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A quark propagating through the quark gluon plasma and scattering off the thermal gluons

can radiate photons in states with definite angular momentum and magnetic helicity. These

states, known as the Chandrasekhar-Kendall states, are eigenstates of the curl operator and

have a non-trivial topology. I compute spectrum of these states in the ultrarelativistic limit

and study its properties.

I. INTRODUCTION

The electromagnetic radiation is known as a precise tool to study the dynamics of the quark-

gluon plasma (QGP) [1–9]. Significant process has been made over the recent decade [10–16] though

some open problems still remain. The theoretical calculations usually focus on the momentum

spectrum of the radiation and thus treat photons as plane waves [17]. It has recently been pointed

out in [18, 19] that the spherical waves of photons, i.e. states of electromagnetic field with definite

angular momentum, is an invaluable instrument for studying the topological properties of magnetic

fields in media with chiral anomaly, such as QGP. Certain photon spherical waves are states with

definite magnetic helicity, which is a topological invariant proportional to the number of twisted

and linked flux tubes. These topological states are known as the Chandrasekhar-Kendall (CK)

states [20, 21].

In [19] time-evolution of an initial topological state has been followed using the Chern-Simons-

Maxwell model [29–32]. The non-trivial physics of this evolution has been emphasized before in

[25–28] in different contexts. The precise form of the initial state does not play an important role

at long enough times. However, the evolution time in QGP is restricted by its lifetime. This is

why the initial condition must play an important role in the dynamics of electromagnetic fields.

These observations motivate the author to address the problem of radiation of topological

spherical waves of photons, or simply, the CK photons. There are many ways to radiate a CK

photon from the QGP. In this paper, which I consider as a benchmark for future studies, I discuss

radiation of the CK photons by an ultrarelativistic quark scattering off thermal gluons: q + g →

q+ γCK. This process is similar to the Compton scattering except that the radiated photon is now
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in the topologically non-trivial state. The main goal of this paper is to calculate spectrum of the

CK photons emitted by an ultrarelativistic quark and study its properties.

It is important to realize that the CK photon emission and the time-evolution of the magnetic

field mentioned above do not interfere since they occur at different time scales. At long time

scales, neither energy nor magnetic helicity are conserved due to energy dissipation through the

induced Ohmic electric currents. Moreover, magnetic helicity is non-conserved due to anomalous

(non-dissipative) electric current generated by chiral imbalance in presence of chiral anomaly [22,

23]. However, these effects are small on the short time scales inherent for perturbative processes

discussed in this paper.

The paper is structured as follows. In Sec. II the spherical photon waves and the CK photons

are introduced. This is followed by the quantization the electromagnetic field in the basis of the

CK states in Sec. III and discussion of the applicability of the free-field approximation in Sec. IV.

Since calculation of the scattering matrix is most convenient in the momentum space, one needs to

expand wave functions of the CK photons in the plane wave basis. This done in Sec. V. The main

section is Sec. VI where the scattering cross section is computed. Finally, in Sec. VII the results

are discussed and summarized.

II. THE CK STATES IN THE QGP

I am working in the radiation gauge A0 = 0, ∇ ·A = 0 in which A satisfies the wave equation

∇2A− ∂2tA = 0 . (1)

Its positive-energy solutions that have definite value of angular momentum can be written in the

form

Ah
klm(r, t) = hkW h

klm(r)e−iωkt , (2)

where W h
klm(r) are eigenfunctions of the curl operator:

∇×W h
klm(r) = hkW h

klm(r) . (3)

Here h = ±1 is magnetic helicity, l is orbital angular momentum and m = −l, . . . , l its projection.

Set of functions W h
klm(r) is complete on a unit sphere at any given k. Their explicit expressions

read [24]

W h
klm(r) = N̄k

(
T hklm(r)− ihP h

klm(r)
)
, (4)
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where

T hklm(r) =
jl(kr)√
l(l + 1)

L[Ylm(θ, φ)] , P h
klm(r) =

i

k
∇× T hklm(r) , l ≥ 1 . (5)

Here L = −i(r ×∇) is the orbital angular momentum operator. Although functions Tklm and

Pklm also form a complete set on a unit sphere (at fixed k), they do not have definite magnetic

helicity. The normalization constant N̄k is given by

N̄k =
1

√
2ω

3/2
k

·


1

R3/2jl+1(kR)
, discrete ;

k
π , continuous ,

(6)

for the discrete and continuous spectra respectively. It is chosen in such a way that the orthogonality

conditions read ∫
W h′∗

k′l′m′(r) ·W h
klm(r)d3r =

1

2ω3
k

δkk′δll′δmm′δhh′ , (7)

for a discrete spectrum and∫
W h′∗

k′l′m′(r) ·W h
klm(r)d3r =

1

2πω3
k

δ(k − k′)δll′δmm′δhh′ , (8)

for a continuous one, which can be readily verified using the properties of the spherical Bessel

functions ∫ R

0
jl(kr)jl(k

′r)r2dr =
1

2
R3δkk′j

2
l+1(kR) , (9)∫ ∞

0
jl(kr)jl(k

′r)r2dr =
π

2k2
δ(k − k′) . (10)

The normalization conditions (7),(8) are used in the relativistic scattering theory (though different

from [19] and [24]).

