relativistic Bound State

The two flavor NJL model Lagrangian is given by

LNJL = ψ(i /∂ − m)ψ + Gπ

[
(ψψ)2 − (ψγ5τψ)

2]
− Gω(ψγ

µψ)2 − Gρ

[
(ψγµ τψ)2 + (ψγµγ5τψ)

2] , (40)

where m = diag[mu,md] is the current quark mass matrix, τ
are the Pauli matrices for isospin SU(2), and Gπ,Gω and Gρ

are the 4-fermion coupling constants in the π, ω, and ρ meson
channels. The dynamically generated dressed quark mass M is
obtained via the gap equation:

M = m + 48i Gπ M
∫

d4k

(2π)4
1

k2 − M2 + iε
, (41)

which has a preferred solution in the Nambu-Goldstone phase
for Gπ larger than a critical coupling.

A description of the ρ-meson as a relativistic q̄q bound state
is provided by the Bethe-Salpeter equation, which is illustrated
in Fig. 2, and reads

Tγδ,αβ(p) = Kγδ,αβ

+

∫
d4k
(2π)4

Kγδ,λλ′ S(k)ε′λ′ S(p + k)λε Tεε′,αβ(p). (42)

The solution to this equation provides the q̄q t-matrix in the
ρ-meson channel, where K = −2i Gρ (γ

µτi)(γµτi) is the NJL

p
= +

p

Figure 2. (Color online) The q̄q Bethe-Salpeter equation in the random
phase approximation. The double-line represents the q̄q t-matrix, the
single line is the dressed quark propagator and the dark shaded circle
is the q̄q interaction kernel.

interaction kernel, and S(k) = [/k − M + iε]−1 represents the
dressed quark propagator. The solution of Eq. (42) reads

Tγδ,αβ(p) = [γµτi]γδ
−2i Gρ

1 + 2 Gρ Πρ(p2)(
gµν + 2 Gρ Πρ(p2)

pµpν

p2

)
[γντi]αβ, (43)

where we have defined the bubble diagram Πρ(p2) as

Πρ(p2)

(
gµν −

pµpν

p2

)
= 6i

∫
d4k
(2π)4

TrD[γµ S(k) γν S(p + k)] . (44)

The physical mass of the rho, mρ, is obtained by identifying
the pole in the ρ-meson t-matrix of Eq. (43):

1 + 2 Gρ Πρ(p2 = m2
ρ) = 0. (45)

The residue of the t-matrix at the pole p2 = m2
ρ defines the

meson–quark-antiquark vertex functions, Γ(λ),iαβ . Expanding
Eq. (43) about p2 = m2

ρ gives

Tγδ,αβ(p) −→
[
Zρτiγµ

]
γδ

i
(
gµν −

pµpν
p2

)
p2 − m2

ρ + iε

[
Zρ τi γν

]
αβ

≡
∑
λ=0,±1

Γ
(λ),i

γδ

i
p2 − m2

ρ + iε
Γ
(λ),i
αβ . (46)

Therefore the ρ vertex and conjugate vertex functions read

Γ
(λ),i

γδ Γ
(λ),i
αβ =

[
i Zρ τi γµ ε∗(λ)µ

]
γδ

[
i Zρ τi γν ε(λ)ν

]
αβ
, (47)

where the ρ–quark-antiquark coupling constant is given by

Z−2
ρ ≡ −Π

′
ρ(p

2 = m2
ρ) , (48)

and the prime denotes differentiation with respect to p2.

B. Calculation of the Rho Meson TMDs and PDFs

From causality it follows that the product of field operators
on the light-cone (z+ = 0) in the operator definition of Eq. (11)
can be replaced by the time-ordered product, and therefore we
can represent the Lorentz tensors 〈Γ〉µν(x, kT ) which appear in
Eqs. (13)–(15) by Feynman diagrams. It is therefore straight-
forward to use the NJL model to calculate 〈Γ〉µν(x, kT ), and
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p

i, ν

p

j, µ

k k

k − p

+
p

i, ν

p

j, µ

k + p

k k

Figure 3. (Color online) Feynman diagrams for the ρ-meson TMDs
in the NJL model. The shaded circles represent the ρ-meson Bethe-
Salpeter vertex functions of Eq. (47) and the solid lines the dressed
quark propagator. The operator insertion has the form Γ δ

(
x − k+

p+

)
,

with Γ given in Eq. (23). The left diagram gives the valence u quark
TMDs and the right diagram the valence d̄ antiquark TMDs in the ρ+
meson.

this calculation corresponds to the one-loop Feynman diagrams
given in Fig. 3. The first diagram of Fig. 3 has support for
0 6 x 6 1 and directly leads to the valence quark TMDs.
Whereas, the second diagram has support for −1 6 x 6 0 and,
by using the prescriptions explained in Sect. II.B, leads to
the valence antiquark TMDs. A straightforward application of
those prescriptions to the present NJL model calculation shows
that all valence antiquark TMDs are exactly the same functions
as the valence quark TMDs. In the following we will therefore
refer to the valence quark TMDs (first diagram of Fig. 3) only.
For the case of the ρ+ meson, application of the Feynman

rules to the first diagram of Fig. 3 gives for the valence u quark:

〈Γ〉µν (x, kT ) = −
3i Z2

ρ

p+

∫
dk+dk−

(2π)4
δ

(
x −

k+

p+

)
TrD [γµS(k) Γ S(k)γνS(k − p)] . (49)

The methods of covariant integration for expectation values of
local operators can be usedwithin the proper-time regularization
scheme by first applying a Mellin transformation to Eq. (49),
which gives the n-th moment of 〈Γ〉µν as

〈Γ〉
µν
n (kT ) ≡

∫ 1

0
dx xn−1 〈Γ〉µν(x, kT ), (50)

where n = 1, 2, . . . is an integer. These moments can then be
determined by applying standard methods, such as, introducing
Feynman parameters and shifting the loop momentum to give a
quadratic form in the denominators. Because of the simplicity
of the NJL model, the TMDs defined by Eq. (49) can then be
extracted analytically from results for the moments [42]. This
method preserves Lorentz covariance, which is particularly
important for satisfying the sum rules. Contracting the results
for 〈Γ〉µν(x, kT ) with the Lorentz tensor given by Eq. (9), and
parametrizing the expressions as defined by Eqs. (16)–(18),
gives the ρ+ meson TMDs. Explicit results for 〈Γ〉µν(x, kT )
and the TMDs are given in Appendix B.
An important feature of our NJL model calculation is that

all sum rules are explicitly satisfied. For example, the sum
rules for the first moment of the spin-independent f (x) and
tensor polarized fLL(x) PDFs follow from the following Ward

identity for 〈γ+〉µν(x) [see Eq. (24)]:∫ 1

0
dx 〈γ+〉µν(x) = Z2

ρ

1
2 p+

∂

∂p+
Πρ(p2)

