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Background: Traditionally, nucleon-nucleus optical potentials are made local for convenience. In recent work we studied the
effects of including nonlocal interactions explicitly in the final state for (d,p) reactions, within the distorted wave Born
approximation.

Purpose: Our goal in this work is to develop an improved formalism for nonlocal interactions that includes deuteron breakup
and to use it to study the effects of including nonlocal interactions in transfer (d,p) reactions, in both the deuteron and
the proton channel.

Method: We extend the finite-range adiabatic distorted wave approximation to include nonlocal nucleon optical potentials.
We apply our method to (d, p) reactions on 16O, 40Ca, 48Ca, 126Sn, 132Sn, and 208Pb at 10, 20 and 50 MeV.

Results: We find that nonlocality in the deuteron scattering state reduces the amplitude of the wave function in the nuclear
interior, and shifts the wave function outward. In many cases, this has the effect of increasing the transfer cross section
at the first peak of the angular distributions. This increase was most significant for heavy targets and for reactions at
high energies.

Conclusions: Our systematic study shows that, if only local optical potentials are used in the analysis of experimental (d, p)
transfer cross sections, the extracted spectroscopic factors may be incorrect by up to 40% due to the local approximation.

PACS numbers: 21.10.Jx, 24.10.Ht, 25.40.Cm, 25.45.Hi
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I. INTRODUCTION

Nuclear reactions play a key role in the study of nu-
clei away from stability. Experimentally, single-nucleon
transfer reactions involving deuterons provide an excep-
tional tool to study the single-particle shell structure of
nuclei [1, 2]. These types of reactions are also used in
extracting important astrophysical quantities and infor-
mation relevant to stockpile stewardship [3–5]. Theoret-
ically, these reactions are attractive as they can be cast
into a three-body problem composed of n+ p+A.

In recent years, there have been many efforts to im-
prove the description of deuteron induced transfer re-
actions. Studies benchmarking some of the simple and
exact methods available have shown serious limitations
in even the most advanced approaches [6–8]. Although
a large body of work has been done to solve the three-
body scattering problem accurately, other sources of un-
certainty are still limiting the reliability of predicted cross
sections [9]. The focus of this work will be on the uncer-
tainties associated with the ambiguities in the optical po-
tentials, particularly the effect of nonlocality on transfer
reaction observables.

For many decades it has been known that the optical
model potential for nucleon-nucleus scattering is nonlo-
cal [10]. The sources of nonlocality in these effective
potentials arise predominantly from anti-symmetrization
[11–13] and channel couplings [13–16]. Over the years,
a numbers of semi-microscopic approaches were devel-
oped to construct optical potentials and have been ap-
plied to a variety of problems in nuclear reactions (e.g.
[17, 18]). One recent example is the dispersive optical
model (DOM) introduced by Mahaux and Sartor [19]

which provides a link between nuclear reactions and nu-
clear structure through a dispersion relation. This ap-
proach has been recently revisited by the St. Louis group,
with a first realization of the nonlocal DOM potential for
nucleon-40Ca [20].

There are only a few global nonlocal optical poten-
tials available [21–24]. All of these nonlocal potentials
are energy independent, with the parameters constrained
by elastic scattering data, and in some cases polariza-
tion data. While all of these potentials are energy-
independent, on physical grounds the nonlocal potential
should have an energy dependence due to the effects of
channel couplings. These potentials are all of the Frahn-
Lemmer form [25], which consists of a Woods-Saxon form
factor multiplied by a Gaussian nonlocality term. In this
work we will take the potential of Perey-Buck [21].

While both the knowledge of nonlocality in the nuclear
potential and nonlocal optical potentials fitted to elas-
tic scattering have been around for over half a century,
they have never received widespread use. Instead, the
preferred method was to use strongly energy-dependent
local potentials, where the energy dependence was as-
sumed to incorporate the effects of nonlocality. Through-
out the years, numerous global parameterizations of local
phenomenological optical potentials have been developed
(e.g. [26–28]).

Ever since the first studies of nonlocality, it has been
known that, depending on the observable, replacing a
nonlocal potential with an energy dependent local po-
tential may be insufficient, even if the two potentials re-
produce the same elastic scattering. This is because a
nonlocal potential causes a reduction of the wave function
within the nuclear interior, a phenomenon known as the
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Perey effect [29, 30]. For many decades after, nonlocality
was taken into account approximately by multiplying the
local wave functions by an approximate correction fac-
tor [29, 30]. This approach was recently tested for (p, d)
transfer reactions [31] where nonlocality was considered
in the entrance channel only. As compared to using lo-
cal potentials, the explicit inclusion of nonlocality in the
entrance channel increased the transfer cross section by
up to 35%. In all cases the correction factor moved the
local angular distribution in the direction of the nonlocal
angular distribution, but could not reproduce the full ef-
fects. That study suggested that nonlocality needs to be
explicitly included in the calculations for obtaining reli-
able quantitative results. A subsequent study, using the
DOM potential [20], emphasized this point [32]. Therein,
differences in the first peak of the transfer angular distri-
bution of up to 50% were seen.

The above mentioned studies, investigating the effect
of nonlocality on (p, d) reactions [31, 32], used the Dis-
torted Wave Born Approximation (DWBA) and focused
on including nonlocality only in the proton channel. This
work upgrades the original studies in two ways: i) it
replaces the DWBA description of the reaction by in-
cluding deuteron breakup to all orders within the three-
body finite-range Adiabatic Distorted Wave Approxima-
tion (ADWA) [33] and ii) it considers nonlocality in all
effective nucleon-target interactions, both in the entrance
and exit channel. It thus provides a complete picture of
the role of nonlocality.

