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Background: Deuteron induced reactions serve as surrogates for neutron capture into compound states. Al-
though these reactions are of great applicability, no theoretical efforts have been invested in this direction over
the last decade. Purpose: The goal of this work is to establish on firm grounds a theory for deuteron in-
duced neutron capture reactions. This includes formulating elastic and inelastic breakup in a consistent manner.
Method: We describe this process both in post and prior form distorted wave Born approximation following
previous works and discuss the differences in the formulation. While the convergence issues arising in the post
formulation can be overcome in the prior formulation, in this case one still needs to take into account additional
terms due to non-orthogonality. Results: We apply our method to the 93Nb(d,p)X at Ed =15 MeV and 25 MeV,
and are able to obtain a good description of the data. We look at the various partial wave contributions, as well
as elastic versus inelastic contributions. We also connect our formulation with transfer to neutron bound states.
Conclusions: Our calculations demonstrate that the non-orthogonality term arising in the prior formulation is
significant and is at the heart of the long-standing controversy between the post and the prior formulations of
the theory. We also show that the cross sections for these reactions are angular momentum dependent and there-
fore the commonly used Weisskopf limit is inadequate. Finally we make important predictions for the relative
contributions of elastic breakup and non-elastic breakup, and call for elastic breakup measurements to further
constrain our model.
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I. INTRODUCTION

Neutron capture reactions A(n,γ)B are very important in
astrophysics, for the production of heavy elements, but are
equally relevant in stewardship science, since it is through
neutron capture that fission is induced and chain reactions be-
gin. Most often, for low energy neutrons, the capture pro-
ceeds through continuum states, forming a compound nucleus
(A+n→ B∗) that then decays, either through gamma emission
to the ground state, or through other particle channels. The
direct measurement of neutron capture is challenging, partic-
ularly because most of the targets of interest have short half-
lives and neutrons cannot be made into targets. A proposed
alternative it to use deuterons as surrogates [1]. In this indi-
rect method, the proton inside the deuteron behaves mostly as
a spectator, the neutron inside the deuteron is delivered to the
target surface and gets absorbed by the target A(d,p)B∗. Since
this is a compound nucleus reaction, the final compound nu-
cleus decays in the same way as after A+n→B∗. An example
of a recent measurement applying the surrogate method is the
171,173Yb(d,pγ) experiment performed at LBNL [2]. The mea-
surement was performed on a nucleus for which neutron cap-
ture cross sections were already available. The neutron cap-
ture cross-sections extracted in the deuteron induced reactions
were in fair agreement with those measured directly.

While the exclusive process A(d,pn)A (with A left in its
ground state) is clearly identified as elastic breakup, the rest of
the cross section arising from the inclusive process A(d,p)X,
where only the proton is measured in the final state, is harder
to name because it encompasses many different processes.
Some refer to this component of the cross section as inelas-
tic breakup, breakup-fusion or partial fusion. In this work, we

will always use the term non-elastic breakup.
Although there are important applications of the surrogate

method for neutron capture, no theoretical development has
taken place in the last two decades to establish the method
on firm grounds. In terms of direct reaction mechanisms, this
process can be seen as inelastic breakup followed by fusion,
or neutron transfer to the continuum. Significant theoretical
effort took place in the eighties with the main idea being first
introduced by Kerman and McVoy [3], with the works of Uda-
gawa and Tamura [4] and Austern and Vincent [5] appearing
shortly after. In [4] the authors assume the process A(d,p)B∗

is a two step process, first breakup of the deuteron followed
by fusion of the neutron. They describe this in distorted wave
Born approximation in prior form and make a number of ad-
ditional approximations (we will denote this theory as UT).
In [5], the starting point is the post-form distorted wave Born
approximation, and the authors assume that the target gets ex-
cited only by the neutron-target interaction (we will denote
this theory as AV). One difficulty in this method is the con-
vergence of the matrix element. In both [5] and [4], all (d,p)
transfer cross sections to the excited states are summed with-
out explicitly introducing the properties of these states. This is
of course a key aspect in describing inclusive processes. As it
turned out, cross sections obtained with the post (AV) theory
did not agree with those obtained with the prior (UT) theory.
This generated a heated controversy that lasted a decade and
was never fully resolved.

A detailed analysis of the UT theory is presented in [6],
where several approximations are considered including the
zero range approximation and the surface approximation. The
authors of [6, 7] argue that the theory of AV includes unphys-
ical components which should be corrected by inclusion of a
non-orthogonality term. On the other hand, Ichimura et al.



[8] in their detailed examination, conclude that certain im-
plicit approximations made in the optical reductions by UT
are at the heart of the disagreement. Although several groups
revisited the matter later [9–12], establishing a relationship
between the various theories, the controversy on the relevance
of the non-orthogonality term was never resolved. Nowadays,
many of the approximations made in the early eighties have
become unnecessary, and thus it makes sense to revisit the is-
sue.