(
gµν −

pµpν

p2

)
= Z2

ρ

(
gµν −

pµpν

p2

)
Π
′
ρ(p

2)

+ Z2
ρ

(
−
gµ+pν + gν+pµ

2 p+
+

pµpν

p2

)
Πρ(p2)

p2 , (51)

where p2 = m2
ρ. If we contract with the polarization 4-vectors

of the hadron, and use Eq. (5) we obtain∫ 1

0
dx 〈γ+〉(λ)

S
(x) = −Z2

ρ Π
′
ρ(p

2) = 1, (52)

where Eq. (48) is used to obtain unity. Comparison with the
right-hand side of Eq. (24) then gives the sum rules∫ 1

0
dx f (x) = 1,

∫ 1

0
dx fLL(x) = 0. (53)

The sum rule for f (x) simply means that in our model we have
one valence u quark in the ρ+ meson, and the same result is
obtained for the number sum rule for the valence antiquark.9
The sum rule for fLL(x) corresponds to the b1 sum rule of
Eq. (2) in our valence quark model. We stress that satisfying
the Ward identity given in Eq. (51) is crucial to respecting
the sum rules. In particular, the Lorentz tensor structure of
the fully integrated 〈γ+〉µν must be the same as the transverse
Lorentz tensor structure of the polarization (bubble) diagram
of Eq. (44). Because our calculations are completely covariant,
these constraints are always satisfied, as the explicit expressions
in Appendix B demonstrate.

Our results for the functions f (x) and fLL(x) are symmetric
around x = 1/2, it therefore follows from Eqs. (53) that we
obtain the following results for the momentum sum rule of the
valence quark:∫ 1

0
x dx f (x) =

1
2
,

∫ 1

0
x dx fLL(x) = 0. (54)

Because the valence antiquark gives the same contribution
to the momentum sum, this means that together the valence
quark and antiquark carry 100% of the light-cone momentum,
independently of the spin quantization axis S and spin projection
λ of the hadron.
The sum rules for the PDFs g(x) and h(x) [see Eqs. (25)

and (26)] are conventionally called the quark spin sum and the
tensor charge, respectively, and are model dependent. More
precisely, our quantity

∫ 1
0 dx g(x) is twice the expectation value

of the spin operator of the valence quark in a longitudinally
polarized ρ-meson. In our model the valence antiquark gives
the same contribution, it therefore follows that

∫ 1
0 dx g(x)

9 One should note that in general for a meson only the (zero) baryon number,
which is the difference of quark and antiquark numbers, is conserved. A
separate number sum rule for the valence quark and antiquark holds only in
valence-like quark models, such as our present NJL model.
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is the sum of the valence quark and antiquark spins. The
“naive” (nonrelativistic) quark model result for this sum rule
would equal the physical spin of the ρ meson, namely unity.10
However, relativistic effects can lead to substantial reductions
of this sum rule because of non-zero quark orbital angular
momentum. Similar comments also apply for the tensor charge,
which in the nonrelativistic quark model would take the same
value as the spin sum (unity in this case), and for the tensor
charge relativistic effects tend to give smaller reductions than
to the spin sum [40].

IV. RESULTS

This section presents results for the ρ+ meson TMDs and
PDFs. In the calculation there appear three model parame-
ters, namely the dressed quark mass M, and two proper-time
regularization parameters ΛIR and ΛUV . Following previous
work [32, 34–36] we set M = 0.4GeV and ΛIR = 0.24GeV,
where the motivation for the latter is that it should be of order
ΛQCD because it introduces the confinement scale into our
calculations. The ultraviolet cutoffΛUV is then fit to reproduce
the experimental pion decay constant fπ = 0.093 GeV, which
gives ΛUV = 0.645GeV. For the ρ-meson mass we take the
physical value of mρ = 0.776GeV, and using Eq. (48) this gives
a ρ meson–quark-antiquark coupling constant of Zρ = 2.61.
We note that the physical ρ mass is only slightly smaller than
2 M = 0.8GeV, however because our infrared cut-offΛIR elim-
inates this unphysical threshold for ρ decay into dressed quarks,
the qualitative behavior of all our results remains unchanged
even if lower values of M are chosen.

A. Rho meson TMDs

Among the nine TMDs which appear in Eqs. (16)–(18)
the pretzelosity TMD, h⊥T (x, k

2
T ), vanishes identically in our

calculations. This leaves eight non-vanishing TMDs. Results
for the three TMDs f (x, k2

T ), gL(x, k
2
T ) and h(x, k2

T ) – which
when integrated over kT give the PDFs f (x), g(x) and h(x)
familiar from the spin-half case – are given in Fig. 4. We find
that all three TMDs are of similar magnitude at k2

T ' 0, with
each reaching a maximum at x = 1/2. The TMDs f (x, k2

T ) and
h(x, k2

T ) are symmetric under the transformation x → 1 − x,
while gL(x, k2

T ) has this symmetry only at k2
T = 0. As the quark

transversemomentum k2
T grows all three TMDs develop amuch

weaker dependence on the light-cone momentum fraction x,
which indicates that a struck quark with large k2

T has a much
weaker preference for any particular x value. For the helicity
TMD we find that as k2

T gets larger an increasing fraction of
gL(x, k2

T ) becomes negative, beginning in the low x region and
moving to higher x as k2

T increases. This indicates that at small
k2
T the quark and hadron spins dominantly align, but as k2

T
gets larger anti-alignment of quark and hadron spins becomes
increasingly important, starting from the low x region. Explicit
expressions for these TMDs are given in Eqs. (B25), (B29) and

10 For the case of a spin-1/2 hadron (e.g. a nucleon), it is common to define
the “naive” quark model result for the sum rule to be unity, which is twice
the physical spin of the nucleon.
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Figure 4. (Color online) Results for the TMDs f (x, k2
T ), gL(x, k

2
T )

and h(x, k2
T ) for the ρ

+ meson. These TMDs are defined in Eqs. (16),
(17) and (18), and when integrated over kT give the PDFs f (x), g(x)
and h(x) which are familiar from the spin-half case. The TMDs are
given in units of GeV−2 and k2

T in GeV2.

