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The effect of a 3 nucleon (3N) interaction is studied for the production of high energy protons
in heavy ion collisions in the incident energy range of 44A to 400A MeV . The 3N interaction is
incorporated into the AMD transport model of Ono et al. as a 3N collision term, following a diagram
of three consecutive binary collisions. For the theoretical 40Ar+51V reaction studies, no contribution
from the 3N collisions is observed for high energy proton production at the incident energy of
44A MeV . However when the incident energy increases, the contribution increases gradually. At
200A MeV and above, the contribution is observed as distinct harder energy slopes in the proton
energy spectra. The model is applied to the available Bevalac data for 40Ar +40 Ca at 42A, 92A
and 137A MeV . The experimental proton energy spectra are reasonably well reproduced at angles
θ ≥ 70◦ for all three incident energies, showing negligible 3N contributions at 42A MeV and
significant contributions at 137A MeV at the large laboratory angles. Good agreement at these
large angles, where the 3N collision is a major mechanism to produce such protons, strongly indicates
for the first time the importance of the 3N interaction in intermediate heavy ion reactions in a full
transport calculation. The possible relation between the 3N collision term and the short range and
the tensor interactions, is suggested.
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In recent intensive explorations of nuclear research,
three-nucleon (3N) force problems have become one of
the frontier researches [1]. In nuclear matter, the 3N
force plays a vital role in nuclear structure, nuclear reac-
tions, and nuclear astrophysics. Examples are studies in
ab initio calculations for light and magic nuclei [3, 4], nu-
clear drip lines [5, 6], properties of the nuclear equation
of state [7–9], neutron skins [10] and neutron stars [11–
13]. Deeper understanding of 3N forces will open up new
insights not only in nuclear physics, but also in related
areas, such as astrophysics.

The study of 3N forces began as early as the 1950’s.
Fujita and Miyazawa introduced a three-body interac-
tion [14]. However 3N forces are highlighted by the
recent microscopic ab initio nuclear structure calcula-
tions [15, 16]. A variety of different models have been
proposed [17–21]. A common feature of these calculations
is to use realistic nucleon-nucleon (2N) and 3N forces.
These studies have unambiguously shown that 3N forces
improve significantly the reproduction of the energy lev-
els of light nuclei.

The 3N force consists of two parts, an attractive part
and a repulsive part [22, 23]. The attractive part is
typically expressed by two-pion exchange with excita-
tion of an intermediate ∆ resonance following the Fujita-
Miyazawa diagram and is important at normal and sub-
normal density, and thus for structural calculations. For
nuclear reaction studies, the repulsive part becomes im-
portant when the nuclear density exceeds the normal
nuclear density [22]. In Refs. [24–26], Furumoto et al.
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used complex G-matrix interactions including the effect
of phenomenological 3N repulsive forces based on the ex-
tended soft core model of Rijken [27], in a folding-model
calculation. They applied their model to nucleus-nucleus
elastic scattering in the incident energy range of 70A to
400A MeV [25, 26] and showed that the repulsive na-
ture of the 3N forces at these incident energies changes
the diffraction pattern of the elastic scattering, caused by
the interference between near and far side of the elastic
scattering, and provided an observable for the 3N force
as a direct probe in nuclear scattering experiments. Re-
cently Qu et al. performed a high resolution measure-
ment of the 12C +12 C elastic and inelastic scattering
at 100A MeV , using the Grand Raiden magnetic spec-
trometer at RCNP (Research Center of Nuclear Study) in
Japan, and successfully demonstrated the repulsive effect
of the 3N forces [28, 29].

In addition to the above reaction studies, other reac-
tion studies have been performed in which a 3N colli-
sion term is used. In the model, the 3N collision term
has only one free parameter, i.e., the 3N collision cross
section. The importance of the 3N collision term at in-
termediate heavy ion collisions was first pointed out by
Mrøwczyński [30]. Bonasera et al. studied it in detail
and put it into a transport model formalism [31–33].

