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A quark propagating through the quark gluon plasma and scattering off the thermal gluons
can radiate photons in states with definite angular momentum and magnetic helicity. These
states, known as the Chandrasekhar-Kendall states, are eigenstates of the curl operator and
have a non-trivial topology. I compute spectrum of these states in the ultrarelativistic limit

and study its properties.

I. INTRODUCTION

The electromagnetic radiation is known as a precise tool to study the dynamics of the quark-
gluon plasma (QGP) [1-9]. Significant process has been made over the recent decade [10-16] though
some open problems still remain. The theoretical calculations usually focus on the momentum
spectrum of the radiation and thus treat photons as plane waves [17]. It has recently been pointed
out in [18, 19] that the spherical waves of photons, i.e. states of electromagnetic field with definite
angular momentum, is an invaluable instrument for studying the topological properties of magnetic
fields in media with chiral anomaly, such as QGP. Certain photon spherical waves are states with
definite magnetic helicity, which is a topological invariant proportional to the number of twisted
and linked flux tubes. These topological states are known as the Chandrasekhar-Kendall (CK)
states [20, 21].

In [19] time-evolution of an initial topological state has been followed using the Chern-Simons-
Maxwell model [29-32]. The non-trivial physics of this evolution has been emphasized before in
[25-28] in different contexts. The precise form of the initial state does not play an important role
at long enough times. However, the evolution time in QGP is restricted by its lifetime. This is
why the initial condition must play an important role in the dynamics of electromagnetic fields.

These observations motivate the author to address the problem of radiation of topological
spherical waves of photons, or simply, the CK photons. There are many ways to radiate a CK
photon from the QGP. In this paper, which I consider as a benchmark for future studies, I discuss
radiation of the CK photons by an ultrarelativistic quark scattering off thermal gluons: ¢ + g —

q+yck. This process is similar to the Compton scattering except that the radiated photon is now



in the topologically non-trivial state. The main goal of this paper is to calculate spectrum of the
CK photons emitted by an ultrarelativistic quark and study its properties.

It is important to realize that the CK photon emission and the time-evolution of the magnetic
field mentioned above do not interfere since they occur at different time scales. At long time
scales, neither energy nor magnetic helicity are conserved due to energy dissipation through the
induced Ohmic electric currents. Moreover, magnetic helicity is non-conserved due to anomalous
(non-dissipative) electric current generated by chiral imbalance in presence of chiral anomaly [22,
23]. However, these effects are small on the short time scales inherent for perturbative processes
discussed in this paper.

The paper is structured as follows. In Sec. II the spherical photon waves and the CK photons
are introduced. This is followed by the quantization the electromagnetic field in the basis of the
CK states in Sec. III and discussion of the applicability of the free-field approximation in Sec. IV.
Since calculation of the scattering matrix is most convenient in the momentum space, one needs to
expand wave functions of the CK photons in the plane wave basis. This done in Sec. V. The main
section is Sec. VI where the scattering cross section is computed. Finally, in Sec. VII the results

are discussed and summarized.

II. THE CK STATES IN THE QGP

I am working in the radiation gauge Ag =0, V - A = 0 in which A satisfies the wave equation
VZA - 09}A=0. (1)

Its positive-energy solutions that have definite value of angular momentum can be written in the

form
Al (v, t) = hkW) (r)e ™kt (2)
where W,?lm (r) are eigenfunctions of the curl operator:
V x Wi, (1) = hkW[, (7). (3)

Here h = £1 is magnetic helicity, ! is orbital angular momentum and m = —I, ... [ its projection.
Set of functions W,flm(r) is complete on a unit sphere at any given k. Their explicit expressions

read [24]

Wiin(r) = N (Tl (r) = ih Py, () | (4)



where
Thr) = 2Ly 0.6)], Pl(r) = 2V < T (), 121, (5)
I(l+1) k
Here L = —i(r x V) is the orbital angular momentum operator. Although functions Ty, and

