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We extend the ab initio coupled-cluster effective interaction (CCEI) method to open-shell nuclei
with protons and neutrons in the valence space, and compute binding energies and excited states
of isotopes of neon and magnesium. We employ a nucleon-nucleon and three-nucleon interaction
from chiral effective field theory evolved to a lower cutoff via a similarity renormalization group
transformation. We find good agreement with experiment for binding energies and spectra, while
charge radii of neon isotopes are underestimated. For the deformed nuclei 20Ne and 24Mg we
reproduce rotational bands and electric quadrupole transitions within uncertainties estimated from
an effective field theory for deformed nuclei, thereby demonstrating that collective phenomena in
sd-shell nuclei emerge from complex ab initio calculations.

Introduction – Nuclei are complex many-body systems
that present us with a wealth of interesting quantum me-
chanical phenomena that emerge along the entire chart
of nuclei. These phenomena involve: exotic clustering
behavior and extended density distributions of loosely
bound nuclei [1, 2], melting and re-organization of shell-
structure in neutron nuclei [3–5], Borromean nuclei [6, 7],
and emergence of collective behavior in nuclei, such as
rotational and vibrational states [8, 9] as well as nuclear
super conductivity and pairing [10].

Recently there has been an explosion of nuclear many-
body methods with a sufficiently soft computational scal-
ing to allow a reliable description of binding energies
and spectra in nuclei up through the sd-shell starting
from nucleon-nucleon and three-nucleon forces from chi-
ral effective field theory (EFT) [11–16]. In spite of this
progress, emergence of collective phenomena in nuclei
still poses significant challenges to ab initio methods.
Rotational states in p-shell nuclei have been successfully
computed in the no-core shell-model and in Green’s-
function Monte-Carlo approaches [17–21], while in the
sd-shell, deformed nuclei have only been accurately de-
scribed in shell-model calculations using phenemenolog-
ical interactions [22]. A symplectic approach has been
proposed [23] to enable extension of the no-core shell-
model to larger model spaces and higher-mass nuclei,
yet prototypical deformed nuclei like 20Ne and 48Cr re-
main out of reach in the aforementioned approaches. Fur-
thermore, as deformed nuclei are truly open-shell, they
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are inaccessible via the typical implementation of many-
body expansion methods like coupled cluster theory [24],
self-consistent Green’s function methods [25], and in-
medium similarity renormalization group (SRG) meth-
ods [26], that normally rely on a spherical, closed-shell
mean field. Extensions to open-shell nuclei via Bogoli-
ubov coupled cluster theory [27], Gorkov-Green’s func-
tion methods [28], and multi-reference in-medium simi-
larity renormalization group methods [14] are underway,
but are limited to semi magic nuclei thus far.

Recently, non-perturbative effective interactions for
the shell-model were derived from coupled-cluster theory
and in-medium SRG starting from chiral nucleon-nucleon
and three-nucleon forces [29, 30]. The CCEI approach
is based on the valence-cluster expansion of the Hamil-
tonian that was first proposed within the framework of
the no-core shell-model [31], and applied to p-shell nu-
clei [32, 33]. More recently the no-core shell-model was
used to construct non-perturbative shell-model interac-
tions for light fluorine isotopes based on nucleon-nucleon
interactions only [34].

In this work we extend the CCEI method to deformed
nuclei in the sd-shell with both protons and neutrons
in the valence space. Furthermore, we show that other
observables such as charge radii can be consistently com-
puted within CCEI. Diagonalization of the resulting in-
teractions yields the fully-correlated wavefunction in the
reduced model space, which is sufficient to describe the
properties of deformed nuclei [35]. This enables the de-
scription and identification of rotational bands, which we
compare with predictions from an EFT developed for de-
formed nuclei [36–38].
Theory – To minimize spurious center-of-mass motion

[39], our coupled-cluster calculations start from the in-
trinsic, A-dependent Hamiltonian,

