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The “Island of Inversion” at N ∼ 20 for the neon, sodium, and magnesium isotopes has long been
an area of interest both experimentally and theoretically due to the subtle competition between
0p-0h and np-nh configurations leading to deformed shapes. However, the presence of rotational
band structures, which are fingerprints of deformed shapes, have only recently been observed in this
region. In this work, we report on a measurement of the low-lying level structure of 33Mg populated
by a two-stage projectile fragmentation reaction and studied with GRETINA. The experimental
level energies, ground state magnetic moment, intrinsic quadrupole moment, and γ-ray intensities
show good agreement with the strong-coupling limit of a rotational model.

PACS numbers:

I. INTRODUCTION

While it is well-known that the spherical Shell Model
reproduces the experimental evidence for “magic” num-
bers near stability, neutron-rich nuclei with extreme pro-
ton (Z) to neutron (N) ratios have shown deviations
from this description. The “Island of Inversion” cen-
tered at N = 20 for the neon, sodium, and magnesium
isotopes is one such region, where rather than spheri-
cal nuclei expected from the N = 20 harmonic oscillator
closure, one finds nuclei dominated by deformed ground
states [1]. The reduction in the N = 20 shell gap in
the region centered around 32Mg favors the promotion of
pairs of neutrons from the sd-shell into the pf -shell, as
the promoted particles and sd-shell holes experience the
quadrupole-quadrupole force and the gain in correlation
energy overcomes the cost of crossing the gap. As such,
nuclei are characterized by n-particle-n-hole (np-nh) ex-
citations and deformation in their ground states. Many
studies have been performed in this region [2–9], both
experimentally and theoretically, which support and pro-
vide evidence for collective deformed ground states. Re-
cently, a rotational structure, the fingerprint of deformed
shapes, has been observed in 32Mg up to spin I = 6+,
confirming this interpretation [10].

With one neutron coupled to 32Mg, it would be rea-
sonable to expect that 33Mg will also be well deformed.
This odd-A system can provide further insight into the
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rotational picture, the blocking of pairing correlations,
and the stability of deformation. It will also be of inter-
est to understand how rotational properties are modified
by the effect of Coriolis coupling. In fact, the ground
state magnetic moment of 33Mg supports this picture,
being in good agreement with the value expected for a
valence neutron coupled to a prolate axially symmetric
rotor [11–13], but a more extensive description of 33Mg
in this framework has yet to emerge.

In this Rapid Communication, we report on the results
of a measurement of 33Mg, identifying a low-lying rota-
tional band structure in this isotope, and discuss the in-
terpretation of this structure in the limit of the rotational
model. 33Mg was produced in a two-stage projectile frag-
mentation reaction and excited states were observed us-
ing the γ-ray tracking array GRETINA (Gamma Ray
Energy Tracking In-beam Nuclear Array) [14]. The tech-
nique adopted, involving removal of a large number of
nucleons from the secondary beam, provides a mecha-
nism to populate higher angular momentum (I), espe-
cially in comparison to few nucleon removal reactions. In
this work, the removal of 13 nucleons from a radioactive
beam of 46Ar was used to produce 33Mg.

II. EXPERIMENTAL DETAILS

In the same experiment as described in Ref. [10], 33Mg
was produced and studied. A secondary beam of 46Ar
was produced at the National Superconducting Cyclotron
Laboratory (NSCL) at Michigan State University from a
primary beam of 48Ca accelerated to 140 MeV/u and
fragmented on a 846 mg/cm2 thick 9Be target located at
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Figure 1: The fragments were identified using energy loss
and total kinetic energy measurements from the S800 focal
plane detector suite. The magnesium isotopes at Z = 12 are
highlighted, with 33Mg highlighted with a black circle.

the entrance of the A1900 fragment separator [15]. The
46Ar secondary beam was separated from other fragments
through the A1900 based on magnetic rigidity and energy
loss through an Al wedge degrader located at the inter-
mediate image.

