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We introduce a new microscopic approach to calculate the dependence of fusion barriers and cross-sections
on isospin dynamics. The method is based on the time-dependent Hartree-Fock theory and the isoscalar and
isovector properties of the energy density functional (EDF). The contribution to the fusion barriers originating
from the isoscalar and isovector parts of the EDF is calculated. It is shown that for non-symmetric systems the
isovector dynamics influence the sub-barrier fusion cross-sections. For most systems this results in an enhance-
ment of the sub-barrier cross-sections, while for others we observe differing degrees of hindrance. We use this
approach to provide an explanation of recently measured fusion cross sections which show a enhancement at
low Ec.m. energies for the system 40Ca+132Sn as compared to the more neutron-rich system 48Ca+132Sn, and
discuss the dependence of sub-barrier fusion cross-sections on transfer.

One of the major open questions in fusion reactions of ex-
otic neutron-rich nuclei is the dependence of the fusion cross
section on the neutron excess, or equivalently on the total
isospin quantum number Tz = (Z −N)/2. This is a timely
subject given the expected availability of increasingly exotic
beams at rare isotope facilities [1]. The influence of isospin
dynamics on fusion is also one of the key questions pertaining
to the production of superheavy elements using neutron rich
nuclei [2]. Besides being a fundamental nuclear structure and
reaction question, the answer to this inquiry is also vital to
our understanding of the nuclear equation of state (EOS) and
symmetry energy [3]. The EOS plays a key role in elucidat-
ing the structure of exotic nuclei [4], the dynamics of heavy
ion collisions [5,6], the composition of neutron stars [7–10],
and the mechanism of core-collapse supernovae [11–13]. The
influence of isospin flow during heavy-ion reaction is usually
discussed in term of the (N/Z) asymmetry of the target and
projectile or the Q-values for nucleon transfer.

The presence of positive Q−value transfer channels has
been shown to enhance sub-barrier fusion in various sys-
tems [14]. However, what affects the magnitude of this en-
hancement is still actively debated [15–19]. In particular, re-
cent experiments carried out with radioactive 132Sn beams and
with stable 124Sn beams on 40,48Ca [17] and 58,64Ni [15] tar-
gets have shown that the enhancement is observed at much
lower cross-sections in the heavier (Ni+Sn) systems [18] than
in the lighter (Ca+Sn) ones. Various possible effects have
been invoked to explain these observations [19], such as a
larger role of dissipation due to the increase of the charge
product Z1Z2 of the collision partners [20–22]. It is also
known that for systems with Z1Z2 & 1600, the so-called quasi-
fission, where the nuclei re-separate after a significant mass
transfer, strongly hinders fusion [23].

The effect of neutron transfer on fusion is traditionally
described within the coupled-channels (CC) method [24–
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26] and models incorporating intermediate neutron rearrange-
ments [27–29]. These approaches, however, model the trans-
fer process on a schematic way and they require nuclear data
which are often unknown for exotic nuclei. New approaches
are then needed to describe realistically the effect of both pro-
ton and neutron transfers on fusion of stable and exotic nuclei.
In particular, dissipation induced by transfer should be prop-
erly accounted for.

Here, we take a first step toward this ambitious theoret-
ical program by investigating the overall effect of isospin
dynamics induced mostly by neutron and/or proton trans-
fer in collisions of asymmetric systems [30–39]. In par-
ticular, we address the impact of isospin dynamics on fu-
sion barriers and cross-sections using the microscopic time-
dependent Hartree-Fock (TDHF) theory [40,41] together with
the density-constrained TDHF (DC-TDHF) method for cal-
culating fusion barriers [42]. This choice is motivated by the
fact that the TDHF approach has been used to successfully
describe multinucleon transfer [43–47], as well as strongly
damped reactions such as deep-inelastic collisions [48,49] and
quasi-fission [50–52], without relying on an a priori knowl-
edge of the structure of the reactants. Therefore, these mi-
croscopic dynamical calculations incorporate the fundamental
mechanisms which are relevant for a realistic description of
the effect of transfer on fusion, including with exotic beams.
As a first application, various systems from Ca+Ca to Ca+Sn
are considered.