Py, also form a complete set on a unit sphere (at fixed k), they do not have definite magnetic

helicity. The normalization constant N} is given by

IS .
Ny, = ) mE L GR) discrete ; o

=
3/2 .
V2 wk/ k , continuous,
s

for the discrete and continuous spectra respectively. It is chosen in such a way that the orthogonality

conditions read

Iy 1
/Wl?’l/m' (T‘) . W,?lm(r)d?’r = ngékk‘/éll’&mm’(shh’ s (7)
k
for a discrete spectrum and
» 1
/ Wil (r)- Wl (r)d3r = ﬁé(k; — K)o By Ot » (8)
Wy,

for a continuous one, which can be readily verified using the properties of the spherical Bessel

functions
R
. PN 1 s 2
Ji(kr)gi(K'r)r=dr = §R Ok Ji1(ER), (9)
0
/ Ju(kr)ji(K'r)rdr = %5@; — k). (10)
0

The normalization conditions (7),(8) are used in the relativistic scattering theory (though different
from [19] and [24]).

A discrete spectrum with the quantized k emerges if one imposes a boundary condition on the
magnetic field at some distance » = R [18]. Although there seems to be no physical reason to
impose such a boundary condition, in practical calculations it is sometimes more convenient to
handle a discrete spectrum than a continuous one, and afterwards set R — oo. Through the paper

the same letter k is used to denote both the continuous and discrete variables.

III. QUANTIZATION OF THE FREE FIELD

Substituting (2) into (1) we obtain the dispersion relation of free photons: wy = k. In terms of

the normal modes (2), the vector potential reads (in the discrete case)

A(r,t) = Z (hk:azlmW,?lm(r)e_iwkt + c.c.) , (11)
klmh



where azlm are arbitrary coefficients. The electric and magnetic fields are given by

E(r,t) = —0;A(r,t) = Z (ihkwkaZZmW,ﬁm(T)e%w’“t + c.c.) , (12)
klmh
B(r,t) =V x A(r,t) = Z (kQaZlmW,Zm(r)e*w’“t + c.c.) , (13)
klmh

The total electromagnetic energy of the discrete spectrum can be written as a sum over the energies
of all CK states as follows:
&= ;/(E2 + B3 d*r = Zwk atmal. . (14)
klm
The normalization in (7) and (8) was chosen so that energy of a single CK state is wy. For the
continuous spectrum, the total electromagnetic energy be written as*

> dk .
&= Z/o ?|Wk‘a21ma21m- (15)
Ilmh

Magnetic helicity of electromagnetic field reads

H = /A Bd*r = haly,at, (16)
klmh

indicating that magnetic helicity of a single CK state is h. Clearly, it is a conserved quantity.

That magnetic helicity is also gauge-invariant can verified using the fact that angular dependence
of the radial component of magnetic field is given by Y},,(6, ¢), which follows from (2),(4) and (5).
Thus under the gauge transformation A — A 4+ V f the magnetic helicity changes by

/Vf-Bd3r—/V(fB)d3r—?{fBTr2onclemdQ—O, (17)

since [ > 0.

Finally, the quantized electromagnetic field can be written down using (11) as

Aty =" (hkaglmw,gm(r)e—wkt + hee. ) : (18)
kimh

where now aZlm is an operator obeying the usual bosonic commutation relations.

IV. ROLE OF ELECTRIC CURRENTS

It is important to delineate the region of applicability of the free-field approximation of the

previous section. The perturbation theory that I am employing in this paper, hinges on the

* Coefficients al,,, are normalized differently in (14) and (15).



assumption that the electrical currents in the medium can be treated as small perturbations, since
they are proportional to cep,. For illustration, consider a model of classical electrodynamics with

an anomalous current given by the Maxwell-Chern-Simons equations [29-32]:

V.B=0, (19)
V. E=0, (20)
V x E=-8,B, (21)
VxB=0E+ocE+o,B. (22)

In the last equation o F and o, B stand for the Ohmic and anomalous electrical current densities.

In the radiation gauge Eqgs. (19)-(22) yield an equation for the vector potential
~V?A=-0}]A—00,A+0,V x A, (23)

where for simplicity I treat o, as a positive constant. Substituting (2) into (23) one finds a

dispersion relation
k? — hoyk — wi(wg +i0) =0, (24)

which has the following two solutions:

= —%’ /(2 — hok) — 02/4. (25)

Evidently, if £ > o, the dissipation effects due to the Ohmic currents can be neglected.

