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Numerical semi-classical calculations are carried out to study the angular distribution of
deuterons from the p,d pickup reaction of 25 MeV protons incident on the nucleus '*°Gd and also its
proton elastic scattering. It is found that, due to the rapid fall of the real optical potential in the
vicinity of the target nucleus, the classical trajectories are very sensitive to the proton impact
parameters. A selection of 276,983 trajectories is used for protons with impact parameters p,
satisfying 7.23018 fm <b,<10fm with steps of 107°fm . Using the imaginary part of the optical
potential for protons, a simple quantum approach is constructed to evaluate the probability of a
surviving proton throughout its path. In addition, a simple three-body quantum approach is
developed to calculate the probability of a neutron transfer by a surviving proton at closest approach.
The formed deuteron is then allowed to start its trajectory while keeping its identity until detected.
Throughout this journey, the deuteron trajectory is under the influence of its Coulomb and real
optical potential, while its absorption is determined by the imaginary optical potential component.
Within estimated uncertainties, the resulting theoretical angular distribution achieves a comparable
fit with experimental results for the angular momentum transfer L=0 compared to other theoretical
models, and concludes that the strong p,d cross sections are due to the dominant s, component of the

Nilsson 1" [400] level in *°Gd.
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I. INTRODUCTION

Serious efforts have been made in recent years for the
measurement of nuclear-reactions involving deformed
nuclei. Still, a large amount of information and theoretical
questions remain.

Inspired by the doctoral thesis of Tim Ross [1] under
the guidance of Prof. Con Beausang, and the data in their
three publications with colleagues [2,3,4] we have
undertaken to develop a semi-classical theoretical model to
both the '°Gd (p,p) and '°Gd (p,d) reactions. The
experimental data mostly come from collaboration at
cyclotrons at Lawrence Berkeley National Lab and at the
Texas A & M cyclotron in College Station, TX. Unlike to
Ref. [5], where a neutron is considered to form a compound
nucleus, we avoided considering cases when protons with
small impact parameters interact with the rotational Gd
nucleus to form a compound nucleus.

Also, in this study we treated semi-classical calculations
for both neutron-pickup and elastic scattering for 25 MeV
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protons incident on '*°Gd nuclei. With this model, we did
not attempt to calculate a two-neutron pick-up and compare
it with other work [6,7,8].

It is rare to consider semi-classical calculations as a
solution to the problem at hand. However, considerable
theoretical classical-trajectory calculations have produced
reliable results in many studies such as Radi et al. [9].

Here we make comparison with DWBA angular
distribution results in earlier publications [10, 4].

Experimental p,d relative cross sections for Gd targets,
labeled by the mass number of the final nucleus are shown
in Fig. 1 (see Fig. 63 of Ref. [1]). This figure shows that the
3 [400] band is the most highly populated in *>'*’Gd via
the (p,d) reaction.

We attempt to rationalize some of the patterns of Fig. 2
[10,4], but without invoking the double-BCS model of S.Y.
Chu et al. [6] in which the BCS equations are applied
separately to the upgoing and downgoing Nilsson levels as
quadrupole deformation increases. We note the dominance
of orbitals 3" [400] and 3 [402] from below the 82 shell
gap. They both have substantial wave functions at the
north and south poles of the target nucleus.
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FIG. 1. Relative cross sections for p,d reactions on three even-
even Gd targets (from T. Ross er al.[2]). The excitation energy of

the Nilsson band-head energies for '*>Gd are also taken from data
in Allmond et al. [10] work.
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FIG. 2. (Top) The experimental angular momentum transfer
L=0 data of Allmond et al. [10] and L=0 DWBA [11] angular
distributions for the direct population of the 367-keV, %Jr [400].
(Bottom) The experimental data of the level 729 keV are the
colored dots with error bars and are taken from Fig. 7 (e) of T.
Ross et al. [4]. The graph shows the DWBA angular distributions
fit which is best characterized by L=0,1,4. The three different L
values are: solid black for L=0; colored line running through the
highest point for L=1, and a dot-dash black line for L=4.
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The p,d reaction states 1 [400] in **"*'Gd and their
relative intensities of Ref. [10, 4], are shown in Table I.

TABLE I. Experimental results from TABLE III of Ref. [10]
and VII of Ref. [4]. The relative yields for levels directly
populated by the "**Gd(p,d)"*>Gd and '*3Gd(p,d)"*’Gd reactions
are indicated. Yields (/) are shown relative to the state with the
highest cross section, the 171400] . Relative yields are measured
between 33 and 55 with respect to the beam axis.

Nucleus  E(keV) Iy J*  QF[Nn.A]
SGd  367.66(10) 100(16) L7 17[400]
"'Gd 68290 (4) 100(4) 1 17[400]

Motivated by these results and the fact that the
wavelength of the incoming proton is considerably smaller
than the nuclear size, we can simplify the theoretical
treatment of L=0 for the '*°Gd target by considering a semi-
classical approach as denoted previously. Also, the code
developed by this treatment is simpler than earlier
computer program codes: such as the DWUCK [11],
CHUCK [12], PTOLEMY [13], and FRESCO [14] codes.

II. NUCLEAR DEFORMATION AND
POTENTIAL

The p,d reaction of a 25 MeV proton with *°Gd is
mainly a peripheral one. This will be evident from this
study. We consider quadrupole and hexadecapole
deformations of a prolate spheroidal Gd nucleus. When an
angle J is measured from the nuclear major axis, the
radius of the nucleus at any angle 0< ¥ <27 is given by:

RT(Z):RTO (148, Y00+ B, Y, (D], (1

where we used the monopole radius R, =r, 41" (with
U012 fm [15,16]), £,=0.271, and f3,=0.088 [17]. In
addition, we assume that transfer occurs at the point of
closest approach (CA), which is indicated by a distance 7.,
from the center of the target nucleus (see Fig. 3). In the lab,
we consider a stationary *°Gd target nucleus and a proton
coming from infinity at # = 0 with a speed Up and impact

parameter bp (see Fig. 3).

Teallca) = R((){';\)+d Z'
|

FIG. 3. Schematic diagram for the scattering trajectory of a
proton on a deformed Gd nucleus (exaggerated scale).
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The simplest spherical liquid-drop density model is
given by a constant nucleon density p, out to a radius Rr.
For a nucleus of any mass number A4, this density has
nearly the value p,=0.138 nucleon/fm*[18,19,20]. The
sharp-surface model can be improved if we allow the
surface to be diffuse. This can be done by considering the
following  well-known, two-parameter ~Wood-Saxon
distribution [21]:

Po

Ry)/a

= [a = nuclear diffuseness]. (2)
l+e

Pr (r)=

The value of a determines the nuclear-skin thickness
t=4aln3, at which p.(r) decreases from 0.9p, to 0.1p, .
From Atomic Data and Nuclear Data Tables, we take the
value a=0.576fm [21,22,23,24,25], which gives
t=2.53fm. For a deformed “°Gd with Ri=r A7
=6.46 fm, Eq. (1) gives a major axis (north pole) with
value (Rr)mx=8.045fm and a minor axis (equator) with
value (Rr)mn, =6.088 fm. Fig. 4 shows the variation of
nuclear density along the major axis (a) and minor axis (b).
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FIG. 4. (a) Variation of the nuclear density of a **Gd nucleus
along the major axis and (b) along the minor axis.