Two recent works have applied the AV theory to study a
variety of reactions [13, 14]. In Lei and Moro [13] these re-
actions include deuteron breakup on 58Ni at intermediate en-
ergies, deuteron breakup on 93Nb at lower energies and 6Li
elastic scattering on 209Bi around the Coulomb barrier. In or-
der to deal with the convergence of the amplitude, the authors
in [13] construct continuum bins corresponding to a square in-
tegrable wave packet obtained averaging the scattering states
over energy. These studies [13, 14] show that, overall, the AV
theory provides a good description of the processes consid-
ered.

Given the recent experimental interest in the surrogate
method, it is critical to develop a theory that is practical and
reliable. Our overall goal with this work is exactly to estab-
lish such a theory, which can then serve as a starting point
to make further improvements in the future. In this work we
will present our own derivations of the elastic and inelastic
breakup amplitudes in both the post (AV) and the prior (UT)
forms, within the distorted wave Born approximation (section
II). We will show that these two theories are indeed equiva-
lent if no further approximations are made, although the post
formalism introduces numerical difficulties which are avoid-
able by the prior formalism. We will also show that a non-
orthogonality term and additional cross-terms naturally arise
in the UT theory. This is a consequence of the fact that when
writing the amplitude in the prior form, no easy separation be-
tween the breakup process and the excitation process is pos-
sible. In other words, in the prior formalism, breakup and
excitation are entangled. These days, however, their computa-
tion poses no difficulty. Following the work of [15], in section
III, we will use the same framework to study neutron trans-
fer to bound states. This establishes an important connection
between scattering and bound states, and provides a stringent
test for the theory. We apply the method to surrogate reac-
tions of deuterons on 93Nb for beam energies in the range of
10-20 MeV to compare with data, as done by [16] (section V).
We analyze our results and dissect the various contributions,
in terms of angular momentum, as well as the relative mag-
nitude of elastic versus non-elastic cross sections. Finally, in
Section VI, we draw our conclusions and provide an outlook
into further possible developments.

II. THEORETICAL FORMULATION

A. General formalism in the post representation (AV)

Let us consider the reaction A(d,p)B* which includes elas-
tic breakup and any other inelastic processes. In this section,
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FIG. 1: Definition of the coordinates used in our formulations.

we follow closely the work by Austern et al. [5] and derive the
post-form amplitude for the process. We will adopt a spectator
approximation for the proton, which means the proton–target
interaction will not explicitly excite the target A. We will thus
start by substituting the proton–target interaction VAp(rAp, ξA)
by an optical potential UAp(rAp). In addition, for the purpose
of our derivation, we have considered A to be infinitely mas-
sive. However, in the actual numerical applications, the recoil
of the nucleus A is fully taken into account.

The three-body Hamiltonian for the problem is

H = Kn + Kp + hA(ξA) + Vpn(rpn) + VAn(rAn, ξA) + UAp(rAp),
(1)

where Kn and Kp are the kinetic energy operators acting on the
neutron and proton coordinates respectively. We now consider
the model wavefunction

Ψ = χiφdφA + χ fφ
c
B, (2)

where φd is the deuteron eigenfunction, φA is the ground state
of the target nucleus, and φc

B represents the c’th eigenstate of
the final compound nucleus B. These wave functions satisfy

hdφd =
(
Knp + Vnp

)
φd = εdφd,

hAφA = εAφA. (3)
hBφ

c
B = (Kn + hA + VAn) φc

B = εc
Bφ

c
B.

Here, Knp is the kinetic energy of the neutron–proton motion,
and hA is the internal Hamiltonian of the target nucleus A. In
Fig. 1 we define the coordinates that we use in our formula-
tion. These will become useful throughout this section.

Considering only first order in the couplings between the
incoming deuteron channel i and the final proton channel f ,
the coupled equations for the unknowns χi and χ f simplify to
the distorted wave Born approximation (DWBA) differential
equations, and can be written in either prior and post form
[17],

(Ei − Hi) χi = 0 (4)(
E f − H f

)
χ f =


〈
φc

B|Vprior |φdφA

〉
χi〈

φc
B|Vpost |φdφA

〉
χi +

(
H f − E f

) 〈
φc

B|φdφA

〉
χi,
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where the initial and final Hamiltonians are

Hi = Kd + UAd

H f = Kp + UAp, (5)

with the prior and post operators

Vprior = VAn + UAp − UAd,

Vpost = Vnp. (6)

and the energies Ei = E − εd − εA and E f = E − εc
B. For a

target A with a big but finite mass, the post form will include
a negligible remnant term UAp − UBp, UBp being the optical
potential between the proton and the nucleus B. In the ap-
proximation in which the proton is treated as a spectator, it is
important to note that, in any case, this term does not depend
upon the intrinsic coordinates of the target A.