Although DWBA has been a very popular method
to analyze transfer reactions, it has long been under-
stood that deuteron induced reactions are better de-
scribed when deuteron breakup is included explicitly in
the formalism. One then needs to think in terms of a
three-body n + p + A system, dependent on nucleon-
target interactions, which can be solved exactly through
Faddeev approaches (e.g. [8]). Benchmark studies have
shown that other approaches such as the Continuum Dis-
cretized Coupled Channel (CDCC) method or the adia-
batic approach (ADWA) [6, 7] provide a reliable descrip-
tion of the transfer cross sections for the energies of in-
terest. For its computational feasibility we choose to use
ADWA for the framework of the current study. ADWA
was originally developed and implemented for local in-
teractions only. In this work we extend the method to
include nonlocal nucleon-target interactions.

While nowadays differential equations with nonlocal
interactions are easy to solve computationally, it is still
attractive to transform the nonlocal problem into a local
one. Recently, a method was proposed to effectively in-
corporate nonlocality in the deuteron channel through an
energy shift [34, 35]. Traditionally, within the adiabatic
distorted wave approximation (ADWA) [33], one uses nu-
cleon optical potentials evaluated at half the deuteron
energy to construct the effective adiabatic deuteron po-
tential. In [34, 35] it is suggested that nonlocality in the
deuteron channel may be effectively included by shifting
the energy at which the local nucleon potentials are eval-

uated. In this study, we also compare our results with
those obtained in [35].

In this work, we investigate the inclusion of full nonlo-
cality in (d, p) transfer reactions. Nonlocality is included
explicitly and consistently, within the ADWA. We refor-
mulate the ADWA in terms of nonlocal nucleon optical
potentials and compare the results obtained using nonlo-
cal interactions with the corresponding local interactions.
Our systematic study includes (d, p) reactions on 16O,
40Ca, 48Ca, 126Sn, 132Sn, and 208Pb at deuteron energies
of 10, 20, and 50 MeV. The paper is organized in the fol-
lowing way. In Sec. II we briefly describe the necessary
theory, followed by the numerical details in Sec. III. The
results are presented in Sec. IV. We compare our results
with those from other methods and explore specific sen-
sitivities in Sec. V. Finally, in Sec. VI, conclusions are
drawn.

II. THEORETICAL FRAMEWORK

We are interested in describing the reaction A(d,p)B
where the final nucleus B is in a bound state. Given
the importance of deuteron breakup in deuteron induced
reactions, we begin with a three-body Hamiltonian for
the n+ p+A system,

H3B = TR + Tr + UnA + UpA + Vnp . (1)

Here TR and Tr are the kinetic energy operators for the
center of mass motion and n− p relative motion, respec-
tively, Vnp is the neutron-proton interaction, while UpA
and UnA are the proton-target and neutron-target inter-
actions. In principle, these interactions can be either
local or nonlocal. The wave function Ψ(r,R) describes
a deuteron incident on a nucleus A and is a solution to
the equation H3BΨ = EΨ, where E = Ed − εd is the
energy of the system, Ed is the incident deuteron kinetic
energy in the center of mass frame, and εd is the deuteron
binding energy. The vectors locating the proton and neu-
tron, Rp and Rn, are taken relative to the center of mass
of the target A, and the vectors r and R are given by
R = (Rp + Rn) /2 and r = Rp −Rn.

The exact T-matrix for the A(d, p)B reaction can be
written in the post form as:

T = 〈φnAχ(−)
pB |Vnp + ∆|Ψ(+)〉, (2)

where φnA is the neutron-target bound state, and χ
(−)
pB is

the proton scattering state in the exit channel distorted
by U∗pB . The remnant term ∆ is negligible for all but

light targets (of the order of 5% for 16O and < 1% for
208Pb).

When computing transfer as in Eq.(11), it is seen that
Ψ(+) is only needed within the range of the Vnp interac-
tion. In these circumstances, a basis such as the Wein-
berg states [36], which forms a complete and orthonormal
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set only within the range of the Vnp interaction, is suffi-
cient for expanding the three-body wave function. This
was the realization by Johnson and Tandy [33] and gave
rise to the finite range adiabatic model (ADWA). First,
one expands Ψ(+) in Weinberg states,

Ψ(+)(r,R) =

∞∑
i=0

Φi(r)Xi(R). (3)

Each Weinberg state is defined by

(Tr + αiVnp) Φi(r) = −εdΦi(r), (4)

where εd is the deuteron binding energy, αi are the eigen-
values, and each state is normalized by 〈Φi|Vnp|Φj〉 =
−δij .

Introducing the expansion Eq.(3) for Ψ(+) into the
three-body Schrödinger equation produces a coupled
channel equation for the Xi(R) [37]. It has been shown
[38] that, to a very good approximation, the expansion
in Eq.(3) can be truncated after the first term, gener-
ating an optical model like equation with an effective
adiabatic potential for the deuteron that contains the ef-
fect of breakup to all orders. This adiabatic potential is
defined by [33]:

UAD = −〈Φ0(r)|Vnp (UnA + UpA) |Φ0(r)〉, (5)

with φ0 being the first Weinberg eigenstate.
In the way Eq.(5) is written, no assumption is made on

the locality or nonlocality of the nucleon-target interac-
tions. When local potentials are used, the arguments of
UpA and UnA are the distances from each of the nucleons
to the target, Rp and Rn respectively. After integrating
over r, UAD becomes a function of R. In that case the
three-body equation for the incoming deuteron scattering
state becomes:

[
TR + ULocAD (R) + Uso(R) + UCoul(R)− Ed

]
Xad(R) = 0,

(6)

This is the method that has been implemeneted and used
for several studies (e.g. [6]).