For a general treatment of the problem, we consider the
reaction T(p,0)R, where T is the '*°Gd target nucleus (mass
mr), p is the incoming proton (mass Mp), o is the
outgoing particle (mass ), and R is the residual nucleus
(mass myg ). The center of mass (c.m.) of the system has a
constant velocity vyt =(mp0p)/my , where m,, is the
total mass of the system. The initial lab kinetic energy of
the proton is Kp*(= Ev*)=<m,v;. Therefore, the initial
kinetic energy of the system in the center of mass frame is:

c.m.

= tm (o5) 3)

The initial relative kinetic energy is the difference
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between the two energies and will be the energy available
for the collision of the proton with the target nucleus. Thus:

cm __ | 2

pT _EﬂpT Up > 4)
where Wyt =mpmr/(mpy+mz) is the reduced mass of the
proton (p) colliding with the target nucleus (T).

For (p,p) and (p,d) reactions, conservation of energy of
the system for the incoming (in) and outgoing (out)
channels leads to:

L 0° +Upt (r, E3°), [in & out]

cm. _ ] 2_
pT —2 lupT P

.(5)
Ll 0 + Uk (7, E5"), [out]

where v is the speed at any distance » from the center of
the nucleus (7., <r <o) for the proton or the outgoing
particle. For classical trajectories, the terms Upr and Uor
are the total Coulomb plus only the real part of the optical
potentials for the proton-target interacting system and
outgoing-residual interacting system, respectively.

Based on the C. Perey and F. Perey [26] compilation,
this potential depends on the energy of the interacting
particle and the constituents of the nucleus. The total
potential can be written as a sum of a Coulomb-potential
term plus a complex optical-potential term. For the proton
interaction, we have:

C 0 R
UpT (raEéab):VPT (r)-’_I/PTpt (raElgab )+l I/VPTPt (l", Elgab) . (6)
For a proton interacting with a nucleus of atomic number

Zr and mass number A, a uniform spherical charge
distribution is considered [26] for the Coulomb term by

taking the nuclear radius to be Ry =ryAY, with
ry =1.25fm . Thus:
1 Z,Z.€
I i (r=RY)
VC( ) 4re, r
r)= .7
pT 1 ZPZTe2 }/’2 . ( )
— 3= "r<Ry)
4re, 2R; (Ry)

Here we accept the non-dependence of the quadrupole and
hexadecapole contributions to the Coulomb interaction.

The real part of the optical potential contains a spin-
independent central potential (indicated by the superscript
“ce”) plus a spin-orbit potential (indicated by the
superscript “so”). Based on Ref [26], the real and
imaginary parts of the optical potential can be written as:

T (B )=T3 (BE) f (x5 ) = Ve ™ 1 () (9)

SO
rap

D
Wt (r, E&°)= =W, f(x3%)=4W,2 ™ f2(xD), (9)

f(x;'T)=l/[1+ex3TJ,

n __ n /3 n
Xor =(r=r A7)/ ag,

where (n=ce,so, W,D). (10)
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In case of an outgoing particle o (deuteron, tritium, etc.)
interacting with a residual nucleus R, a similar relation to
Egs. (6)-(10) holds, except the subscript pT is replaced by
the subscript oR. Thus:

Uk (7, E&™)=Vog (1) Vo (r, ES®)+iWo (1, E5®) . (11)

Table II [26] lists the parameters of the proton’s optical
potential for the real part and imaginary part, Eq. (6). Table
IIT [26,27] lists the parameters used in the optical potential
when the outgoing particle is a deuteron (d) interacting
with a residual nucleus é:; Ry , Eq. (11). In the deuteron
case, the parameters that have no values are indicated by
the symbol & . We used the monopole radius Rro =7, Ak’
with 7,=1.2fm[15,16]. For displaying the residual nucleus
shape, '>Gd, we will use ,=0.252, and £,=0.083 [17].

Fig. 5 shows the results of using the real parameters of
Table II and Table III in calculating the real optical
potential for *°Gd(p,p)'*°Gd, Eq. (6), and *°Gd(p,d)"*°Gd,
Eq.(11), when E,"=25MeV .

(p,p)*°8Gd, (p,d)'>Gd, E}§P=25 MeV

LIS NN SR NNNNNTL Y N S IR NN IR B B B
%; lg — (Rp)max® (RR)Jmax E
S 0f :
: - = < Opgmm o]
,g -30 _—(R'I')min"‘\"(Rl{)min g E l 47
g -40 - = =
2 -50 | > 5 pi
@ -60 — Proton IE i (b)7]
= C = ERRARRRANAT

g -70 ke
O ol (B R e
:{3 - B r(fm) 4
& 90 [~ Deuteron .
-100 1 [ T [ T

0 2 4 6 8 10 12 14
r (fm)

FIG. 5. (a) Values of the real optical potential (central + spin-
orbit) for protons (red) and deuterons (black) [26]. The assumed
sharp maximum and minimum radii of the target and residual
nuclei and their corresponding potential values are displayed. (b)
The small contribution of the spin-orbit term to the total real
optical potential for protons is displayed in a smaller window.

Figure 5 indicates that the attractive real optical
potential is of the order of —5MeV when the proton
touches the nuclear surface at the north pole and we assume
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a sharp-nuclear-surface of the target. If the proton touches
the equator, the optical potential goes to a much greater
negative value of about —33 MeV . Therefore, a peripheral
reaction near the equator is much less probable due to the
strength of the nuclear attraction. When we study proton
trajectories with different impact parameters, we will find
that a peripheral reaction is more probable near the north
and south poles of the prolate nucleus.

For deuterons, Fig. 5 showes that the attractive real
optical potential is of the order of —10 MeV when the
deuteron is formed at the north pole of the nuclear surface.
If the deuteron is formed near the equator, where the real
optical potential is about —52 MeV , then one should expect
that the deuteron will be attracted to the residual nucleus.

III. PROTON AND DEUTERON
TRAJECTORIES

In addition to energy conservation given by Eq.(5), the
angular momentum of the proton with respect to the c.m. is
also considered to be conserved. This approximation is
accepted for grazing trajectories since the nuclear potential
has a small effect on the conservation of angular
momentum. We use the relation between the magnitude of
the proton’s angular momentum at the initial point (7, 6;)
and at any point (r,8) (see Fig. 3) and applying the real
upper part of equation Eq. (5), to find the following:

dr | Up by, Jab

E—i ,/-2 F;;T(f",bp,Ep ),and (12)
d .
g = Fr(rby, Ei*)., (13)

where the function Fir depends on the proton’s position,
impact parameter, lab energy, the kind of target nucleus
under consideration, and can be written as:

{1_( )2}_Re[UpT(r,Eéab)]

Eq. (13) is an ordinary first-order differential equation that
cannot be solved analytically due to the existence of a
complicated potential in the square root of the right hand
side of Eq. (14). On the other hand, Eq. (13) can be solved
numerically for the incoming-proton channel and/or the
outgoing proton or deuteron channels.

2
r

B (r,by, B ):b_
p

by

r

(14)

TABLE II. Optical potential parameters used when a proton interacts with a target nucleus 7' Ty, [26].