According to eq. (4), an auxiliary wavefunction X f defined
by

X f = χ f +
〈
φc

B|φdφA
〉
χi, (7)

is such that, in the post representation,(
H f − E f

)
X f =

〈
φc

B|Vpost |φdφA

〉
χi. (8)

The non–orthogonality term
〈
φc

B|φdφA

〉
vanishes for large val-

ues of the proton coordinate, so X f and χ f are asymptotically
identical. Therefore, the T -matrix Tdc for the detection of the
proton after the population of the state φc

B of the residual nu-
cleus has two equivalent expressions:

Tdc =
〈
χ(−)

f φc
B|Vprior |φdφAχi

〉
=

〈
χ(−)

f φc
B|Vpost |φdφAχi

〉
, (9)

and the celebrated post–prior equivalence in DWBA is veri-
fied. The proton distorted wave χ(−)

f satisfies the equation:(
E f − H†f

)
χ(−)

f = 0. (10)

The inclusive cross section is summed over all B channels
of a given energy. The inclusive breakup cross section for the
process d + A→ p + B is thus

d2σ

dΩpdEp
=

2π
~vd

ρp(Ep)
∑

c

∣∣∣∣〈χ(−)
f φc

B|V | φdφAχi

〉∣∣∣∣2 δ(E−Ep−ε
c
B)

= −
2
~vd

ρp(Ep)=
〈
φdφAχi|V† |χ

(−)
f

)
GB

(
χ(−)

f |V | φdφAχi

〉
,

(11)

where the round brackets indicate that we only integrate over
the proton coordinate. Here, V stands for either Vprior or Vpost,

ρp(Ep) =
mpkp

8π3~2 (12)

is the proton level density, and Ep is the kinetic energy of the
detected proton.

The energy–conserving delta function δ(E − Ep − ε
c
B) can

be written as the imaginary part of the spectral expansion

GB = lim
ε→0

∑
c

∣∣∣φc
B

〉 〈
φc

B

∣∣∣
E − Ep − ε

c
B + iε

. (13)

This Green’s function, in operator form, is simply

GB =
1

E − Ep − hB + iε
. (14)

Since Vnp is not contained in hB, Eq.(14) can be interpreted
as a propagator in the breakup channel, i.e., when the deuteron
bound state is absent. Furthermore, if we choose the post rep-
resentation of Eq.(11), we have the advantage that the poten-
tial V = Vpost = Vpn(rpn) does not depend on ξA, so we can
directly project the Green’s function onto the target ground
state, the so-called optical reduction,

Gopt
B = 〈φA|GB|φA〉 =

1
E − Ep−εA − Kn − UAn(rAn) + iε

.

(15)

The exact form of UAn obtained from the above projection op-
eration is the Feshbach optical potential for the n−A system in
the ground state of A, and includes the effects of all possible
excitations of A due to the interaction with the neutron. In the
present paper we use, instead, a global optical potential ob-
tained from a systematic fitting to elastic scattering data [18].
For both positive and negative energies, this optical potential
UAn = VAn + iWAn (with VAn,WAn real) should be interpreted
as an energy–averaged approximation to the exact Feshbach
potential.

The inclusive cross section has thus the post-form expres-
sion

d2σ

dΩpdEp
= −

2
~vd

ρp(Ep)=
〈
φdχi

∣∣∣ Vpn

∣∣∣∣χ(−)
f

)
Gopt

B

(
χ(−)

f

∣∣∣∣ Vpn

∣∣∣ φdχi

〉
.

(16)

Because the real potential Vnp(rnp) cannot excite the nucleus
A, this formalism suggests a two–step mechanism: Vnp(rnp)
first breaks up the deuteron and then Gopt

B propagates the sys-
tem in the breakup channel, eventually leading to the absorp-
tion of the neutron in the complex field UAn.

It is useful to extract from Eq.(16) the contributions of
breakup without the excitation of the target A (elastic breakup,
EB), and non-elastic breakup (NEB) where the target no
longer remains in its ground state. To this purpose, we trans-
form

Gopt
B =G0

(
1 + Gopt

B UAn

)
= (1 + Gopt†

B U†An) G0

(
1 + Gopt

B UAn

)
−Gopt†

B U†AnGopt
B ,

Gopt†
B = (1 + Gopt†

B U†An) G†0
(
1 + Gopt

B UAn

)
−Gopt†

B UAnGopt
B ,

(17)

where G0 is the propagator in free space. We now define
the scattering waves |χn(rn; kn)〉 subject to the optical poten-
tial UAn:

|χn(rAn; kn)〉 = (1 + Gopt
B UAn) |χ0(rAn; kn)〉 , (18)
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where |χ0(rAn; kn)〉 is a free plane wave with momentum kn.
From these expressions, we obtain

=Gopt
B =(1 + Gopt†

B U†An)=G0

(
1 + Gopt

B UAn

)
+ Gopt†

B WAnGopt
B

= − π
∑

kn

|χn(rn; kAn)〉δ
(
E − Ep −

k2
n

2mn

)
〈χn(rAn; kn)|

+ Gopt†
B WAn Gopt

B . (19)