Unlike the dissipative currents that preclude the very notion of definite energy states, the
anomalous currents are non-dissipative [33] and in principle the electromagnetic field could have
been quantized in their presence. However, there a two problems. Firstly, the magnetic helicity
is not conserved due to the chiral anomaly, see e.g. [19]. Secondly, the dispersion relation (25)
contains an unstable solution at k < o, [25-28]. This is easily seen at ¢ = 0: when h = 1, wy, is
purely imaginary and positive, hence the corresponding eigenfunction exponentially increases with
time. Taking the time-dependence of o, into account does not resolve the problem [25]. In fact,
presence of a spatially uniform current o, B in (22) violates causality. It seems possible that a
more realistic model of the anomalous term may cancel the instability. These problems, however,
are rather academic. Indeed, as far as the QGP of a realistic size R ~ 5 — 10 fm and electrical
conductivity o ~ 5 — 6 MeV [34-37] is concerned, the requirement that k£ > o is always satisfied
because k 2 1/R > o. Since oy is probably of the same order of magnitude as o, it implies that
k > o0, and the unstable modes do not contribute to the spectrum of the CK states (and neither

does the anomaly).



V. PLANE WAVE EXPANSION OF THE CK STATES

The wave function of a photon with a given momentum q and polarization A is given by
1 i
qr
———€gr€e
Vv

where A = 1,2 are two polarization states and V is the plasma volume. In the next section I will

A (r) = (26)

need the following expansion of the CK states into the plane waves (26):

w@am=§:/£3f”%@%mmﬁy (27)
A
where
Wil N = [ dre it e, W (r) = Nueps - (Thin(a) — ihPly, () (28)
with
Ty (@) = [ dre Tl (). Plola) = [ dream Pl ). (20)

Substituting (5) and denoting by # a unit vector in the 7 direction yields

h _ 37" efiq-r jl(kr) M = — 37" efiq-r jl(k’l”) P
Ti(a) = [ dire 7 LB LYin () = = [ d'r Lo ) R0 i) (30)
— —iq-r ]l(kr) 7/;_
—L/dgre a 7l(l+1)mm( ) (31)

where in the last line the angular momentum operator is in the momentum representation: L =
—iqg X V4. Using the expansion of the plane wave into the spherical waves

e = dm " ii(qr) Vi (4)Yim(7) (32)

lm

along with the orthonormality relations (9),(10) furnishes

1) (@) = 2R iy 2 5y @) (33)
= T ) —F/—/— m )
kim 4 0+ 1) kq Lo ¥im\q
for the discrete spectrum and
22 1
T = (=) ——b(k— q) LY} (g 34
fl) = S ('~ 006~ ) Lin(@) (39
for the continuous one. From (5) and (29) it follows that
1
Pl (a) = =70 % T (a). (35)

Substituting (33)—(35) into (28) we obtain the desired expansion of the CK states into the plane

waves.



VI. SPECTRUM OF THE CK PHOTONS

Consider an ultra-relativistic quark traveling through the QGP at temperature T" with energy
e > T. As it scatters off a thermal gluon it radiates a CK photon through the process ¢q(p*) +
g(k*) — q(p™") + yck (K'lmh). Quantities in parentheses denote the quantum numbers of the
corresponding particles; in the case of quark and gluon these are their 4-momenta. The scattering

matrix element for this process reads
Spi=eas [ s [ atyidg(o) [ifin (@) iS( - p)(-idis0)
(i @) 182 = ) (A ()| i) (36)

where e, and g are the electromagnetic and strong coupling constants (assumed to be small). The

gluon field potential A%, (y) is normalized as in (26):

taﬁk)\e_ik"'xu , (37)

NG —
k,\r—m

where t% is the color symmetry generator. The initial and final quark wave functions are states

with given momentum and spin that read

1 —1
Yi(y) = Tomy Urs Pyt (38)
’(Z}f([ﬂ) 21€/V ’u, /5! elpwxﬂ : (39)

where s and s’ stand for spin projections. The most convenient way to compute the scattering
matrix element (36) is to employ the plane wave representation of the CK photon wave function

derived in the previous section. Substituting (27) into (2) we have

o 3q
Ao (@) = WK Wiy, ()e™ 020 = hk' / B¢ eanubin(dN),(40)
Al

where I denoted ¢ = (wy,q’). Energy conservation, which is explicit in (33),(34), requires ¢’ = &’
implying that wy, = w;. Substituting (37),(38),(39),(40) into (36) and using the momentum space
representation of the free fermion propagator

e —il-(z—y) [ +my
S0 = [ Gyt - tic 4

one arrives at the following expression:

—i(2m)hk't

V26'v/267/20V3/2

Sti= Z/d3<f witim (@', N) Mc(ag — q7) 01 (0" + K = p —q"),  (42)



where the Compton scattering amplitude is given by:

F4+p+m Py p—d +mg
k+p)? m§1+ie kX (p —¢)2 — mz + ie

MC = —quﬂplsl }:fq)\,( ﬁ;/\, Ups (43)

and describes the Compton scattering q(p#) + g(k*) — q(p™*) +~(¢’*) (modulo the color matrix t*
that is extracted for convenience). The scattering matrix in (42) is a convolution of two physical
processes: the Compton scattering yielding an intermediate photon carrying momentum ¢* and
polarization A" and the conversion of this photon into a CK state. Integrating over q’ in (42) and
multiplying by its complex conjugate one finds

2

21./21a4a
2 = BroRr e

26/ 2: 2w V3

Sy o(e+w—¢ —Wk Zwk'lm (p+k—p,\N)Mclag — qv)

where t is the total observation time. The production rate of a CK photon is calculated as follows:

11 (2n)k?

h

%

Rim(F) = 42N, 25’252wV/Z

Zwk’lm (p+k—p,N)Mclqg — QV)

By Bk
(2m)3 Fw) (2m)3

Tr(t*t*) = 2—}\,6 The Bose-Einstein distribution of

x0(e+w—¢ —wp) (45)

where the Compton color factor is m

gluons in the QGP at temperature T is given by

2(N2 —1)

Fwy=—"m— - (46)

Eq. (45) gives the CK photon production rate in the case of a discrete spectrum. To obtain a
formula for the continuous spectrum, the left-hand-side of (45) should be replaced by the rate
density R — wdR/dk'. Since |k| = w one can use the remaining delta-function to take integral
over the gluon momentum to derive (for a continuous spectrum)

2

dR 1 1 (2m)k” d3q dQpw?
_ , 4
dk' " 43N, 2622wV £ Ewk im(d s N) Mc(ag = q7) e () (2m)3 (47)

where df) is an element of the solid angle in the gluon momentum k direction. I also changed the
integration variable form p’ to ¢’ = p + k — p’. To obtain the cross section one has to divide the
rate by the flux density

p-k

-2= (48)

In the ultrarelativistic limit the quark mass m, can be neglected. In this case the Compton

amplitude M is the same for the left- and right-polarized gluons (see e.g. [38]). Thus, it can be



taken out of the sum over the intermediate photon polarizations A in (45):

Z wk’lm

where (28) was used. The Compton amplitude is obtained with the standard manipulations [38]:

1 -k cd
SoIMel =5 D7 Ml = 4eig? <” +”> = 8e2¢?, (50)

.a .
Ass’! AN ss! p-q p k

2
~ [Nul? IMcf?

2

> eax - (Thinl@) + Pl (@) » (49)

)\/

where in the last equation I used the conservation law (p'*)? = (p* + k* — ¢/*)? that implies that
p-k =p-q for a highly energetic quark € > w . Let y be the angle between the vectors p and ¢’
and # be the angle between the vectors p and k. Then p- ¢ = p - k implies

wy(1 = cosx) = w(l —cosb). (51)

Substituting (49) and (50) into (47) and dividing by the flux density (48) one gets the differential

cross section:

2

2.2
dof, €9 kw B dy,.  (52)

K :8(27r)5 Nce'e(1 — cos ) INw*f(w

I\ (Tklm (¢) +inP;,(q /)>

To integrate over the directions of k it is helpful to introduce a new variable y = 1/(1 — cos ) and

denote a = wy(1 — cos x). In view of (51) one finds

w dS, & dy _
=2 — 2 = _27TIn(1—e ¥?7). 53
/ (/T —1)(1—cosh) /1/2 ew/T — 1 TIn(l—e ) (53)