Experimentally Germain et al. performed 36Ar+181Ta
collisions at 94A MeV and measured high energy pro-
tons, for which proton energy often exceeds 3-4 times the
incident energy per nucleon [36]. They compared the ex-
perimentally observed high energy proton spectra with
those from Boltzmann-Nordheim-Vlasov (BNV) trans-
port simulations. Since they were not able to reproduce
the slope and amplitude of the high energy proton spec-
tra without adding a 3N collision term, they concluded
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that the 3N collision term takes a crucial role in the pro-
duction of the high energy protons at this energy. How-
ever their conclusion was based on a perturbed method of
BNV calculations with a sharp cut-off of the Fermi mo-
mentum in initial nuclei. Therefore in their calculation
the high momentum tail of Fermi motion in hot nuclear
matter is not taken into account properly in the collision
process.
In our recent study [37], we demonstrated that a care-

ful treatment of the Fermi motion in a transport model,
especially for the high momentum distribution in hot nu-
clear matter, is crucial for the production of high en-
ergy protons. The calculations are based on an anti-
symmetrized molecular dynamics (AMD) [38]. In the
extended AMD [39, 40], the Fermi motion is taken into
account as a quantum fluctuation, a quantum branch-
ing of the wave packets called a diffusion process in the
nucleon propagation in a mean field. In our work in
Ref. [37], we also take into account the quantum fluc-
tuation in each collision process and the modified code
is called AMD-FM. These treatments are quite different
from that in most other transport models, in which the
Fermi motion is added to nucleons only once in the ini-
tial nuclei, whereas in AMD-FM, a new Fermi motion
is assigned as a momentum fluctuation in the diffusion
process and each collision, thus many times throughout
the calculation. The AMD-FM significantly improves the
reproduction of the high energy protons in available ex-
perimental data of 40Ar +51 V at 44 MeV/nucleon [41]
and 36Ar +181 Ta at 94 MeV/nucleon [36]. I extend this
study to include a 3N collision term at higher incident
energies in this article.
According to Ref. [30], the ratio of the number of 2N

(N2) and 3N (N3) collisions for a gas in equilibrium is
given as

N3

N2

=
4

3
√
π
σ3/2ρ, (1)

where σ is the 2N collision cross section and ρ is the nu-
clear matter density. Thus the number of 3N collisions
increases as the nuclear density increases relative to that
of 2N collisions. In the central collisions of intermedi-
ate heavy ion reactions, the density of nuclear matter
increases in the overlap region [42]. The maximum den-
sity at the center of the overlap region reaches ∼ 2ρ0 for
40Ca +40 Ca at 400 MeV/nucleon where ρ0 is the nor-
mal nuclear matter density. In 3N collisions, one of three
nucleons can have a large kinetic energy in their center
of mass system, compared to that of 2N collisions, and
therefore 3N collisions may significantly contribute to the
high energy proton production in the energy range above
100 MeV/nucleon.
Short range correlations (SRC) are another mechanism

to generate high energy protons [48, 49]. Recent high
momentum transfer measurements [50–55] have shown
that nucleons in nuclear ground states can form pairs
with large relative momentum and small center-of-mass
momentum due to the short-range correlation of the

nucleon-nucleon interaction (2N-SRC). Detailed experi-
mental studies indicate that these pairs are preferentially
formed between proton and neutron, because of the na-
ture of the tensor force in the 2N interaction. When these
pairs are knocked out by large momentum transfer reac-
tions, such as (e, e′pn) or (p, ppn), high energy nucleons
are emitted in a back to back configuration in their cen-
ter of mass system. However in order to knock out these
pairs, a few to several GeV electron or proton beams have
been used. In the incident energy range of heavy ion col-
lisions between 44A MeV and 400A MeV , described in
the present work, I expect that the 2N-SRC contribution
by the knockout pair process for the high energy proton
production is small and focus instead on the 3N collision
term. However SRC certainly contributes to the high mo-
mentum tail of the Fermi distribution which is crucial for
the high energy proton production described in Ref. [37].
The upper limit of the incident energy (400A MeV ) in

this study is set from the AMD code, in which meson pro-
ductions are not taken into account. This upper energy
also limits other meson exchange processes as a source
for the high energy proton production in simulations.

FIG. 1: Diagrammatic representation of 3N collision. The lines
indicate particle trajectories and the meeting points indicate the
location of the particles at the time of collision. P1, P2, P3 repre-
sent the initial states and P ′

1
, P ′

2
, P ′

3
are the final states. a, b, c,

are intermediate states treated as virtual states in the 3N collision
process.