The first term of Eq.(17), when used in Eq.(16), gives rise
to DWBA elastic breakup. For this we have transition matrix
elements

TEB(kn,kp) =
〈
χ(−)

f χn

∣∣∣∣ Vpn

∣∣∣ φd χi

〉
. (20)

The elastic-breakup differential cross section for the protons
is given by integrating over the neutron angles:

d2σ

dEpdΩp

]EB

=
2π
~vd

ρp(Ep)ρn(En)
∫
|TEB(kn,kp)|2 dΩBn,

(21)

where, in conjunction with the proton density introduced in
Eq.(12), we use the neutron density of states

ρn(En) =
mnkn

8π3~2 . (22)

The second term of Eq.(19) gives rise to the non-elastic
breakup cross section. Defining the post form of the source
term,

S post =
(
χ(−)

f

∣∣∣∣ Vpn

∣∣∣ φdχi

〉
, (23)

and the neutron wavefunction∣∣∣ψpost
n

〉
= Gopt

B S post, (24)

the non–elastic breakup differential cross section can then be
written as

d2σ

dΩpdEp

]NEB

= −
2
~vd

ρp(Ep)
〈
ψ

post
n

∣∣∣ WAn

∣∣∣ψpost
n

〉
. (25)

Eq. (19) suggests that the elastic and non–elastic breakup
have a common origin. In Appendix A, we show that flux
conservation laws give rise to separate elastic and non-elastic
terms in a consistent manner.

B. General formalism in the prior representation (UT)

Computing the neutron wavefunction Eq.(24) presents well
known numerical difficulties. As the deuteron wavefunction
φd and the post potential Vpn have the same argument, the
source term (23) oscillates indefinitely as a function of the
neutron coordinate, and the integral in Eq.(25) converges ex-
ceedingly slowly. There are methods to deal with this numer-
ical problem. Alternatively we follow Udagawa and Tamura

(UT) and revert to the prior representation. Let us first write
the inclusive cross section in the prior representation,

d2σ

dΩpdEp
= −

2
~vd

ρp(Ep)

× =
〈
φdφAχi

∣∣∣ V†prior

∣∣∣∣χ(−)
f

)
GB

(
χ(−)

f

∣∣∣∣ Vprior

∣∣∣ φdφAχi

〉
,

(26)

where Vprior = VAn +UAp−Ud is the prior interaction potential
(see Eq.(6)). Now, however, the optical reduction defined by
Eq. (15) cannot be readily applied, because Vprior acts on the
intrinsic coordinates ξA of the nucleus A and does not com-
mute with φA.

We will thus split Vprior in a term that can induce breakup
(and commutes with φA) and a term that can excite φA (and
commutes with χ(−)

f ),

Vprior =
(
G−1

B + Vprior

)
−G−1

B

=
(
UAp − UAd − hA − Kn − Ep + E

)
−G−1

B . (27)

Note that, when doing the averaging over the states of the tar-
get, some terms drop out. Introducing ∆U = UAp − UAd, we
can write:〈

φA|V
†

prior |χ f

)
GB

(
χ(−)

f |Vprior | φA

〉
=

(
∆U† − Kn + En

) ∣∣∣∣χ(−)
f

)
Gopt

B

(
χ(−)

f

∣∣∣∣ (∆U − Kn + En)

+ |χ(−)
f )(Kn − V̄An − En)(χ(−)

f | + (∆U† + ∆U)|χ(−)
f )(χ(−)

f |

(28)

where En = E − Ep − εA and V̄An = 〈φA|VAn|φA〉. When taking
the imaginary part in Eq.(26), the last term in Eq.(28) gives no
contribution since it is a real operator. If we substitute En−Kn
with UAn, we have

=
〈
φA|V

†

prior |χ
(−)
f

)
GB

(
χ(−)

f |Vprior | φA

〉
=

=
(
∆U† + UAn

)
|χ(−)

f )Gopt
B (χ(−)

f | (∆U + UAn)

+ |χ(−)
f )(UAn − V̄An)(χ(−)

f |. (29)

It is convenient to rewrite Eq.29 in the following form:

=
〈
φA|V

†

prior |χ
(−)
f

)
GB

(
χ(−)

f |Vprior | φA

〉
= (∆U + UAn)† |χ(−)

f )Gopt
B (χ(−)

f | (∆U + UAn)

+2iWAn|χ
(−)
f )Gopt

B (χ(−)
f | (∆U + UAn)

+|χ(−)
f )(UAn − V̄An)(χ(−)

f |. (30)

The substitution of En − Kn with UAn might seem dubious,
because, even if it is clear from the first line of Eq. (11) that we
are dealing with on-shell quantities, the second line seems to
formally include off-shell terms. But, if we consider En−Kn =

Gopt−1

B + UAn, we can see that the off-shell term Gopt−1

B gives
a real contribution to Eq.(28), and vanishes when taking the
imaginary part in Eq.(26).
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It is now convenient to define the prior-form source term