To sum over the polarizations X of the intermediate photon introduce a Cartesian coordinate
system &n¢ with (-axis in the direction of vector ¢’. Since the factorization property (49) holds
only for circularly polarized photons we choose the polarization vectors as €4y = %(é +iN'n),
with \' = £1. This yields (for a continuous spectrum):

2

_2‘5 ( T/, (q) +ih k’lm(q/)>’2 (54)

hx
I\ <Tk’lm( ") +ih P, (d) )

8t

:m[‘s(k" — ) |(L¢ + ihLy) Yi ()], (55)

where I used (34) and (35). To integrate over ¢’, introduce another Cartesian coordinate system

xyz, such that z-axis is in the direction of vector p. Direction of ¢’ in this frame is characterized

T In principle, if the scattering angle y is very small x < m, /e, the scattered quark energy €’ can be comparable to
the energy of a CK state wjy. However, as we will demonstrate below, the main contribution to the cross section
comes form wj, < T < €.
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by the polar and azimuthal angles x and ¢. Without loss of generality fix 7 to be in the plane of

vectors p and q’. The two coordinate frames are related as follows:

~

E=singx —cosoy, (56)
) = COSXCOSPE + cosxsinpy —siny 2, (57)
¢ =sinx cos ¢ & + sin ysin ¢ g + cos x 2 . (58)

Using these formulas it is straightforward to derive
. . 1 —ig 1 i .
—i(L¢ +thLy) = 3¢ (14 hcosx)Ly + 3¢ (=1 +hcosx)L_ — hsinxL,, (59)

where

LiYiy = (Ly £iLy) Vi = V11 + 1) —m(m £1) Y a1 - (60)
To write the cross section in a compact form define the F-function

Fly() = [ a1 etz 2

T 2 A0y . (61)

|(Le = ihLy) Yim(4')

Since ¢-dependence of the spherical harmonics is given by Yy, ~ ¢/, it follows from (59) and (60),
that function (L¢ —ihL,)Y},y, contains three terms that depend on ¢ as elm+2)¢ o=i(m+2)é 4 19,
These are mutually orthogonal on a unit circle meaning that the three terms do not interfere once

we integrate over the directions of ¢’ in (52). This brings the F-function to the following form:

ﬂ%<x) _ 27 ) / dXSiIleIl(l . e—:p(lfcosx)/Z)
0

(0+1

. 1
x{mﬁwﬁmmumﬁ+4a—hmmfwu+n—mw%wnmm4umw

FL+ Reos )2+ 1) = mm + D] Vi (GO (62

Explicit expressions for the the p-wave F-functions are listed in Appendix. Substituting (55) and
(53) into (52) and replacing one of the delta functions by R/m one obtains for the continuous

spectrum

Ldol  e2g%Cp T
R dk q167r4 k’zs?Flm(k// T), (63)

which is the radiation cross section per unit length, while for the discrete spectrum

b e2g®  Cp T
i 16w R2j7,, (K'R) ke

Fin(K'/T) (64)
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where Cr = (N2 — 1)/2N, is a color Casimir invariant.

In the long wavelength limit &’ < T, which corresponds to small values of x, the logarithm under
the integral in (62) is approximately x-independent implying that F' is proportional to In(1/x),
with the proportionality coefficient being dependent on h, [ and m. In the other limit x > 1 the
logarithm under the integral in (62) is approximated by e~ 2(1=c0sX)/2 jmplying that the integrand is
exponentially suppressed unless y is very small x < 2/4/z. Thus, at large x the main contribution

comes from y < 1. Expansion of the spherical harmonics to the order O(x?) reads:

20+ 1 et

Yim(Xa d)) = ? |:6m0 + 9 vV l(l + 1)5m,i1X - Zl(l + 1)5m0X2

+2i¢

S (s 1>5m,ﬂx2} . (65)

Expanding the integrand of (62) to the leading order in x yields

2 e 2 204+1
F' () ~ — —— dyxIn (1 —e 2/ (1 +1) — h o
h(@) z<z+1>/o xovtn (1= ™) 10 4+1) — mlm 4+ )6
w21

One concludes that the largest partial wave of a CK photon at high energies k' has orbital angular
momentum projection m = =£1 and magnetic helicity h = F1. It is not difficult to verify by
expanding spherical harmonics at small x in (66) and keeping the higher order terms, that the
function F' for a partial wave with given m and h depends on z as 1/:6"”‘””‘"1 at x > 1. This
can be seen on Fig. 1 and in (A5). It is evident from Fig. 1 that most of the CK photons have

wavelengths larger than 27 /7.