Ĥ =
∑
i<j

(
(pi − pj)

2

2mA
+ V̂

(i,j)
NN

)
+
∑
i<j<k

V̂
(i,j,k)
3N . (1)

We utilize the same Hamiltonian as in our prior
work, [30], with an initial next-to-next-to-next-to lead-
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ing order chiral nucleon-nucleon interaction [40], and a
next-to-next-to leading order local three-body chiral in-
teraction [41], evolved consistently to a lower momentum
scale via a similarity renormalization group transforma-
tion [42]. This interaction has been demonstrated to yield
accurate binding energies and spectra in and around iso-
topes of oxygen [29, 30, 43, 44]. Here we explore how
this Hamiltonian performs in isotopes of neon and mag-
nesium. We perform coupled-cluster calculations in thir-
teen major oscillator shells with the frequency ~ω = 20
MeV, and utilize the normal-ordered two-body approx-
imation for the three-nucleon force with the additional
three-body energy cut E3max = N1 + N2 + N3 ≤ 12,
where Ni refers to the major oscillator shell of the ith

particle (see Ref. [30] for more details). In addition, we
derive the coupled-cluster effective interactions (CCEI)
based on a core of mass Ac, by expanding the Hamilto-
nian Eq. (1) in a form suitable for the shell model (i.e.
the valence-cluster expansion [33]),

HCCEI = HAc
0 +HAc+1

1 +HAc+2
2 + . . . , (2)

i.e. for the core, one-body, two-body, and higher body
valence-cluster Hamiltonians. As pointed out in Ref. [34]
the valence -cluster expansion is not uniquely defined as
one can either choose to set the massA that appears in in-
trinsic kinetic energy of the individual parts equal to the
mass A of the target nucleus, or set it equal to the mass A
of the core, one-body, two-body, and higher body parts.
Both choices will reproduce the exact result in the limit
of including all terms in the valence-cluster expansion.
While in Ref. [30] we made the former choice, in this work
we choose the latter as defined by Eq. (2) and truncate
the cluster expansion at the two-body level. This choice
tremendously simplifies the calculations since we can use
the same effective shell-model interaction for all nuclei,
furthermore this choice guarantees that the Hamiltoni-
ans for Ac, Ac+1, and Ac+2 are translationally invariant
(see Supplemental Material [45] for a quantitative com-
parison between these two choices in computing excited
states and binding energies in oxygen isotopes). In this
work we compute the ground state of the Ac nucleus us-
ing the coupled-cluster method in the singles-and-doubles
approximation with the Λ-triples correction treated per-
turbatively (Λ-CCSD(T)) [46, 47], while the one- and
two-particle-attached equation-of-motion coupled-cluster
(EOM-CC) methods are used to compute the ground
and excited states of the Ac + 1 and Ac + 2 nuclei [48–
51]. In this work we define our valence space by the sd-
shell, and we use the Okubo-Lee-Suzuki similarity trans-
formation [52–54] to project the one- and two-particle-
attached EOM-CC eigenstates with the largest overlap
with the model space onto two-body valence-space states.
From the non-Hermitian coupled-cluster procedure, one
can obtain a Hermitian effective Hamiltonian for use
in standard shell model codes by constructing the met-
ric operator S†S where S is a matrix that diagonalizes
HA

CCEI; the Hermitian shell-model Hamiltonian is then[
S†S

]1/2
HA

CCEI

[
S†S

]−1/2
[55, 56].

Any operator O can be expanded in a similar form to
Eq. (2), suitable for the shell model (see Refs. [32, 57]

for details), OCCEI = OAc
0 + OAc+1

1 + OAc+2
2 + . . ., with

a consistent (i.e. identical to that of the Hamiltonian)
Okubo-Lee-Suzuki transformation and metric operator.
In this way, any operator which can be computed for all
many-body states in the Ac, Ac + 1, Ac + 2 systems in
coupled-cluster theory can be used to define a valence-
space operator.