In the TDHF approximation the many-body wavefunction
is replaced by a single Slater determinant and this form is pre-
served at all times, implying that two-body correlations are
neglected. In this limit, the variation of the time-dependent
action with respect to the single-particle states, φ ∗

λ
, yields the

most probable time-dependent path in the multi-dimensional
space-time phase space represented as a set of coupled, non-
linear, self-consistent initial value equations for the single-
particle states

h({φµ}) φλ (r, t) = ih̄
∂

∂ t
φλ (r, t) (λ = 1, ...,A) , (1)

where h is the HF single-particle Hamiltonian. These are the
fully microscopic time-dependent Hartree-Fock equations.
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Almost all TDHF calculations employ the Skyrme EDF,
which allows the total energy of the system to be represented
as an integral of the energy density H (r) [53]

E =
∫

d3rH (r) , (2)

which includes the kinetic, isoscalar, isovector, and Coulomb
terms [54]:

H (r) =
h̄2

2m
τ0 +H0(r)+H1(r)+HC(r) . (3)

In particular,

HI(r) =Cρ

I ρ
2
I +Cs

I s2
I +C∆ρ

I ρI∆ρI +C∆s
I sI ·∆sI +Cτ

I
(
ρIτI− j2

I
)
+CT

I

(
sI ·TI− J

↔2
I

)
+C∇J

I

(
ρI∇ ·JI + sI · (∇× jI)

)
, (4)

where we have used the gauge invariant form suitable for
time-dependent calculations. The isospin index I = 0,1 for
isoscalar and isovector energy densities, respectively. The
most common choice of Skyrme EDF restricts the density de-
pendence of the coupling constants to the Cρ

I and Cs
I terms

only. These density dependent coefficients contribute to the
coupling of isoscalar and isovector fields in the Hartree-Fock
Hamiltonian. The isoscalar (isovector) energy density, H0(r)
(H1(r)), depends on the isoscalar (isovector) particle density,
ρ0 = ρn +ρp (ρ1 = ρn−ρp), with analogous expressions for
other densities and currents. Values of the coupling coeffi-
cients as well as their relation to the alternative parametriza-
tions of the Skyrme EDF can be found in [54].
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FIG. 1. (Color online) For the 40Ca+48Ca system; Total and isoscalar
DC-TDHF potentials. The shaded region corresponds to the reduc-
tion originating from the isovector contribution to the energy density.
The insert shows the isoscalar and isovector contributions to the in-
teraction barrier without the Coulomb potential. The TDHF collision
energy was Ec.m. = 55 MeV.

The above form of the EDF is more suitable for study-
ing the isospin dependence of nuclear properties and have
been employed in nuclear structure studies [54]. In the same
spirit we can utilize this approach to study isospin depen-
dent effects in nuclear reactions microscopically. In particular,
the density-constrained time-dependent Hartree-Fock (DC-
TDHF) method [42] can be employed to study isospin effects

on fusion barriers and fusion cross-sections. The DC-TDHF
approach calculates the nucleus-nucleus potentials V (R) di-
rectly from TDHF dynamics and has been used to calculate
fusion cross-sections for a wide range of reactions [55–61].
The basic idea of this approach is the following: At certain
times t or, equivalently, at certain internuclear distances R(t),
a static energy minimization is performed while constraining
the proton and neutron densities to be equal to the instanta-
neous TDHF densities. We refer to the minimized energy as
the “density constrained energy” EDC(R). The ion-ion inter-
action potential V (R) is obtained by subtracting the constant
binding energies EA1 and EA2 of the two individual nuclei

V (R) = EDC(R)−EA1 −EA2 . (5)

The calculated ion-ion interaction barriers contain all of the
dynamical changes in the nuclear density during the TDHF
time-evolution in a self-consistent manner. As a consequence
of the dynamics the DC-TDHF potential is energy depen-
dent [55]. Using the decomposition of the Skyrme EDF into
isoscalar and isovector parts [Eq. (4)], we can re-write this po-
tential as

V (R) = ∑
I=0,1

vI(R)+VC(R) , (6)

where vI(R) denotes the potential computed by using the
isoscalar and isovector parts of the Skyrme EDF given in
Eq. (3) in Eq. (5). The Coulomb potential is also calculated
via Eq. (5) using the Coulomb energy density.

We have used the DC-TDHF approach to study fusion bar-
riers for a number of systems. Calculations were done in a
three-dimensional Cartesian geometry with no symmetry as-
sumptions [62] and using the Skyrme SLy4 EDF [63]. The
three-dimensional Poisson equation for the Coulomb poten-
tial is solved by using Fast-Fourier Transform techniques and
the Slater approximation is used for the Coulomb exchange
term. The box size used for all the calculations was chosen to
be 60×30×30 fm3, with a mesh spacing of 1.0 fm in all di-
rections. These values provide very accurate results due to the
employment of sophisticated discretization techniques [64].