(B31), and when viewed as functions of kT our results do not
take a Gaussian form. This is discussed further below.

Results for the TMDs gT (x, k2
T ) and h⊥L(x, k

2
T ) are illustrated

in Fig. 5, with explicit expressions given in Eqs. (B30) and
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Figure 5. (Color online) Results for gT (x, k2
T ) and h⊥L (x, k

2
T ) of a ρ

+

meson. These TMDs are defined in Eqs. (17) and (18), where the
pretzelosity TMD h⊥T (x, k

2
T ) vanishes identically in our calculations.

The TMDs are given in units of GeV−2 and k2
T in GeV2.

(B32). We find that at k2
T ' 0 each of these TMDs has a

magnitude about twice that of f (x, k2
T ). However, one should

keep in mind that the TMDs shown in Fig. 5 are multiplied
by a factor ' kT /mρ when they appear in observables, which
is evident from Eqs. (17) and (18). The TMD gT (x, k2

T ) is a
positive function with a peak at x = 1/2 and is symmetric
under the transformation x → 1 − x, and we find it is related
to the transversity TMD by

gT (x, k2
T ) =

mρ

M
h(x, k2

T ). (55)

However, this relation is likely only valid at the model scale
and would not survive QCD evolution. The TMD h⊥L(x, k

2
T )

is a negative function with no definite symmetry in x, and a
peak in magnitude at x ' 0.4 when k2

T ' 0 which moves to
smaller values of x as k2

T gets larger. As k2
T becomes larger

we again find that gT (x, k2
T ) and h⊥L(x, k

2
T ) develop a much

weaker dependence on the light-cone momentum fraction x,
and as a function of kT these TMDs do not take a Gaussian
form. Interestingly, our result for h⊥L(x, k

2
T ), as well as h(x, k2

T )

illustrated in Fig. 4, are both proportional to the dressed quark

0
0.1

0.2
0.3

0
0.2

0.4
0.6

0.8
1

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

k2
T

x

f L
L
(x
,k

2 T
)

−0.9

−0.8

−0.7

−0.6

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0
0.1

0.2
0.3

0
0.2

0.4
0.6

0.8
1

-2

-1

0

1

2

k2
T

x

f L
T
(x
,k

2 T
)

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

0
0.1

0.2
0.3

0
0.2

0.4
0.6

0.8
1

0

1

2

3

4

5

6

k2
T

x

f T
T
(x
,k

2 T
)

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

5.5

6

6.5

Figure 6. (Color online) Results for the tensor polarized TMDs
fLL(x, k2

T ), fLT (x, k2
T ), and fTT (x, k2

T ) for the ρ
+ meson. These

TMDs are defined in Eqs. (16), and are given in units of GeV−2, with
k2
T in GeV2.

mass M (see Appendix B). These TMDs may therefore be
considered to arise from the mechanism of dynamical chiral
symmetry breaking.
Results for the three ρ+ tensor polarized TMDs fLL(x, k2

T ),
fLT (x, k2

T ), and fTT (x, k2
T ), which do not appear for spin-half

hadrons, are illustrated in Fig. 6. We find that fTT (x, k2
T ) has
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T ) for

x = 0.5 and the dotted line is a Gaussian fit, of the form given in
Eq. (56), to this result.

similar characteristics to the other TMDs that also appear for
the spin-half case, that is, a peak at x = 1/2 and a symmetry
under the transformation x → 1 − x. The TMD fLL(x, k2

T )

is symmetric under the transformation x → 1 − x, whereas
fLT (x, k2

T ) is antisymmetric. Interestingly, fLT (x, k2
T ) vanishes

identically at x = 1/2 for all k2
T . This vanishing along the

line x = 1/2 is a signal that this TMD is very sensitive to
components in the ρ+ wave function that have non-zero quark
orbital angular momentum. That is, s-wave components tend
to peak at zero relative momentum, which corresponds to
x = 1/2, and since fLT (x, k2

T ) vanishes along this line but is
in general non-zero, it must receive significant contributions
from components of the ρ+ wave function with L > 1. The
TMD fLL(x, k2

T ), however, instead of vanishing along the line
x = 1/2 as is the case for fLT (x, k2

T ), vanishes along two
curves in the (x, k2

T )-plane which are symmetric about the line
x = 1/2, but have a strong dependence on the quark transverse
momentum. This behavior, too, is a signal of non-zero quark
orbital angular momentum. Viewed as a function of kT , the
TMDs fLL(x, k2

T ), fLT (x, k2
T ) and fTT (x, k2

T ) do not behave as
Gaussian functions. For example, in the neighborhood of the
x = 1/2 line fLL(x, k2

T ) vanishes at k
2
T = 0, then increases

as k2
T grows reaching a peak near k2

T = 0.1GeV2, and then
decreases slowly as k2

T gets larger. This interesting behavior of
fLL(x, k2

T ), which is intimately linked to quark orbital angular
momentum, makes it an important TMD for further study and
measurement. In this connection we note that while fLT (x, k2

T )

is up to two times larger than fLL(x, k2
T ), it enters with a factor

' kT /mρ, making fLL(x, k2
T ) dominant in the small transverse

momentum region.
In phenomenological applications [43–47] it is common to

use a separable Gaussian representation for a general TMD
which takes the form

q(x, k2
T ) = q(x)

e−k
2
T /〈k

2
T 〉

π 〈k2
T 〉

, (56)

where 〈k2
T 〉 is the average k2

T . It is clear from our explicit
results for the TMDs, given in Appendix B, that they are neither

f gL gT h h⊥L fTT
〈kT 〉 0.32 0.08 0.34 0.34 0.33 0.32
〈k2

T 〉 0.13 -0.11 0.16 0.16 0.15 0.14

Table I. The 〈kT 〉 and 〈k2
T 〉moments of the various TMDs as defined by

Eq. (58), in units of GeV andGeV2 respectively. Note, the denominator
of Eq. (58) vanishes for the TMDs fLL(x, k2

T ) and fLT (x, k2
T ), so they

are not listed.

separable or of a Gaussian form. Performing the integration
over proper-time we find TMDs with a k2

T -dependence which
is a sum of terms of the form

q(x, k2
T ) ∝

[
k2
T

]α e−[k
2
T+B]/Λ

2
UV − e−[k

2
T+B]/Λ

2
I R[

k2
T + B

]n , (57)

where B = M2 − x(1 − x)m2
ρ, n = 1, 2 and α = 0, 1. Therefore

we find a difference of Gaussian’s with an additional power-law
behavior in k2

T . As an illustrative example in Fig. 7 we present
f (x, k2

T ) for x = 0.5 and contrast this with a Gaussian fit. We
find that the Gaussian only provides a reasonable description
for k2

T 6 0.2, with the complete result falling off slower than
the Gaussian over the range illustrated. In fact, a Gaussian form
can only be obtained for some TMDs where α = 0, and in the
limits k2

T � B and ΛIR → 0, where the latter limit removes
quark confinement in our calculations.