It is natural for the 3N collision term to relate to the
3N forces, since the 3N collision term is, as shown be-
low, essential for the high energy proton production at
intermediate heavy ion collisions. As mentioned earlier,
it has become clear for light nuclei that one of the 3N
forces has to be introduced for a satisfactory description
of finite-mass nuclei. 2N interactions are known to have a
strong repulsion at short distance in addition to a strong
tensor force at long and intermediate ranges [43, 44].
These two characteristics of the 2N interactions provide
the high momentum components of nucleon motion in
nuclear matter. The tensor force produces the character-
istic D-wave state of a nucleon pair, which comes from
the strong SD coupling of the tensor force. This D-wave
state is spatially compact as compared with the S-wave
state due to the high-momentum component of the tensor
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correlation. The 3N interaction can be described by the
successive of these two interactions, where the intermedi-
ate states are treated as virtual states. Therefore the high
momentum component can be emphasized without con-
straints in a three nucleon correlation. In a recent study
of Myo et al. [45], they incorporate the tensor and short
range interactions naturally into a 3N force in the AMD
formalism in the tensor-optimized AMD (TOAMD) for
structure calculations. However no attempt has been
made to describe the 3N collision term from a micro-
scopic 3N force yet. The following 3N collision treatment
is an attempt to include the microscopic 3N forces phe-
nomenologically as a 3N collision term through the high
momentum component of the Fermi motion and applies
it in intermediate heavy ion collisions.

A 3N collision term is incorporated into AMD-FM fol-
lowing the description in Ref. [33]. I will refer this version
as AMD-FM(3N). The 3N interaction is simply calcu-
lated by a succession of three binary collisions where one
pair of nucleons interacts twice when three nucleons are
in the collision distance each other as shown diagram-
matically in Fig. 1. As demonstrated by Germain et al.
in Ref. [36], a 3N collision term enhances the high en-
ergy proton production. This is simply because in the
3N collision process, kinetic energy of three nucleons can
be shared between them under less restrictions of the mo-
mentum and energy conservation. This makes one of nu-
cleons can have higher energy than those in 2N collision
processes, because the third nucleon in a 3N collision can
provide additional kinetic energy available. Therefore the
high energy proton emission mechanism in the 3N colli-
sion term is purely kinematical in the present calculation.
Another difference between the 3N collision term incor-
porated into AMD-FM(3N) and three of binary collisions
is that in the 3N collision process, intermediate state, a,
b, c in the diagram, are treated as virtual states and only
final states, P ′

1, P
′

2, and P ′

3, are required to satisfy the
Pauli exclusion principle and energy+momentum conser-
vations, whereas in the simple three binary collisions, all
2N final states are examined for the Pauli exclusion prin-
ciples and the conservation laws. A virtual state meant
here is that, it is a state when the system might violate
conservation laws and Pauli principle for a short time
which is connected to the Heisenberg principle. For in-
stance the energy can be violated up to ∆E in a time
h̄/∆E. Similarly for momentum. Pauli blocking viola-
tion is essentially from the energy conservation.

In each collision in the diagram, the same treatment
as in Ref. [37] is made for each nucleon momentum to
take into account the Fermi momentum distribution as a
Gaussian distribution and to avoid double counting with
the diffusion process. The effect is called ”Fermi boost”.
The treatment of the intermediate states,a, b, c, as vir-
tual states in the 3N collision process, can enhance the
role of the high momentum component of the Fermi mo-
mentum distribution in the production of high energy
protons, as shown below.

After collisions are Pauli-allowed in a given time span,
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FIG. 2: (color online) Simulated results of proton energy distri-
butions for 40Ar +51 V at different incident energies. Histograms
represent the results of AMD-FM(3N) and circles are from AMD-
FM. The spectra in each column are plotted every 20◦ from θ = 10◦

at the top to θ = 170◦ at the bottom. Each spectrum is multiplied
by a factor of 10 from the bottom to avoid overlap each other. The
incident energy is 100A MeV on the left to 400A MeV on the right,
indicating on the top.

momentum and energy are restored in the same way as
described in Ref. [37]. The same Gogny interaction [46]
and the Li-Machleidt NN cross section [47] are used. 3N
collisions are attempted in a similar criteria as that of
2N collisions between 3 pair of nucleons. For the 3N
collisions, however, the collision cross section is treated
as a constant free parameter. When all relative distances
of the 3 pairs of nucleons are within a collision distance
r =

√

σ/π, a 3N collision is attempted. A constant value
of 40mb is used for σ in the following calculations.

