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Quasiparticle anisotropic hydrodynamics for central collisions

Mubarak Algahtani, Mohammad Nopoush, and Michael Strickland
Department of Physics, Kent State University, Kent, OH 44242 United States
(Dated: February 14, 2017)

We use quasiparticle anisotropic hydrodynamics to study an azimuthally-symmetric boost-
invariant quark-gluon plasma including the effects of both shear and bulk viscosities. In quasiparticle
anisotropic hydrodynamics, a single finite-temperature quasiparticle mass is introduced and fit to
the lattice data in order to implement a realistic equation of state (EoS). We compare results ob-
tained using the quasiparticle method with the standard method of imposing the EoS in anisotropic
hydrodynamics and viscous hydrodynamics. Using these three methods, we extract the primordial
particle spectra, total number of charged particles, and average transverse momentum for various
values of the shear viscosity to entropy density ratio n/s. We find that the three methods agree
well for small shear viscosity to entropy density ratio, n/s, but differ at large n/s, with the standard
anisotropic EoS method showing suppressed production at low transverse-momentum compared to
the other two methods considered. Finally, we demonstrate explicitly that, when using standard vis-
cous hydrodynamics, the bulk-viscous correction can drive the primordial particle spectra negative
at large pr. Such a behavior is not seen in either anisotropic hydrodynamics approach, irrespective
of the value of n/s.

PACS numbers: 12.38.Mh, 24.10.Nz, 25.75.-q, 51.10.4y, 52.27.Ny
Keywords: Quark-gluon plasma, Relativistic heavy-ion collisions, Anisotropic hydrodynamics, Equation of

state, Quasiparticle model, Boltzmann equation

I. INTRODUCTION 56

57

Ultrarelativistic heavy-ion collision experiments at the
Relativistic Heavy Ton Collider (RHIC) and the Large *
Hadron Collider (LHC) study the quark-gluon plasma
(QGP) using high energy nuclear collisions. The collec- &
tive behavior seen in these experiments is quite success-
fully described by relativistic fluid dynamics. In early
works, relativistic ideal hydrodynamics was applied as-
suming the QGP to behave like a perfect fluid [1-3].
Later on, to include the dissipative (viscous) effects,
viscous hydrodynamics has been applied [4-37]. Re-¢
cently, due to the large momentum anisotropies gener- %
ated during heavy-ion collisions, a new framework called ¢
anisotropic hydrodynamics has been developed [38-61] ™
(for a recent review, see Ref. [62]). This new framework ™
has been compared to traditional viscous hydrodynam- ™
ics in many ways. For boost-invariant and transversely ™
homogeneous systems, by comparing to exact solutions ™
it has been shown that anisotropic hydrodynamics more ™
accurately describes the dynamics in all cases considered 7
[49, 54, 55, 63-65]. In addition, it has been shown that =
anisotropic hydrodynamics best reproduces exact solu- 7
tions of Boltzmann equation subject to 14+-1d Gubser flow +
[66-68]. Finally, we also mention that it has been shown s
that anisotropic hydrodynamics shows better agreement e
with data from ultracold Fermi gases experiments than e
viscous hydrodynamics [69, 70]. 83

The anisotropic hydrodynamics program is now fo- s
cused on making phenomenological predictions for heavy- ss
ion physics, including anisotropic freeze-out and a real- ss
istic lattice-based equation of state (EoS) [57]. In a re- &
cent paper it was demonstrated how to impose a realistic ss
EoS assuming approximate conformality of the QGP [57]. so
In Ref. [59] a different method for imposing a realis- o

tic EoS was proposed in which the non-conformality of
the QGP is taken into account by modeling the QGP
as a gas of massive quasiparticles with temperature-
dependent masses. This quasiparticle approach is mo-
tivated by perturbative results such as hard thermal
loop (HTL) resummation, where the quarks and gluons
can have temperature-dependent masses [71-79]. In the
quasiparticle anisotropic hydrodynamics framework one
introduces a single-finite temperature mass which is fit
to available lattice data for the QCD EoS. Once m(T)
is determined, the realistic EoS together with the non-
equilibrium energy momentum tensor can be used to de-
rive the dynamical equations for such a quasiparticle gas
using Boltzmann equation [59]. In this work, we extend
the previous 0+1d work of Ref. [59] to 14+1d and we also
use “anisotropic Cooper-Frye freeze-out” to compute the
primordial particle spectra [57]. We limit our consider-
ations to 14+1d because full 24+1d or 3+1d simulations
using the quasiparticle method would currently require
large scale computational resources.