We now want to extend the method to nonlocal inter-
actions. For the sake of simplicity, we will not include
nonlocality in the spin-orbit term nor in the Coulomb in-
teraction, and focus on the effect on the nuclear central
interaction which is the dominant force. The nonlocal
operators UpA and UnA acting on Ψ(+)(r,R) are given
by

ÛpA Ψ(+)(r,R) = 8×∫
ds UpA(Rp,Rp + 2s)Ψ(+)(r + 2s,R + s)

ÛnA Ψ(+)(r,R) = 8× (7)∫
ds UnA(Rn,Rn + 2s)Ψ(+)(r− 2s,R + s),

where s = R′−R. The ADWA method for nonlocal opti-
cal potentials is somewhat similar to the original ADWA
method. The original Eq.(6) becomes:

[TR + Uso(R) + UCoul(R)− Ed]XNL
ad (R) = SNLAD(R),

(8)

and the main difference is now that instead of a local
adiabatic potential, we need to deal with a source term
that is given by:

SNLAD(R) = 8

∫
drdsΦo(r)Vnp(r)[

UpA(Rp,Rp + 2s)Φ0(r + 2s)XNL
ad (R + s) (9)

+UnA(Rn,Rn + 2s)Φ0(r− 2s)XNL
ad (R + s)

]
.

Starting from these equations we have applied the par-
tial wave decomposition, performed the necessary angu-
lar momentum coupling and designed an effective method
for the angular integrations. Details can be found in Ap-
pendix A.

In our finite range ADWA, the T-matrix for the trans-
fer process then looks like:

T = 〈φnAχ(−)
pB |Vnp|Φ0X0〉, (10)

which should not be confused with the standard imple-
mentations of the distorted wave Born approximation
(DWBA) where the exact three-body initial deuteron
state is replaced by the elastic channel:

T = 〈φnAχ(−)
pB |Vnp|φdχel〉. (11)

Here φd is the deuteron ground state wave function and
χel corresponds to the solution of an optical model equa-
tion with a deuteron optical potential usually fitted to
deuteron elastic scattering.

III. NUMERICAL DETAILS

We begin by defining the nonlocal interactions needed
for solving this three-body problem Eq.(1). The Perey-
Buck nonlocal potential was used for all proton and neu-
tron optical potentials, both in the entrance and exit
channel. For the final bound states, we take the real part
of the Perey and Buck interaction, and adjust the depth
to reproduce the experimental binding energy of the sys-
tem. The method used to solve the nonlocal equations is
detailed in [31]. The NN interaction is a central Gaus-
sian which reproduces the binding energy and radius of
the deuteron ground state, as in [39].

To understand the role of nonlocality, it is important
to compare our results with a local calculation that has
identical constrains. We thus impose, for the scattering,
that the local nucleon-target interactions used reproduce
the elastic scattering obtained using Perey-Buck at the
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relevant energies. These local phase equivalent (LPE)
potentials are found by fitting the elastic scattering dis-
tributions using the code SFRESCO [40]. In the proton
channel, the procedure is straightforward: (p, p) elastic
scattering is calculated at the relevant energy using the
Perey-Buck nonlocal potential, and the LPE potential is
found by fitting this distribution. In the deuteron chan-
nel more care is needed. We calculate (n, n) and (p, p)
elastic scattering at half the deuteron energy using the
Perey-Buck potential. We find LPE potentials for these
elastic scattering distributions, and calculate the local
adiabatic potential with the neutron and proton LPE
potentials. The fact that we impose that our local UnA
and UpA are phase equivalent to Perey-Buck does not
guarantee that the local and nonlocal adiabatic poten-
tials are phase equivalent, and in general this will not be
the case. In fact, the adiabatic method only provides a
good description of the three-body scattering wave func-
tion in the region of Vnp and therefore is not useful for
calculating elastic scattering phase shifts.

For the bound states, we calculate the nonlocal equa-
tion using a real Woods-Saxon form and the nonlocality
parameter set to β = 0.85. We also use a local spin-orbit
interaction with the depth fixed at 6 MeV. For each term
we use a radius parameter of r = 1.25 fm. The diffuse-
ness was set to a = 0.65 fm. The depth of the nonlocal
real Woods-Saxon form is then adjusted to reproduce the
physical binding energy. The corresponding local equa-
tion is obtained by settting β = 0 and adjusting the local
real Woods-Saxon depth to reproduce the binding energy.

The bound and scattering states calculated using ei-
ther nonlocal or local potentials are then introduced into
the (d, p) T -matrix, Eq. (11). Angular distributions
are calculated for the targets under consideration for
deuteron energies of 10, 20, and 50 MeV, spanning a wide
range of experimental interest. The radial wave functions
are calculated using a step size of 0.01 fm and a match-
ing radius of 30 fm. The nonlocal adiabatic potential is
obtained on a radial grid of step 0.05 fm and a linear
interpolation is used in the differential equation to cal-
culate the adiabatic deuteron wave function. Converged
cross sections contain partial waves up to J = 30.