A discrete spectrum with the quantized k emerges if one imposes a boundary condition on the

magnetic field at some distance r = R [18]. Although there seems to be no physical reason to

impose such a boundary condition, in practical calculations it is sometimes more convenient to

handle a discrete spectrum than a continuous one, and afterwards set R→∞. Through the paper

the same letter k is used to denote both the continuous and discrete variables.

III. QUANTIZATION OF THE FREE FIELD

Substituting (2) into (1) we obtain the dispersion relation of free photons: ωk = k. In terms of

the normal modes (2), the vector potential reads (in the discrete case)

A(r, t) =
∑
klmh

(
hkahklmW

h
klm(r)e−iωkt + c.c.

)
, (11)
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where ahklm are arbitrary coefficients. The electric and magnetic fields are given by

E(r, t) = −∂tA(r, t) =
∑
klmh

(
ihkωka

h
klmW

h
klm(r)e−iωkt + c.c.

)
, (12)

B(r, t) = ∇×A(r, t) =
∑
klmh

(
k2ahklmW

h
klm(r)e−iωkt + c.c.

)
, (13)

The total electromagnetic energy of the discrete spectrum can be written as a sum over the energies

of all CK states as follows:

E =
1

2

∫
(E2 +B2)d3r =

∑
klm

ωk a
h
klma

h∗
klm . (14)

The normalization in (7) and (8) was chosen so that energy of a single CK state is ωk. For the

continuous spectrum, the total electromagnetic energy be written as∗

E =
∑
lmh

∫ ∞
0

dk

π
|ωk|ahklmah∗klm . (15)

Magnetic helicity of electromagnetic field reads

H =

∫
A ·B d3r =

∑
klmh

h ahklma
h∗
klm , (16)

indicating that magnetic helicity of a single CK state is h. Clearly, it is a conserved quantity.

That magnetic helicity is also gauge-invariant can verified using the fact that angular dependence

of the radial component of magnetic field is given by Ylm(θ, φ), which follows from (2),(4) and (5).

Thus under the gauge transformation A→ A+ ∇f the magnetic helicity changes by∫
∇f ·B d3r =

∫
∇(fB) d3r =

∮
fBrr

2dΩ ∝
∮
YlmdΩ = 0 , (17)

since l > 0.

Finally, the quantized electromagnetic field can be written down using (11) as

A(r, t) =
∑
klmh

(
hkahklmW

h
klm(r)e−iωkt + h.c.

)
, (18)

where now ahklm is an operator obeying the usual bosonic commutation relations.

IV. ROLE OF ELECTRIC CURRENTS

It is important to delineate the region of applicability of the free-field approximation of the

previous section. The perturbation theory that I am employing in this paper, hinges on the

∗ Coefficients ahklm are normalized differently in (14) and (15).
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assumption that the electrical currents in the medium can be treated as small perturbations, since

they are proportional to αem. For illustration, consider a model of classical electrodynamics with

an anomalous current given by the Maxwell-Chern-Simons equations [29–32]:

∇ ·B = 0 , (19)

∇ ·E = 0 , (20)

∇×E = −∂tB , (21)

∇×B = ∂tE + σE + σχB . (22)

In the last equation σE and σχB stand for the Ohmic and anomalous electrical current densities.

In the radiation gauge Eqs. (19)-(22) yield an equation for the vector potential

−∇2A = −∂2tA− σ∂tA+ σχ∇×A , (23)

where for simplicity I treat σχ as a positive constant. Substituting (2) into (23) one finds a

dispersion relation

k2 − hσχk − ωk(ωk + iσ) = 0 , (24)

which has the following two solutions:

ωk = − iσ
2
±
√

(k2 − hσχk)− σ2/4 . (25)

Evidently, if k � σ, the dissipation effects due to the Ohmic currents can be neglected.