Here we compare results of quasiparticle anisotropic
hydrodynamics to those obtained using the standard
anisotropic hydrodynamics [57] and second-order viscous
hydrodynamics. We will refer to the three methods con-
sidered herein as “aHydroQP”, “aHydro” and “vHydro”,
respectively. For our calculations, we use the general
3+1d dynamical equations derived in our previous paper
[59]. We solve the equations numerically and perform
self-consistent hadronic freeze-out in order to compare
the total number of charged particles Ny, the average
transverse momentum (pr) for pions, kaons, and protons,
and also their differential spectra predicted by each ap-
proach. We find that the three methods agree well for
small shear viscosity to entropy density ratio, n/s, but
differ at large n/s. We find, in particular, that when
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using standard viscous hydrodynamics, the bulk-viscousio
correction can drive the primordial particle spectra neg-ia
ative at large pr. Such a behavior is not seen in eitheri
anisotropic hydrodynamics approach, irrespective of theis
value of n/s. 144
The structure of the paper is as follows. In Sec. II,is
two approaches used for implementing realistic EoSues
is explained. In Sec. III, dynamical equations foris
two anisotropic hydrodynamics methods are presentediss
for azimuthally-symmetric boost-invariant systems. Inuo
Sec. IV we discuss anisotropic Cooper-Frye freeze-out iniso
the context of leading-order anisotropic hydrodynamics.is
In Sec. V, our numerical results obtained using the three
methods for central Pb-Pb and p-Pb collisions at LHC
energies are presented. Sec. VI contains our conclusionsis2
and an outlook for the future. In App. A, we review the
notation and conventions. App. B is about anisotropic;ss
distribution function used in the formulation. In App. C,s
we present details about second-order viscous hydrody-iss
namics equations. Finally, all necessary identities andise
function definitions are collected in Apps. D and E. 157
158
159
II. EQUATION OF STATE 160
161
For the temperatures close to QCD phase transition,ez
significant corrections to the Stefan-Boltzmann limities
(ideal gas limit) are observed and, as the temperatureiss
decreases, the relevant degrees of freedom change fromues
quarks and gluons to hadrons. The standard way to de-ies
termine the QGP EoS is to use non-perturbative latticeis
QCD calculations. For this purpose, we use an ana-ies
lytic parameterization of lattice QCD data taken fromues
the Wuppertal-Budapest collaboration [80]. We refer theio
reader to the Ref. [59] for more details. Herein we con-in
sider a system at finite temperature and zero chemicalin
potential.

Method 1: Standard

In the “standard approach” for imposing a realis-
tic EoS in anisotropic hydrodynamics, one exploits the
conformal multiplicative factorization of the energy-
momentum tensor components [38, 39] even though con-
formal system is explicitly broken. This approach is jus-
tified a priori by the smallness of corrections to factoriza-
tion in the non-nonconformal case in the near-equilibrium
limit [57]. For details concerning this method, we refer
the reader to Ref. [57, 59].

173

174

Method 2: Quasiparticle

175
Since the standard method is only approximate, one
needs an alternative implementation of the EoS which
can be applied to non-conformal systems. In the quasi-
particle EoS method, the QGP is taken to be gas of

massive quasiparticles whose mass is temperature de-
pendent. However, naive substitution of m(T") into the
thermodynamic relations obtained for constant-mass sys-
tem would violate thermodynamic consistency [81]. As
discussed before, thermodynamic consistency can be en-
sured by adding a temperature-dependent contribution
to the energy-momentum tensor in equilibrium limit.
Herein, we use the formalism developed in Ref. [59] which
generalizes this idea to anisotropic hydrodynamics, in
which case the mean-field contribution evolves as a non-
equilibrium system parameter. For details concerning
this approach, we refer readers to [59].

III. DYNAMICAL EQUATIONS

In what follows, the 141d anisotropic hydrodynam-
ics equations for both quasiparticle and massless (stan-
dard) systems are presented [59]. The equations are
based on moments of the Boltzmann equation for mas-
sive quasiparticles with a temperature-dependent mass.
As a simplification, the collisional kernel is taken in
the relaxation-time approximation. The derivations are
based on an (ellipsoidally) anisotropic distribution func-
tion with a diagonal anisotropy tensor which includes
the effect of bulk degree of freedom, ®. Herein, o; =
(1+& + ®)~'/2 where &;’s are the diagonal momentum-
space anisotropy parameters and A\ is a temperature-
like scale which represents the temperature only in the
isotropic limit. For details, about the precise form of
the distribution function and the various parameters, see
App. B. Choosing two equations from the first moment,
three from the second moment, together with the match-
ing condition (which ensures the energy-momentum con-
servation), we end up with six equations for six indepen-
dent variables a, A\, T, and 0, as

D.E +€0u+73xD101_+& sinh 0J_+& cosh; =0,(1)
T T

DJ:P;E +Pw91 +5Duej_ - %COSh GJ_ - ESinh 9J_ :07(2)
T

D,T. 1 7
T 40, +2D,0, = — (=2 —1 3
7, Tt 2Dbi= (70, (3)
D.I, 2 . 1 T

0, + —sinhf, = — (=29 — 1), 4
T, + +rbln n Teq(Iy ) (4)
D,T 2 1 7
“Z 40, + =coshf, = —(=2-1), 5
T, + +7_cos + Teq(Iz ) (5)

(6)

where the derivatives D, and divergences 6., with
a € {u,z,y, 2}, are defined in App. D.

gkinetic = gkinetic,eq ’

Massive gas

For the system of massive quasiparticles one has

£ =Hs(a, )\ + B,
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P; = Hai(a,m) \* — B, 187

Z; = aa? Tog(A,m); (i ==x,y,2), (7)
with Zoq(A\,m) = 4 NXNm3 K3(m) and 7 = m/\. As is
discussed in [59], in order to find B one needs to integrate

dBeq
dT

dm

ar (8)
188

with m(T") obtained from thermodynamics relation 189

190
(9)191

192

= —ArNmM2T K (11eq)

Eoq + Peq = TSeq = 4nNT in K3 (1iteq)

condition, Hz(a,M)A* =
m/T and Hgeq(1eq) =

with the matching
H3,oq(Theq) T where 1heq =
Hs (1, 1freq).