The 46Ar beam was transported to the S3 experimen-
tal vault with a momentum acceptance (∆p/p) of 1% and
an energy of 102 MeV/u. A cocktail of secondary frag-
mentation products, including 33Mg, were produced by
fragmentation of the 46Ar on a 267 mg/cm2 thick 9Be
target located at the target position of the S800 spec-
trograph [16]. Fragments were identified on an event-
by-event basis through their energy loss (∆E) and total
kinetic energy (E) as measured in the S800 focal plane
detector suite [17, 18]. The E measurement was obtained
using the CsI hodoscope [18]. To obtain a consistent par-
ticle ID across the array, individual hodoscope crystals
were gain-matched to align the peaks corresponding to
the Z = 12 Mg isotopes. The E − ∆E particle iden-
tification (PID) is shown in Figure 1 illustrating clear
separation between isotopes at the S800 focal plane.

Prompt γ-rays were detected by seven GRETINA
modules that surrounded the S800 target position. Each
module was placed at 90◦ with respect to the beam di-
rection in order to minimize beam-induced backgrounds
from light particles produced in the high-intensity sec-
ondary fragmentation, which are forward focused in the
laboratory frame. The high segmentation and digital
pulse-shape processing of GRETINA allows the inter-
action energies and positions to be measured with sub-
segment resolution. Utilizing the γ-ray trajectories from
GRETINA and particle trajectories from the S800, γ-
rays emitted from the fragmentation products (with v/c
= 0.4) were Doppler reconstructed on an event-by-event
basis, achieving an energy resolution (FWHM) of ∼2%.
A geant4 simulation of the GRETINA response us-
ing the UCGretina code [19], combined with a smooth

Figure 2: The Doppler reconstructed γ-ray spectrum of 33Mg
(a) detected with GRETINA (using clustering) following the
secondary fragmentation of the beam. Transitions in 33Mg are
marked with their energies in black; the transition marked
with a red circle corresponds to a γ-ray in the neighbor-
ing isotope, 32Mg. The transition at 1175 keV corresponds
to a weak, unplaced transition in 33Mg. Panel (b) shows
the background-subtracted, clustered γ − γ projection of the
297 keV γ-ray. Clear coincidence can be seen with the 483 keV
ground state transition.

double-exponential function, was used to fit the back-
ground to allow accurate determination of γ-ray yields
without constraining the peak shape. These yields were
efficiency corrected based upon the simulated array effi-
ciencies including the Lorentz boost.

III. RESULTS

The γ-ray singles spectrum observed in GRETINA in
coincidence with identified 33Mg nuclei is shown in the
upper panel of Figure 2. Two strong transitions are ob-
served at 297(4) and 483(4) keV with three weaker tran-
sitions at 220(4), 703(4), and 779(4) keV. The 220, 483,
and 703 keV transitions correspond to γ-rays known and
placed from previous work [7, 20–24]. The 483 keV γ-ray

was placed as a transition directly to the tentative 3/2
−

ground state [11], as was the 703 keV γ-ray [7, 21]. The
220 keV has been established to be in coincidence with
the 483 keV transition [21], depopulating the 703 keV
state.
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Figure 3: The level scheme of 33Mg based upon γ-ray singles,
γ−γ coincidence data, and literature placements. The width
of the arrows is representative of the relative intensity of the
transition. All γ-ray transitions were measured with 4 keV
uncertainty.

The 297 keV γ-ray was previously reported [21], but
was not placed in the level scheme. In this work, the
297 keV was observed strongly and shown to be in coin-
cidence with the 483 keV line through a γ − γ analysis,
as shown in the lower panel of Figure 2. Based on this
coincidence relationship, and the observation of a weak
transition at 779 keV, a new level is placed at 780(6) keV.
A weak transition was observed at 1175(4) keV, but with
the low statistics and lack of coincidence information, we
cannot place it in the level scheme for 33Mg. No addi-
tional transitions were observed above 1.5 MeV. The level
scheme established in this work is shown in Figure 3. The
33Mg experimental level energies, γ-ray energies, and ten-
tative spin assignments (based upon the literature and
arguments in the following section) are summarized in
Table I.

Table I: Experimental level information for the low-lying
states in 33Mg as populated in the present work. Spin/parity
assignments are tentative.