The transverse-momentum dependence of the TMDs can be
further revealed through kT -weighted moments, such as

〈kn
T 〉α ≡

∫ 1
0 dx

∫
d2kT |kT |

n α(x, k2
T )∫ 1

0 dx
∫

d2kT α(x, k2
T )

, (58)

for an arbitrary TMD α(x, k2
T ). Results for 〈kT 〉 and 〈k2

T 〉

for the various TMDs are given in Tab. I. Typical values are
〈k2

T 〉 ∼ 0.15GeV2, which is of a similar magnitude to the
square of the dressed quark mass M. Tab. I also makes clear
that the kT -weighted moments of the TMDs with no connection
to PDFs need not vanish, even though they do not contribute to
the quark correlator of Eq. (11) when it is integrated over kT .

B. Rho meson PDFs

In Fig. 8 we illustrate results for the PDFs f (x), g(x), and
h(x), which are familiar from the spin-half case, as well as
the tensor polarized PDF fLL(x) specific to hadrons with spin
J > 1. The left panel shows results at the model scale, which
we set as Q2

0 = 0.16 GeV2 following previous studies [32]. The
right panel presents results obtained by performing the NLO
non-singlet QCD evolution to Q2 = 5GeV2, where we used
the DGLAP evolution codes of Refs. [48–50].

At the model scale, we find that the unpolarized and transver-
sity PDFs have very similar behaviors, whereas the helicity
PDF is suppressed relative to f (x) below about x ∼ 0.75, but
becomes larger than f (x) at higher x. For spin-half hadrons
g(x)must always be smaller in magnitude than f (x) because of
the positivity constraint |g(x)| 6 f (x). However, for spin-one
hadrons this positivity constraint is modified [see Eq. (38)] and
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Figure 8. (Color online) We illustrate results for the unpolarized, helicity, transversity and tensor polarized PDFs of the ρ+ meson. The left panel
gives results at the model scale Q2

0 = 0.16 GeV2 and the right panel presents the PDF results, multiplied by x, at the scale Q2 = 5GeV2. The
NLO non-singlet DGLAP evolution was performed using the codes of Refs. [48–50].

therefore our result in Fig. 8, where |g(x)| > f (x) at large x,
does not necessarily violate positivity. In fact, as we shall see,
our results satisfy Eq. (38). After QCD evolution to Q2 = 5
GeV2, the transversity PDF becomes suppressed relative to
f (x), particularly at small x, because of the different anomalous
dimension properties of the evolution kernels. The relative
behavior between f (x) and g(x) is largely unchanged after
QCD evolution.
The sum rules for f (x) and fLL(x) were discussed in the

Sect. III B [see Eqs. (53) and (54)], and our values for the spin
sum and tensor charge at the model scale are∫ 1

0
dx g(x) = 0.56,

∫ 1

0
dx h(x) = 0.94. (59)

We therefore find that the total valence quark and antiquark
contribution to the spin of the ρ meson is 56%, which implies
a substantial contribution of 44% from quark orbital angular
momentum. Our result for the ρ meson’s tensor charge at the
model scale is 0.94, which is considerably larger than the spin
sum and close to the naive quark model expectation of unity.

Our result for the tensor polarized PDF, fLL(x), is symmetric
around x = 1/2 at the model scale (see left panel of Fig. 8),
being negative in the small and large x regions and positive
around the peak at x = 1/2. Therefore, fLL(x) has two nodes
at the model scale, which persist after QCD evolution, albeit
continuously moving to smaller x with increasing Q2. The
average magnitude of fLL(x) is about 0.3 at the model scale,
which is about 30% the size of the unpolarized PDF.11 The
fact that we find a tensor polarized PDF which is comparable
in size to the other three PDFs, again points to the fact that
there is considerable relative orbital motion of the quark and
antiquark in the ρ-meson.
After QCD evolution to Q2 = 5 GeV2 typical values for

x | fLL(x)| are around 0.03. Comparison with the HER-
MES Collaboration data for the b1 structure function of the

11 To appreciate this point, we note that the integral of | fLL (x) | becomes∫ 1
0 dx | fLL (x) | = 0.275 at the model scale.

deuteron [16], therefore suggests that the b1 structure function
of the ρ meson is roughly one order of magnitude larger than
the deuteron’s, likely because the nucleon mass is much larger
than the dressed quark mass. It is interesting to note that
the qualitative behavior of our tensor polarized PDF fLL(x)
is similar to the HERMES Collaboration data, and also the
Bethe-Salpeter calculation for b1(x) given in Ref. [11], up to
an overall minus sign. Therefore, one may conjecture that the
b1 structure function of the ρ-meson and deuteron have the
opposite sign, similar to what is found for the quadrupole form
factors of the ρ meson [36, 51] and the deuteron [52].

In Fig. 9 we illustrate the positivity constraints on the PDFs
given by Eqs. (36)–(39). The result in Fig. 8, as well as the top
and middle panels of Fig. 9, demonstrate that constraints I–III
are satisfied in our calculations. The lower panel of Fig. 9 shows
positivity constraint IV for the transversity PDF, and we see
that our calculation very slightly violates this constraint in the
small and large x regions. However, this violation is parameter
dependent, and can be remedied by choosing a slightly smaller
value for the dressed quark mass, e.g. M ' 375MeV, which is
consistent with numerous previous studies [53, 54].