IV. RESULTS

The effect of nonlocality on the neutron bound states
and proton scattering states were studied extensively in
previous work [31, 32]. Here, the same qualitative re-
sults were found. Concerning bound states, nonlocality
reduces the amplitude within the nuclear interior and,
due to the normalization condition, this produces an in-
crease in the asymptotic normalization coefficient (ANC)
when compared to the local counterpart. As to the pro-
ton scattering states, nonlocality also reduces the ampli-
tude of the wave function within the nuclear interior as
compared to the local counterpart, but has no effect on
the asymptotic properties of the scattering wave func-

tions by construction (phase equivalent). What is new
in this study is the effect of nonlocality in the deuteron
scattering state. We begin by looking into the source
term in Eq.(10).
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FIG. 1: Absolute value of the d+A source term when nonlocal
and local potentials are used. (a) d+48Ca at Ed = 50 MeV.
(b) d+208Pb at Ed = 50 MeV. Both are for the L = 1 and
J = 0 partial wave.

A. Source term in the deuteron scattering equation

To get an idea of the effect of nonlocality on the
adiabatic potential, in Fig. 1 we compare the source
term SNLAD(R) with the local correponding quantity
ULocAD (R)Xad(R), as a function of the radial distance be-
tween the deuteron and the target. The top panel is for
d+48Ca and the bottom panel for d+208Pb, both at a
beam energy of 50 MeV in the laboratory frame. The
solid line corresponds to the nonlocal source term, while
the dashed line is its local equivalent. The magnitude
of the nonlocal source term is reduced compared to the
local source term. This is related to the reduction of the
scattering wave function in the nonlocal case, known as
the Perey effect. It is also seen that the source term in
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the nonlocal case gets shifted outward relative to the lo-
cal case. Both these effects imprint themselves on the
adiabatic deuteron wave function discussed next.

B. Deuteron Scattering Wave Functions

In Fig. 2 we show the absolute values of the d + A
wave functions as a function of radius for the channel
with deuteron-target angular momentum L = 1 coupled
to a total spin J = 0. The solid line is obtained with
the nonlocal adiabatic potential Eq.(8) and the dashed
line is obtained with the local Eq.(6). We show the same
reactions as in Fig. 1. As in the other cases, nonlocality
produces a reduction of the deuteron wave function in
the nuclear interior, but also a shift of the wave function
towards the outside of the nucleus, since the nonlocal
adiabatic potential is not phase equivalent to the local
adiabatic potential.
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FIG. 2: Absolute value of the d + A scattering wave function
when nonlocal and local potentials are used. (a) d+48Ca at
Ed = 50 MeV. (b) d+208Pb at Ed = 50 MeV. Both are for
the L = 1 and J = 0 partial wave.

C. Transfer Cross Sections

Next we turn to the (d,p) cross sections. In our analy-
sis, we compute angular distributions for a wide variety
of cases from 16O to 208Pb. Some examples to illustrate
our results are shown in Fig. 3 and Fig. 4. An extensive
list of all cases considered is shown in Tables I, II and
III.

Fig. 3 and Fig. 4 include the results of the full non-
local calculation (solid black line), including nonlocality
only in the deuteron channel (red dashed line), including
nonlocality in the proton channel only (green dot-dashed
line) and including local phase equivalent potentials as
described in Sec. III (blue dotted line). In Fig. 3 we
present: (a) (d, p)48Ca at Ed = 10 MeV, (b) 132Sn at
Ed = 10 MeV, and (c) 208Pb at E = 20 MeV. The same
cases are considered in Fig. 4 but now at Ed = 50 MeV.

Also shown are the data points when available. The
data in Fig. 3a was published in arbitrary units. There-
fore, in this work, this set of data is normalized to the
peak of the theoretical distribution generated by includ-
ing nonlocality in both, the entrance and exit channels.
All other data presented in this work has absolute units.
It is important to note that the purpose of this work is
not to describe the data. We do not expect the Perey and
Buck optical potential developed in the sixties for 208Pb
at intermediate energies to do well for a wide range of
energies and targets. One should focus on the differences
between the nonlocal and local transfer calculations un-
der the constrain of the same physical input, namely that
both the nonlocal and local nucleon optical potentials re-
produce the exact same elastic scattering.

At low energy, the inclusion of nonlocality in the exit
channel provides a significant enhancement of the cross
section for all cases, resulting from the large effect of non-
locality in the neutron bound state. As mentioned before,
the nonlocal wave functions have a larger ANC and, at
low energies, the reaction is only sensitive to this region.
This results in a larger cross section for the nonlocal case
(compare dotted with dot-dashed lines).

The nonlocality in the proton scattering state is only
felt at the larger beam energies. At low energies the
reaction is not sensitive to the short-range properties of
the proton scattering wave function, so the fact that the
wave function is reduced in the nuclear interior does not
have a significant effect on the transfer cross section, as
was seen in [31] and [32].