Unlike the dissipative currents that preclude the very notion of definite energy states, the

anomalous currents are non-dissipative [33] and in principle the electromagnetic field could have

been quantized in their presence. However, there a two problems. Firstly, the magnetic helicity

is not conserved due to the chiral anomaly, see e.g. [19]. Secondly, the dispersion relation (25)

contains an unstable solution at k < σχ [25–28]. This is easily seen at σ = 0: when h = 1, ωk is

purely imaginary and positive, hence the corresponding eigenfunction exponentially increases with

time. Taking the time-dependence of σχ into account does not resolve the problem [25]. In fact,

presence of a spatially uniform current σχB in (22) violates causality. It seems possible that a

more realistic model of the anomalous term may cancel the instability. These problems, however,

are rather academic. Indeed, as far as the QGP of a realistic size R ∼ 5 − 10 fm and electrical

conductivity σ ∼ 5 − 6 MeV [34–37] is concerned, the requirement that k � σ is always satisfied

because k & 1/R � σ. Since σχ is probably of the same order of magnitude as σ, it implies that

k � σχ and the unstable modes do not contribute to the spectrum of the CK states (and neither

does the anomaly).
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V. PLANE WAVE EXPANSION OF THE CK STATES

The wave function of a photon with a given momentum q and polarization λ is given by

Aqλ(r) =
1√

2ωV
εqλe

iq·r , (26)

where λ = 1, 2 are two polarization states and V is the plasma volume. In the next section I will

need the following expansion of the CK states into the plane waves (26):

W h
klm(r) =

∑
λ

∫
d3q

(2π)3
eiq·rεqλw

h
klm(q, λ) . (27)

where

whklm(q, λ) =

∫
d3r e−iq·rε∗qλ ·W h

klm(r) = N̄kε
∗
qλ ·

(
T hklm(q)− ihP h

klm(q)
)

(28)

with

T hklm(q) =

∫
d3r e−iq·rT hklm(r) , P h

klm(q) =

∫
d3r e−iq·rP h

klm(r) . (29)

Substituting (5) and denoting by r̂ a unit vector in the r direction yields

T hklm(q) =

∫
d3r e−iq·r

jl(kr)√
l(l + 1)

L[Ylm(r̂)] = −
∫
d3rL[e−iq·r]

jl(kr)√
l(l + 1)

Ylm(r̂) (30)

= L

∫
d3r e−iq·r

jl(kr)√
l(l + 1)

Ylm(r̂) , (31)

where in the last line the angular momentum operator is in the momentum representation: L =

−iq ×∇q. Using the expansion of the plane wave into the spherical waves

eiq·r = 4π
∑
lm

iljl(qr)Y
∗
lm(q̂)Ylm(r̂) , (32)

along with the orthonormality relations (9),(10) furnishes

T hklm(q) = 2πR3(−i)l
j2l+1(kr)√
l(l + 1)

δkq LYlm(q̂) , (33)

for the discrete spectrum and

T hklm(q) =
2π2

k2
(−i)l 1√

l(l + 1)
δ(k − q)LYlm(q̂) (34)

for the continuous one. From (5) and (29) it follows that

P h
klm(q) = −1

k
q × T hklm(q) . (35)

Substituting (33)–(35) into (28) we obtain the desired expansion of the CK states into the plane

waves.
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VI. SPECTRUM OF THE CK PHOTONS

Consider an ultra-relativistic quark traveling through the QGP at temperature T with energy

ε � T . As it scatters off a thermal gluon it radiates a CK photon through the process q(pµ) +

g(kµ) → q(p′µ) + γCK(k′lmh). Quantities in parentheses denote the quantum numbers of the

corresponding particles; in the case of quark and gluon these are their 4-momenta. The scattering

matrix element for this process reads

Sfi =eqg

∫
d4x

∫
d4y ψ̄f (x)

[
i /A

h∗
k′lm(x) iS(x− y)(−i /Aakλ(y))

+(−i /Aakλ(x)) iS(x− y)(i /A
h∗
k′lm(y))

]
ψi(y) , (36)

where eq and g are the electromagnetic and strong coupling constants (assumed to be small). The

gluon field potential Aakλ(y) is normalized as in (26):

Aakλ(r) =
1√

2ωV
taεkλe

−ikµ·xµ , (37)

where ta is the color symmetry generator. The initial and final quark wave functions are states

with given momentum and spin that read

ψi(y) =
1√
2εV

ups e
−ipµ·yµ (38)

ψ̄f (x) =
1√

2ε′V
ūp′s′ e

ip′µ·xµ , (39)

where s and s′ stand for spin projections. The most convenient way to compute the scattering

matrix element (36) is to employ the plane wave representation of the CK photon wave function

derived in the previous section. Substituting (27) into (2) we have

Ah
k′lm(x) = hk′W h

k′lm(x)e−iω
′
kx0 = hk′

∑
λ′

∫
d3q′

(2π)3
e−iq

′
µ·xµεq′λ′w

h
k′lm(q′, λ′) , (40)

where I denoted q′µ = (ω′q, q
′). Energy conservation, which is explicit in (33),(34), requires q′ = k′

implying that ω′q = ω′k. Substituting (37),(38),(39),(40) into (36) and using the momentum space

representation of the free fermion propagator

S(x− y) =

∫
d4`

(2π)4
e−i`·(x−y)