In Fig. 1 we show the total and isoscalar fusion barriers
(both including the Coulomb contribution) for the 40Ca+48Ca
system at Ec.m. = 55 MeV. For the Ca+Ca systems the energy
dependence is relatively weak [55,65,66]. The reduction of
the isoscalar barrier is due to the isovector contribution. It is



3

55

60

65

70

75

80

V
(R

) 
(M

e
V

)

V
total

 (R)

v
0
(R) + V

coul
(R)

55

60

65

70

75

V
(R

) 
(M

e
V

)

10 12 14 16 18 20
R (fm)

50

55

60

65

70

75

80

V
(R

) 
(M

e
V

)
16

O + 
208

Pb

Isovector reduction
(a)

(b)

(c)

Isovector reduction

Isovector reduction

FIG. 2. (Color online) For the 16O+208Pb system; (a) Total and
isoscalar DC-TDHF potentials at Ec.m. = 75 MeV. The shaded re-
gion corresponds to the reduction originating from the isovector
contribution to the energy density. (b) Same as in (a) except for
Ec.m. = 90 MeV. (c) Same as in (a) except for Ec.m. = 120 MeV.

evident that the isovector dynamics results in the narrowing
of the fusion barrier, thus resulting in an enhancement of the
sub-barrier fusion cross-sections. The insert in Fig. 1 shows
the isovector and isoscalar components without the Coulomb
contribution. We have also calculated fusion barriers for the
40Ca+40Ca and 48Ca+48Ca systems, where the isovector con-
tribution is zero as expected from symmetry. Irrespective of
its isovector/isoscalar nature, the DC-TDHF potential is a way
to represent the potential felt by the system at a given time.
The relation between time and distance between the fragments
then allow to represent the potential in the traditional man-
ner, i.e., as a function of the internuclear distance. The fact
that the isovector reduction occurs essentially inside the bar-
rier indicates that the proton and neutron flows become larger
for stronger overlap occurring in the later stage of fusion.

As an example of a more asymmetric system we performed
calculations for the 16O+208Pb system at Ec.m. = 75 MeV. Re-
sults are shown in Fig. 2(a). Here we see a substantial en-
hancement of sub-barrier fusion due to the isovector dynam-
ics. For this system we have performed further calculations at
c.m. energies of 90 MeV and 120 MeV shown in Fig. 2(b-c).
As the beam energy increases, the relative contribution from
the isovector component to the total barrier decreases, while
the overall barrier height increases with increasing energy. At
TDHF energies much higher than the barrier height the total
barriers approaches the frozen density barrier [55,66] due to
the inability of the system to rearrange at that time-scale at
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FIG. 3. (Color online) Isoscalar and isovector breakdown of the po-
tential barrier for two systems at the same Ec.m./VB = 1.065; (a)
48Ca+208Pb. The shaded region corresponds to the increase orig-
inating from the isovector contribution to the energy density. (b)
Same as in (a) except 50Ti+208Pb. The shaded region corresponds to
the decrease originating from the isovector contribution to the energy
density.

which time the isovector contribution vanishes as well. Next,
we have calculated isoscalar and isovector breakdown of the
potential barrier for two systems at the same Ec.m./VB = 1.065
as shown in Fig. 3(a,b) for; 48Ca+208Pb system where the
shaded region corresponds to the increase in the barrier orig-
inating from the isovector contribution to the energy density,
and for the 50Ti+208Pb system where the shaded region cor-
responds to the decrease in the barrier originating from the
isovector contribution to the energy density. The above results
demonstrate the influence of isovector dynamics on typical fu-
sion barriers.

We next look at Ca+Sn reactions. The experimental ob-
servation of a sub-barrier fusion enhancement in the sys-
tem 40Ca+132Sn as compared to more neutron-rich sys-
tem 48Ca+132Sn was the subject of a previous DC-TDHF
study [67], where it was shown that the fusion barriers for the
two systems have essentially the same height but the fusion
barrier for the 48Ca+132Sn system was much wider than that
for the 40Ca+132Sn system. We see in Fig. 4(a) a strong reduc-
tion of the isoscalar barrier due to the isovector contribution.
This behavior is similar to that of the previous two systems
albeit the isovector reduction is somewhat larger as shown in
the insert of Fig. 4(a). We then performed the same calculation
for the 48Ca+132Sn system as shown in Fig. 4(b). The startling
result is the vanishing of the isovector contribution. With no
isovector reduction the fusion barrier for this system is much
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FIG. 4. (Color online) For (a) 40Ca+132Sn, (b) 48Ca+132Sn systems;
Total and isoscalar DC-TDHF potentials. In (a) the blue shaded re-
gion corresponds to the reduction originating from the isovector con-
tribution. In (b) we see no isovector effect. (c) the isovector effect is
reversed causing hindrance as shown by the red shaded region. The
inserts show the isoscalar and isovector contributions to the inter-
action barrier without the Coulomb potential. The TDHF collision
energy was Ec.m. = 120 MeV.
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FIG. 5. (Color online) Neutron and proton current vectors in
40,48Ca+132Sn at Ec.m. = 120 MeV and at a separation R = 11.5 fm
between the fragments.

wider than that for the 40Ca+132Sn system for which substan-
tial reduction occurs. The absence of the isovector component
for the 48Ca+132Sn system could be a reflection of the negative
Q−values for neutron pickup. This is the first direct observa-
tion of this phenomena in microscopic calculations.