At higher energies, the reaction becomes more sensitive
to the interior region, and consequently the reduction of
the cross section due to the proton scattering state be-
comes more significant. At these higher energies, there
is a competition between the two processes since there
is contribution from both the periphery and the inter-
nal region. It was found that nonlocality in the proton
scattering state had a larger effect for the heavier nuclei
due to a larger surface region being probed. Compar-
ing the dot-dashed green line with the dotted blue line
of Fig. 4, we can see that there is still enhancement of
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FIG. 3: Angular distributions for (d, p) transfer cross sections
as a function of scattering angle. The insets are the theoretical
distributions normalized to the peak of the data distribution.
(a) 48Ca(d, p)49Ca at Ed = 10 MeV with data [41] at 10 MeV
in arbitrary units. (b) 132Sn(d, p)133Sn at Ed = 10 MeV with
data [2] at Ed = 9.4 MeV. (c) 208Pb(d, p)209Pb at 20 MeV
with data [42] (Circles) and [43] (Squares) at Ed = 22 MeV.

the cross section for 48Ca, but a reduction in 132Sn and
208Pb. The net effect of nonlocality in the exit chan-
nel depends on a complex interplay of the properties of
the bound state (i.e. number of nodes, binding energy,
and orbital angular momentum), and the magnitude of
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FIG. 4: Angular distributions for (d, p) transfer cross sections
as a function of scattering angle. The insets are the theoretical
distributions normalized to the peak of the data distribution.
(a) 48Ca(d, p)49Ca at Ed = 50 MeV with data [44] at 56 MeV.
(b) 132Sn(d, p)133Sn at Ed = 50 MeV. (c) 208Pb(d, p)209Pb at
50 MeV.

the real and imaginary part of the scattering wave func-
tion near the nuclear surface, where the majority of the
transfer process occurs.

Now we consider the effects of nonlocality in the
deuteron scattering state. Like the proton scattering
state, nonlocality in the deuteron channel reduces the
amplitude of the scattering wave function within the
range of the nuclear interaction. However, unlike the pro-
ton scattering state, nonlocality in the deuteron channel
also has the effect of shifting the scattering wave func-
tion outward. Both of these effects are evident in Fig. 2.
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Nonlocal Nonlocal

Final Nonlocal Entrance Exit Angle

Elab Bound Relative Relative Relative of

10 MeV State to Local to Local to Local Peak
16O(d, p) 1d5/2 27.2% −3.0% 32.7% 26◦

16O(d, p) 2s1/2 15.5% 0.2% 13.5% 0◦

40Ca(d, p) 1f7/2 48.5% 11.4% 46.5% 39◦

48Ca(d, p) 2p3/2 19.4% −6.8% 27.8% 15◦

126Sn(d, p) 1h11/2 36.9% 8.7% 26.9 72◦

132Sn(d, p) 2f7/2 25.7% −0.2% 30.1% 55◦

208Pb(d, p) 2g9/2 52.5% 2.0% 47.3% 180◦

TABLE I: Percent difference of the (d, p) transfer cross sec-
tions at the first peak when using nonlocal potentials in en-
trance and exit channels (1st column), nonlocal potentials in
entrance channel only (2nd column), and nonlocal potentials
in exit channel only (3rd column), relative to the local cal-
culation with the LPE potentials, for a number of reactions
occurring at 10 MeV.

Nonlocal Nonlocal

Final Nonlocal Entrance Exit Angle

Elab Bound Relative Relative Relative of

20 MeV State to Local to Local to Local Peak
16O(d, p) 1d5/2 24.9% 2.6% 25.7% 0◦

16O(d, p) 2s1/2 7.1% −0.7% 6.0% 0◦

40Ca(d, p) 1f7/2 43.3% 11.0% 34.1% 26◦

48Ca(d, p) 2p3/2 14.9% 7.1% 12.2% 8◦

126Sn(d, p) 1h11/2 33.6% 7.7% 26.4 35◦

132Sn(d, p) 2f7/2 3.2% 2.5% 4.2% 16◦

208Pb(d, p) 2g9/2 35.0% 12.6% 20.5% 32◦

TABLE II: Percent difference of the (d, p) transfer cross sec-
tions at the first peak when using nonlocal potentials in en-
trance and exit channels (1st column), nonlocal potentials in
entrance channel only (2nd column), and nonlocal potentials
in exit channel only (3rd column), relative to the local cal-
culation with the LPE potentials, for a number of reactions
occurring at 20 MeV.

Comparing the red dashed line to the blue dotted line in
Fig. 3 and Fig. 4, we see that for 48Ca, nonlocality in
the deuteron scattering state has a similar effect as non-
locality in the proton scattering state, namely it reduces
the cross section. As the size of the target increases, the
outward shift of the wave function becomes more impor-
tant and increases the transfer cross section. This effect
becomes largest for the heaviest targets.

As seen in the insets of Fig. 3 where the predicted
theoretical cross sections are normalized to the data at
the peak of the distribution, the low energy data cannot
distinguish between the various models since the shapes
of the distributions are rather similar. This is not the
case for the higher energy cases we studied. For example
for 48Ca(d,p) at 50 MeV, nonlocality significantly im-
proves the description of the data. In all cases, if one is

to extract a spectroscopic factor from these data, the re-
sults including nonlocal interactions explicitly will differ
significantly from those where only local interactions are
assumed.

The overall picture is compiled in Tables I, II and III.
We show the percentage difference between cross sections
including nonlocal and local interactions, at the peak of
the angular distribution, relative to the local cross sec-
tion. In the first column we include nonlocality in all
nucleon target interactions, and in the second (third) col-
umn we include nonlocality in the entrance (exit) channel
only. At low energies (Tables I, II), the effect of nonlo-
cality in the deuteron scattering state has a moderate
impact on the transfer cross section. For these cases, the
enhancement of the cross section due to the nonlocality
in the exit channel is the dominant effect. This is also
the case for (d,p) on light nuclei at 50 MeV (see Table
III). It is for the (d,p) reactions on heavy targets (132Sn
and 208Pb) at 50 MeV that nonlocality in the deuteron
channel produces a substantial increase in the cross sec-
tion.