The calculated results of AMD-FM (circles) and AMD-
FM(3N) (histograms) are compared in Fig. 2 for the
40Ar +51 V reactions at 100, 200, 300 and 400A MeV .
At 100A MeV on the left, the energy spectra are very
similar at different angles between two calculations, but
the yields of AMD-FM(3N) are slightly larger, by a fac-
tor of 2 at most. When the incident energy increases
to 200A MeV , the shapes of the energy spectra show a
distinct difference, that is, the energy slopes of AMD-
FM(3N) show much harder slopes than those of AMD-
FM. Similar differences are also observed at higher in-
cident energies. One should note that the slope of the
spectra barely depend on the impact parameter range,
because they originate essentially from the 2N or 3N col-
lisions. One can also see broader peaks at the lower pro-
ton energy in the forward spectra for the AMD-FM(3N)
simulations. This can be explained as follows: At the
low energy side, the spectra of AMD-FM show a semi-
Gaussian distribution. The contribution from the 3N col-
lisions also becomes a Gaussian distribution, because of
the Fermi boost for the third nucleon, and thus they are
overlaid on top of each other, which causes a broadening
of the distribution. On the high energy side, on the other
hand, the spectra of AMD-FM show an exponential fall
off and the 3N contribution becomes visible only in the
higher energy side.
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FIG. 3: (color online) Summed number of 2 body (circles) and
3 body (squares) collisions are plotted as a function of incident
energy. Insert: Number of 2N and 3N collisions are plotted as a
function of reaction time. (a) 40Ar +51 V at 100A MeV . The
density in the overlap region becomes maximum at ∼ 30fm/c at
this energy. (b) 40Ar +51 V at 300A MeV . The density becomes
maximum at ∼ 20fm/c at this energy. The sigma of the Gaussians
are 21.7 (15.9) for 2N and 8.0 (6.8) for 3N attempted collisions at
100A(300A)MeV , respectively.

In the insert of Fig. 3, the number of collisions is plot-
ted as a function of reaction time for attempted colli-
sions and Pauli-allowed collisions at 100A MeV in (a)
and 300A MeV in (b). At both energies, the maximum
number of collisions per time occurs at the time of over-
lap between the projectile and target. Around this time
period, the shape of the collision distributions are very
similar between attempted and Pauli-allowed collisions.
When the peaks are fit by a Gaussian distribution, the
width for the 3N collisions is less than half of that of the
2N collisions, indicating that the 3N collisions are more
localized in time, at the time of the maximum density.
This is what is expected from Eq. (1). This width dif-
ference in the numbers between the 2N and 3N collisions
indicates how quickly the overlap region expands in time.

In Fig. 3 a summary of the number of collisions is
plotted as a function of the incident energy. The num-
ber of collisions is calculated around the peak, using a
Gaussian fit as shown in the insert. Collisions at later
stages are not included. The number of the 2N colli-
sions decreases rapidly as the incident energy increases
from 44A to 100A MeV , whereas the number of the
3N attempted collisions increases rapidly in this energy
range. The number of the Pauli-allowed 3N collisions
below 60A MeV is small and increases very slowly. At
100AMeV , about 50% of the attempted 2N collisions are
blocked by the Pauli exclusion principle. The blocking is
more significant for the 3N collisions, where nearly 90%
of the collisions are blocked. At 300A MeV , about 40%
of the 2N collisions are Pauli-blocked, whereas for the
3N collisions about 75% are blocked. These numbers of
blocking indicate that, even above 100A MeV , a careful

treatment of the Pauli blocking is still very important,
especially for the 3N collisions.