/̀+mq

`2 −m2
q + iε

, (41)

one arrives at the following expression:

Sfi =
−i(2π)hk′ta√

2ε′
√

2ε
√

2ωV 3/2

∑
λ′

∫
d3q′wh∗k′lm(q′, λ′)MC(qg → qγ) δ4(pµ + kµ − p′µ − q′µ) , (42)
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where the Compton scattering amplitude is given by:

MC = −eq g ūp′s′
[
/ε∗qλ′

/k + /p+mq

(k + p)2 −m2
q + iε

/εkλ + /εkλ
/p− /q′ +mq

(p− q′)2 −m2
q + iε

/ε∗qλ′

]
ups (43)

and describes the Compton scattering q(pµ) + g(kµ)→ q(p′µ) + γ(q′µ) (modulo the color matrix ta

that is extracted for convenience). The scattering matrix in (42) is a convolution of two physical

processes: the Compton scattering yielding an intermediate photon carrying momentum q′µ and

polarization λ′ and the conversion of this photon into a CK state. Integrating over q′ in (42) and

multiplying by its complex conjugate one finds

|Sfi|2 =
(2π)2k′2tata

2ε′ 2ε 2ω V 3
δ(ε+ ω − ε′ − ω′k)

t

2π

∣∣∣∣∣∑
λ′

wh∗k′lm(p+ k − p′, λ′)MC(qg → qγ)

∣∣∣∣∣
2

, (44)

where t is the total observation time. The production rate of a CK photon is calculated as follows:

Rhlm(k′) =
1

4

1

2Nc

(2π)k′2

2ε′ 2ε 2ω V

∫ ∑
λss′

∣∣∣∣∣∑
λ′

wh∗k′lm(p+ k − p′, λ′)MC(qg → qγ)

∣∣∣∣∣
2

×δ(ε+ ω − ε′ − ω′k)
d3p′

(2π)3
f(ω)

d3k

(2π)3
, (45)

where the Compton color factor is 1
Nc(N2

c−1)
Tr(tata) = 1

2Nc
. The Bose-Einstein distribution of

gluons in the QGP at temperature T is given by

f(ω) =
2(N2

c − 1)

eω/T − 1
. (46)

Eq. (45) gives the CK photon production rate in the case of a discrete spectrum. To obtain a

formula for the continuous spectrum, the left-hand-side of (45) should be replaced by the rate

density R → πdR/dk′. Since |k| = ω one can use the remaining delta-function to take integral

over the gluon momentum to derive (for a continuous spectrum)

π
dRhlm
dk′

=
1

4

1

2Nc

(2π)k′2

2ε′ 2ε 2ω V

∑
λss′

∣∣∣∣∣∑
λ′

wh∗k′lm(q′, λ′)MC(qg → qγ)

∣∣∣∣∣
2
d3q′

(2π)3
f(ω)

dΩkω
2

(2π)3
, (47)

where dΩk is an element of the solid angle in the gluon momentum k direction. I also changed the

integration variable form p′ to q′ = p + k − p′. To obtain the cross section one has to divide the

rate by the flux density

j =
p · k
V εω

. (48)

In the ultrarelativistic limit the quark mass mq can be neglected. In this case the Compton

amplitude MC is the same for the left- and right-polarized gluons (see e.g. [38]). Thus, it can be
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taken out of the sum over the intermediate photon polarizations λ′ in (45):∣∣∣∣∣∑
λ′

wh∗k′lm(q′, λ′)MC

∣∣∣∣∣
2

≈ |N̄k′ |2 |MC |2
∣∣∣∣∣∑
λ′

εq′λ′ ·
(
T h∗k′lm(q′) + ihP h∗

k′lm(q′)
)∣∣∣∣∣

2

, (49)

where (28) was used. The Compton amplitude is obtained with the standard manipulations [38]:

∑
λss′

|MC |2 =
1

2

∑
λλ′ss′

|MC |2 = 4e2qg
2

(
p · k
p · q′

+
p · q′

p · k

)
= 8e2qg

2 , (50)

where in the last equation I used the conservation law (p′µ)2 = (pµ + kµ − q′µ)2 that implies that

p · k = p · q′ for a highly energetic quark ε� ω †. Let χ be the angle between the vectors p and q′

and θ be the angle between the vectors p and k. Then p · q′ = p · k implies

ω′q(1− cosχ) = ω(1− cos θ) . (51)