Initial State Iπ Final State Iπ Eγ Iγ

(keV) (keV) (keV) (rel. %)

780(6) 7/2− 0 3/2− 779(4) 12(4)

780(6) 7/2− 483(4) 5/2− 297(4) 48(13)

703(4) 0 3/2− 703(4) 13(4)

703(4) 483(4) 5/2− 220(4) 8(2)

483(4) 5/2− 0 3/2− 483(4) 100

1175(4) 18(6)

IV. DISCUSSION

A natural starting point for the description of 33Mg
is to describe this nucleus as a 32Mg core plus a valence

neutron (or a 34Mg core plus a valence hole). The low-
lying yrast structure in 32,34Mg is described as a rota-
tional band [10] – the extension of this property from the
even system to the odd system in 33Mg is of interest for
our understanding of the stability of deformation in this
region. To this end, the low-energy excitation energies,
γ-ray intensities, and other available data for 33Mg are
compared to a leading order rotational interpretation.

In deformed odd-A systems, low-lying states can be
classified as rotational band states with each band having
I = K,K+1,K+2, ..., where I is the spin of a particular
level and K is the angular momentum of the bandhead
(or the projection of the total angular momentum onto
the nuclear symmetry axis). The coupling of the valence
nucleon (a neutron, in this case) can be described by the
relationship between the rotational energy of the odd-
neutron compared to the excitation energy of the core.
We consider here the experimental signatures of 33Mg in
the strong-coupling limit, where the rotational frequency
is small compared to that of the single-particle and the
motion of the odd-neutron follows the motion of the core.

In the following analysis we assume a K = 3/2 band-
head, arising from the unpaired neutron in the Nils-
son 3/2[321] orbitals, which is consistent with the 3/2−

ground state adopted in the literature and the ground
state magnetic moment [11, 25]. Assuming a strongly
coupled structure built on this bandhead, we tentatively
assign the levels at 483 keV and 780 keV as 5/2− and
7/2−, respectively. These assumptions are supported by
the strong population of these levels in this reaction,
which is expected to favorably populate the yrast lev-
els as was observed in 32Mg [10], and by the energy of
the first excited state, which is significantly less than the
2+ state in the 32,34Mg core.

A. Excitation Energies

The experimental excitation energies provide a first
test of the leading order description for 33Mg in the
strong coupling limit. To a good approximation, the ex-
citation energies for members of an even-even rotational
band (K = 0) can be written as

E(I) = [AI(I + 1) +BI2(I + 1)2 + ...], (1)

where A and B are constants related to the moment-
of-inertia [26]. Within a particular band, A is equiva-
lent to h̄2/2I , where I is the moment-of-inertia, and
B represents a first-order correction describing the de-
pendence of the moment-of-inertia on I. Past exper-
imental data on the collective nature of 32Mg found
four levels in the ground state rotational band, namely
a 0+ state, a 2+ state at 886(4) [10, 27–31], a 4+ at
2324(6) [10, 32], and a 6+ at 4097(7) [10]. Based upon
these energies and spin assignments, the experimental en-
ergy sequences were fit to Eq. 1, and the values for A and
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B were found to be 141.5(5) keV and -1.06(1) keV, re-
spectively. Following the same analysis for the known lev-
els in 34Mg [20, 23, 31, 33], we obtain A = 111.6(17) keV
and B = -0.27(11) keV, indicating a slightly more rigid
deformation in 34Mg, but an overall consistent picture of
these nuclei.

Moving to the odd particle case and treating 33Mg in
the strong coupling limit, an additional term must be
added to the rotational energy shown in Eq. 1 arising
from the Coriolis interaction that induces ∆K = ±2K
coupling to account for the odd neutron as

∆Erot = (−1)I+KA2K
(I +K)!

(I −K)!
, (2)

where A2K represents the Coriolis interaction strength
and describes how the valence particle couples to the
core [26]. From Table I, assuming that the strongly pop-
ulated levels at 483 keV and 780 keV are members of
the band, we obtain values of A = 109.9(1) keV, B = -
1.90(4) keV, and A3 = 1.74(6) keV.