V. SUMMARY

A covariant formalism for the leading-twist TMDs of spin-
one hadrons has been developed, where particular emphasis
was placed on developing a clear and workable definition of the
TMDs which does not restrict the direction of the spin quanti-
zation axis. For the first time results for all nine T-even TMDs
and the corresponding four PDFs of a spin-one target, in this
case the ρ+ meson, have been presented. The calculations were
performed in the Lorentz covariant and confining framework
provided by the NJL model regularized using the proper-time
scheme. The importance of Lorentz covariance in satisfing
the sum rules for the unpolarized and tensor polarized PDFs
was demonstrated, and accordingly the baryon number and
momentum sum rules for the unpolarized and tensor polarized
PDFs are exactly satisfied in our calculations. The absence of
unphysical thresholds for the decay of a hadron into quarks
in our calculations, i.e. a manifestation of quark confinement,
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Figure 9. (Color online) The positivity constraints expressed by
Eq. (37) (upper panel), Eq. (38) (middle panel) and Eq. (39) (lower
panel). At the end-points of the PDFs where x = {0, 1}, we find the
results fLL = − 3

2 f , |g | = 3
2 f and |h| = M

mρ

3
2 f .

proved particularly important for the ρ-meson since its mass is
very near the sum of the masses of its constituents.

Of the nine possible leading-twist T-even TMDs of a spin-
one target, defined by Eqs. (16)–(18), the pretzelosity TMD
h⊥T (x, k

2
T ) vanishes identically in our ρ+ calculations, and

interestingly the eight remaining TMDs do not exhibit the
familiar Gaussian behavior as a function of the quark transverse
momentum kT . A universal feature of all non-vanishing TMDs
is that as the quark transverse momentum k2

T gets larger, the

TMDs develops a much weaker dependence on the light-cone
momentum fraction x. That is, if a quark has large k2

T it
becomes much less sensitive to x-dependent correlations.

The ρ+ TMDs that proved to be particularly interesting were
those associated with its tensor polarization, and therefore only
appear for hadrons with J > 1. In constrast to the TMDs that
also appear for a spin-half hadron, we found that the TMD
fLT (x, k2

T ) vanishes identically along the x = 1/2 line for all
k2
T , and the TMD fLL(x, k2

T ) vanishes along two curves in
the (x, k2

T )-plane which are symmetric about the line x = 1/2.
These are clear indications that these TMDs are very sensitive
to quark orbital angular momentum. This is most easily seen by
noting that s-wave components in a bound-state wave function
usually peak at zero relative momentum, which for two equal
mass constituents corresponds to x = 1/2. Therefore, since
these TMDs vanish near the x = 1/2 line, but are in general
non-zero, implies they must receive significant contributions
from components of the ρ+ wave function with L > 1. These
findings for the tensor polarzied TMDs are a 3-dimensional
generalization of earlier analysis which found that the tensor
polarized structure function, b1(x), is a sensitive measure of
quark orbital angular momentum [7, 10, 11].
Integrating our TMD results over the quark transverse mo-

mentum kT gives the four PDFs associated with a spin-one
hadron. At the model scale we find that the unpolarized and
transversity PDFs have a similar behavior, and that the ρ+ tensor
charge has the value 0.94, which is only slightly less than the
naive quark model expectation of unity. By constrast, we found
that 44% of the spin of the ρ meson is carried by quark orbital
angular momentum, which represents a significant departure
from the naive expectation of unity. This large fraction of quark
orbital angular momentum manifests as a tensor polarized
PDF fLL(x) which is of comparable size to the three other
leading-twist ρ+ PDFs. In a qualitative comparison between
our result for the tensor polarized b1 structure function of the
ρ+, with the HERMES Collaboration data for the deuteron we
find similar behavior, except for a relative minus sign. We
therefore conjecture that the b1 structure function of the ρ+ and
deuteron have opposite signs, in analogy to similar findings for
the respective quadrupole moments [36, 51, 52].
For further work it would be interesting to investigate the

sea quark contributions to the tensor polarized PDF and the
associated structure function, and to estimate the deviation of
the sum rule from the valence quark value given in Eq. (53).
In our framework these effects could be naturally described
by taking into account the effect of the virtual pion cloud
surrounding the dressed quarks.

The interesting features of the tensor polarizied TMDs found
in this study, in particular the connection to quark orbital angu-
lar momentum, warrant further investigation. A key avenue is
the experimental and theoretical study of the deuteron tensor
polarized TMDs, where we already have hints from the HER-
MES b1 structure function data that the small x region may
be particularly interesting [12–14]. In addition, the TMD FFs
for the production of vector mesons provides another interest-
ing possibility to study the 3-dimensional tensor structure of
hadrons. An ideal facility for such measurements would be the
proposed electron-ion collider.



12

Acknowledgments

This work was supported by the U.S. Department of Energy,
Office of Science, Office of Nuclear Physics, contract no.
DE-AC02-06CH11357; and Laboratory Directed Research
and Development (LDRD) funding from Argonne National
Laboratory, project no. 2016-098-N0 and project no. 2017-
058-N0. Y. N. wishes to express his thankfulness to his parents
for the great support of his Ph.D. course. Y.N. also appreciates
Tokai University for a Ph.D. course scholarship.

A. POSITIVITY CONSTRAINTS FOR SPIN-ONE TMDS

Here we follow the methods of Refs. [9, 24] to derive the
positivity constraints on the spin-one TMDs. From the operator
definition given in Eq. (11) it follows that[
Φ
(λ)S (x, kT )γ+

]
βα
=
√

2
∫

dz− d2 zT
(2π)3

ei xp
+ z−e−i kT · zT

× S 〈p, λ |ψ
†

(+)α
(0)ψ(+)β(z−, zT )|p, λ〉S, (A1)

where ψ(+) = Λ(+)ψ (with Λ(+) = γ0γ+/
√

2) are the good
components of the quark field operator [40]. We can still
represent this quantity by Fig. 1 if the external quark lines
refer to the good components. Viewed in this way, the matrix[
Φ(λ)S (x, kT )γ+

]
βα
, is the transpose of the hadron-antiquark

forward scattering matrix (we call it M), apart from overall
normalization:

M (λ)S (x, kT ) =
[
Φ
(λ)S (x, kT )γ+

]T
. (A2)

The positivity conditions must be imposed on this matrix M .
At leading-twist thematrixΦ γ+ takes the form [seeEqs. (12)–

(15)]

Φ
(λ)S (x, kT ) γ+ =[
〈γ+〉

(λ)
S
+ 〈γ+γ5〉

(λ)
S
· γ5 − 〈γ

+γTγ5〉
(λ)
S
· γ5γT

]
Λ(+). (A3)

It can be reduced to a 2 × 2 matrix by using the chiral rep-
resentation of the Dirac matrices. By making an orthogonal
transformation so that only the upper left 2×2 block is nonzero,
and taking the transpose according to Eq. (A2), we arrive at

M (λ)S (x, kT ) =

[
〈γ+〉

(λ)
S
+ 〈γ+γ5〉

(λ)
S

〈γ+ γ
(+)

T γ5〉
(λ)
S

〈γ+ γ
(−)

T γ5〉
(λ)
S

〈γ+〉
(λ)
S
− 〈γ+γ5〉

(λ)
S

]
.