Substituting (49) and (50) into (47) and dividing by the flux density (48) one gets the differential

cross section:

π
dσhlm
dk′

=
e2qg

2

8(2π)5
k′2ω

Ncε′ε(1− cos θ)
|N̄k′ |2f(ω)

∣∣∣∣∣∑
λ′

εq′λ′ ·
(
T h∗klm(q′) + ihP h∗

klm(q′)
)∣∣∣∣∣

2

d3q′dΩk . (52)

To integrate over the directions of k it is helpful to introduce a new variable y = 1/(1− cos θ) and

denote a = ω′q(1− cosχ). In view of (51) one finds∫
ω dΩk

(eω/T − 1)(1− cos θ)
= 2πa

∫ ∞
1/2

dy

eay/T − 1
= −2πT ln(1− e−a/2T ) . (53)

To sum over the polarizations λ′ of the intermediate photon introduce a Cartesian coordinate

system ξηζ with ζ-axis in the direction of vector q′. Since the factorization property (49) holds

only for circularly polarized photons we choose the polarization vectors as εq′λ′ = 1√
2
(ξ̂ + iλ′η̂),

with λ′ = ±1. This yields (for a continuous spectrum):∣∣∣∣∣∑
λ′

εq′λ′ ·
(
T h∗k′lm(q′) + ihP h∗

k′lm(q′)
)∣∣∣∣∣

2

= 2
∣∣∣ξ̂ · (T h∗k′lm(q′) + ihP h∗

k′lm(q′)
)∣∣∣2 (54)

=
8π4

k′4l(l + 1)
[δ(k′ − q′)]2

∣∣(Lξ + ihLη)Y
∗
lm(q̂′)

∣∣2 , (55)

where I used (34) and (35). To integrate over q′, introduce another Cartesian coordinate system

xyz, such that z-axis is in the direction of vector p. Direction of q′ in this frame is characterized

† In principle, if the scattering angle χ is very small χ� mq/ε, the scattered quark energy ε′ can be comparable to
the energy of a CK state ω′k. However, as we will demonstrate below, the main contribution to the cross section
comes form ω′k < T � ε.
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by the polar and azimuthal angles χ and φ. Without loss of generality fix η̂ to be in the plane of

vectors p and q′. The two coordinate frames are related as follows:

ξ̂ = sinφ x̂− cosφ ŷ , (56)

η̂ = cosχ cosφ x̂+ cosχ sinφ ŷ − sinχ ẑ , (57)

ζ̂ = sinχ cosφ x̂+ sinχ sinφ ŷ + cosχ ẑ . (58)

Using these formulas it is straightforward to derive

−i(Lξ + ihLη) =
1

2
e−iφ(1 + h cosχ)L+ +

1

2
eiφ(−1 + h cosχ)L− − h sinχLz , (59)

where

L±Ylm = (Lx ± iLy)Ylm =
√
l(l + 1)−m(m± 1)Yl,m±1 . (60)

To write the cross section in a compact form define the F -function

F hlm(x) = −
∫

ln(1− e−x(1−cosχ)/2) 1

l(l + 1)

∣∣(Lξ − ihLη)Ylm(q̂′)
∣∣2 dΩq′ . (61)

Since φ-dependence of the spherical harmonics is given by Ylm ∼ eimφ, it follows from (59) and (60),

that function (Lξ− ihLη)Ylm contains three terms that depend on φ as ei(m+2)φ, e−i(m+2)φ and eiφ.

These are mutually orthogonal on a unit circle meaning that the three terms do not interfere once

we integrate over the directions of q′ in (52). This brings the F -function to the following form:

F hlm(x) = − 2π

l(l + 1)

∫ π

0
dχ sinχ ln(1− e−x(1−cosχ)/2)

×
{

sin2 χm2|Ylm(χ, 0)|2 +
1

4
(1− h cosχ)2 [l(l + 1)−m(m− 1)] |Yl,m−1(χ, 0)|2

+
1

4
(1 + h cosχ)2 [l(l + 1)−m(m+ 1)] |Yl,m+1(χ, 0)|2

}
. (62)

Explicit expressions for the the p-wave F -functions are listed in Appendix. Substituting (55) and

(53) into (52) and replacing one of the delta functions by R/π one obtains for the continuous

spectrum

1

R

dσhlm
dk′

=
e2qg

2CF

16π4
T

k′ε2
Flm(k′/T ) , (63)

which is the radiation cross section per unit length, while for the discrete spectrum

σhlm =
e2qg

2

16π

CF
R2j2l+1(k

′R)

T

k′3ε2
Flm(k′/T ) , (64)
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where CF = (N2
c − 1)/2Nc is a color Casimir invariant.