Vit [54—032E 4 24(Ne —Z1)/ Ar+04(Ze | ADIMeV 7 117fm 4y 0.75fm

Vo' 62MeV R 10lfm af 0.75 fm

W [0.22E£° -2.7] MeV W 1.32 fm ag [0.5140.7(NT — Z1)/ A7] fm

Wit [11.8—-0.25 E5° +12(N1 — Zr)/ Ar] MeV r;?c 1.32 fim apr [0.51+0.7(Nt — Z1)/ Ar] fm
Ty 1.25 fm
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For the incoming channel with an impact parameter by ,
we start from an initial large angle @;=179.96° and
calculate the initial values (see Fig. 3):

ri=by / sin(z — 6;) >10,000 fm,

15
D =b,/ tan(zr —6;)>10,000 fin. (13)

Then we integrate Eq. (13) until we reach the point of
closest approach (rc,,8ca), 1.€., (8;< 80 < 8¢,) . Since both
r and 6@ decrease in the incoming channel, the positive
sign of Eq. (13) is selected. Thus:

dr

de

When the proton reaches the point of CA, its velocity will

be tangent to its trajectory and the condition dr/d 9|CA= 0
must be fulfilled. This will lead to the following relation:

Re| Upt (10 ) |
1= M :
Esr

For the outgoing-proton channel, we start from the point
of closest approach (r.,,8.,) and integrate Eq. (13) to the
final values (r,8;), where 7=2x10° fm and 6., <6 <86;.

Since r increases while @ decreases, the negative sign of
Eq. (13) must be selected. Thus:
dr lab

T For(r,by, Ep”) , (outgoing proton).

=+Fr(r,by, E3®), (incoming proton).

(16)

a7

bp =N

(18)

We consider cases for a particular range of b, that
produces CA points that lie within the short-range-tails of
the nuclear matter. When a proton (p) reaches the point of
CA at a distance rc, , there is a chance that this proton can
pick up a neutron. Then, the c.m. energy of the formed
deuteron (d) in the outgoing channel will be:

dcfin = EpCTm + Q_Eexc > (19)

where Q is the Q-value of the T(p,d)R reaction and FEexc
is the excitation energy of the residual nucleus R. This c.m.
energy Egx must correspond to a deuteron coming from
infinity with a speed ©4, impact parameter by and lab
energy EF° given by:

E{® = (mg+mp (ES™ +Q—Eo)/Mr . (20)

exc

Thus, in the deuteron outgoing channel, we start from the
CA of the deuteron and solve the differential equation:

j_; =—Fir (r,b, ,E{®), (outgoing deuteron), (21)

where the function Far depends on the position, energy,
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the calculated impact parameter of the deuteron (as well as
the constituents of the residual nucleus R), and is given by:

b_d)2 }_ Re[UdR (7, E}f‘b)}

CM
Edr

(22)

2
Far(r.b., Ei)="_ {1—
ax ( by , (r

Additionally, we consider the deuteron’s CA point to
coincide with the proton’s CA point, i.e., 7., is common to
both the proton and deuteron trajectories at a given impact
parameter. At this point, the deuteron’s velocity will be
tangent to its trajectory and the condition dr/d 9|C A=0 for
the outgoing deuteron must be fulfilled. This will lead to
the following relation for by :

_ Re[Ur (rea, i) |

CM
Edr

b, =1, (23)

The numerical solutions of Eq. (18) produce proton
trajectories that penetrate the nuclear matter when the
impact parameters satisfies b, <6.911227 fm For the range
6.911228fm <bp< 6.912695fm, the proton’s trajectories
will not penetrate the nuclear matter, but produce the
proton’s final deflection that is less than —90°. Of course
these protons cannot be detected. For an impact satisfying
6.912695 fm <bp<7.076 fm, we get deflections in the
range —90°<6, <0°.

The restriction established for proton trajectories also
applies to deuterons at the CA if by < 7.229271 fm . This
results from satisfying the condition of choosing one
common point for the proton’s and deuteron’s CA, as if
forcing the deuteron to come from infinity and reach this
particular common value 7., . From bp=7.229271fm to
the value bp<7.230175fm, the solution produces
deuterons at CA but with final angles less than 64 <—-90°.
We get deuterons in the forward direction when the
proton’s impact satisfies bp>7.23018 fm . This allows us
to conclude that the neutron pick-up process occurs mostly
near the poles of the nucleus for this value of energy
Ey"=25MeV .

Figure 6 displays the proton’s trajectories when only
five selected impact parameters are chosen, bp=7.24, 7.26,
7.28, 7.30, and 7.32 fm. At the point of CA, we considered
the possibility that the incoming proton trajectory might
either continue as an outgoing proton trajectory, or result in
an outgoing deuteron trajectory when the proton picks up a
neutron. So, figure 6 displays both possibilities of
existence. The range of the proton deflection angle A8, is
relatively small (from 9.45° to about 12.65°);

TABLE III. The optical-model parameters used when a deuteron interacts with a residual nucleus 7*Ry, [26,27].

ViR [81-0.22 E5 4 2(Zg / AL*)] MeV e
SO
I/d @ ’H(SO)
/28 [14.4—0.24 E] MeV P
C
)

1.15 fm ag 0.81 fm
%) ag’ %)

1.34 fm b 0.68 fn
1.15fin
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while due to the relatively strong attractive optical
potential, the range of the deuteron deflection angle Ag, is
relatively larger (from —58.5° to —12.45°). In the same
figure we represent the point of the CA by a small red dot.
At this point, and for the five selected impact parameters,
the average Coulomb potential is about 10 MeV and the
average real optical potential for the protons and deuterons
are respectively about —1.5MeVand -29MeV. As
expected, protons with big impact parameters, b,>10 fm,
will suffer small deflections and their chance to pick-up a
neutron from the Gd nucleus is extremely small. On the
other hand, if the proton encountered the nucleus from the
south pole, the angles of the outgoing protons will be
negative, while the deuteron angles will be positive. In this
work we consider only protons with impact parameters that
lie in the yz plane and above the y-axis. Rotating the y-axis
by 90 degrees produces trajectories that can be viewed
experimentally in an xz plane.

156Gd(p,p-d)Gd, E§P=25 MeV

16 | T T '| L I L ! LI I L | T 1 1 ]
- 0=-63118MeV |  E =0 MeV
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E \ (T p-lrﬂ]eclorles ______
8 T 7
. [ p-trajectories ]
Eaf
N : N ﬂgd
0F
4 - 156G ,g.,lsscd
i d-trajectories
-8 [ v b b S )y Ly ]

-12 -8 -4 0 4 8 12
v(fm)

FIG. 6. The figure shows five incoming proton trajectories
with a difference of 0.02 fm between each value of 5, . After the
CA, the outgoing proton trajectories acquire a small range of
deflection A @, . If the proton picks up a neutron at CA, the
range of deuteron deflection A6y is much bigger than A§, due
to the greater attraction of the nuclear potential at the CA.

At @=6.,=96.1°, if the proton deflects without
picking up a neutron, the nucleus remains '*°Gd. However,
if the proton picks up a neutron, the nucleus becomes
153Gd. Since the size of '*°Gd is almost identical to *>Gd,
the nucleus drawn in Fig. 7 can be taken to represent either.

Table IV lists the values of the parameters used and
quantities obtained to assemble Figure 6. For the elastic
%Gd(p,p)'*°Gd reaction, the common values used for the
calculations are Ep°=25MeV and Ej&i=24.84MeV . In
addition, for the '*Gd(p,d)'*Gd reaction, the common
values used for the calculations are EjG;=18.529MeV and
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E*=18.768MeV . The last two values are based on Eq.
(19) and Eq. (20) after taking O=—6.312 MeV .