193
194
195
196
197
Massless gas

198

199
The energy density and pressures in massless case are,

£ = Eeq(N) Hs(a)

) 202

P = eq()\) Hsi (a) ) 203
Il' =« 0[12 qu(>\) ) (Z =T,Y, Z)7 (10)204

205

with Zeq(A) = 327 NA® and the matching condition,
5Cq()\)7'[3(a) = Ecq(T). 207
J

IV. ANISOTROPIC FREEZE-OUT

At the late times, the system undergoes freeze-out
procedure for particle production. For this purpose
we perform “anisotropic Cooper-Frye freeze-out” using
Eq. (B2) as the form for the one-particle distribution
function. The advantage of this freeze-out method is that
the anisotropic distribution function is guaranteed to be
positive-definite, by construction, in all regions in phase
space and the microscopic parameters can be taken di-
rectly from the aHydro evolution evaluated on the freeze-
out hypersurface. In this paper, we follow the procedure
derived in [57]; however, here we take into account the
breaking of conformality. The only change required is
in the argument of the distribution function itself, where
the combination p"ZE,,p” has additional terms associ-
ated with the bulk degree of freedom ® = £ 37, a2 —1.
Parameterizing the particle momentum in the lab frame
as p* = (m_ coshy,p) cosy,p) sinp, m, sinhy) where
mi = \/p? +m? y = tanhfl(pz/po) is the particle’s
rapidity, and ¢ is the particle’s azimuthal angle, one ob-
tains

2
pPELp” =1+ @) [mL cosh 0, cosh(y — ¢)—p, sinh 8 cos(¢ — @)}

+&, [mj_ sinh 6, cosh(y

+¢&, pi sin®(¢ — @) + & m? sinh*(y — ¢) — Pm?.

Note that p#=,,,p” is Lorentz invariant, and by calculat-zs
ing it in LRF, one can show that this is positive definitezs
in any frame. 27
228

229

V. RESULTS

230

231

We now turn to our numerical results. We present com->*
parisons of results obtained using the dynamical equa-**
tions of anisotropic hydrodynamics presented in Sec. ITT***
and the second-order viscous hydrodynamics equations®
from Denicol et al. [29, 33]. For details about the vHy-**
dro equations solved herein we refer the reader to App. C.*’

Pb-Pb collisions: For all results presented in this sec-
tion we use smooth Glauber wounded-nucleon overlap to
set the initial energy density. As our test case we con-
sider Pb-Pb collisions with /syny = 2.76 GeV. The in-
elastic nucleon-nucleon scattering cross-section is taken
to be oy = 62 mb. For the aHydro results, we use
200 points in the radial direction with a lattice spac-

—¢) —pycoshf, cos(¢p — 4,0)}2
(11)

(

ing of Ar = 0.15 fm and temporal step size of AT =
0.01 fm/c. For the vHydro results, we use 600 points in
the radial direction with a lattice spacing of Ar = 0.05
fm and temporal step size of A7 = 0.001 fm/c.! In all
cases, we use fourth-order Runge-Kutta integration for
the temporal updates and fourth-order centered differ-
ences for the evaluation of all spatial derivatives.? We
take the central initial temperature to be Ty = 600 MeV
at 7o = 0.25 fm/c and assume that the system is ini-
tially isotropic, i.e. ay(70) = ay(m) = as(1) = 1 for
anisotropic hydrodynamics and 7" (1) = Il(79) = 0 for
second-order viscous hydrodynamics. We take the freeze-
out temperature to be Tog = Tro = 150 MeV in all cases

IWe found that the vHydro code was more sensitive to the
spatial lattice spacing and required a smaller temporal step
size for stability.

2Since the initial conditions considered herein are smooth,
naive centered differences generally suffice.
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FIG. 1. Comparison of the neutral pions, kaons (K1), and
protons spectra as a function of transverse momentum pr
obtained using aHydroQP, aHydro and vHydro. The shear
viscosity to entropy density ratio is 47n/s = 1.

252

253
shown. For the freeze-out we use 371 hadronic resonances,,

(Mhadron < 2.6 GeV), with the masses, spins, etc. taken
from the SHARE table of hadronic resonances [82-84].,
We do not perform resonance feed down, hence all spec- .
trum shown herein are primordial spectra. -

4

255

In Figs. 1-3 we present our results for the primordialsso
pion, kaon, and proton spectra produced for 47n/s =ao
1,3, and 10, respectively. In each case, we have heldza
the initial conditions fixed and only varied n/s. In eachas
of these figures the solid black line is the result fromaoes
standard second-order viscous hydrodynamics (vHydro),s
the red short-dashed line is the result from standardees
anisotropic hydrodynamics (aHydro), and the blue long-zes
dashed line is the result from quasiparticle anisotropic hy-z
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FIG. 2. Same as Fig. 1, except here the shear viscosity to
entropy density ratio was taken to be 47n/s = 3.