Nonlocal Nonlocal

Final Nonlocal Entrance Exit Angle

Elab Bound Relative Relative Relative of

50 MeV State to Local to Local to Local Peak
16O(d, p) 1d5/2 22.3% 3.1% 15.8% 10◦

16O(d, p) 2s1/2 20.7% 0.4% 21.2% 0◦

40Ca(d, p) 1f7/2 4.8% 4.4% 0.2% 0◦

48Ca(d, p) 2p3/2 41.9% −8.1% 39.9% 0◦

126Sn(d, p) 1h11/2 6.9% 6.7% −2.5 13◦

132Sn(d, p) 2f7/2 −10.9% 20.4% −26.2% 0◦

208Pb(d, p) 2g9/2 64.8% 86.5% −1.7% 0◦

TABLE III: Percent difference of the (d, p) transfer cross sec-
tions at the first peak when using nonlocal potentials in en-
trance and exit channels (1st column), nonlocal potentials in
entrance channel only (2nd column), and nonlocal potentials
in exit channel only (3rd column), relative to the local cal-
culation with the LPE potentials, for a number of reactions
occurring at 50 MeV.

V. DISCUSSION

A. Comparing DWBA and ADWA

The first order distorted wave Born approximation
(DWBA) is still a common technique used in the analysis
of transfer cross sections. It is based on a series expansion
which, when truncated to first order as its usual imple-
mentation, only accounts for deuteron breakup through
its effects on deuteron elastic scattering. Unlike the adi-
abatic approach, built on a three-body model using only
nucleon optical potentials, DWBA uses a deuteron op-
tical potential traditionally fit to deuteron elastic scat-
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tering. Although an adiabatic approximation is made in
ADWA, no perturbative expansion is included and indeed
deuteron breakup is included to all orders in the prob-
lem. As it turns out, ADWA provides a reliable solution
to the three-body problem when compared to exact Fad-
deev calculations [6]. As we will show in this section, the
differences in the DWBA and ADWA formalism can lead
to very different predictions for the (d, p) cross sections.

In Fig. 5 the angular distributions for three different
(d,p) reactions obtained within DWBA are compared to
those obtained with ADWA. We performed calculations
including only local interactions, but also calculations
where nonlocality is included in the exit channel. We
found no meaningful way of comparing the effect of non-
locality in the entrance channel since DWBA and ADWA
treat the deuteron channel very differently and a global
nonlocal deuteron optical potential is not available. For
a useful comparison, the same nonlocal and local poten-
tials are used in the exit channel. For the ADWA cal-
culations, the LPE potentials discussed earlier were used
to construct the adiabatic potential, while in the DWBA
calculations the deuteron optical potential of Daehnick
was used [45].

First we focus on the local calculations, and compare
in Fig. 5, DWBA (dotted blue line) with ADWA (dashed
red line). The shapes are significantly different, in addi-
tion to different magnitudes at the peak of the distribu-
tion. Including nonlocality in the exit channel does not
change this picture. We compare DWBA with nonlocal-
ity in the exit channel (green dot-dashed line) with the
corresponding ADWA (solid black line). Qualitatively,
the effect of nonlocality manifests in a similar way in
DWBA and ADWA, producing an increase of the cross
section at lower energies, an effect reduced or reverted at
higher energies. Also shown in Fig. 5(b) are the data. It
is clear that for this case DWBA cannot describe the an-
gular distribution from experiment. This is one example
that demonstrates the need to include deuteron breakup
in the reaction explicitly.

B. Energy Shift

Given that coordinate based theories are simpler to
solve for local interactions, Timofeyuk and Johnson
[34, 35] developed a method to include the effects of non-
locality in the deuteron scattering state without having
to solve the nonlocal equations. This method is based
on the zero-range ADWA, and assumes the Perey-Buck
form for the nonlocal potential. The main conclusion of
the work is that, by shifting the energy by about ∼ 40
MeV in the evaluation of the nucleon optical potentials
from the standard Ed/2 value, one can capture the effects
of nonlocality. We would like to test this method by com-
paring it to results when nonlocality is taken explicitly
into account.

To reduce the ambiguities in the test, we fix the proton
exit channel. For the nonlocal calculations, in the exit
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FIG. 5: Comparison of (d, p) transfer cross sections when
using ADWA as compared to DWBA. (a) 16O(d, p)17O (b)
48Ca(d, p)49Ca with data [44] at 56 MeV. (c) 132Sn(d, p)132Sn.
All distribution at Ed = 50 MeV.

channel, the LPE potentials found from fits to Perey-
Buck proton elastic scattering distributions are used,
along with the local binding potential used to reproduce
the experimental neutron bound state. In the entrance
channel, we use the nonlocal Perey-Buck potential, and
the corresponding LPE potentials. For the method of
[34, 35], we use the CH89 potential [27] evaluated at the
standard Ed/2, with the additional energy shift quanti-
fied in [35], and compare it to a local calculation using
CH89 without any energy shift.

The results of this study are shown in Fig. 6. Angular
distributions for (d,p) reactions on (a) 16O at Ed = 10
MeV, (b) 40Ca at Ed = 10 MeV and (c) 208Pb at Ed = 20
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MeV are shown: the black solid line corresponds to the
explicit inclusion of nonlocality in the deuteron scatter-
ing state, the red dashed line are the results of the lo-
cal calculation when the LPE potentials are used for the
deuteron scattering state, the green dot dashed line is
for the results using the method of [34, 35], and the blue
dotted line is when they were evaluated at the standard
Ed/2 value.