This may also explain why for the 48Ca+132Sn system sim-
ply considering the 2+ and 3− excitations of the target and
projectile in coupled-channel calculations is able to reproduce
the sub-barrier fusion cross-sections, whereas doing the same
for the 40Ca+132Sn system grossly under-predicts the cross-
sections. In Ref. [17], this was attributed to transfer which
manifests itself in the isovector dynamics. In Fig. 4(c) we

have also calculated the potential barriers for the theoretical
54Ca+132Sn reaction. Here, we see that the influence of the
isovector component is reversed, as indicated by the shaded
region. This reversal leads to the widening of the potential
barrier, further hindering sub-barrier fusion.

In all the studied systems, we observe an isovector reduc-
tion in the presence of positive Q−values for transfer chan-
nels. This can be understood from the Cρ

I ρ2
I term in Eq. (3)

which quantitatively dominates. When an isospin equilibra-
tion occurs (driven by positive Q−values), the I = 1 contri-
bution gets reduced as (ρp−ρn)

2 decreases in each fragment
and Cρ

1 is positive. This also explains why, in systems with
only negative Q-values, the isovector contribution to the po-
tential vanishes. In very few cases, such as for the theoretical
54Ca+132Sn reaction, we even found an increase of the poten-
tial which is attributed to more complex density dependencies
of H1 in Eq. (3).

In order to investigate the role of transfer in more detail we
have plotted in Fig. 5 the microscopic TDHF neutron and pro-
ton currents for 40,48Ca+132Sn at Ec.m. = 120 MeV and at the
nuclear separation R = 11.5 fm, which is slightly inside the
barrier but still corresponds to an early stage of the reaction.
In 40Ca+132Sn, neutrons flow from Sn to Ca (Fig. 5a) and pro-
tons from Ca to Sn (Fig. 5c), compatible with the fact that
there are many positive Q−value channels for these transfers
to occur. For 48Ca+132Sn, which has no positive Q−value
transfer channel, we observe a convergence of neutrons to-
wards the neck (Fig. 5b), which is what we would expect in
the fusion process. This is also what is observed for protons
in (Fig. 5d), although there is a larger displacement of pro-
tons from Ca towards the neutron-rich neck. As a result, the
isovector current density in the neck region is an order of mag-
nitude lower for the 48Ca+132Sn system in comparison to the
40Ca+132Sn. This is the primary cause for the disappearance
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FIG. 6. (Color online) Fusion cross-section in 40Ca+132Sn calculated
with (black line) and without (red line) isovector reduction, using the
potentials of Fig. 4a.

of the isovector contribution to the barrier.
Finally, the impact of the isovector contribution to the fu-

sion dynamics is shown in Fig. 6, where fusion cross-sections
have been computed from the DC-TDHF potentials of Fig. 4a.
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The effect of the isovector reduction is particularly visible
at sub-barrier energies where an enhancement of the fusion
cross-sections by about an order of magnitude is observed. To
our knowledge, this is the first microscopic evidence of the
enhancement of fusion due to coupling to transfer channels.

In summary, we have developed a microscopic approach to
study the effect of isospin dynamics on fusion barriers. We
have shown that for most systems isovector dynamics results
in the thinning of the barrier thus enhancing the sub-barrier
fusion cross-sections. The isovector reduction effect vanishes
for symmetric systems as well as the 48Ca+132Sn system for

which neutron pickup Q−values are all negative. These re-
sults provide a quantitative measure for the importance of
transfer for sub-barrier fusion reactions. Furthermore, they
elucidate the non-trivial dependence of sub-barrier fusion for
neutron-rich systems and illustrate the importance of dynami-
cal microscopic models that incorporate the nuclear structure
and reactions on the same footing.

We thank K. Vo-Phuoc for useful discussions regarding the
Ca+Sn systems. This work has been supported by the U.S.
Department of Energy under grant No. DE-SC0013847 with
Vanderbilt University and by the Australian Research Council
Grant No. FT120100760.
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