drodynamics (aHydroQP). As can be seen from Fig. 1, for
4mn/s = 1, both aHydro approaches are in good agree-
ment over the entire py range shown with the largest dif-
ferences occurring at low momentum. The second-order
viscous hydrodynamics result, however, shows a signifi-
cant downward curvature in the pion spectrum resulting
in many fewer high-pr pions. The trend is the same
for the kaon and proton spectra, however, for the larger
mass hadrons the downturn is less severe. We note that
although we plot only up to pr = 3 GeV, these plots
can be extended to larger pr, in which case one finds
that eventually the primordial pion spectrum predicted
by vHydro becomes negative, which is clearly unphysi-
cal. This can be seen more clearly in Figs. 2 and 3 which
show the same results for 47n/s = 3 and 10, respectively.
As these figures demonstrate, for larger 7/s the vHydro
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FIG. 3. Same as Fig. 1, except here the shear viscosity to
entropy density ratio was taken to be 47n/s = 10.

primordial particle spectra become unphysical at lower
momenta. For example, for 47n/s = 3 the differentialsss
pion spectrum goes negative at pr ~ 1.6 GeV while foras
4mn/s = 10 it goes negative at pr ~ 0.9 GeV. 287
This behavior is a result of the bulk-viscous correc-ss
tion to the one-particle distribution function specified inase
Eq. (C22). We have checked that if we neglect the bulk-2e0
viscous correction to the distribution function, then thes
resulting spectra are positive definite in the range of prae
shown in Figs. 1-3. We have verified that this is a knownaos
issue with the bulk-viscous correction in the second-orderzos
viscous hydrodynamics approach. The same form foraos
the bulk correction (C22) was used by the authors ofs
Ref. [35] and they also observed a downward curvaturess
turning into negatively-valued spectra at large pr [85].20
This problem does not occur in either aHydro approachzs
because the one-particle distribution function is positive-so

250f,
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0 _I 1 1
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<
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= 50+t vHydro \\
----- aHydro \\\
40 —=—=— aHydroQP \\\
\\\.

47nls

FIG. 4. Comparison of the total number of pions ("), kaons
(K°), and protons as a function of 47n/s obtained using aHy-
droQP, aHydro, and vHydro.

definite by construction in this framework.

Next, we turn to a discussion of Fig. 4. In this figure
we plot the total number of 7%s (top), K%’s (middle),
and p’s (bottom) obtained by integrating the differen-
tial yields over transverse momentum as a function of
4mn/s. The line styles are the same as in Figs. 1-3. From
this figure we see that at small n/s all approaches are
in agreement, however, at large n/s the three methods
can give dramatically different results. We, in particular,
note that the number of pions from vHydro drops much
quicker than the two aHydro approaches. This is pri-
marily due to the fact that in vHydro one sees a negative
number of pions at large pr. As shown in Fig. 4 (top),
the total number of pions predicted by vHydro goes neg-
ative at 4wn/s ~ 22. This is a signal of the breakdown of
viscous hydrodynamics and should come as no surprise
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337
338

339
since this approach is intended to be applicable only in,,,

the case of small /s and pr. Finally, we note that al-,,
though aHydro and aHydroQP are in reasonably good,,,
agreement for the pion and kaon spectra, we see a rather,,,
strong dependence on the way the EoS is implemented,,,
in the proton spectra and, hence, the total number of,,

primordial protons. a6

As an additional way to compare the three methodss
considered, in Fig. 5 we present the average pr for m%sus
(top), K*’s (middle), and p’s (bottom). The line stylesss
are the same as in Figs. 1-3. From this figure we seesso
that both aHydro approaches predict a weak dependencess:
of the pion and kaon (pr) on the assumed value of 1/s,
whereas vHydro predicts a much more steep decrease insss
(pr) for the pions and kaons. Once again, we see that thess

1400 vHydro //—\ l,,’ “\“ i
=== aHydro // ,'lﬂ\ '
1200r . aHydroQP // ,’, \\ |
=

[ v

800 \

\
\
6001 . . . . . \
0.1 0.5 1.0 5.0 10.0
4nn/s

FIG. 6. The number of total charged particles as a function
of 47n/s obtained using aHydroQP, aHydro, and vHydro.

vHydro (pr) for pions becomes negative for 47n/s 2 5.
This rapid decrease stems directly from the negativity
of the pion spectra at high pr which is more important
in this case since the integrand is more sensitive to the
high-pr part of the spectra. Finally, we note that once
again the proton spectra and hence (pr) for protons is
sensitive to the way in which the EoS is implemented
when comparing the two aHydro approaches.