Proton energy spectra in intermediate and relativis-
tic heavy ion collisions were studied extensively in late
1970’s and 1980’s at the Bevalac in the Lawrence Berke-
ley Laboratory. Many experiments were performed, us-
ing a variety of beams and targets at the incident energy
range of 42A MeV to 2.1AGeV [56–59]. In order to
verify the contribution of the 3N collisions, the incident
energy range of 50A to 200A MeV is desirable, since in
this energy range, the contribution of the 3N collisions
in the high energy proton spectra starts to appear and
shows a significant increase, according to the simulations
shown in Fig. 2. From the AMD simulation point of
view, lighter reaction systems are preferable, since the
AMD code is a very cpu time demanding program and
the required cpu time increases approximately in pro-
portion to A3 where A is the system size. Under these
conditions, the AMD-FM(3N) is applied to proton en-
ergy spectra in the 40Ar +40 Ca reaction at 42, 92A and
137AMeV [60, 61] and 40Ar+51V at 44AMeV [41]. In
Fig. 4(a) to (c), simulated results are shown with the Be-
valac data. One should note that, according to Ref. [60],
the normalization for the 42A MeV data suffered some
problem in the beam monitoring detectors. Therefore in
the figure, the experimental data are normalized to the
AMD simulations at backward angles, by multiplying by
a factor of 0.2. All other results are given in an absolute
scale. For the simulations, the impact parameter range
of 0-8fm is used, whereas the experimental data are in-
clusive. In general, the simulated spectra with AMD-FM
and AMD-FM(3N) are almost identical at 42AMeV and
one can start to see noticeable differences between calcu-
lated spectra (solid and dashed curves) at 92A MeV and
the difference increases at 137A MeV . The experimen-
tal differential cross sections and slopes of proton energy
spectra are well reproduced by the AMD-FM(3N) sim-
ulations at θlab ≥ 70◦ for three incident energies. The
experimental data are poorly reproduced by AMD-FM
without the 3N collision term at 92A and 137A MeV at
all angles. The experimental spectra at forward two an-
gles at 42A MeV are significantly under-predicted even
with AMD-FM(3N). However these large discrepancies
are not observed in the previous study for a similar re-
action of 40Ar +51 V at 44A MeV in Ref. [37]. The
calculated results are also shown in Fig. 4(d). The ex-
perimental data were taken at the Grand Accélérateur
National d’Ions Lourds (GANIL), France, using a large
BaF2 array, MEDIA detector [64]. The observed pro-
ton energy spectra are well reproduced at all angles both
for the AMD-FM and AMD-FM(3N) calculations when
the impact parameter range of 0 < b ≤ 6fm is used.
For the same impact parameter range of 0 < b ≤ 8fm
as that used for 40Ar +51 V at 44A MeV , the experi-
mental yields are overpredicted by a factor of 1.6, but
the spectral shapes stay very similar. In order to verify
these discrepancies, further experimental studies, espe-
cially exclusive measurements, are needed.
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FIG. 4: (color online) Simulated results of proton energy spectra for the 40Ar +40 Ca reactions at 42A(a), 92A (b) and 137A MeV (c),
and for the 40Ar +51 V reactions at 44A MeV in (d). Data in (a) to (c) are taken from Ref. [60] and (d) are from Ref. [41]. Solid curves
are for the results of AMD-FM(3N) and dashed curves are for those of AMD-FM. Data and results are plotted in an absolute scale. All
results are multiplied by a factor of 10−n(n = 0 to 5in(a)to(c)and8in(d)) from top to bottom for clarity. The data at 42A MeV in (a)
are multiplied by a factor of 0.2. See details in the text.

In summary, a 3N interaction is incorporated as a 3N
collision term into AMD-FM. The quantum fluctuation
in momentum space is taken into account in each collision
process and the new code is called AMD-FM(3N). The
contribution of the 3N collisions is theoretically investi-
gated for high energy proton production in the 40Ar+51V
reaction at 44A to 400A MeV . At 44A MeV , no notice-
able contribution is observed and it becomes notable at
100A MeV and a significant increase is observed as the
energy increases to 200A MeV . In order to verify the
importance of the 3N interaction in heavy ion collisions
in experiments, AMD-FM(3N) is applied to the available
Bevalac data of the 40Ar+40Ca reaction at 42A, 92A and
137AMeV in Refs. [60, 61]. The experimental proton en-
ergy spectra at θ ≥ 70◦ are reproduced reasonably well
at the observed energy range by the AMD-FM(3N) at all
three incident energies. Good agreement between the ex-
perimental data and AMD-FM(3N) simulations indicates
for the first time the importance of the 3N interaction in

intermediate heavy ion reactions in a full transport sim-
ulation. Even though the origin of the 3N collision term
has not yet been related to the microscopic 3N forces, the
enhancement of the proton spectra at high energy sug-
gests that they may originate from the short range cor-
reelation and the tensor force at intermediate and long
range into the high energy tail of the Fermi motion in
hot nuclear matter.
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