S prior =
(
χ(−)

f

∣∣∣∆U + UAn

∣∣∣φd χi

〉
. (31)

Note that the operator ∆U + UAn differs from the prior inter-
action defined in Eq.(6), namely the complex optical potential
UAn is used instead of the real interaction VAn that causes core
excitation. The prior-form neutron wave function is

ψ
prior
n = Gopt

B S prior. (32)

We also need to introduce the non-orthogonality function:

ψHM
n =

(
χ(−)

f

∣∣∣∣ φd χi

〉
. (33)

This last expression defines the neutron “source” function ob-
tained by Hussein and McVoy (HM) using somewhat different
approximations [10]. Now, inserting (30) in (26), we can ar-
rive at:

d2σ

dΩpdEp
= −

2
~vd

ϕ(Ep)
[
=

〈
S prior|G

opt
B |S prior

〉
+ 2<

〈
ψHM

n |WAnGopt
B |S prior

〉
+

〈
ψHM

n |WAn |ψ
HM
n

〉]
, (34)

We can apply the identity (19) to remove from the first term
of (34), the elastic breakup contribution. The remaining terms
represent the total non-elastic breakup cross section:

d2σ

dΩpdEp

]NEB

= −
2
~vd

ρp(Ep)
[
=

〈
ψ

prior
n |WAn |ψ

prior
n

〉
+ 2<

〈
ψHM

n |WAn|ψ
prior
n

〉
+

〈
ψHM

n |WAn |ψ
HM
n

〉]
. (35)

The first term corresponds to elastic breakup followed by cap-
ture, while the third one contains all other processes involving
the n + A system. As we will show all three terms are, in
general, important, and have to be simultaneously taken into
account. For completeness, we present in Appendix B the par-
tial wave decomposition of these results.

We have just shown that the non-orthogonality term in the
above expression arises when disentangling the elastic and
non-elastic breakup contributions from Vprior. On the other
hand, an identical non-orthogonality function appears for dif-
ferent reasons in the derivation of the standard DWBA equa-
tions in the post form, but has been dropped because of the
equivalence of the final (proton channel) distorted waves X f
and χ f in the asymptotic region (see eq. (7)). Nonetheless,
in Eq.(25) the proton distorted wave is certainly needed for
small values of the proton coordinate, so the question may
arise whether the latter non-orthogonality function should be
kept after all for its derivation.

To see that such a term is actually not needed, let us check
the consequences of including it. By examining eq. (4), it can
be seen that this is equivalent to making the replacement:

V → Vpn +
(
Kp + UAp + hB − E

)
(36)

in eq. (11). We obtain from the post-form matrix element in
Eq.(11):〈

φdφAχi|Vpn +
(
Kp + U†Ap + hB − E

)
|χ(−)

f

)
GB

×
(
χ(−)

f |(Vpn +
(
Kp + UAp + hB − E

)
) | φdφAχi

〉
=

〈φA|
[
S ∗post + ψHM∗

n

(
hB + Ep − E

)]
GB

×
[
S post + ψHM

n

(
hB + Ep − E

)]
|φA〉 ,

where we have used eqs. (10) and (24). Taking into account
that

(
hB + Ep − E

)
GB = 1, we get

S ∗postG
opt
B S post + 2<

(
S postψ

HM
n

)
+ 〈φA| S ∗post

(
hB + Ep − E

)
S post |φA〉 . (37)

When taking the imaginary part, only the first term of the
above expression survives, and we obtain again Eq.(16). We
conclude that the post source term defined in eq. (23) should
not include a non–orthogonality contribution.

C. Transfer to bound states

The sort of breakup processes we are considering can be
thought of as transfer to the continuum. One would like to
have one framework to describe both transfer to bound states
and continuum states. The Green’s function formalism al-
lows for this connection. This idea was first proposed in [15].
We write the partial wave coefficients of the Green’s function
Gopt

B (rAn, r′An) defined in Eq.(15), as

Gl(rAn, r′An) =
fl(kn, rAn<)gl(kn, rAn>)

knrAnr′An
, (38)

where kn =
√

2mnε/~, and fl(kn, rAn) (gl(kn, rAn)) is the regular
(irregular) solution of the homogeneous equation− ~2

2mn

d2

dr2
An

+ UAn(rAn) +
~2l(l+1)
2mnr2

An

− ε

 { fl, gl}(kn, rAn) = 0.

(39)

At the origin we impose limrAn→0 fl(kn, rAn) = 0 for the regular
solution. At large distances the boundary condition of course
depends on whether the energy ε is positive or negative. For
scattering neutron states (positive ε),

lim
rAn→∞

gl(kn, rAn)→ ei(knrAn−
lπ
2 ), (40)

while for final neutron bound states (negative ε),

lim
rAn→∞

gl(kn, rn)→ e−(κnrAn), (41)

with κn =
√
−2mnε/~.