In the long wavelength limit k′ � T , which corresponds to small values of x, the logarithm under

the integral in (62) is approximately χ-independent implying that F is proportional to ln(1/x),

with the proportionality coefficient being dependent on h, l and m. In the other limit x � 1 the

logarithm under the integral in (62) is approximated by e−x(1−cosχ)/2 implying that the integrand is

exponentially suppressed unless χ is very small χ . 2/
√
x. Thus, at large x the main contribution

comes from χ� 1. Expansion of the spherical harmonics to the order O(χ2) reads:

Ylm(χ, φ) =

√
2l + 1

4π

[
δm0 ∓

e±iφ

2

√
l(l + 1)δm,±1χ−

1

4
l(l + 1)δm0χ

2

∓e
±2iφ

8

√
(l + 2)(l + 1)l(l − 1)δm,±2χ

2

]
. (65)

Expanding the integrand of (62) to the leading order in χ yields

F hlm(x) ≈− 2π

l(l + 1)

∫ ∞
0

dχχ ln
(

1− e−xχ2/4
)

[l(l + 1)−m(m+ h)]
2l + 1

4π
δm,−h

=
π2

6

1

x
(2l + 1)δm,−h , x� 1 . (66)

One concludes that the largest partial wave of a CK photon at high energies k′ has orbital angular

momentum projection m = ±1 and magnetic helicity h = ∓1. It is not difficult to verify by

expanding spherical harmonics at small χ in (66) and keeping the higher order terms, that the

function F for a partial wave with given m and h depends on x as 1/x|m+h|+1 at x � 1. This

can be seen on Fig. 1 and in (A5). It is evident from Fig. 1 that most of the CK photons have

wavelengths larger than 2π/T .

l=10, h=1

m=

0,-2
1,-3

-1

2

3

1 2 3 4 5 6 7
x

0.5

1

2

Flm
h (x)

FIG. 1: Function Fh
lm(x) at l = 10, h = 1 and different m. It is invariant under the simultaneous replacement

m→ −m and h→ −h. Variable x is the CK photon energy in units of the plasma temperature.
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The total cross section diverges at large l as l2. The maximum possible value of l can be

determined from the condition k′ � ε. In the discrete spectrum case k′R = xl,n, where xl,n is

the n’th zero of the function jl(x). According to 9.5.22 in [40] at large l, xl,n ≈ l implying that

l � εR. Since the spectrum is largest at x < 1, the typical values of the angular momenta are

l < TR ∼ 5 − 10 for a realistic system. The total cross section is independent of quark’s energy

and is proportional to the plasma volume and temperature.

VII. SUMMARY AND OUTLOOK

The main result of this paper is Eqs. (62)–(63) that represent the spectrum of the CK photons

radiated by an ultra-relativistic quark ε� T moving through the QGP. The CK photon spectrum

decreases rather slowly with photon energy k′ as k′−1 ln(T/k′) at low energies k′ � T and as

1/k′|m+h|+2 at high energies k′ � T . The average energy of a CK photon is 〈k′〉 = 2T/ ln2(RT ),

while the average wavelength is π/ 〈k′〉. Numerically it is of the order of the QGP linear size

R, where I used T = 200 MeV and R = 5 fm. The production rate is highest for states with

m = 1, h = −1 and m = −1, h = 1. The CK photon spectrum falls off as 1/ε2 as the quark energy

increases, indicating that the contribution of the thermal quarks, which carry energies ε ∼ T , maybe

essential. This entails taking recoil effect into account, which is conceptually straightforward, but

makes equations bulky.

There are a number of assumptions concerning the QGP that I made in order to reach the

analytical result (62)–(64). I considered a model in which the QGP is stationary and spatially

uniform, which allowed me to handle the problem analytically. However, even in a stationary

medium, chiral conductivity σχ has important temporal and, possibly, spatial dependence. In

particular, it has been recently argued that disturbing the QGP out of the chiral equilibrium,

initiates a relaxation process in which electromagnetic field and fermions exchange helicity [19, 25,

28]. Nevertheless, this process takes place on time scales much larger than the typical scattering

process in plasma. It has also been tacitly assumed that the QGP temperature be high enough to

allow application of the perturbation theory.

Eqs. (62)–(63) provide an initial condition for the topological evolution of the electromagnetic

field discussed recently in [19]. In contrast to [19], which assumed the exponential spectrum, it

is found that the photon spectrum is given by a power law. The photon spectrum computed in

this paper may also be modified as the photons propagate though the QGP in the presence of

the intense external electromagnetic field [41]. This and other related issues will be addressed
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elsewhere.

Acknowledgments

The author wishes to thank Dima Kharzeev for helpful communications. This work was sup-

ported in part by the U.S. Department of Energy under Grant No. DE-FG02-87ER40371.