The value of A for 33Mg is reduced by 22% from
that in 32Mg. This is in good agreement with the ex-
pectations of pair-blocking by the odd-neutron reducing
the pairing correlations in the core and resulting in a
larger moment-of-inertia. The value of A2K can be calcu-
lated directly from the intrinsic rotational Hamiltonian,
A3 = 〈3/2|h3|3/2〉 [26]. For our particular case we have:

A3 = −A3 〈3/2|j+|1/2〉〈1/2|j+|1/2〉〈1/2|j+|3/2〉
(E1/2 − E3/2)2

. (3)

Using the relevant j+ matrix elements, calculated with
the standard Nilsson model [34, 35] at a deformation of
0.45 (see next section), we obtain A3 ≈ 1.75 keV, which
reproduces the A3 value from the experimental energy
levels. The agreement with the experimental energy se-
quences suggests that to leading order, the rotational
model provides a reasonable description of the states in
33Mg (with the tentative spin and parity assignments) in
Table I.

B. B(E2), Magnetic Moment, and Intensity Ratio

Beyond excitation energies, the strong-coupling limit
of the rotational model can be used to make specific pre-
dictions regarding observables including transition rates
and nuclear moments. To further test the applicabil-
ity of this description for 33Mg, we consider additional
experimental observables, namely the intensity ratio of
the γ-rays depopulating the candidate (7/2−) state, the
ground-state magnetic moment, µ [11], and the Q0 de-
rived from a measured B(E2) [22].

The ratio of the γ-ray intensities between the E2 and
M1 transitions depopulating the candidate (7/2−) state,
denoted as λ is determined in the present work. This

model assumes pure E2 and M1 transitions. Based
upon the intensities of the transitions de-exciting from
the 780 keV level, as shown in Table I, the experimen-
tal E2 to M1 ratio, λexp, is determined to be 0.24±0.08.
The magnetic moment is known from the literature to be
-0.7456(5)µN based upon laser spectroscopy and nuclear
magnetic resonance measurements [11].

A Coulomb excitation measurement of 33Mg on a gold
target [22] determined a B(E2 ↑) of 232(107) e2fm4.
However, this work assumed a 5/2+ ground state and ex-
citation both directly to a 7/2+ state and an unobserved
9/2+ state. Their quoted uncertainties on the excita-
tion strengths also took into account the possibility that
the 9/2+ state may decay to the 7/2+ state anywhere
from 0% to 100% of the time. Now assuming a 3/2−

ground state, Coulomb excitation should populate the
7/2− state. With our proposed level scheme and branch-
ing ratios, one expects a Coulomb excitation spectrum
with dominant 483 keV and 297 keV transitions corre-
sponding to the depopulating two gamma cascade. This
is consistent with the spectrum of Ref. [22], for which the
low-energy background is likely obscuring the 297 keV
transition. Based on the measured B(E2) value, and the
excitation scenario described above, we can extract a Q0

value of 0.7(0.16) eb.
For a K 6= 1/2 band, λ can be expressed in terms of

the γ-ray energies (in MeV), the g-factors (gK and gR),
and the intrinsic quadrupole moment, Q0:

λ =
[
Eγ
Eγ′

]5 (I + 1)(I − 1 +K)(I − 1 −K)/2K2(2I + 1)

1 + 1.148[(gK − gR)/Q0]2(I + 1)(I − 1)Eγ′
−2 ,

(4)

where Eγ′ refers to the energy of the M1(+E2) transi-
tion, and Eγ to the energy of the E2 transition depopu-
lating the same initial state [26]. The magnetic moment,
µ, depends on the values for gK and gR and can be writ-
ten as [26]

µ

I
= gR + (gK + gR)

K2

I(I + 1)
. (5)

Prior to evaluating λ and µ, the values of gK and Q0

were determined as functions of the quadrupole deforma-
tion, ε2. The intrinsic quadrupole moment as a function
of deformation for 33Mg was approximated classically as
an ellipsoid from Ref. [36], where the ratio of the ma-
jor and minor axes of the ellipsoid can be written as
((1 + 1

3 )ε2)/(1 − 2
3 ), and q = 2

5ZR
2, with R = r0A

1/3

and r0 = 1.2 fm. The calculated values for Q0 are shown
in Table II.