Finally, in Fig. 6 we plot the total number of charged
particles as a function of 47n/s predicted by each of
the three approaches considered. Once again the line
styles are the same as in Figs. 1-3. As this figure demon-
strates, for small 7)/s all three frameworks are in agree-
ment and approach the ideal result as 77/s tends to zero.
All three frameworks predict that Ne,g at first increases,
then reaches a maximum, and then begins to decrease.
The precise turnover point depends on the method with
the lowest turnover seen using vHydro around 47n/s ~ 3;
however, this turnover is due in large part to the fact that
the total pion number drops precipitously in vHydro.

p-Pb collisions: 'We now turn to the case of an asym-
metric collision between a proton and a nucleus. For this
purpose, we use the same parameters as used for the Pb-
Pb collisions considered previously, except for p-Pb we
use a lower initial temperature of Ty = 400 MeV . In
addition, for the aHydro results, we use a lattice spacing
of Ar =0.06 fm and for vHydro results, we use a lattice
spacing of Ar = 0.02 fm. The smaller lattice spacings
simply reflect the smaller system size of the QGP cre-
ated in a p-Pb collision.

In Figs. 7-8 we present our results for the primordial
pion, kaon, and proton spectra produced for 47n/s = 1,
and 3, respectively in p-Pb collisions. As we can see from
Fig. 7, both aHydro approaches are in a good agreement
at high pr, however, there are some quantitative differ-
ences at low pyr. Comparing the low pr difference with
that seen in Pb-Pb collisions, we find that there is a
larger variation in the p-Pb spectra comparing aHydro
and aHydroQP. This variation is a bit worrisome since it
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viscosity to entropy density ratio is 47n/s = 1.

365

366

367

368

369
indicates a kind of theoretical uncertainty in the aHydroswo
approach. Importantly, however, we mention that thesn
two aHydro results are quite different than the vHydrosr
result. For p-Pb collisions, the vHydro result shows thess
same behavior seen in the Pb-Pb collisions, namely thatsz
the particle spectra goes negative at high pr. In Fig. 8,35
one can clearly see the unphysical behavior in the vHydross
primordial spectra. As a result, there is even larger the-s
oretical uncertainty associated with applications of vHy-ss
dro to p-Pb collisions. 379
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FIG. 8. Same as Fig. 7, except here the shear viscosity to
entropy density ratio was taken to be 47n/s = 3.

VI. CONCLUSIONS AND OUTLOOK

In this paper, we compared three different viscous hy-
drodynamics approaches: aHydro, aHydroQP, and vHy-
dro. For all three cases we included both shear and
bulk-viscous effects using the relaxation time approxima-
tion scattering kernel. In the standard aHydro approach
one uses the standard method for imposing an equation
of state in anisotropic hydrodynamics, which is to ob-
tain conformal equations and then break the conformal-
ity only when introducing the EoS itself. In aHydroQP,
one takes into account the breaking of conformality at
the outset by modeling the QGP as a quasiparticle gas
with a single temperature-dependent mass m(7T") which
is fit to available lattice data for the EoS. Finally, for our
comparisons with viscous hydrodynamics we used the for-



380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

397

398

399

400

401

402

403

405

406

407

408

409

410

411

412

413

414

415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

430

431

malism of Denicol et al [29, 33] specialized to the case ofs
relaxation time approximation. 433

For each method, we specialized to the case of 141das
boost-invariant and azimuthally-symmetric collisions us-43s
ing smooth Glauber initial conditions. We specializedass
to this case because of the computational intensity ofis
the aHydroQP approach which requires real-time evalu-4:s
ate of complicated multi-dimensional integrals which aress
functions of all three anisotropy parameters and the lo-so0
cal temperature-dependent mass. Using the resulting nu-s
merical evolution, we then extracted fixed energy densityas
freeze-out hypersurfaces in each case and implementedass
the scheme-appropriate freeze-out to hadrons allowinga.
us to have an apples-to-apples comparison between the,,
three different approaches. We found that the primor-,,
dial particle spectra, total number of charged particles,
and average transverse momentum predicted by the three
methods agree well for small shear viscosity to entropy
density ratio, n/s, but differ at large n/s. Finally we
demonstrated that, when using standard viscous hydro-4
dynamics, the bulk-viscous correction can drive the pri-
mordial particle spectra negative at large pr. Such a
behavior is not seen in either aHydro approach, irrespec-
tive of the value of n/s. Finally, and most importantly,“g
we find a reasonable agreement between the two aHydro
EoS implementations.

Looking to the future, it is feasible to extend the
aHydroQP approach to 3+1d, however, this will be nu-
merically intensive and require parallelization to imple—450
ment fully. One possibility is to use polynomial fits to""
parametrize the various massive H-functions necessary452
instead of evaluating them on-the-fly in the code. If this™
is possible, then aHydroQP could become a viable al-
ternative to the standard method of implementing the
EoS in aHydro and, since it takes into account the non-
conformality of the system from the beginning, this could
give us an idea of the theoretical uncertainty associated
with the EoS method used in phenomenological applica-
tions. For now, this work will serve as a reference point,,
for possible differences between the two approaches to,,
imposing the aHydro EoS.

454
455

456

459

460

ACKNOWLEDGMENTS :::

463

We thank G. Denicol and B. Schenke for useful discus-sss

sions. M. Strickland and M. Nopoush were supported byuss
the U.S. Department of Energy, Office of Science, Office
of Nuclear Physics under Awards No. DE-SC0013470. M.
Algahtani was supported by a PhD fellowship from the

University of Dammam.