TABLE IV. Different values of 5, and their resulting final values
as depicted in Fig. 6

by (fm) &y(deg) by (fm) 6Gi(deg) r., (fm) a(deg)

7.24 1032 7.024  -47.68 8.99 95.4
7.26 11.11 7.025  -29.59 9.03 95.8
7.28 11.82  7.027 -20.93 9.06 96.2
7.30 12.45  7.029 -15.20 9.09 96.5
7.32 13.11 7.033  -10.89 9.12 96.8

We calculated 276,983 trajectories for protons with
impact parameters satisfying 7.23018 fm <5, <10 fm with
steps of 10~ fim . This range of b, is suitable for forming
deuterons since 7, values lie in the nuclear tail.

Part (a) of Fig. 7 shows the variation of the proton’s
final deflection angle @p with respect to b,. All deflection
angles have positive values with a maximum of about
22.6° atabout 8.5 fm.

Part (b) of Fig. 7 shows the variations of the deuteron
final deflection 6; with b, (assuming deuterons are
produced in this range). For 7.235fm<b, <7.41fm, the
deuteron angles are negative and increase rapidly in the
range -89°<@,<0°. After that region, &, reaches a
maximum of about 26° at about 8.9 fm. Then, 6, starts
to decrease slightly with increasing bp.

The attempts made in Figure 7 should be supplemented
with a quantum study (in the next sections) in order to
calculate the probability of forming a deuteron at the CA,
and also to consider the proton and deuteron absorption due
to the imaginary part of the optical potential.

1:'}:?'3:25 MeV

156Gd(p,p)1566d 155Gd(p,d)155Gd

[T T 7T 7T N L B L

i i 20 =

20 — — C 2]

i - 0 == —]

s [ S 20 -
s I 1 3 » ]
~ 15 (a) A= - (b) -
& [ 1 &40 -
B [l 60— 0= -6312 MeV -

I _ E | Eye=00Mev

10 I i 80 = : =
TP TP PO N PPN ol NP NP PO B

7 8 9 10 7 8 9 10

by, (fm) by, (fm)

FIG. 7 Final deflection angles of 276,983 protons and
deuterons with respect to the proton impact parameter 5, .
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IV. SPHERICAL SQUARE-WELL POTENTIAL
APPROXIMATION

In order to introduce quantum-mechanical effects into
this theoretical treatment, we employ a simple description
for the neutron-tunneling process, avoiding complicated
nuclear potentials as in Ref. [28], target deformations as in
Ref. [15], and detailed analysis of neutron orbitals based on
realistic Nilsson diagrams based on a rounded Wood-Saxon
potential [29]. This is done by assuming a spherical square
well for the neutron-nucleus potential of the heavy nucleus
(referred to as 1) and neutron-proton potential of the
deuteron (referred to as 2). These potentials have the form:
—Voi>

0, r>R;

1

r<R;

Vi(r)= { (i=L2), (24
where R, is the radius of the heavy nucleus and ¥, is its
potential depth. Similarly, R, is the radius of the deuteron
and V,, is its potential depth. The distance r is the
separation between the neutron and the center of the core of
the heavy nucleus for the first system and in the second
system it is between the neutron and proton in the deuteron.

Ignoring the nucleon’s spin, let us consider the time-
independent Schrddinger’s equation of only a single
neutron in the potential given by Eq. (24) as:

" - . —
—2—#V2¢i(r 1V (Mg (F)=Ey,; 9:(7) , (i1=1,2), (25)

1

where Y;j=m,M;/(m,+M;) is the reduced mass, m, is
the neutron mass, M; is the mass of the heavy nucleus (if
i=1) or the proton (if i=2), and 7 is the relative position of
the neutron with respect to the center of mass of the heavy
nucleus (i=1) or the proton (i=2). As known from
elementary studies, the solution of the wave function for
central potentials can be separated into radial and angular
parts as @; () = Rine(r)Y,,(6,9) . For the case of a ground-
state solution (n=1,£=0), we substitute with the form
Ring(r)=u;(r)/r in Eq. (25) to obtain the acceptable
solutions of ¢@;(r) in the two regions of r as:

sin(x; r)
i—F IS R;
o;(r)= i i=1,2) (26)
€ rl , TI2R;
where Kj, k;, A;,and B; (with i=1,2) are given by:
_ 2u;(Vy—1 € D) 2m, |€bi|
i—AlT 2 12
y 2k, sin(k, R,) 2k, kR,
L — S — .= e
" Jar\1+kR” ' Jar \1+k.R,

Finiteness of @ () and the continuity of u#;(r) and
du;(r)/dr leads to the transcendental equation:
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_ kl i
cotar; =——-
1

, where o; =K; R;. (27)

When assuming a spherical °Gd nucleus of radius
Ry=r, A" with 1,=1.24 fm, this choice gives R, =6.69 fm,
which is between the values of (Ry),, and (Rt)m. » S€€
Fig. 4. With this model, it is proposed to search for a
neutron energy level near the top of the potential well that
matches the experimental neutron separation energy,
S.=8.536 MeV [30]. Consequently, the variation of the
depth 7, will lead to this energy level when solving the
transcendental equation given by Eq. (27) and finding
values of ¢, that result from the intersection of the two
functions cote;, and —k R,/ «,. The nuclear potential
depth V), =48.718 MeV produces this top energy level.
This level has a,=9.240 rad and is categorized by the
values x,=1.388 rad/fm and k,=0.640 rad/fm .

The stable weakly-bound deuteron that can be described
by using Eq. (24) has a binding energy &.,=2.2245 MeV
and a matter radius R, =1.975 fm . Using these two well-
known values, we solve the transcendental equation Eq.
(27) and plot both the two functions cote, and
—k,R, / o, versus ¢, . The two functions intersect at one
value @,=1.817rad, which gives V;,=37.3MeV ,
x,=0.92rad/fm , and k,=0.232rad/fm .

V. PICKUP-UP OF A NEUTRON AT THE
POINT OF CA IN A (p,d) REACTION

In the "*°Gd(p,d)'*>Gd reaction, we study the interaction
of a proton with the nucleus until it reaches the point of
closest approach (CA). Then we consider the pick-up of a
loosely bound neutron at CA. This can be done if the *°Gd
nucleus is considered to consist of a '*’Gd nucleus core
plus a valence neutron. This reaction is illustrated as:

p+ 156Gd p+(n +155Gd)= d+ 155Gd

near CA (2 8)

Therefore, if we consider a quasi-break-up process, then
away from the CA we deal only with a two-body problem
as shown in Fig. 3, while near the CA, we deal with a three-
body problem. We let 7 be the position of the proton with
respect to the center of the nucleus.

To treat the interaction generally in the incoming
channel for r,. < r <o, we immediately see that the total
Hamiltonian contains two interactions. The first interaction
is determined by the Hamiltonian Hp(7), which deals
with the proton until a point near the CA and does not
consider a neutron pickup. The real part of Hp(7) governs
the proton’s motion; whereas the imaginary part represents
the absorptive component and facilitates the absorption of
protons and becomes effective in the vicinity of nuclear
matter. Explicitly, this Hamiltonian contains the real and
imaginary potentials given by Eq. (6), which includes the
Coulomb potential, Eq. (7), plus the real and imaginary
optical potentials, Eq. (8) and Eq. (9). Formally, we write:
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~
—

P2
S T BRI (r B, 29)
m

H, ()=
p
The time-dependent Schrodinger equation of the proton is:

S W (F 1) = Hy(F)¥y(F 0).