Appendix A: Explicit expressions of the p-wave F -functions.

The F -functions defined in (62) can be expressed in terms of the polylogarithm functions

Lis(e
−x). For example, at l = 1 they read

F±110 (x) =
6

x5
[
48Li6(e

−x) + 24xLi5(e
−x) + 6x2Li4(e

−x) + x3Li3(e
−x) + x3ζ(3) + 24xζ(5)

]
− 2π4

105x5
(16π2 + 21x2) , (A1)

F±11,±1(x) =− 3

x5
[
192Li6(e

−x) + 120xLi5(e
−x) + 34x2Li4(e

−x) + 6x3Li3(e
−x) + x4Li2(e

−x)

+72xζ(5)] +
π4(64π2 + 35x2)

105x5
, (A2)

F∓11,±1(x) =− 6

x5
[
96Li6(e

−x) + 36xLi5(e
−x) + 5x2Li4(e

−x) + 3x3ζ(3) + 60xζ(5)
]

+
π2(128π4 + 238π2x2 + 105x4)

210x5
, (A3)

where ζ(n) is the Riemann zeta function. Asymptotic expressions at low x are:

F±110 (x) ≈3

5
ln

1

x
, F±11,±1(x) ≈ F∓11,±1(x) ≈ 4

5
ln

1

x
. (A4)

while at large x:

F±110 (x) ≈ 2ζ(3)

7x2
, F±11,±1(x) ≈ π4

3x3
, F∓11,±1(x) ≈ π2

2x
. (A5)

[1] E. V. Shuryak, “Quark-Gluon Plasma and Hadronic Production of Leptons, Photons and Psions,”

Phys. Lett. B 78 (1978) 150 [Sov. J. Nucl. Phys. 28 (1978) 408] [Yad. Fiz. 28 (1978) 796].

[2] R. C. Hwa and K. Kajantie, “Diagnosing Quark Matter by Measuring the Total Entropy and the

Photon Or Dilepton Emission Rates,” Phys. Rev. D 32, 1109 (1985).

[3] J. I. Kapusta, P. Lichard and D. Seibert, “High-energy photons from quark - gluon plasma versus hot

hadronic gas,” Phys. Rev. D 44 (1991) 2774 [Erratum-ibid. D 47 (1993) 4171].



14

[4] R. Baier, H. Nakkagawa, A. Niegawa and K. Redlich, “Production rate of hard thermal photons and

screening of quark mass singularity,” Z. Phys. C 53, 433 (1992).

[5] P. Aurenche, M. Fontannaz, J. P. Guillet, B. A. Kniehl, E. Pilon and M. Werlen, “A Critical phe-

nomenological study of inclusive photon production in hadronic collisions,” Eur. Phys. J. C 9, 107

(1999)

[6] P. B. Arnold, G. D. Moore and L. G. Yaffe, “Photon emission from ultrarelativistic plasmas,” JHEP

0111, 057 (2001)

[7] P. B. Arnold, G. D. Moore and L. G. Yaffe, “Photon and gluon emission in relativistic plasmas,” JHEP

0206, 030 (2002)

[8] S. A. Bass, B. Muller and D. K. Srivastava, “Photon interferometry of Au + Au collisions at the BNL

Relativistic Heavy-Ion Collider,” Phys. Rev. Lett. 93, 162301 (2004)

[9] S. Turbide, C. Gale, E. Frodermann and U. Heinz, “Electromagnetic radiation from nuclear collisions

at RHIC energies,” Phys. Rev. C 77, 024909 (2008)

[10] H. van Hees, C. Gale and R. Rapp, “Thermal Photons and Collective Flow at the Relativistic Heavy-Ion

Collider,” Phys. Rev. C 84, 054906 (2011)

[11] H. Holopainen, S. Rasanen and K. J. Eskola, “Elliptic flow of thermal photons in heavy-ion collisions

at Relativistic Heavy Ion Collider and Large Hadron Collider,” Phys. Rev. C 84, 064903 (2011)

[12] K. Tuchin, “Electromagnetic radiation by quark-gluon plasma in magnetic field,” Phys. Rev. C 87,

024912 (2013)

[13] G. Basar, D. Kharzeev, D. Kharzeev and V. Skokov, “Conformal anomaly as a source of soft photons

in heavy ion collisions,” Phys. Rev. Lett. 109, 202303 (2012)

[14] O. Linnyk, W. Cassing and E. Bratkovskaya, “Centrality dependence of the direct photon yield and

elliptic flow in heavy-ion collisions at sqrt(s)=200 GeV,” Phys. Rev. C 89, 034908 (2014)

[15] C. Shen, U. W. Heinz, J. -F. Paquet and C. Gale, “Thermal photons as a quark-gluon plasma ther-

mometer revisited,” Phys. Rev. C 89, 044910 (2014)

[16] R. Chatterjee, H. Holopainen, I. Helenius, T. Renk and K. J. Eskola, “Elliptic flow of thermal photons

from event-by-event hydrodynamic model,” Phys. Rev. C 88, 034901 (2013)

[17] J. I. Kapusta and C. Gale, “Finite-temperature field theory: Principles and applications,” Cambridge

U. Press, second edition, 2006.

[18] M. N. Chernodub, “Free magnetized knots of parity-violating deconfined matter in heavy-ion collisions,”

arXiv:1002.1473 [nucl-th].