In the Nilsson framework, the g-factor for an odd-A
system can be separated into two components: gK , which
accounts for the motion of the odd neutron (in this case),
and gR, which describes the motion of the core. For
33Mg, the odd-neutron gK factor was calculated as

gK = g` + (gs − g`)
< s3 >

K
, (6)
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where g` is the orbital angular momentum g-factor and
is zero for neutrons, gs is the spin g-factor and is -3.8263
for neutrons, and < s3 > is the projection of the spin
onto the symmetry axis of the nucleus calculated as a
function of deformation in a standard Nilsson code [34,
35]. The contribution of the core, described by gR, is
usually approximated by Z/A; measured values of gR
are typically comparable to, or slightly smaller than this
approximation [26]. The Z/A approximation for 33Mg
yields a value of 0.36 for gR; we ultimately consider gR
as an additional parameter that can be varied to optimize
agreement with the data.

From the values of gK and Q0, both µ and λ were cal-
culated as functions of deformation. After adjustment of
gR to a value of 0.30, λ, Q0, and µ all show good agree-
ment within a narrow range of ε2 when compared to the
experimental values. Table II summarizes the calculated
parameters as well as the experimental values.

Table II: Parameters used to calculate the intensity ratio λ,
ground-state magnetic moment (µ), and Q0 of 33Mg as a
function of deformation (ε2). The experimental values for
λ, Q0 [22], and µ [11] are shown in the last row of the table.

ε2 gK Q0 (eb) µ(µN ) λ

0.2 -0.79 0.32 -0.53 0.048

0.3 -0.89 0.51 -0.62 0.10

0.4 0.99 0.74 -0.72 0.18

0.5 -1.04 1.01 -0.76 0.31

Experimental 0.7(0.16) -0.7456(5) 0.24(8)

Figure 4 shows the calculations for λ, Q0, and µ along
with their experimental values (with shaded error bands).
Due to the larger uncertainty on the experimental values
of the intensity ratio (λexp) and intrinsic quadrupole mo-
ment (Q0), there is a wide range of deformation where
the calculated parameters for λ and Q0 agree with their
experimental values. This is denoted by the vertical, red
and green bands in Figure 4, respectively. The uncer-
tainty on the measured value of µ is small and therefore
yields a narrower range of the deformation where the ex-
perimental and calculated values agree.

The agreement between these experimental observ-
ables and the simple leading order calculations presented
here, for a reasonable deformation of 0.4 - 0.47, would
seem to suggest that the tentative spins and parities pre-
sented in Table I are consistent, and the low-lying struc-
ture populated in 33Mg can be described as a strongly-
coupled rotational band.

We note that the results above were obtained using the
free values for both g`,free = 0 and gs,free = −3.8263.
Taking into account in-medium effects on the g-factors,
we can also reproduce the data by considering the ef-
fective values g`,eff = −0.1 and gs,eff = 0.9 gs,free
which compensate the orbital and spin contributions to
the magnetic moments, and is in line with the analysis
in Refs. [26, 37, 38].

Figure 4: The calculations for λ, Q0, and µ are shown in the
three panels. The measured values are denoted with dashed
blue lines with shaded error bands. The error band on the
experimental value of µ is sufficiently small and appears as
a line instead of an error band. The vertical red error band
denotes the agreement range for the calculated λ and exper-
imental value and the green vertical band denotes the range
where the calculated Q0 and the experimental value agree.

V. CONCLUSION

In summary, the low energy yrast states in 33Mg
were populated following a two-stage projectile fragmen-
tation reaction and their de-excitation observed using
GRETINA. Based upon γ − γ coincidences and γ in-
tensities, the level scheme was constructed, including
placement of two new γ-ray transitions depopulating a
new level at 780(6) keV. The experimental excitation en-
ergies, assuming tentative spin assignments built from
K = 3/2 bandhead were compared to leading order ap-
proximations in the rotational framework in the strong
coupling limit. A consistent picture emerges for excita-
tion energies, the intensity ratio of the E2/M1 transitions
depopulating the (7/2−) state, the intrinsic quadrupole
moment, and the ground state magnetic moment as de-
scribed within this simple framework. Within this de-
scription, we would predict the 9/2− band member at
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∼1400 keV – further experimental effort is required to
observe the 9/2− and additional members in the ground-
state rotational band, to further validate this description
of 33Mg.
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