(30)
The technique of separation of variables allows us to have:

Vo (7,0 = 1(1) @(7) . 31)
We make the ansatz solutions of the wave function @»(7)
and yp(¢) as follows:

B2

P
VS B 0,7 = E0,(). (2)

p

2O =ap@) e ER (33)

where E = Ex" is the proton’s c.m. energy and a(?) is the
probability amplitude at time ¢ that the proton has not been
absorbed by the imaginary optical potential. Initially, at
t=0, when r=o0, we must have apr(0)=1 since the
imaginary optical potential is zero at infinity.

A. Probability of a surviving proton near CA

Eq. (32) is very difficult to solve due to the complicated
form of the optical potential. Instead, we use the results of
the classical trajectories presented in section III,
specifically the variation of » with time ¢. When
substituting from Eq. (31) into Eq. (30), with x»(¢) given
by Eq. (33), and then employing Eq. (32), we get:

indoay(t) = ia, (YW (r, E5"). (34)
Fig. 8 shows the variation of WEWp?pt and W=wr .

(p,p)*°°Gd, (p,d)'°°Gd, EfP=25 MeV

; D O R | | LI | LI | LI | T 11 | T T 1]
2 oF .
e - Deuteron -
> C N
— =2 —
L = ]
45 —4 "_ Proton :
© C \ ]
[= 5 = -
T 6 \\ 7
g= r / ]
% -8 [ ]
a- - -
= E ]
c -10 (R'I')umxz”ek)umx ]
o € > &
18} L -
E _12 L1 1 | L1l | L1l | L1l L1l L1l
0 2 4 6 8 10 12
r(fm)
FIG. 8. For 0<r<12fm, the negative values of the

imaginary optical potential /¥ are displayed for protons (red), Eq.
(9), and with similar equation for the deuteron (black) [26].

Integrating Eq. (34) from ¢=0 to t=tc, and then to
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any value ¢ will give the probability amplitude that the
proton would survive being absorbed until time ¢ . Thus:

t
ay(t)= exp[hlj%‘%‘" (r(2), E™) dt} , 0<t<co. (35)
0

For bp=7.230175 fm, Fig. 9 displays the variation of
r(t), Wy (r(t), EF"), the integration in Eq. (35), and the
survival probability of protons |a,()]* with respect to ¢ (in
yocto seconds, 1ys=107**s) and in a region where W # 0 .

156Gd(p,p)1°%Gd, EjfP=25 MeV
by=7.230175 fm

12

11

r (fm)

10

Lol
L7171

W dr (MeV ys)

FTTTTTTTT

!

J;
|
[N ]
(]
(=]

Tea

[
(=] (=] =
o (=] o
o

I T |
=] o (=] o 2
(=] (=] (=] (=] o
w ™~ oo L=a] o ™~ w

Time 1 (ys) Time 1 (ys)

FIG. 9. Variation with time ¢ when 550ys <7<950ys for (a)
r, (b) W, (¢) [Wudt, and (d) |a,(r)F . For the regions
t<630ys and ¢>875ys , almost no proton absorption occurs.

An offset of 149,236 ys is taken to correspond the zero
time in Fig. 9. This represents the elapsed time from =0
until W™ (r(1), EE*) 0 0. At CA we have tc, = 734.4ys,
rea=8.981m, Wyl'=—1.59 MeV , [ Wy dt=—98.5MeV-ys ,
and a probability of about 74.1% that the proton would
survive absorption by the imaginary optical potential. At
infinity, the probability decreases to about 55 % .

B. Probability of neutron transfer near CA

The second important interaction in the incoming
channel for r,. < r < w , is near the target nuclear matter
and particularly near the CA. This interaction describes the
possible transfer of a loosely-bound neutron from the heavy
nucleus to the proton, forming a deuteron.

With respect to the arbitrary origin o and at a time ¢,
we let ¥ and 7 be the c.m. positions of the target and
proton, respectively, see Fig. 10. In this figure, 7 and 7,
are the positions of the proton with respect to the target
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nucleus and neutron with respect to o, respectively. If we
take o at the center of the target, then 7 =0 and 7% =7 .

Deuteron

Heavy Nucleus

FIG. 10. At time ¢ near the point of CA, and with respect to
an arbitrary origin o, the positions of the proton and the loosely-
bound neutron are 7 and 7, , respectively. The figure displays an
exaggerated deuteron size.

The total Hamiltonian of the system can be written as:
H(F,7)=Hy(7)+H,(7,,7), (36)

and this satisfies the time-dependent Schrodinger equation:
ih S(F 7 =L Ho(F )+ H (7, F(F Tt . (37)

where the total wave function W (7,7,,¢) is the product of
the proton and neutron wave functions:

Y7, 7, 0)=Y (¥ ,0)P.(7,0). (38)

The Hamiltonian of the neutron in the region of the closest
approach can considered as:

A
—

L .. P Lol Lo
Hn(rn’r)zzm +Vl(| rn_},i |)+V2(| Vn—l"2 |)’ (39)
where m, is the mass of neutron. We assumed that

V(|7 -7 | is the real potential felt by the neutron when it
interacts with the target nucleus. Similarly, v, (|7, -7 |) is
real potential when it interacts with the proton.
Consequently, the time-dependent Schrédinger equation
that describes the neutron is:

s AG)) {1%2
ih = 2

ot

It is possible to separate the variables in ¥, (7,,r) as a
product of space and time functions. For the space-
dependence part, we denote @,(]7, —%|) to be the neutron
real wave function in the target nucleus, and we denote
0:(|7,—7]) to be the neutron wave function in the
deuteron. The two wave functions @;,(i =1,2) are assumed
to satisfy the Schrodinger equations:
B = =0 lpr = S

(7,7 |07 T D=6 7, - T

m

n

n

V(7 =RDHVA(T, —72)}‘1’,1(7n 1) -(40)
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where €, and &, are the binding energies of the neutron
in the heavy nucleus and deuteron, respectively. In Eq. (41),
the reduced masses are not used because we are taking the
c.m. vectors 7 and 7 as being fixed in space at time ¢ and
also we are also neglecting the recoil effects.