[19] Y. Hirono, D. Kharzeev and Y. Yin, “Self-similar inverse cascade of magnetic helicity driven by the

chiral anomaly,” arXiv:1509.07790 [hep-th].

[20] S. Chandrasekhar and P.C. Kendall, Astrophysical Journal 126, 457 (1957).

[21] D. Biskamp, “Nonlinear magnetohydrodynamics”, Cambridge University Press, 1993.

[22] D. E. Kharzeev and H. J. Warringa, “Chiral Magnetic conductivity,” Phys. Rev. D 80, 034028 (2009)

[23] K. Fukushima, D. E. Kharzeev and H. J. Warringa, “The Chiral Magnetic Effect,” Phys. Rev. D 78,



15

074033 (2008)

[24] J. D. Jackson, “Classical Electrodynamics,” Third edition, John Wiley & Sons, Inc., 1999.

[25] M. Joyce and M. E. Shaposhnikov, “Primordial magnetic fields, right-handed electrons, and the Abelian

anomaly,” Phys. Rev. Lett. 79, 1193 (1997)

[26] Y. Akamatsu and N. Yamamoto, “Chiral Plasma Instabilities,” Phys. Rev. Lett. 111, 052002 (2013)

[27] K. Tuchin, “Electromagnetic field and the chiral magnetic effect in the quark-gluon plasma,” Phys.

Rev. C 91, no. 6, 064902 (2015)

[28] C. Manuel and J. M. Torres-Rincon, “Dynamical evolution of the chiral magnetic effect: Applications

to the quark-gluon plasma,” Phys. Rev. D 92, no. 7, 074018 (2015)

[29] F. Wilczek, “Two Applications of Axion Electrodynamics,” Phys. Rev. Lett. 58, 1799 (1987).

[30] S. M. Carroll, G. B. Field and R. Jackiw, “Limits on a Lorentz and Parity Violating Modification of

Electrodynamics,” Phys. Rev. D 41, 1231 (1990).

[31] P. Sikivie, “On the Interaction of Magnetic Monopoles With Axionic Domain Walls,” Phys. Lett. B

137, 353 (1984).

[32] D. E. Kharzeev, “Topologically induced local P and CP violation in QCD x QED,” Annals Phys. 325,

205 (2010)

[33] D. E. Kharzeev, “The Chiral Magnetic Effect and Anomaly-Induced Transport,” Prog. Part. Nucl.

Phys. 75, 133 (2014)

[34] H.-T. Ding, A. Francis, O. Kaczmarek, F. Karsch, E. Laermann and W. Soeldner, “Thermal dilepton

rate and electrical conductivity: An analysis of vector current correlation functions in quenched lattice

QCD,” Phys. Rev. D 83, 034504 (2011)

[35] G. Aarts, C. Allton, J. Foley, S. Hands and S. Kim, “Spectral functions at small energies and the

electrical conductivity in hot, quenched lattice QCD,” Phys. Rev. Lett. 99, 022002 (2007)

[36] G. Aarts, C. Allton, A. Amato, P. Giudice, S. Hands and J. I. Skullerud, “Electrical con-

ductivity and charge diffusion in thermal QCD from the lattice,” JHEP 1502, 186 (2015)

doi:10.1007/JHEP02(2015)186 [arXiv:1412.6411 [hep-lat]].

[37] W. Cassing, O. Linnyk, T. Steinert and V. Ozvenchuk, “On the electric conductivity of hot QCD

matter,” Phys. Rev. Lett. 110, 182301 (2013)

[38] M. E. Peskin and D. V. Schroeder, “An Introduction to quantum field theory,” Addison-Wesley (1995).

[39] A. Boyarsky, J. Frohlich and O. Ruchayskiy, “Self-consistent evolution of magnetic fields and chiral

asymmetry in the early Universe,” Phys. Rev. Lett. 108, 031301 (2012)

[40] M. Abramowitz and I.A. Stegun, “Handbook of mathematical functions”, Dover Publications, 1970.

[41] K. Tuchin, Adv. High Energy Phys. 2013, 490495 (2013)