(A4)

Here the various matrix elements are given in terms of the
TMDs by Eqs. (16)–(18) and we have defined

〈γ+γ
(±)

T γ5〉
(λ)
S
= 〈γ+γ1γ5〉

(λ)
S
± i〈γ+γ2γ5〉

(λ)
S
. (A5)

In the rest frame of the hadron, each of the four matrix elements
in Eq. (A4) is of the form

M (λ)Sαβ = ε
†j

(λ)
M ji
αβ ε

i
(λ) = Tr

(
Mαβ ρ(λ)

)
, (A6)

where the polarization 3-vectors ε(λ) refer to an arbitrary
direction S as explained in Sect. II, and the matrix M ji

αβ is
independent of λ and S. In Eq. (A6) we introduced the spin
density matrix for a pure spin state of the hadron in the rest
frame, with spin projection λ on the direction S, according to
[see Eq. (9)]

ρ
i j

(λ)
= εi
(λ) ε

†j

(λ)
=

1
3

(
1 +

3
2
λ (Σ · S)

) i j
− T i j

(λ)
, (A7)

where the symmetric and traceless tensor T i j

(λ)
is defined by

T i j

(λ)
=

3λ2 − 2
2

(
SiS j −

1
3
δi j

)
. (A8)

Following Ref. [9], we introduce the matrices(
Σ
kl
) i j
=

[
1
2

(
Σ
k
Σ
l + ΣlΣk

)
−

2
3
δkl1

] i j
. (A9)

The spin density matrix Eq. (A7) then can be expressed by12

ρ
i j

(λ)
=

1
3

[
1 +

3
2
λ (Σ · S) + 3

(
Tkl
(λ) Σ

kl
)] i j

. (A11)

It is easy to check that the spin density matrix of Eq. (A11)
satisfies the relations

Tr ρ(λ) = 1, (A12)

Tr
(
ρ(λ) Σ

k
)
= λ Sk, (A13)

Tr
(
ρ(λ) Σ

kl
)
= Tkl
(λ). (A14)

Returning now to the problem of constructing the matrices M i j
αβ

from Eq. (A6), we see from the relations Eqs. (A12)–(A14)
that we simply have to perform the replacements

λ S → Σ and T i j

(λ)
→ Σi j, (A15)

everywhere in Eq. (A4), where Σ and Σi j act in the hadron spin
space. We write the required matrix M in the form

M(x, kT ) =
(
A B
C D

)
, (A16)

where A, B,C,D are 3 × 3 matrices in the hadron spin space.
To derive their explicit forms, we use the regular representation

12 This is the analogue of Eq. (8) in Ref. [24] for a pure spin state of the hadron
characterized by the spin projection λ onto the arbitrarily chosen direction
S. In fact, if we parametrize the tensor of Eq. (A8) in the form of Eq. (3) of
Ref. [24] as

T
i j
(λ)
=

1
2

©«
SLL + S

11
TT S12

TT S1
LT

S12
TT SLL + S

22
TT S2

LT

S1
LT S2

LT −2SLL

ª®®¬ , (A10)

with S22
TT = −S

11
TT , then the quantities SLL , Si

LT and Si j
TT precisely agree

with the forms given in Eqs. (19)–(21).
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of the matrices Σ and Σkl to obtain finally

A =
©«

f − 1
3 fLL + gL

|kT |√
2mh

e−iφ g(+)T

k2
T

m2
h

e−2iφ fTT
|kT |√
2mh

eiφ g(+)T f + 2
3 fLL

|kT |√
2mh

e−iφ g(−)T

k2
T

m2
h

e2iφ fTT
|kT |√
2mh

eiφ g(−)T f − 1
3 fLL − gL

ª®®®®¬
,

(A17)

B =
©«
|kT |
mh

eiφ h⊥L
√

2 h 0
k2
T√

2m2
h

e2iφ h⊥T 0
√

2 h

0 k2
T√

2m2
h

e2iφ h⊥T −
|kT |
mh

eiφ h⊥L

ª®®®®¬
, (A18)

C =
©«
|kT |
mh

e−iφ h⊥L
k2
T√

2m2
h

e−2iφ h⊥T 0
√

2 h 0 k2
T√

2m2
h

e−2iφ h⊥T
0

√
2 h −

|kT |
mh

e−iφ h⊥L

ª®®®®¬
, (A19)

D =
©«

f − 1
3 fLL − gL −

|kT |√
2mh

e−iφ g(−)T

k2
T

m2
h

e−2iφ fTT

−
|kT |√
2mh

eiφ g(−)T f + 2
3 fLL −

|kT |√
2mh

e−iφ g(+)T

k2
T

m2
h

e2iφ fTT −
|kT |√
2mh

eiφ g(+)T f − 1
3 fLL + gL

ª®®®®¬
,

(A20)

where

g
(±)

T = gT ± fLT , (A21)

and φ is the azimuthal angle defined by kT = |kT | (cos φ, sin φ).
By construction, A and D are hermite, and C = B†. The
positivity conditions for the TMDs are then equivalent to the
requirement that all six eigenvalues of the matrix given by
Eq. (A16) are semi-positive for all values of x and k2

T .13 There-
fore, the nine T-even TMDs for a spin-one target should satisfy
6 (sufficient) positivity conditions, however from the positivity
of the principal minors of the matrix given in Eq. (A16) it is
possible to obtain numerous necessary conditions. For example,
positivity of the 1-dimensional principal minors gives

f +
2
3

fLL > 0, (A22)

f + gL −
1
3

fLL > 0, (A23)

f − gL −
1
3

fLL > 0, (A24)

and positivity of the 2-dimensional principal minors implies:(
f +

2
3

fLL

) (
f + gL −

1
3

fLL

)
− 2 h2 > 0, (A25)(

f −
1
3

fLL

)2
− g2

L − 4 f 2
TT k̂4

m > 0, (A26)(
f −

1
3

fLL

)2
− g2

L − 2 h⊥L
2 k̂2

m > 0, (A27)