Based on the proposed approximate spherical square-
well potential given by Eq. (24), the two forms displayed in
Eq. (26) are based on an origin at the center of the heavy
nucleus. These two forms can be modified to consider the
origin o shown in Fig. 10. Therefore, expressions of
0;(|7. =7 |) can be written as:

- - > [Ty i
— — _ |rn ri|
g7, -7 D)= L . (42)
Kk |Pn—T7 | o
Bi ’rn_f" ’ |rn_ri|2Ri
1

For the time dependence part of W, (7;,,¢) , we separate the
position dependence in 7;, and time ¢ by:

Y, 7. 0=r 00 (7, - D+, 6,( 7, -7 ) -(43)
The separation of variables technique will allow us to write
the time-dependent function y, (¢) as:

Z0=d@e & (=12, (44)

where a;(¢) is the probability amplitude at time ¢ of a
neutron being in the heavy nucleus and a)(¢) is that at the
same time for being picked up by the proton. Initially, at
t=0, we have «/(t=0)=1 and a}(¢=0)=0. Moreover,
aj(t=tc,) 1is the probability amplitude at CA when the
neutron stays in the target nucleus, while a,(t=¢.,) is that
when the neutron is captured by the proton at CA.
Substituting with W¥p(7,f), given by Eq. (31), and
Y.(7,t), given by Eq. (43), into Eq. (38) we get the
following total wave function of the system:

Y7 n0=[rnOa(7 -1+
Zz(t)¢2(| ’_”;1 _’_é |)]X¢p(’7)a

where (1) = () p(t) and () =250 (1) . From
Eq. (44) and Eq. (33) we have:

—i (E,+E)t/h

(45)

X, =a,t)e , (n=12),

where a,(t)=a.(t) ap(t), (n=1,2). Now, a,(f) is the
probability amplitude, at time ¢, a neutron that has not
been picked up by a proton which has not been absorbed by
the imaginary optical potential. Initially, at t=0, we have
a,(0)=a;(0)a,(0)=1 . Additionally, a,(r) is the probability
amplitude that, at time 7, a neutron that is being picked up
by a proton which has not being absorbed by the imaginary
part of the optical potential. Initially, a,(0)=a5(0)a,(0)=0
at t=0. Likewise, a,(tc) is the probability amplitude at
the CA of picking up a neutron by a surviving proton.

(46)
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Substituting Eq. (45) into Eq. (37), and after some
algebra we arrive to the following differential equation:

1 _i(£n1_£n)t
c’tn(t):? (X, +iW)a,0)+Y,e " a,) | @7
l

Opt
where W =W,

b% _ <nmn>-<12><nmm >]

e 1-<12>? n=1,m=2

, , (48
% :<nnm>—<12><mnm> n—2(,)rm:1 “8)
" l-<12>?

and we used the bra-ket notation to represent the resulting
overlap integrals shown in Table V.

TABLE V. Shorthand symbols for the bra-ket notation.

Overlap integral Shorthand symbol
<¢|V,|¢ > <121>
< |V ¢,> <212>

<221>=<122>
<112>=<211>
<12>=<21>

<¢2|V2|¢1>:<¢1|V2|¢2>
<¢1|K|¢2>:<¢2|K |¢1>
<¢1‘¢2>:<¢2|¢1>

In all overlap integrals, @;(|7, —7|) of Eq. (42) is used
to find X,, and Y,, analytically. For convenience we use
the dimensionless parameters ij=kiRj, [i=kin,
¥, =KR;, 0;=Kin,, and F;=R;/n,, where if i=1 then
j=2 orif i=2 then j=1. The analytical expressions of
<121> and <212> are evaluated and combined as:

.2 20{l~l~
<z'jz'>=V°f"BfSln (7i)e F.—(1—F?)1n1+F-’
(1+a;) ’ T I-F,
, (49)

n + =1, =2

- n (—2,5) FZ 2 1 > J
+2 — , or .
;e;n(n—f)!f!(f”) i=2,j=1

where the summation term converges rapidly after about
reaching 30 to 50 terms. The analytical expressions of
<112> and <122> can take the following combined
form (with the alteration of { and j as defined previously):

_ﬂ,

J ﬁx
Ja+a)(+ay,) (87 + )\ B
[ﬂjsin}/l- coshaﬁ—é}cosyj sinhaﬂ].

o
i Ji
2V, siny; e

<1li2>=
(50)

The analytical integration of < ¢, |¢,> is divided into
three parts. The first part is carried out when the neutron of
Fig. 10 lies inside the heavy nucleus domain. The domain
of the second part is taken when the neutron lies inside the
deuteron. The integration of the third part is carried out
when the neutron is outside both the heavy nucleus and the
deuteron. By taking the origin in Fig. 10 in this case at the
heavy nucleus, we allow 7, to cover the whole domain D
given by R/ <7, <o, 0<0<r7, and 0<¢<27 even
when |7 —7|<R,. Of course, this domain D will cover
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the unwanted region of the deuteron. Since the size of the
deuteron is negligible with respect to the huge domain D,
this choice of integration is perfectly valid. Accordingly,
the analytical integration of < ¢, | ¢, >=<12 > will be:

: %y=F>
<1D>= 2 { ﬁsm;fze

Ji+e )(+an) [ By (Bi+d)

{:Bz siny, cosha,, — 6, cos sinhaZI}

B, sin " e(){”_ﬁ1
Y m aa X
By (B +6)
{,Bl siny, coshe,, — 0, cos ¥, sinh 0{12} (51)
. . oty
N ﬁsm}/lsm V»€ Ie—ﬁl—ﬁz sinh 3,
fy BB |
e—ﬁz
+—
(181_182)
_eh (B, sinh 3, + 3, cosh 3, )}} .

[e_a“ (ﬂl sinha,, + B, cosh o, )

We now turn back to the coupled-first-order linear
differential equations, Eq.(47). We can write them as:

631(1‘):&1 a()+g,e a,(?),
&2(0 =8n e+iwta1(t)+g22 az(t)a

where w=&,/h=(E,—-&)/n. The g’s are related to the
coefficients X,,, Y., and the imaginary optical potential
W by the following relations:

& = (ih)il(Xlz"'iW)a 8= (ih)ilym (53)
8 = (ih)ilyzp 8n = (ih)il(leﬂ—iW).

We cannot solve these coupled-first-order differential
equations using the normal procedure of matrix algebra
since some coefficients are time-dependent. When using
the technique of the Laplace transform, we can find the
probability at time 0<¢<t,. of picking-up a neutron by a
surviving proton as:

la, () P=1-e?""" [1-Csin*(f1)], 0<i<tnc, (54)

where due to the negative values of the imaginary optical
potential W (see Fig. 8), the attenuation factor """
goes from 1 to a smaller value e*”’»" when ¢ goes from
0 to t5c. The values of f and the factor C in Eq. (54) are
related to the predefined coefficients and are given by:

—it

(52)

frP=A+B, A=1n"(En+ X, + X)),
B =h_1[£21X12+X12X21—Y12YZI]M, C=1_D2/f2>(55)
D=1n"(&+ X, - X)),
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The numerical values of f and D are very close to each
other (usually of the order of 4x107 (ys)” for most of the
impact parameters in this study). Therefore, C has a very
small value or zero. In addition, even with the violent
fluctuation of sin’(f7) in the time scale of #>530ys, we
end up with a simpler probability formula (with a second
term that is similar to the well-known WKB penetration
probability) for picking-up a neutron by a survived proton:

la, () PO 1= 0<isiye. (56)

Similar steps to Eq. (29) until Eq. (34) can be applied to
the deuteron after the CA. These steps will give the
probability amplitude, a,(f), that the deuteron would
survive from being absorbed by the deuteron optical
potential an any time ¢ > ¢, . Therefore:

a,(t)= exp{h‘ j W (r(1), &) dr} N E)

For the incoming channel (¢<t,.) and for three
different impact parameters, the left rising part of Fig. 11
displays |a,(t)|* as a function of time ¢ (in ys), when
using the same offset time 149,236 ys as in Fig. 9. All
trajectories start at =0 when the distance D in Fig. 3 is
about 10*fm . For the smallest selected value, bp=7.23 fm,
Fig. 11 indicates that the probability starts to increase
gradually after ¢ =600 ys. The probability that a surviving
proton can pick-up a neutron and form a deuteron is about
38.6% at CA when the proton reaches r.,=8.98fm at
tcal734ys . For the selected value, bp=7.60fm, the
bottom blue curve of the figure shows the same trend of
increase. The probability of forming a deuteron is about
16% when the proton reaches rc,09.50fm at ¢.,0720ys .
Thus, for large impact parameters, the chance of forming a
deuteron near the CA decreases as expected.