If the imaginary part WAn of the neutron–target optical po-
tential is small, we can use first order perturbation theory to
express

Gopt
B (rAn, r′An; E) ≈

~2

2mn

∑
n

φ∗n(r′An)φn(rAn)
En + iΓn/2 − E

, (42)

5



where

Γn = 2
∫

φ∗nWAnφn drAn, (43)

and φn, En are the eigenfunctions and eigenvalues of the
Schrödinger equation corresponding to the real part of the op-
tical potential. If we now consider an energy E close to an
isolated resonance, i.e. |E−En| � |Em−En|, only the nth term
of the sum will contribute to the Green’s function, and

Gopt
B (rAn, r′An; k) ≈

~2

2mn

φ∗n(r′An)φn(rAn)
En + iΓn/2 − E

. (44)

The resulting neutron wave function is

ψ(rAn) =
~2

2mn

φn(rAn)
En + iΓn/2 − E

∫
φ∗n(r′An)S (r′An)dr′An. (45)

According to the particular nature of the source term (see Eqs.
(23) and (31)), the integral in Eq. (45) has the form of a one–
neutron transfer DWBA amplitude

T (1NT)
n =

∫
φ∗n S n dr′An =

∫
φ∗n

(
χ(−)

f

∣∣∣Vpost,prior

∣∣∣φd χi

〉
dr′An

(46)

to the single–particle state φn of the target–neutron residual
nucleus. We can then write:

ψn(rAn) =
T (1NT)

n

En + iΓn/2 − E
φn(rAn), (47)

and the final neutron wavefunction ψn(rAn) can be inter-
preted as the nth eigenstate of the neutron–target (real) single–
particle potential times the direct transfer amplitude to this
particular state, modulated by an energy denominator. The
absorption cross section is proportional to the matrix element

〈ψ|WAn|ψ〉 =

∣∣∣T (1NT)
n

∣∣∣2
(En − E)2 + Γ2

n/4

∫
φ∗nWAnφn drAn

=
1
2

Γn

(En − E)2 + Γ2
n/4

∣∣∣T (1NT)
n

∣∣∣2 . (48)

As a consequence, if the transfer amplitude T (1NT)
n is approx-

imately constant in an energy interval of the order of Γn,
the energy–dependent differential cross section around a reso-
nance has a Lorentzian shape, and the integrated cross section
under the peak is independent of WAn for small enough WAn.

It can be shown (see Appendix C) that there is a simple rela-
tionship between the cross section for the capture of a neutron
in a bound state of finite width and the cross section for direct
transfer to the corresponding zero–width bound state. Assum-
ing again that T (1NT)

n is essentially constant in an energy range
of the order of Γn = 2〈WAn〉, we have

d2σ

dΩpdEp
(E,Ω)

]NEB

≈
1

2π
Γn

(En − E)2 + Γ2
n/4

dσn

dΩ
(Ω), (49)

where dσn
dΩ

is the direct transfer differential cross section to the
nth eigenstate of the real potential. At the resonance energy
peak (E = En), we have the simple relationship

d2σ

dΩpdEp
(E = En,Ω)

]NEB

≈
2

Γnπ

dσn

dΩ
(Ω). (50)

V W WD a aD r rD rC

d 99.0 0.0 16.7 0.84 0.64 1.12 1.31 1.30
p 50.6 0.0 14.1 0.678 0.47 1.25 1.25 1.25

TABLE I: Optical model parameters. Energies are expressed in MeV
and lengths in fm. In the proton channel, the parameters are those
listed in [19] for proton–93Nb scattering at 16.2 MeV, while in the
deuteron channel they correspond to those listed in the same refer-
ence for deuteron–93Nb scattering at 17 MeV.

III. RESULTS

A. Numerical details

We present the results obtained for the reaction 93Nb(d, p)
at two different beam energies, Ed = 15 MeV, and Ed = 25.5
MeV. The optical model potentials UAd, UAp used in the initial
(deuteron) and final (proton) channels respectively were taken
from the Perey and Perey compilation ([19]), and are summa-
rized in Table I. For the final state interaction UAn between
the neutron and the 93Nb target, we have slightly modified the
energy dependent Koning–Delaroche global optical nucleon–
nucleus potential ([18]), by setting the real part parameter to
V = 50.3 MeV in the whole energy range, and keeping the
original energy dependence of the other parameters. This was
needed to reproduce essential features of the 94Nb nucleus.
Furthermore, although we respect the energy dependence of
the depth of the surface imaginary part WD of the Koning-
Delaroche potential, we do not let it fall below 4 MeV, corre-
sponding to the experimental energy resolution of the data in
[16]. The maximum partial wave lp used in the calculations is
15 and 20 for Ed = 15 MeV and Ed = 25.5 MeV respectively.
The contribution of final neutron states with l ≥ 8 is found to
be very small.