13 See Ref. [55] for a general discussion of positivity conditions.

(
f +

2
3

fLL

) (
f − gL −

1
3

fLL

)
− 2 h⊥T

2 k̂4
m > 0, (A28)(

f +
2
3

fLL

) (
f − gL −

1
3

fLL

)
− g
(−)

T
2 k̂2

m > 0, (A29)(
f +

2
3

fLL

) (
f + gL −

1
3

fLL

)
− g
(+)

T
2 k̂2

m > 0, (A30)

where k̂m ≡
|kT |√
2mh

andwe have dropped the (x, k2
T )-dependence

of the TMDs to aid clarity. Note, Eqs. (A22)–(A25) imply the
naive positivity conditions given in Eqs. (32)–(35).
For the kT -integrated case the matrices A, B, C and D take

the simple form

A(x) = ©«
α(x) 0 0

0 β(x) 0
0 0 γ(x)

ª®¬ , (A31)

B(x) = ©«
0
√

2 h(x) 0
0 0

√
2 h(x)

0 0 0

ª®¬ , (A32)

C(x) = ©«
0 0 0

√
2 h(x) 0 0

0
√

2 h(x) 0

ª®¬ , (A33)

D(x) = ©«
γ(x) 0 0

0 β(x) 0
0 0 α(x)

ª®¬ , (A34)

where we have defined

α(x) ≡ f (x) −
1
3

fLL(x) + g(x), (A35)

β(x) ≡ f (x) +
2
3

fLL(x), (A36)

γ(x) ≡ f (x) −
1
3

fLL(x) − g(x). (A37)

The positivity of the eigenvalues of the matrix given in
Eq. (A16), for the kT -integrated case, gives three sufficient
positivity conditions for the PDFs of spin-one hadrons. These
conditions can be expressed as

f (x) − g(x) −
1
3

fLL(x) > 0, (A38)

2 f (x) + g(x) +
1
3

fLL(x) > 0, (A39)(
f (x) +

2
3

fLL(x)
) (

f (x) + g(x) −
1
3

fLL(x)
)
> 2 h(x)2,

(A40)

where the final inequality is the generalization of the Soffer
bound [41] for a spin-one target [9, 24]. By noting that the
two expressions in the brackets of Eq. (A40) must be non-
negative, otherwise there is a contradiction with Eq. (A39),
it is straightforward to obtain the naive positivity conditions
given in Eqs. (36)–(38). Then, if we use the relation g(x) 6
f (x) − 1

3 fLL(x) in the second expression on the left-hand side
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of Eq. (A40), and the result f (x)+ 1
6 fLL(x) > 0, the condition

given by Eq. (A40) leads to

|h(x)| 6 f (x) +
1
6

fLL(x) 6
3
2

f (x), (A41)

which is the naive positivity relation given in Eq. (39).

B. EXPLICIT RESULTS FOR RHO TMDS AND PDFS

For the explicit calculation of the leading-twist TMDs of the
spin-one ρ+ meson we have used the NJL model regularized
using the proper-time scheme. In this regularization scheme
the denominators of the loop integrals are replaced by

1
Dn
=

1
(n − 1)!

∫ ∞

0
dτ τn−1 e−τD (B1)

→
1

(n − 1)!

∫ 1/Λ2
I R

1/Λ2
UV

dτ τn−1 e−τD, (B2)

where ΛUV is the ultraviolet and ΛIR the infrared cut-off. The
gap equation given in Eq. (41) then takes the form

M = m +
3Gπ

π2

∫
dτ

e−τM
2

τ2 , (B3)

where here, and in the following, we drop the regularization
parameters on the proper-time integration to aid clarity. The
bubble graph of Eq. (44) in the proper-time regularization
scheme becomes:

Πρ(p2) = −
3p2

π2

∫ 1

0
dx

∫
dτ
τ

x(1 − x) e−τ[M
2−x(1−x)p2].

(B4)

The form of the coupling constant Zρ can then be obtained
from Eq. (48) as

Z−2
ρ =

3
π2

∫ 1

0
dx

∫
dτ

× x(1 − x)
[

1
τ
+ x(1 − x)m2

ρ

]
e−τ[M

2−x(1−x)m2
ρ]. (B5)

We now present the explicit results for the ρ+ meson TMDs
and PDFs. Firstly, we give results for the Lorentz tensors
〈Γ〉µν(x, kT ) of Eq. (49). For Γ = γ+ we obtain14〈

γ+
〉µν
(x, kT ) ≡ gµν f1(x, k2

T ) +
gµ+gν+

p+p+
p2 f2(x, k2

T )

+
gµ+gν− + gµ−gν+

p+
f3(x, k2

T )

+
g+µgνi + g+νgµi

p+
kTi f4(x, k2

T )

+ gµigνi f5a(x, k2
T ) − g

µigν j kTi kT j f5b(x, k2
T )

+
pµpν

p2 f6(x, k2
T ) +

gµ+pν + gν+pµ

p+
f7(x, k2

T )

+
(
gµipν + gνipµ

)
kTi f8(x, k2

T ), (B6)

14 Note, there is no summation over i in the term proportional to f5a in Eq. (B6).

where we defined

f1(x, k2
T ) = −

3 Z2
ρ

4 π3

∫
dτ e−τ A

×

[
1 − 2 x(1 − x) + x(1 − x)p2τ

]
, (B7)

f2(x, k2
T ) = −

3 Z2
ρ

4 π3

∫
dτ e−τ A

×
[
1 − 6x(1 − x) + x(1 − x)(1 − 2x)2p2τ

]
, (B8)

f3(x, k2
T ) = 0, (B9)

f4(x, k2
T ) = −

3 Z2
ρ

4 π3

∫
dτ e−τ A

× (1 − 2x)
[
1 + 2 x(1 − x)p2τ

]
, (B10)

f5a(x, k2
T ) =

3 Z2
ρ

2 π3

∫
dτ e−τ A x(1 − x), (B11)

f5b(x, k2
T ) =

3 Z2
ρ

π3

∫
dτ e−τ A x(1 − x) τ, (B12)

f6(x, k2
T ) =

3 Z2
ρ

π3

∫
dτe−τ A x2(1 − x)2p2τ, (B13)

f7(x, k2
T ) =

3 Z2
ρ

4 π3

∫
dτ e−τ A

×
[
2 x(1 − x) +

[
1 − 6x(1 − x) + x(1 − x)(1 − 2x)2p2τ

] ]
,

(B14)

f8(x, k2
T ) =

3 Z2
ρ

2 π3

∫
dτ e−τ A x(1 − x)(1 − 2x) τ. (B15)