Probability of neutron pick-up by a surviving

proton + deuteron absorption after CA
IIII||III|IIII[IIIIIIIII|IIIIlltll_

IS‘C’Gd(p,d}IﬁGd E

o
»

I|l||||||||||||l|||||||

by=1.23, rc,=8.98

bp=7.40, rc,=9.24

o
w

hl,:?_hn_ Tei=9.50

(Values in fm)

o
o

o
)

|II[]|I|||I|I|[

0=-6312 MeV
Eue=00Mev  [fca

[Ah 2 <tcn and | ayth P d2ten

0

Ecc bccc b b b bion i b

o [Te] (=] un (== [Ty ] o (Te]

Q ~ [V ] [ (o] ~ u M~

@ 0 O ] = ~ = ~
Time 7 (ys)

FIG. 11. Graph of the variation of |a, (f) |, (0<t<t4) and
a4 (t), (t=tac) for three selected impact parameters.
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For the outgoing channel (z>1,¢ ), the attenuated right
part of the same figure displays |a,(f)|" as a function of
time for ¢ (in ys). For the small value b, =7.23 fm, Fig 11
indicated that the deuteron imaginary optical potential has
considerable effect on absorbing the deuterons. As a
comparison, this effect goes away much less than the
absorption that occurs for the case of the proton, as seen in
Fig. 9. The probability of creating a deuteron drops from
38.6% at CA to only 34.4% when detected at infinity. The
figure indicates that larger impact parameters have a
limited effect on absorbing deuterons after their formation
at CA. In other words, the absorption effect on the formed
deuterons is not appreciable when the protons have
relatively large impact parameters.

C. Angular distribution weighted by probability

Based on the formulations of the subsections A and B,
we calculated 276,983 weighted trajectories for protons and
a similar number of deuterons created at CA. Figure 12 (a)
shows the probability that a proton was not absorbed by the
imaginary optical potential as a function of the impact
parameter. Since deuterons can be created in the forward
direction only when by =>7.23018 fm, this part of the figure
starts with the proton probability loss of 0.55 when
detected. As bp increases, the survival probability
increases and reaches a value near to 1 when bp=10fm
(no proton loss).

EP=25 MeV
1566d(p,p)156Gd
[ T
L @ _]

155Gd(p,d)155Gd
ELI Fa i L |
04 (b)) -

0.9 — —

0.8 — —

0.7 — 1

0.6 - —

05 —

Probability of survived protons
|
|

Probability of created deuterons

04

bp (fm)

by, (fm)

FIG. 12. The survival probability as a function of the impact
parameter is plotted for protons (a) and deuterons (b).

Figure 12 (b) shows the probability of a neutron that is
being picked up by a proton which is not being absorbed by
the imaginary optical potential, and hence forming a
deuteron. At bp=7.23487 fm, the probability of creating a
deuteron at CA and then detected at infinity is 0.35. As by
increases, the deuteron’s probability decreases and when
by =10 fm, it reaches a very small value of 0.003.
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Figure 13 (a) displays the number of detected protons at
infinity, N,, weighted by their survival probability as a
function of €p (with a bin size A8p=1.5°). Here one can
see a smooth gradual increase followed by a sharp increase
in the number of protons. The change in angles occurs in
the range 11° <60, S21.5° with the number of protons in
the range 2 < N, $173,000 .

EZP=25 MeV
156Gd(p,p)1566d 1566d(p,d)155Gd
n‘ _'l L 'l T 1171 E LI 1_ TJ T [ T ] T '[ T [ T '| T '[ T '|
3160 | (a) Protons 1 = | (b) Deuterons [
=) = 4 510} 2=-6312MeV | _|
% - 4 - Eoge= 0.0 MeV
g | 18 [ i
2120 | 1 € feafT Qe f 1
: _ 1 & / § ]
c - -~ = B 4 U
o - 41 o = -
g 80 - =l E 5 o Lol ]
e [ 1587 8%%3
5 B 1 £ RS N
__ At : - = -
E 40 5 b 3 E i ji
5 y 19 | _
g 0 [1Ti il saaliv el 0 1 Pl LI T
2w g 2875.8%
6, (deg) 64 (deg)

FIG. 13. Each point on the abscissa represents a bin size of
ABp=ABy4=1.5° . (a) Angular distribution weighted by a proton’s
survival probability. (b) The same as (a), but for deuterons
weighted by their creation probability at CA and then surviving
from being absorbed by the imaginary optical potential after the
CA and then detected. A smaller window is added to show the
number of deuterons in the experimental range.

Figure 13 (b) displays, as a function of 6, (with a bin
size Afq=1.5°), the number of detected deuterons Ny,
weighted by their probability (after the creation at CA and
detected at infinity). The number of deuterons becomes
significant after 6; >-70° and increases gradually in the
beginning and then violently to a peak at about ;0 25°
when NygU11,500. The trajectory calculations show that
when bp =7.40091fm we get final angles 6,0 15.215°
and @,=0°. This is indicated by the two arrows in both
parts of figure 13. For values greater than by , 6y 1s
positive and reaches a maximum of 6, [ 25° .

As displayed in both the top and bottom parts of Fig. 2,
the observed experimental results are for angles greater
than 30° and less than 60° [10, 4]. Therefore, we need to
plot the calculated theoretical number Ny for only part of
the angles in Fig. 13 (b) that fall within the experimental
measurements.

To get a good fit with the experimental results, the
calculated values for the ground state of '*’Gd in Fig. 13 (b)
are scaled up by a factor of 1.35 and plotted in Fig. 14. To
get the curve of the 367.6 keV level to overlap with the
ground-state curve of Fig. 14, a scaling-up factor of 1.48 is
used. This indicates that, for the excited '*’Gd nucleus, the
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number of detected deuterons is smaller. Thus, exciting

3Gd nucleus to higher Nilsson levels contributes fewer
detected deuterons than that with the ground energy.

156Gd(p,d)1>°Gd, E}gb=25 MeV
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FIG. 14. Comparison between the deuterons angular
distributions of the present calculations with the experimental
angular momentum transfer L=0 data for the direct population of
the ground state and the level 367-keV, +* [400] of Allmond et al.
[10] and L=0 DWBA calculations [11].

As seen from Fig. 14, our theory fits the experimental
values for all small angles except at the two large angles
49.84° and 50.99°. The overall fit looks acceptable and
describes the general features of the experimental results,
even without considering the interference between
deuterons created with negative and positive angles. This is
because positive angles have a maximum value of about
64=25°, see Fig. 13 (b). Therefore, deuterons with positive
angles are considered to be in the direction of the proton’s
beam. The L=0 DWBA curve displayed in Fig. 14 passes
through the experimental curve at 38.31 deg and deviates
most from the experiment at small and large angles.