466
Appendix A: Conventions and Notation
In this section, we summarize the general conven-s

tions we used in the derivations. A parentheses in theasss
indices indicates a symmetrized form, e.g. AWM =i

(A*” 4+ A¥F) /2. The metric is taken to be in the “west
coast convention” such that in Minkowski space with
' = (t,z,y,2) the measure is ds* = g, dztdz” =
dt? —dx? —dy? —dz?. We also use the standard transverse
projector, A* = gt — ytu”. When studying relativis-
tic heavy-ion collisions, it is convenient to transform to
Milne coordinates defined by 7 = v/t2 — 22, which is the
longitudinal proper time, and ¢ = tanh™*(z/t), which is
the longitudinal spacetime rapidity. For a system which
is azimuthally symmetric with respect to the beam-line,
it is convenient to transform to polar coordinates in the
transverse plane with 7 = \/22+y2 and ¢ = tan"!(y/z).
In this case, the new set of coordinates z* = (7,7, ¢,¢)
defines polar Milne coordinates. Also, N = Ngof/(27)3
with Ngof being the number of degrees of freedom.

Appendix B: Ellipsoidal distribution function

We introduce the anisotropy tensor in non-conformal
anisotropic hydrodynamics as [44, 53]

EMY = utut 4 — APV D (B1)
where u* is four-velocity, £*¥ is a symmetric and trace-
less tensor, and @ is associated with the bulk degree of
freedom. The quantities u*, £*”, and ® are functions
of spacetime and obey u*u, = 1, {#, = 0, A¥*, =3,
and u,{"” = 0; therefore, one has 2, = 1 — 3®. The
one-particle distribution function at leading order in the
aHydro expansion is of the form

f(-%p) = fiso(i V puElpr> )

where A\ has dimensions of energy and can be identified
only with the temperature in the isotropic equilibrium
limit (£#¥ = 0 and ® = 0). Herein, we assume that the
distribution function is of Boltzmann form and chemical
potential is taken to be zero. To good approximation one
can assume that £ = diag(0,£) with € = (&;,&,,§:)
because the most important viscous corrections are to
the diagonal components of T#”. In this case, Eq. (B2)
in the LRF gives

2
f(xvp):fGCI(/l\“ : Ziz-f—m?), (B3)

where i € {z,y, 2z} and the scale parameters «; are

(B2)

a=(1+&+0)7/2 (B4)
For compactness, one can collect the three anisotropy
parameters into vector o = (o, @y, @;). In the isotropic
equilibrium limit, where & = ® = 0 and «; = 1, one has
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Pu=Hp, = E? and A — T and, hence, w3 we use the three variables «; as the dynamical anisotropy
w1 parameters since, by using Eq. (B4) and the tracelessness
E a5 of £*Y, one can write ® in terms of the anisotropy param-
= —_— B ?
f(@.p) feq(T(x)) ( 5)476 eters, & = %Zi a;?— 1.

Note that, out of the four anisotropy and bulk parame-
ters there are only three independent ones. In practice,

J

Appendix C: Second-order viscous hydrodynamics

The second order viscous hydrodynamics equations including bulk viscosity are [29, 33]
(E+P+1)Dyut = VH(P +1I) — ALV 77 + 7 Dyu,, , (C1)
D, =—-(E+P+1)0, + 70, , (C2)
THDuH +1I = 7<9u - 5HHH0u + (Pll_-[z + )\Hrr’/TMVU,uV + 9037(””7(#1/ ’ (03)
TﬂAZgDuwo‘ﬁ + 7 = 2ot + QTﬂﬂé“w”m — OO, + <p77r(<1"7r”>a — Tmﬂé“a”m + Aenllo™” + glat” | (C4)

where £ = £, and P = P, are the equilibrium energy density and pressure, 7 and 77 are the shear and bulk
relaxation time, and 7, is the shear-shear-coupling transport coefficient. The various notations used are

dyu” = Oyu” + T u, o = Vi
D=, A = A 48,
0 =V, A = S (MLAG 4 ALAY - 2AMA L) (C5)
VH =AM, | wh? = %(V”u” — VVul).

The non-vanishing Christoffel symbols for polar Milne coordinates are I'7, =7, ', = 1/7, 'y, = —r, and Ff¢ =1/r.
Also, we note that for the smooth initial conditions considered herein in 1+1d, the vorticity tensor vanishes. As shown
in Ref. [86], the terms @112, 3Ty, pellmh”, and @7776({%”)0‘ appear only because the collision term is nonlinear
in the single-particle distribution function. In the case of the RTA, the collision term is assumed to be linear in the
distribution function and one has @1 = @3 = g = ¢y = 0. In this case, the shear and bulk relaxation times, 7, and
i1, respectively, are equal to the microscopic relaxation time Teq, i.€., T = Tn = Teq [33]. The coefficients appearing

in the equation for the bulk and shear corrections are [33]

¢ _ (1 2
E— g*CS (54’7))*6(5737)), 77 4 1 Tor 10
L =P+ —(£-3P), T,
5HH71 5 Te O 15 Tr 7 (C6)
R Orr _ 4 Aem _ 6
i 1 T 3’ w5’
TI1 _3 Cso

with ¢2 = dP/d€ being the speed of sound squared and 7oq = 157(€ + P)/(€ + 9P)/T.