The deuteron ground state wavefunction is taken to be an
L = 0 state with a radial wavefunction generated by a Woods–
Saxon potential with radius Rd = 0.4 fm and diffusivity
ad = 0.6 fm. When the real depth is adjusted to reproduce
the binding energy of deuteron, the resulting wavefunction is
compatible with the experimental value of the mean square ra-
dius of the deuteron and the zero-range constant D0 = −122.5
MeV.fm3/2.

In Fig. 2 we show the proton energy distributions for
93Nb(d,p) at 15 MeV and 25.5 MeV along with the data [16].
Also shown is the breakdown into elastic breakup (EB) and
inelastic breakup (NEB). Our results indicate that the inelas-
tic breakup is dominant at all energies, nevertheless elastic
breakup is important particularly around the peak of the dis-
tribution. The comparison with the data demonstrates that our
model provides a good account of the process. A close com-
parison with the theoretical results presented in [16] show sig-
nificant differences that can be partially attributed to the ne-
glect of the additional terms arising from non-orthogonality.

We also compared our results with those from [13]. At the
peak of our distribution for the higher beam energy (Ep = 14
MeV), the elastic breakup contributes 25% of the total cross
section. This differs significantly from the results presented
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FIG. 2: Energy distributions of the detected proton for 93Nb(d,p)
at (a) 15 MeV and (b) 25.5 MeV: total cross sections (solid line),
elastic breakup (EB, dot-dashed line) and inelastic breakup (NEB,
dashed line). The arrows indicate the position of the neutron emis-
sion threshold. Data is from [16].

in [13], where the elastic breakup is less that 10% of the total
cross section at the peak. This is an important issue because
elastic breakup will not lead to the neutron being captured
into a compound state and therefore will need to be subtracted
from the total cross section in order to apply the surrogate
method. In the work of [13], the elastic breakup is treated in
a separate formalism, namely with the continuum discretized
coupled channel method. In addition, given that the inelastic
contribution is computed in the post formalism, the authors
used continuum bins to address the convergence issues. A
more detailed comparison between these two methods will be
very useful.

For the surrogate method, the spin distributions of the (d,p)
cross sections are important in making the connection to neu-
tron capture (see Section I). In Fig. 3 we provide the break-
down in terms of the various angular momenta, for both beam
energies considered. A strong peak is found around Ep = 10
MeV, for L = 3 corresponding to a narrow resonance in the
neutron-target system. A much broader resonance is present
in the L = 1 channel and therefore the peak in that compo-
nent is less pronounced. For L = 0 and L = 2, we can see
the signature of the neutron-target bound states, at high pro-

93Nb(d,p)

Ed=25.5 MeV

dσ
/d

E
 (

m
b/

M
eV

)

93Nb(d,p)

Ed=15 MeV

L=0

L=1

L=2

L=3

(a)

(b)

6 10 14 18 22 26 30

Ep (MeV)

4 8 12 16
Ep (MeV)

8

6

4

2

0

30

25

20

15

10

5

0

dσ
/d

E
 (

m
b/

M
eV

)

FIG. 3: Energy distributions for 93Nb(d,p) at (a) 15 MeV and (b) 25.5
MeV: partial wave decomposition .

ton energy. From the distributions in Fig. 3, it is obvious that
the Weisskopf approximation, typically used in the analysis of
surrogate reactions, is not valid. The cross section is strongly
dependent on the angular momentum and closely connected
to the internal structure of the composite final state.

One attractive feature of the model here developed is the
ability to provide, in a consistent framework, a description
of neutron capture into the continuum and into bound states.
The optical potential used to describe the n-target system is
primarily based on fits to elastic scattering, appropriate for
positive energies, but our results depend on the continuation
of the potential to negative energies. In Figs. 2 and 3, for the
highest proton energies, corresponding to the neutron below
threshold, we keep WD = 4 MeV, as stated above, to describe
limited experimental resolution. In Fig. 4, by contrast, we
explore the effects of smaller imaginary terms in UAn in the
93Nb(d,p) reaction, by changing this value to WD = 0.5 MeV
(a) and WD = 3 MeV (b). For the smallest imaginary term,
bound states appear as narrow peaks. Increasing the imagi-
nary term increases their widths. An example of this can be
seen for the L = 2 states: when the imaginary term is small,
we can resolve the L = 2 spin-orbit partners, while as we in-
crease the imaginary term, these two states become blurred to
the point of becoming indistinguishable in Fig. 3. The arrows
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FIG. 4: (Color online) energy distributions for 93Nb(d,p) at 15 MeV
below the neutron threshold, for those partial waves that have bound
states: (a) strength of the imaginary potential W = 0.5MeV . and (b)
strength of the imaginary potential W = 3.0 MeV.

in Fig. 3 correspond to the location of the bound states for the
real potential. We find that that in addition to the spreading
of the states, the introduction of the imaginary component can
also shift the peaks to higher energy. As discussed in section
II C, the limit of WD = 0 MeV in our formulation corresponds
to the standard DWBA transfer to bound states. We have in-
deed used this fact to check our calculations by comparing our
results in this limit to those produced by Fresco [20]. Com-
plete agreement was found.