According to the CCBA theory presented by Ascuitto
and Glendenning for the stripping (d,p) reaction [31] and
the two-neutron transfer (p,t) reaction [32], there are certain
situations where one or two of the usual three assumptions
for the DWBA are false when considering transfer
reactions. This might explain why the DWBA cannot
explain the experimental results of Fig. 14. On the other
hand, the CCBA theory is more complex in its formalism
than our simple semi-classical approach, which gives a
reasonable fit to the experiment. Unfortunately, no
published research literature relevant to CCBA is available
in the case of 25 MeV proton incident on '*°Gd nucleus in a
(p,d) reaction.
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Following the DWBA angular-distribution fit which is
best characterized by angular momentum transfer L=0,1,2
for the experimental work of Ref. [4], figure 15 shows the
calculations for the '*Gd (p,d)"”’Gd reaction when
considering the ground state and the two states shown in
Table VI.

TABLE VI. Experimental energy level of '>’Gd. Taken from
Table 6 of Ref. [33].

E"(keV) J" K[Nn.A]
682.84 (3) 1 1[400]
729.14 (3) 3 1[521]

158Gd(p,d)1°’Gd, EfEP=25 MeV
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FIG. 15. Comparison between the experimental results of T.
Ross et al. [4] and the present calculations for deuterons.

In Figure 15 we compare the results of our angular
momentum transfer L=0 theory with experimental work of
T. Ross et al. [4]. To get a good fit with the experimental
work, the calculated values for the ground state are scaled
down by a factor of 1/12. To get the curves of the 682.84
keV and 729.14 keV levels to overlap with the ground state
curve, a scaling-down factor of 1/10 is used.

Although the experimental work of Ross et al. [4] is not
for L=0, the semi-classical calculations agrees with almost
the highest 12 experimental angles and deviate in case of
the two smallest angles.

For the comparison with the DWBA curves presented at
729 keV in Fig. 7 of Ref. [4] and displayed in the bottom of
Fig. 2 of this paper, we note that the L=0 DWBA curve
does not fit the experiment and the L=1,4 curves fit the data
for angles less than 45° but deviate for angles greater than
45°. The comparison and agreement of our angular
distribution with the experimental data presented in the
bottom part of Fig. 2 is only for deflections greater than 30
degrees. The DWBA curve does not show L=0 at smaller
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angles, but it looks as if it could be extrapolated up at
smaller angles. We might hope that experimental data
could be extended into smaller angles, despite interference
from elastically-scattered protons. Again, the discrepancy
between experiment and DWBA may be due to the strong
coupling of inelastic channels to the ground in deformed
nuclei, as indicated by the CCBA theory [31].

VI. Results and Discussion

Using the optical model parameters of C. Perey and F.
Perey [26], we see that the p,d pickup reaction must take
place near the nuclear surface at the poles. That condition
favors filled neutron orbitals with relatively large wave
functions with an angular momentum projection Q =4 will
have finite probability at the nuclear poles. Due to
conservation of energy, the pickup will favor filled orbitals
below the Fermi surface near the 2.2245 MeV binding
energy of the final state deuteron. The most strongly
populated final state in both p,d products of "°Gd and
57Gd is the 1* [400] state at 367.6keV in '*Gd and 682.8
keV in *’Gd, which are a mix of sy, and ds, from the shell
below N=82 (see Table 11 from T. Ross thesis [1]). The
fact that this dominant band has by far predominant
population in its spin 4+ ground state, is a consequence of
Coulomb excitation on the inward path of the proton being
cancelled by that on the outward path of the formed
deuteron. This is more evidence that most of the p,d pickup
takes place near the poles.

One feature of the nuclear structure that has not been
taken into account by T. Ross et al. [2] is the feature of
“quadrupole pairing”, Chu et al. [6]. This feature proved to
be a major factor in accounting for the low energy of the
first-excited 0" state in **Gd. We note that Chu’s work [6]
recognized that monopole pairing for solving the BCS-
mixing equations needs special treatment in systems where
the Nilsson orbitals divide into two groups: down-going
and up-going. The former involve the nucleon wave
functions that mainly occupy the north and south polar
regions, whereas the up-going orbitals mainly occupy the
equatorial regions. An exception to this general rule are the
two most heavily populated bands in the p,d reaction,
namely, the 1t [400] and the %+ [402]. From the weak
signature splitting in these bands we know that there is
considerable mixing of the s1/2 and d3/2 orbitals. Thus, they
both have amplitudes at the nuclear poles from the presence
of the s1/2 orbital. Both of these Nilsson states are available
for neutron pickup at their poles, though the 3t [400] is the
greater at the poles.

In systems with BCS mixing, transition rates have a uv
factor. In the case of the odd-A Gd the up-going orbitals
from the shell below the 82 gap are mostly filled with
neutrons and v, is near 1. For the orbitals near the Fermi
energy most are downsloping (polar) and their BCS
solution will have u (emptiness) and v (fullness) values of
near square roots of % . This pairing influence gives an
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enhancement to pick up from the up-going orbitals well
below the Fermi energy, such as 1 [400] and 3 [402].
That is, the removal of a neutron from the upgoing neutron-
orbital will barely affect the BCS solution for the
downgoing orbitals.

Both bands (%+ [400] and 3" [402]) have the feature of
a strong lobe in the wave function at the poles of the
spheroid. This justifies our classical trajectories grazing the
poles at 0 and 180 degrees latitude. Of more importance is
that the proton beam energy, 25MeV, was chosen for the
maximum pickup probability by DWBA theoretical
calculations. We understand that at lower beam energies,
the protons are below the Coulomb barrier at all latitudes.
The lowest Coulomb barrier is at the poles, where most of
the p,d pickup occurs. The decline of the pickup cross
section in DWBA at higher energies may be attributed to
the increasing speed of the grazing protons at the poles.

One concern in our theoretical trajectory work is that
we have used the Perey and Perey [26] optical-model
parameters, which are based on a uniform spherical charge
distribution. More recent parameters, such as the global
optical potential [34,35] can also be used, but they have the
same spherical charge distribution feature. The actual
radius of curvature at the poles should be somewhat smaller
than at the spherical nuclei, and the Coulomb potential will
differ slightly due to the deformed nucleus. The refinement
of the code to non-spherical shapes is a future challenge.

VII. Conclusions

We believe these semi-classical calculations for the
dominant %" [400] give a reasonable fit to experimental p,d

PHYSICAL REVIEW C xx, xxxxxx (20xx)

angular distributions, which have only been measurable at
angles larger than about 30 degrees, since smaller angles
are flooded with scattered protons. The simple support for
this conclusion is that the + [400] and 3* [402] are the
most strongly populated states because they have the
largest C % coefficients for L=0 and 2, respectively, and
the kinematics are such that the cross sections are largest at
these angles for L=0 - 2.

Additionally, we believe that when the incoming proton
wavelength is considerably smaller than the nuclear size,
then this simplistic semi-classical code achieves a
comparable fit with experimental results for the case of the
angular momentum transfer L=0 as compared to the DWBA
approach used by the standard codes [11,12,13,14]. Also,
since the presented approach is particularly suited for
describing the angular momentum transfer L=0, then it may
provide an elegant framework for future investigations of
excited 0" states populated in: (a) the (p,t) reaction [2,4,36-
42], (b) the (t,p) reaction [43,44], (c) the (d,p) reaction [45],
and (d) the more heavier projectile reaction such as
(CHe, ) [46-51].
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