Our results demonstrate that the energy shift method
always results in an increase in the cross section. As
we saw in Sec/ IV C, explicit inclusion of nonlocality in
the deuteron scattering state can produce an increase in
the cross section, but this is not always the case (e.g.
see Fig. 6(a). The energy shift often times moves the
transfer distribution towards larger angles, an effect also
present when nonlocal interactions are accounted for ex-
actly. However, sometimes the energy shift method over-
shoots this effect, as in Fig. 6b. An example when the
energy shift method did a good job at reproducing the
nonlocal effects is seen in Fig 6c. In general, we found
that, in most cases, the energy shift captured the qualita-
tive effects of nonlocality, but did not provide an accurate
account of the process.

C. Sensitivity to Binding Energy and Angular
Momentum

We investigated the sensitivity of our results on the
binding energy and the angular momentum of the final
bound state. We find that the higher the binding en-
ergy the more the ANC changes when nonlocality is in-
cluded, relative to the ANC of the bound state resulting
from local potentials. For low energy reactions, which are
dominated by the ANC, it enhances the effects we see in
this study. For higher energy reactions, there is an inter-
play between the effects of the ANC of the bound state
and the effects of nonlocality on the proton and deuteron
scattering state. In general, the magnitude of the per-
cent difference of the cross section at the first peak was
more significant for higher binding, but no clear trend
was observed. For low energy deuterons, we observe that
nonlocality in the deuteron scattering state was more sig-
nificant for higher binding. We also investigated the de-
pendence on the angular momentum of the final bound
state, but no obvious trend could be found for the limited
cases we studied.

VI. CONCLUSIONS

In this work we studied the effects of nonlocality on
(d, p) transfer reactions. An extension of the ADWA the-
ory was developed to include nonlocality in the deuteron
scattering state using the Perey-Buck nonlocal nucleon
optical potential [21]. In the exit channel the Perey-
Buck potential was used to describe the proton scatter-
ing state, and its real part was adjusted for the neutron
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FIG. 6: Comparison of (d, p) transfer cross sections with the
explicit inclusion of nonlocality in the deuteron scattering
state, and when using the proposed energy shift to take non-
locality in the deuteron scattering state into account. (a)
16O(d, p)17O at Ed = 10 MeV (b) 40Ca(d, p)41Ca at Ed = 10
MeV (c) 208Pb(d, p)209Pb at Ed = 20 MeV.

bound state. For the scattering, NA interaction, a local
phase equivalent potential was obtained by fitting the
elastic scattering generated from the corresponding non-
local potential. Both the local and nonlocal bound states
reproduced the same experimental binding energies.

For the (d, p) reactions studied, we found that the in-
clusion of nonlocality in both the entrance and exit chan-
nels increased the transfer cross section by ∼ 40%. In
most cases, nonlocality in the deuteron scattering state
caused a moderate increase in the transfer cross section.
However, for heavy targets at high energies, this increase
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was large. Nonlocality in the exit channel caused, almost
exclusively, an increase in the transfer cross section, ex-
cept for heavy targets at high energies for which the cross
sections were reduced. We also compared our ADWA re-
sult with those from DWBA and found the effects of non
locality in the final state to be consistent in both formula-
tions, even if quantitatively different. We also compared
our ADWA results with the energy shift method intro-
duced by Timofeyuk and Johnson [34, 35] and found that
method to be qualitatively correct.

The conclusion of the present study confirm those of
[31, 32]. There are important differences in the trans-
fer cross sections when including nonlocality explicitly as
compared to when using local phase equivalent poten-
tials. This highlights the necessity of explicitly including
nonlocality to describe transfer reactions.
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Appendix A: Nonlocal Adiabatic Potential

Here we will derive the partial wave decomposition of the
nonlocal adiabatic potential. For illustration purposes,
consider just the neutron case first. The neutron nonlocal
operator acting on the three-body wave function is given
by

ÛnAΨ(r,R) =

∫
UnA(Rn,R

′
n)Ψ(R′n,R

′
p)

× δ(R′p −Rp)dR
′
ndR

′
p

= 8

∫
UnA

(
R− r

2
, 2R′ −R− r

2

)
× Ψ(r− 2(R′ −R),R′)dR′. (A1)

The Jacobian for the coordinate transformation is unity,
and we integrated over dr′ to eliminate the delta function.
We used the vector definitions Rp,n = R± r

2 , where Rp

uses the “+” sign and Rn uses the “−” sign. A similar
expression is found for the proton nonlocal operator. We
expand our wave function in a basis of Weinberg states,
as in Eq.(3). Since we are using only the first Weinberg
state, Ψ(r,R) ≈ Φ(r)X(R) and the nucleon nonlocal
operator is

ÛNAΦ(r)X(R) = 8

∫
UNA

(
R± r

2
, 2R′ −R± r

2

)
× Φ(r± 2(R′ −R))X(R′)dR′. (A2)

Adding and subtracting by R in the second argument
of UNA and making the definition s = R′ − R, we can
rewrite the nucleon nonlocal operator as

ÛNAΦ(r)X(R) = 8

∫
UNA (Rp,n,Rp,n + 2s)

× Φ(r± 2s)X(R + s)ds. (A3)

The general expansion of a partial wave with total angu-
lar momentum and projection, JTMT , is given by:

Ψ(r,R) ≈ Φ(r)X(R) =
∑
`LJp

φ`(r)
χJTMT

LJp
(R)

R
(A4)

×
{{{{

Ξ1/2(ξn)⊗ Ξ1/2(ξp)
}
1
⊗ Ỹ`(r̂)

}
1
⊗ ỸL(R̂)

}
Jp

× ⊗ΞIt(ξt)}JTMT
.