For Γ = γ+γ5 we obtain〈
γ+γ5

〉µν
(x, kT ) ≡ iε+µν− g1(x, k2

T )

+
iε+µνi

p+
k iT g2(x, k2

T ) + iεαµνi pα k iT g3(x, k2
T ), (B16)

where

g1(x, k2
T ) =

3 Z2
ρ

4 π3

∫
dτ e−τ A[

1 + x(1 − x)p2τ − 2(1 − x) k2
T τ

]
, (B17)

g2(x, k2
T ) = −

3 Z2
ρ

4 π3

∫
dτ e−τ A, (B18)

g3(x, k2
T ) = −

3 Z2
ρ

2 π3

∫
dτ e−τ A x(1 − x) τ. (B19)

For Γ = γ+γiγ5 we obtain〈
γ+γiγ5

〉µν
(x, kT ) ≡

1
p+

iεµνi+ h1(x, k2
T )

+
1
p+

[
gµ+iενi−+ − gµ+iενi−+

]
h2(x, k2

T )

+
[
gµ j kT j iενi−+ − gν j kT j iεµi−+

]
h3(x, k2

T )

+
[
pµiενi−+ − pνiεµi−+

]
h4(x, k2

T ), (B20)
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where

h1(x, k2
T ) =

3 M Z2
ρ

4 π3

∫
dτ e−τ A (1 − x)p2τ, (B21)

h2(x, k2
T ) =

3 M Z2
ρ

4 π3

∫
dτ e−τ A

[
1 − (1 − x)(1 − 2x)p2τ

]
,

(B22)

h3(x, k2
T ) = −

3 M Z2
ρ

2 π3

∫
dτ e−τ A (1 − x) τ, (B23)

h4(x, k2
T ) = −

3 M Z2
ρ

2 π3

∫
dτ e−τ A x(1 − x) τ. (B24)

In all the expressions given above A = k2
T + M2 − x(1 − x)p2

and these results hold completely off-shell. By integrating
Eq. (B6) over x and kT , it is easy to confirm the result of the
Ward identity given in Eq. (51).

The ρ+ meson TMDs can be obtained by contracting these
formulas with Eq. (9). The resulting TMDs are

f (x, k2
T ) =

Z2
ρ

2 π3

∫
dτ e−τ A

[
2 x(1 − x)

(
1 − τ k2

T

)
+ 1 + x(1 − x) [1 + 2 x(1 − x)]m2

ρ τ
]
, (B25)

fLL(x, k2
T ) = −

3 Z2
ρ

4π3

∫
dτ e−τ A

×
[
1 + x(1 − x)

[
(1 − 2x)2m2

ρτ − 2 τ k2
T − 4

] ]
, (B26)

fLT (x, k2
T ) = −

3Z2
ρ

4 π3

∫
dτ e−τ A (1 − 2x)[

1 + 2x(1 − x)m2
ρτ

]
, (B27)

fTT (x, k2
T ) =

3 Z2
ρ

2π3

∫
dτ e−τ A x(1 − x)m2

ρ τ, (B28)

gL(x, k2
T ) =

3 Z2
ρ

4 π3

∫
dτ e−τ A[

1 + x(1 − x)m2
ρτ − 2(1 − x) τ k2

T

]
, (B29)

gT (x, k2
T ) =

3 Z2
ρ

4 π3

∫
dτ e−τ A

[
1 + 2 x(1 − x)m2

ρ τ
]
,

(B30)

h(x, k2
T ) =

3 Z2
ρ M

4 π3 mρ

∫
dτ e−τ A

[
1 + 2 x(1 − x)m2

ρ τ
]
,

(B31)

h⊥L(x, k
2
T ) = −

3 Z2
ρ M

2 π3 mρ

∫
dτ e−τ A (1 − x)m2

ρ τ, (B32)

h⊥T (x, k
2
T ) = 0, (B33)

where A = k2
T +M2− x(1− x)m2

ρ. Integrating these expressions
over kT , we get the formulas for the ρ+ meson PDFs as follows:

f (x) =
Z2
ρ

2 π2

∫
dτ e−τ B

1
τ

[
1 + x(1 − x) [1 + 2x(1 − x)]m2

ρ τ
]
, (B34)

fLL(x) = −
3Z2

ρ

4π2

∫
dτ e−τ B

1
τ

[
1 − 6x(1 − x) + x(1 − x)(1 − 2x)2m2

ρτ
]
, (B35)

g(x) =
3 Z2

ρ

4 π2

∫
dτ e−τ B

[
2x − 1
τ
+ x(1 − x)m2

ρ

]
, (B36)

h(x) =
3 Z2

ρ M

4 π2 mρ

∫
dτ e−τ B

[
1
τ
+ 2 x(1 − x)m2

ρ

]
, (B37)

where B = M2− x(1− x)m2
ρ. From Eqs. (B5), (B34) and (B35),

it is easy to confirm the sum rules given in Eqs. (53) and (54).
Finally, we remark that it is straightforward to derive the

expressions for the elementary u→ ρ+ fragmentation process
from the formulas given in this Appendix as follows: If we
compare the operator definition of Eq. (11) to the corresponding
definition for the fragmentation functions, as given for example
by Eq. (II.1) of Ref. [38], we see that one can obtain the
fragmentation matrix from the TMD matrix given by Eq. (12)
by the following 3 steps: First, replace x → 1/z , where z
denotes the scaling variable for the fragmentation functions.
Second, replace kT → −p⊥/z, where p⊥ denotes the transverse
momentum of the produced hadron relative to the direction of
the momentum of the fragmenting quark. Third, multiply an
overall factor 1/(6 z).
As emphasized in Ref. [56], this prescription can be ap-

plied to obtain the fragmentation functions for the elementary
process from the corresponding distribution functions, but in
order to describe the behavior of the empirical fragmentation
functions one needs to take into account multi-fragmentation
processes [38].
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