1+41d viscous hydrodynamics equations of motion

In the boost-invariant and azimuthally-symmetric case, one has u* = (u7,u",0,0) and, as a result, v = tanh 6, =
u” /u”. In addition, for this case, the shear tensor has the following form

T 0 0
v ,].‘_’T’I‘ ,ﬂ_’I‘T’ O O
™=1%0 0 % o (€7)

0O 0 0 ==
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w0 In this case, expanding Eqgs. (C1), (C2), and (C3) in polar Milne coordinates one obtains six equations where only
w03 five of them are independent

(€ +P+MDyu” = —(u)2[0,(P +11) — dyn? | —uTu’ [0,(P +10) — dyt] (C8)
(€+P+MDyu’ = —u"u’ [9:(P +11) = dyrs| = (u)2[0,(P + 1) - dyr ] (C9)
D€ =—(E+ P+, — 7" (1 — 0?2V Iy — 12 7TZ:V<¢U¢>— 2wV us), (C10)
sa  and
DI+ 11 = —C0, — drrl10, — Arir [m%jv%@ + 27275V Sys)
+ rirs VALV ™ AN , (C11)
Tﬂ-Duﬂ'i + 7735 = —27“277V<¢u¢> — 5M7r¢9u — % [ — r27riv<¢u¢ + 272 7T§V Sus!
+ r27rgv<¢u¢> + 7 71'¢V<g 9] - P2\ IV 0 ®) | (C12)
T Dymg + 78 = —27’277V<§u<> — OOy — Tﬂ?ﬂ [2T27riv<¢u¢> — 7'27T§V<<u<>
+ r27vi®u® 47 7T¢V<< 9] - P2 Ae IV U | (C13)
s where
—d, 7% = 20,7l +v0, 7l + Tl {6-,—’1)2 + 0pv + U; + ﬂ + %Wz , (C14)
d,mt = v 0w, + Opm) + T, [8v+v+2;v2}+%ﬂ2. (C15)
ws In addition, one needs the following identities
Vru = —8u" — u" Dyu” + %(uT)QHU ) (C16)
pyleye - % L, (C17)
v
Vs = ——+ 5, (C18)
0, = Vou® = dou® = 0,u” + 0u” +—T+1£ (C19)
a7 where 77 = —v 7] and ’ﬂ'i = —7¢ — (1 —v?)7l which are a consequence of the transversality of the shear-stress tensor,

s w,m" = 0. This system of equations has to be closed by providing an equation of state (Eo0S), €.g. Peq = Peq(Eeq)-

499 Viscous hydrodynamics freeze-out
500 The distribution function on the freeze-out hypersurface can be computed assuming that there is a linear correction
s to the equilibrium one due to shear and bulk viscosities [87, 88]
f(]% .’IJ) = feq(pa iL') + 6fshear(pa l’) + 5fbu1k(P, l’) ) (020)
s where
PuPym"”
§sear 5 :el_ ed) a7 . o 0 C21
m? 1, II
- _ _ o (Z I il
o) = ~Fal1 o) 57 = (5= D)o (©22)
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with

2

N
1 9 d3p ms 1 9
= oS m2@si 4 1) [ o feg(1 = afeq) | o — (5 = ) paut | 2
Cin 3i_1m’(3+)/(2w)3EifQ( @feq) 3 put (3 CS>p‘u (C23)

where m; is the hadron mass, s; is the hadron spin, and N is the number of hadrons included in the freezeout. The
components of the four-momentum in polar Milne coordinates are
pr = prcosh¢ — p, sinh¢ = m cosh(y — <),
pr = pscosd +pysing = p, cos(¢ — ),
sin ¢ cos¢  pL

Py = Dz r + Dy o 77 Sin(¢ - 90) ,
sinh ¢ cosh¢ m, .
Ps = P + D2 = sinh(y — ). (C24)

Using Eq. (C7) and expanding p,p, 7" in polar Milne coordinates one has

[ S
T+ g
PupyT = — (;Lf) <m“’ cosh(y — <) = p. cos(¢ — ‘p))
—mlpR sin?(6 — ) — mimd sinh(y — <) (C25)

Appendix D: Explicit formulas for derivatives

In this section, we introduce the notations used in hydrodynamics dynamical equations. In the case of boost-
invariant and azimuthally-symmetric flow one can use the basis vectors presented in Ref. [59] to obtain

_ _ : 1 1
Dy = u"0,, = cosh0,0; +sinh6, 0, , 0, = Oyu* = cosh@ (f + GTGL) +sinh 0 (f + GTQL),
T r
D, = X"9, =sinh 0, 0; + coshd,0,,
1
Dy =Y"0, = —0s,

1
Dz:thap:;ag‘v 92:8#Z“:0.

1 1

0, = 0, X" =sinh 0. (= + 0,0 ) +cosh 0, (= +0,0.),
T T

0, =08,Y" =0,

(D1)

Appendix E: special functions

In this section, we provide definitions of the special functions appearing in the body of the text. We start by
introducing