FIG. 1: Function F* (x)at =10, h = 1 and different m. It is invariant under the simultaneous replacement

m — —m and h — —h. Variable z is the CK photon energy in units of the plasma temperature.
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The total cross section diverges at large [ as [2. The maximum possible value of [ can be
determined from the condition k" < €. In the discrete spectrum case k¥'R = x;,, where z;, is
the n’th zero of the function jj(z). According to 9.5.22 in [40] at large [, z;, ~ [ implying that
I < eR. Since the spectrum is largest at x < 1, the typical values of the angular momenta are
I <TR ~ 5 — 10 for a realistic system. The total cross section is independent of quark’s energy

and is proportional to the plasma volume and temperature.

VII. SUMMARY AND OUTLOOK

The main result of this paper is Eqgs. (62)—(63) that represent the spectrum of the CK photons
radiated by an ultra-relativistic quark € > T moving through the QGP. The CK photon spectrum
decreases rather slowly with photon energy k' as k'~'In(T/k') at low energies k' < T and as
1/K/m+hl+2 at high energies k&' > T. The average energy of a CK photon is (k') = 27"/ In?(RT),
while the average wavelength is 7/ (k). Numerically it is of the order of the QGP linear size
R, where I used T' = 200 MeV and R = 5 fm. The production rate is highest for states with
m=1,h=—1and m = —1, h = 1. The CK photon spectrum falls off as 1/¢? as the quark energy
increases, indicating that the contribution of the thermal quarks, which carry energies € ~ T', maybe
essential. This entails taking recoil effect into account, which is conceptually straightforward, but
makes equations bulky.

There are a number of assumptions concerning the QGP that I made in order to reach the
analytical result (62)—(64). I considered a model in which the QGP is stationary and spatially
uniform, which allowed me to handle the problem analytically. However, even in a stationary
medium, chiral conductivity o, has important temporal and, possibly, spatial dependence. In
particular, it has been recently argued that disturbing the QGP out of the chiral equilibrium,
initiates a relaxation process in which electromagnetic field and fermions exchange helicity [19, 25,
28]. Nevertheless, this process takes place on time scales much larger than the typical scattering
process in plasma. It has also been tacitly assumed that the QGP temperature be high enough to
allow application of the perturbation theory.

Egs. (62)—(63) provide an initial condition for the topological evolution of the electromagnetic
field discussed recently in [19]. In contrast to [19], which assumed the exponential spectrum, it
is found that the photon spectrum is given by a power law. The photon spectrum computed in
this paper may also be modified as the photons propagate though the QGP in the presence of

the intense external electromagnetic field [41]. This and other related issues will be addressed
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elsewhere.
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Appendix A: Explicit expressions of the p-wave F-functions.

The F-functions defined in (62) can be expressed in terms of the polylogarithm functions
Lis(e™™). For example, at [ = 1 they read

6
Fil(x) =

= [48Lig(e™™) + 24aLis(e™*) + 62°Lis(e™) + 2°Liz(e™*) + 23¢(3) + 24a((5)]

27t 9 9

3 f
Py (o) = - < [192Lig(e™*) + 120z Lis(e ") + 34x?Lis(e™*) + 62°Lig(e ™) + 2*Liz(e ")
74 (6472 + 3522)

2 A2
+722¢(5)] + T , (A2)
6
Fiily(z) = — — [96Lig(e ) + 36aLis(e ™) + 5a’Lis(e™") 4 32°¢(3) + 602¢(5)]
’ x
2(19 4 ) 2,.2 1 4
+7r( 87r—|—387r3r:+05ac)7 (A3)
21025
where ((n) is the Riemann zeta function. Asymptotic expressions at low z are:
3.1 4.1
Fliol(x) %5ln;, Fliil(x) %Ffil(:z) ~ gln;. (A4)
while at large x:
2¢(3) + ! n?
Flﬂ(:)l(w)"“ Te2 Fl,:ltl(w)%:gﬁv Fl:',::ll:l(x>%% (A5)
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