Results – As we in this work adopt a different definition
for the valence-cluster expansion as used in Ref. [30], we
would first like to address the accuracy of our calcula-
tions. Again, we find good agreement betwen full-space
CC and CCEI for binding energies in the oxygen iso-
topes, and for low-lying excited states in 22,24O. In par-
ticular, for 22O CCEI yields a Jπ = 2+ excited state at
2.6 MeV and a Jπ = 3+ excited state at 3.8 MeV, while
full-space EOM-CC with singles and doubles excitations
(EOM-CCSD) yields the corresponding excited states at
2.5 MeV and 3.8 MeV, respectively. For the Jπ = 2+ and
Jπ = 1+ excited states in 24O CCEI gives 5.7 MeV and
6.4 MeV, while EOM-CCSD yields 6.0 MeV and 6.4 MeV,
respectively. The CCEI results for the binding energies
of 22,24O are 162.2 MeV and 168.1 MeV, while the cor-
responding full-space Λ-CCSD(T) results are 162.0 MeV
and 170.2 MeV, respectively. We refer the reader to the
Supplement Material [45] for a more detailed comparison
between full-space coupled-cluster calculations and re-
sults obtained using the A-dependent and A-independent
choices in the CCEI method.

In this work we extend the CCEI approach to nu-
clei with protons and neutrons in the valence space,
and to gauge the accuracy of CCEI for these systems
we benchmark against the full-space charge-exchange
EOM-CC method [58] for ground- and excited states
in 24F and 24Ne. To obtain a more precise calcula-
tion of 24Ne as a double charge-exchange excitation from
the ground-state of 24O, we extend the charge-exchange
EOM-CC method beyond the two-particle-two-hole exci-
tation level (EOM-CCSD), and include the leading-order
three-particle-three-hole (3p-3h) excitations defined by
the EOM-CCSDT-1 method [59]. Since this approach
is rather costly in terms of computional cycles and mem-
ory, we introduce an active-space [60] truncation on the
allowed 3p-3h excitations in the unoccupied space defined
by an energy cut e3max = N1 + N2 + N3 (similar to the
E3max cut of the three-nucleon force). This approach al-
lows us to compute ground- and excited states of nuclei
that differ by two units of the z-component of the total
isospin (double charge-exchange) from the closed (sub-
)shell reference nucleus, and here we present the first ap-
plication of this method to ground and excited states of
24Ne. Figure 1 shows the low-lying spectra of 24F and
24Ne computed with full-space (double) charge-exchange
EOM-CCSD and EOM-CCSDT-1 and CCEI, including
a comparison to data. The agreement between the CCEI
and full-space charge-exchange EOM-CCSDT-1 for 24F
is overall good, and we see that the effect of including
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3p-3h excitations is rather small on most of the com-
puted excitation levels (except for the second 1+ excited
state that moves down by about 0.5 MeV). For 24Ne the
agreement between EOM-CCSDT-1 and CCEI is overall
satisfactory. In particular the first 0+ state is in excellent
agreement, and the role of 3p-3h excitations is small. For
the first 2+ and 4+ states we see that 3p-3h are more im-
portant and brings the EOM-CCSDT-1 result in closer
agreement with CCEI. The agreement with data for 24F
and 24Ne is also quite good. For 24F both CCEI and
full-space coupled-cluster yield a ground-state with spin
and parity Jπ = 3+ in agreement with experiment [61].
Finally, we also compared our results to those computed
with in-medium SRG effective interactions and the recent
measurements of excited states in 24F [61], and found
good agreement.
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FIG. 1. (Color online) Excited states of 24F (left panel) and
24Ne (right panel) computed from the charge-exchange EOM-
CCSD, EOM-CCSDT-1, CCEI, and compared to data.