In this equation, Ξ1/2(ξn) and Ξ1/2(ξp) are the spin func-
tions for the neutron and proton respectively, and ΞIt(ξt)
is the spin function for the target, with It being the spin
of the target. The spin of the deuteron is coupled to
the orbital angular momentum, L, to give the total an-
gular momentum of the projectile, Jp. The total angu-
lar momentum of a given partial wave is given by JT .
Ỹ`(r̂) and ỸL(R̂) are spherical harmonics for the internal
and relative orbital angular momentum of the deuteron,
respectively. We use the phase convention where the
spherical harmonics have a built in factor of i` so that
Ỹ`(r̂) = i`Y`(r̂), and similarly for ỸL(R̂).

We would like to find the partial wave decomposition
of

[
T̂R − Ed

]
Φ(r)X(R) = −

(
ÛnA + ÛpA

)
Φ(r)X(R).

(A5)

To do this, we multiply by

∑
`′

φ`′(r)Vnp(r) × (A6){{{{
Ξ1/2(ξn)⊗ Ξ1/2(ξp)

}
1
⊗ Ỹ`′(r̂)

}
1
⊗ ỸL′(R̂)

}
J′
p

× ⊗ΞIt(ξt)}
∗
JTMT

and integrate over dr, dΩR, dξn, dξp and dξt. The l.h.s.
of the equation becomes

1

R

[
~2

2µ

(
∂2

∂R2
− L′(L′ + 1)

R2

)
+ Ed

]
χJTMT

L′J′
p

(R). (A7)

As we only considered ` = 0 deuterons in our calcula-
tions, let us make this assumption right at the beginning
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of our partial wave decomposition of the r.h.s. There-
fore, the two Ỹ`(r̂) terms give 1/4π, and the partial wave
decomposition of the r.h.s. of Eq.(A5) is:

− 8

4π

∑
LJp

∫
φ0(r)Vnp(r)UNA (Rp,n,Rp,n + 2s)

×
{{{

Ξ1/2(ξn)⊗ Ξ1/2(ξp)
}
1
⊗ ỸL′(R̂)

}
J′
p

× ⊗ΞIt(ξt)}
∗
JTMT

×
{{{

Ξ1/2(ξn)⊗ Ξ1/2(ξp)
}
1
⊗ ỸL(R̂+ s)

}
Jp

× ⊗ΞIt(ξt)}JTMT
(A8)

× φ0(|r± 2s|)
χJTMT

LJp
(|R + s|)

|R + s|
dsdrdΩRdξtdξndξp

Our goal is to couple the integrand up to zero angular
momentum. Therefore, it will be spherically symmetric
so we can use symmetry to reduce the dimensionality of
the integral. Coupling the spherical harmonics together
and the spin functions together, then doing the integral
over dξn, dξp and dξt, we arrive at

− 8

4πL̂′

∫
φ0(r)Vnp(r)UNA (Rp,n,Rp,n + 2s)

×
{
ỸL′(R̂)⊗ ỸL′(R̂+ s)

}
00
φ0(|r± 2s|)

×
χJTMT

L′J′
p

(|R + s|)
|R + s|

dsdrdΩR,

(A9)

where L̂′ =
√

2L′ + 1. We can bring the term 1
R from

Eq.(A7) over to the r.h.s. Since the integrand is coupled
to zero angular momentum, it is spherically symmetric,
which means that it is invariant under rotations of the
three vectors R, r, and s together. Thus, we can eval-
uate it in any configuration we want. By placing the R

vector in the ẑ-direction, M = 0, and ỸL0(ẑ) = iLL̂√
4π

.

We will place the vector r in the xz-plane so that the
φr-dependence is removed. Integration over dΩR yields
a factor of 4π for all other choices of which direction to
orient the vector R. Since we are fixing r to be in the
xz-plane, we get a factor of 2π to take care of rotations
around the z-axis. Thus, we can evaluate our integral
in this specific configuration, then multiply the integral
by 8π2 to take care of all other configurations. There is
not enough symmetry to fix the vector s. After explic-
itly adding in the iL phase from the remaining spherical
harmonic, and redefining all of our angular momentum
indices in terms of unprimed quantities, we get

[
~2

2µ

(
∂2

∂R2
− L(L+ 1)

R2

)
+ Ed

]
χJTMT

LJp
(R) (A10)

= −8R
√
π

L̂

∫
φ0(r)Vnp(r)UNA (Rp,n,Rp,n + 2s)YL0(R̂+ s)

× φ0(|r± 2s|)
χJTMT

LJp
(|R + s|)

|R + s|
r2 sin θrdrdθrds,

where Rp,n, R, and s are to be evaluated in the partic-
ular configuration described above. UNA is the nucleon
optical potential for either the proton or the neutron.
Making the replacement UNA → UnA +UpA gives us the
full nonlocal adiabatic potential, and the resulting par-
tial wave equation for the deuteron scattering state when
using nonlocal potentials within the ADWA.
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