2 -1 y> —1
HQ(y7 z) = ? (Z + 1) tanh yg 422 + \/(y2 - 1)(?/2 + 22) ’ (El)
Mar(9.9) = =y | (2 + 27 — e~ [ L1 D07 4 ) (E2)
’ (y2 _ 1)3/2 y2 + 2:2 ’
v’ 2 7 .2 2 1 jyr-1
Har(y, 2) e V(2 = 1)(y? + 22) — (z° + 1) tanh Zr 2| (E3)
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513 and
_ 1 2(y° + 2*)Har(y,2) 5
H2ml(ya Z) - (yz _ 1) [ (1 + 22) —-Y H2T(ya Z):|7 (E4)
2
Y
Hanaly,2) = (3= [2Har (v:2) = Har(v,2)] (E5)
_ Har(y, 2) 2 1 [yr—1
H2B(y7 Z) = 7'L2T (yv Z) + yg = \/yzi—l tanh y2 + 22 . (EG)
s Derivatives of these functions satisfy the following relations
8H2(y Z) 1 3H2T(y, Z) 1
DA R A — = 2H ,2)—H ,2) |,
By ” [H2(Z/7 z) + Har(y, Z)]v dy Y2 — 1) { 21y 2) o7 (Y )} (&)
OHa(y,z) 1 OHor(y,2) ~  —2z
DL = [ Haly,2) — Har(y, ) = Har(y.2)] b=y e e)
515 1. Massive Case
516 The H-functions appearing in definitions of components of the energy-momentum tensor in the massive case are
27 0 ~
. - R ~ - a, m
Hz(a, ) = Nagay, dpo® dp p® feq (\/p2 + m2) Ho < , A> , (EQ)
0 0 Ql op
27 0o ~
Mo (cx, 1) = Naiay/ dé cos? ¢>/ dp P fuq (\/ﬁQ n m?) Hor <°‘ mA> , (E9)
0 0 aL alp
27 0o ~
Hay () = Naad [ dg sin ¢ / dp P foq (\/p2 n m?) HQT(“Z, mA) : (E10)
0 0 ] alp
. 1 . .
Har (e, i) = 5 [Maw (e, ) + Hay ()|, (ELD)
27 00 ~
. - X - - a, m
Hsr(a, ) = Nozacozy/ dqﬁai/ dp p® foq (\/p2 + m2) HQL( , A) , (E12)
0 0 Q] alp
27 0o ~
. - A A = a, m
Han(oui) = Nasay [ do [ aposa (Vi) Han (22, 7). (B13)
0 0 Q. op
si7 The relevant derivatives are
OHz 1 OHs, 1
D, ol (Hs + Hsz) da, o (3H3e — H3a1),
OH 1 OHsy 1
> = 7(H3+H3y)7 2 = 7(7{3@ _H3x2)a
Oay Oayy Oy (E14)
OH 1 OHs, 1
8@3 = 07(7'[3 +HaL), 8@3 = 077{3@37
OH 1 OHs, 1
6777%3 = %(’Hs —Har — 2Har — Ham) , 67?3 = E(Hi’)ml — H3zm2) ,
518 with
R ~aba, [*T R - - a, m
Haan (e, 1) = N2 / dp cos* o | dpp* fu (VI + 7) Hom ( : ) : (E15)
@z Jo 0 QL alp
B Cu30[3 27 00 S
Hapo (v, 1) = N -2Y / o cos? ¢sin? qs/ dp P fuq (\/p2 ¥ m?) Howt ( az m) , (E16)
(e 0 0 Q] «lp

2
27 00 ~
o e saet ~ = = Qy m
Hszsz(a,m) = N 2y / dp a2 cos? ¢/ dp p® foq (\/p2 + m2> Howo < ) , (E17)
0 0

? ~
az al alp
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521

522
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H ( A) N A2/2ﬂd¢ 9 /OOdAABfeq(V ﬁ2+m2)H (az m > (E18)
m (O, M = Ay Oy o - N ,—— ;
° Y 0 *Jo PP \/P? + m? oy alp
Hami (o, ) = Hazr (o, M) + Hagz (o, ) — Hazs (e, ), (E19)
- 2m o0 feq (\/ ﬁ2 + Th2> 5
Hama (ct, 1) = Nodaym? / do cos® ¢ / dﬁﬁ?”Hw(O‘Z,”ﬂ), (E20)
‘ 0 0 P2 + 1?2 Qap a1p
=0 where o} = a2 cos® ¢ + o sin? ¢.
2. Massless Case
The H-functions used in definition of bulk variables in the standard (massless) case are
Ha(a) = —— Tim Hy(r, 1) = — 7 THa () (E21)
3\(&x) = 247‘[‘N m,lglo 3\, m) = 47ral’ay ¢aj_ 2 oL ;
Hao(a) = ! lim Hg, (o, 1) = iOz?’cu /27r d¢ cos® pH <%) (E22)
3x _87TN7”—>0 3z ) _471' zty o 2T L )
Flay(0) = — T Py e i) = —-cvsa [ dosind 6 (22 (123)
3yla) = = Jim Hy (0, ) = g0y ; sin 2\, )
~ 1 3 2 9 [0
Hsr(a) = - 7111907-[3L(a,m) = Iy ; d¢ ozl’HgL(a> ) (E24)
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where Hs o121 (y) = Haor21(y, 0).
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