For the binding energies of 24F and 24Ne we obtain
179.4 MeV and 192.9 MeV in CCEI, respectively, in good
agreement with the full-space coupled-cluster results of
181.0 MeV and 190.8 MeV, respectively. Both CCEI and
full-space coupled-cluster results are in good agreement
with the experimental binding energies of 179.9 MeV
and 191.8 MeV [62]. Finally we checked that our cal-
culations are reasonably well converged with respect to
the model-space size. In our full-space charge-exchange
EOM-CCSDT-1 calculations we used Nmax = 12 and an
active space of e3max = 12 for the 3p-3h excitations for
the ground- and excited states in 24F, while for the ex-
cited states in 24Ne we used e3max = 14, and finally for
the ground-state of 24Ne we used e3max = 20. We found
that energies are converged to within a few hundred keV
with respect to these active-space truncations. Beyond
the active space truncation, there are also uncertainties

associated with the truncation of the particle-hole exci-
tation level in the EOM-CC approaches used to compute
the full-space charge exchange excitations (see Fig. 1),
and in the construction of the core-, one-body, and two-
body parts of the CCEI defined in Eq. (2). We refer
the reader to [30] for a more detailed discussion on un-
certainties related to the construction of CCEI and the
model-space truncations used.
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FIG. 2. (Color online) Ground-state energies of neon (red line
marked with diamonds) and magnesium isotopes (blue line
marked with squares). Gray dashed-dotted lines marked with
circles show the experimental values. The inset shows the
CCEI results for the isotope shifts in neon isotopes, relative
to 20Ne, compared to known experimental data.

Figure 2 shows the total binding energies for 18−30Ne
and 20−30Mg obtained from our CCEI calculations and
are compared to data. We find a very good agreement
between the CCEI results and experiment for all magne-
sium isotopes and for neon isotopes up to mass A = 28.
The deviation between the CCEI results and experiment
for 29,30Ne is not unexpected as these nuclei are part of
the well-known island of inversion region [63], for which
intruder states from the fp-shell become important. We
also computed binding energies for all isotope chains in
the sd-shell and found overall very good agreement with
data (see Supplement Material [45]). In the inset, we
show the computed isotope shifts of the charge radii for
the neon isotopes for which experimental data is avail-
able [64]. The CCEI calculations included the core and
one-body contributions to the radii, while the more de-
manding inclusion of two-body contributions will be ex-
plored in the future. The overall trend, in particular the
kink at N = 24, is reproduced qualitatively.

In Fig. 3, we highlight the level schemes of a subset
of the computed neon and magnesium isotopes, includ-
ing the prototypical deformed nuclei 20Ne and 24Mg, as
well as odd-A and neutron-rich exotic nuclei like 27Ne,
for which little experimental data is known. We ob-
serve a quite reasonable reproduction of the data in all
cases, with a generally consistent compression of the level
scheme. We also observe rotational band structures in
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FIG. 3. (Color online) Excitation spectra of selected neon (upper panel) and magnesium (lower panel) isotopes. The left
columns (red lines) display the CCEI results, the middle columns (black lines) include known positive-parity experimental
states from the ENSDF database, while the right columns (blue lines) shows excitation spectra obtained from the USDB
interaction [35].

these isotopic chains, as suggested from experimental
studies.

The quality of these level schemes can be difficult
to measure with respect to experiment. To address
the agreement with data and to compare with the phe-
nomenological USD-B interaction in a more quantitative
way we perform a comparison of the root-mean-squared
(rms) deviations obtained from 144 experimental levels
in the lower sd-shell. For the CCEI (USDB) shell-model
interactions, we find values of 591(244) keV for oxygen,
452(268) keV in fluorine, 422(268) keV in neon, 529(155)
keV in sodium and 760(106) keV magnesium. We note
that the CCEI rms deviations are very close to the cor-
responding IM-SRG rms deviations reported in Stroberg
et al. [65].

Let us now turn to the deformed nuclei 20Ne and
24Mg in more detail. Deformed even-even nuclei ex-
hibit ground-state rotational bands with energies E(I) =
α0I(I + 1)[1 + α2I(I + 1) + . . .] [8, 9, 66]. Here, I =
0, 2, 4, . . . denotes the spin, α0 is the rotational constant
(i.e. twice the inverse of the moment of inertia), and
α2 � 1 is a small correction. Similarly, strengths of elec-
tric quadrupole transitions B(E2 ↓, Ii) = Q2

0(CG)2[1 +
β2Ii(Ii − 1) + . . .] from an initial spin Ii to final spin
Ii − 2 can be expanded as a function of spin [67, 68].
Here CG denotes a Clebsch Gordan coefficient that ac-
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FIG. 4. (Color online) B(E2 ↓) transition strengths, divided
by a squared Clebsch Gordan coefficient CG, as a function
of initial spin (left panels) and corresponding excitation ener-
gies as a function of spin (right panels) for 24Mg (top panels)
and 20Ne (bottom panels). Data (black squares) and results
from CCEI (blue circles connected by dashed lines) are shown
together with results from a leading-order EFT for deformed
nuclei (red line and shaded uncertainty estimates).

counts for geometric aspects in the transition, while Q0

and β2 � 1 are low-energy constants. For a rigid rotor,
α2 = 0 = β2. The relations for energies and B(E2) tran-
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sitions, well known from collective models of the atomic
nucleus [69–71], were recently re-derived via EFT [36–
38]. The EFT exploits the separation of scale between
the energy ξ of rotations and the breakdown energy Ω
that marks the proliferation of non-rotational degrees of
freedom. For even-even sd-shell nuclei ξ ≈ 1.5 MeV, and
Ω ≈ 6 MeV. The low-energy constants α2 and β2 that ac-
count for deviations from the rigid rotor are of the order
(ξ/Ω)2. Figure 4 shows that computed B(E2) transitions
and spectra agree well with data for 20Ne and 24Mg. Note
that for B(E2) we used the standard effective charges of
ep

eff = 1.5e and en
eff = 0.5e, for protons and neutrons,

respectively. We verified that the results shown for the
B(E2) transitions are not sensitive to small variations
of the effective charge. Furthermore, in Navrátil et al.
[32] it was shown that these phenomenological effective
charges are close to fully microscopically derived effective
charges for the p-shell. In agreement with EFT results,
the deviations from the rigid-rotor behavior (red solid
lines) are of similar size for spectra and transitions, and
within EFT uncertainty estimates (red shaded regions).

Conclusions – In this work we extended the ab initio
CCEI method to deformed sd-shell nuclei. We presented
results for binding energies and excited states in isotopes
of neon and magnesium based on chiral nucleon-nucleon
and three-nucleon forces. The results were found to be in
good agreement with data. Our calculations reproduce
rotational bands and B(E2) transitions in 20Ne and 24Mg
within the uncertainties estimated from an EFT derived
for deformed nuclei. We have thus extended the descrip-
tion of collective degrees of freedom as emergent phe-
nomena in sd-shell nuclei from first principles. This work

paves the way for non-perturbative shell-model Hamilto-
nians tied to chiral EFT, with predictive power in the
sd-shell and beyond.
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[28] V. Somà, C. Barbieri, and T. Duguet, Phys. Rev. C

87, 011303 (2013), URL http://link.aps.org/doi/10.

1103/PhysRevC.87.011303.
[29] S. K. Bogner, H. Hergert, J. D. Holt, A. Schwenk,

S. Binder, A. Calci, J. Langhammer, and R. Roth, Phys.
Rev. Lett. 113, 142501 (2014), URL http://link.aps.

org/doi/10.1103/PhysRevLett.113.142501.
[30] G. R. Jansen, J. Engel, G. Hagen, P. Navratil, and

A. Signoracci, Phys. Rev. Lett. 113, 142502 (2014), URL

http://link.aps.org/doi/10.1103/PhysRevLett.113.

142502.
[31] B. R. Barrett, P. Navrátil, and J. P. Vary,
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