The basis of the large controversy between the AV and the
UT approaches stems from the non-orthogonality term, dis-
cussed in detail in section II B. It is therefore critical to under-
stand the importance of this term in the calculations. In Fig. 5
we plot the inelastic breakup cross sections, with (solid line)
and without (dashed line) the non-orthogonality term. The
neutron energy distribution, for θp = 10◦, is shown in panel
(a) and the angular distribution, for two neutron energies, is
shown in panel (b). The non-orthogonality term is most im-
portant at the peak of the energy distribution but remains im-
portant even when the neutron is captured into bound states.
In terms of the angular distribution, the non-orthogonality
term manifests itself mostly at forward angles. The results
in Fig. 5 demonstrate the need for the inclusion of the non-

θp=10o

93Nb8d,pc

Ed=25.5gMeV

dσ
/d

E
g8

m
b/

M
eV

c

NEB without nongorthogonality

NEB with non orthogonality
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d2 σ
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E
dΩ
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M
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gs
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8ac

8bc

0 20 40 60 80 100
0.1

1
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100

θc.m.g8degcg

Eng8MeVc
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18

24

FIG. 5: Effect of the non-orthogonality and cross terms in the cross
sections: (a) energy distribution for 93Nb(d,p) at 25.5 MeV for an
angle θ = 10◦ and (b) angular distributions for both En = −3 MeV
and En = 5 MeV.

orthogonality term in the prior-form formalism. The discrep-
ancies found in the literature between the AV and the UT ap-
proaches are, to a large extent, a consequence of the fact that
UT neglects the non-orthogonality term.

IV. CONCLUSIONS

We have derived, implemented and validated a practical
theory for computing cross sections for inclusive processes
of the type A(d,p)X, where only the proton is detected in the
final state. This includes elastic breakup as well as all other
inelastic processes. Our model is based on the assumption
that the proton is a spectator and cannot excite the target. The
same framework is able to describe these reactions across the
full neutron energy range in a consistent manner. Our model
is directly relevant to the application of the surrogate method
for extracting neutron capture cross sections from (d,p) reac-
tions. The present formalism can be generalized to describe
the partial fusion of any cluster in a loosely bound projectile.

We discuss in detail the post and the prior formalism. While
the cross sections derived in the post-form are formally more
elegant, they pose convergence challenges. This challenge is
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removed in the prior formalism. However, additional terms
due to non-orthogonality arise. We show that these terms are
important and cannot be neglected for all energies of the de-
tected proton. We also predict the spin distribution of the re-
sulting compound nucleus, an important ingredient for the ap-
plication of the surrogate method to extract neutron capture
reactions. We show that the cross sections are strongly de-
pendent on the angular momentum, a factor that needs to be
incorporated in the analysis of the surrogate data. Finally, we
also make predictions regarding the relative contribution of
the elastic breakup and all other inelastic processes. The elas-
tic breakup process does not lead to neutron capture and needs
to be subtracted from the total (d,p) cross section when relat-
ing it back to (n,γ). In this work, we have resolved a decades-
old controversy, namely that between Austern et al. and Uda-
gawa et al., promulgating respectively the post and the prior
methods for describing the inclusive process A(d, p)X.

While our method is able to describe the one example we
have studied, it is important to perform a systematic study
for various nuclei across the nuclear chart. Also, since our
method makes consistent predictions for both the elastic and
inelastic breakup, it would be very useful to have the mea-
surement of elastic breakup for the same cases that have been
studied with the inclusive experiments.

In comparing our methods with other calculations, we
found small differences with [16], which can be partially at-
tributed to the neglect of the non-orthogonality induced terms.
More concerning, we found significant differences with the
predictions of [13], particularly in the elastic breakup cross
section. Given that in [13] the elastic breakup was obtained
through a different formalism, the comparison is not straight-
forward. Nevertheless, a better understand on the source of
the differences is desirable. Again, elastic breakup data for
these cases would be useful.

Obtaining a reliable cross section for processes of the type
A(d,p)X is only the first step in the application of the sur-
rogate method. The elastic breakup cross section needs to
be subtracted from the total cross section, and the remaining
cross section needs to be treated within a statistical approach
to determine the fraction of neutrons that end up being cap-
tured versus those that evaporate. The coupling to a statistical
method is planned for the near future.

ACKNOWLEDGEMENT

We are grateful to Jutta Escher for useful discussions. This
work was supported by the National Science Foundation un-
der Grant No. PHY-1403906, and the Department of Energy,
Office of Science, Office of Nuclear Physics under award No.
DE-FG52-08NA28552, and by Lawrence Livermore National
Laboratory under Contract DE-AC52-07NA27344.

Appendix A: Discussion of EB and NEB in the context of flux
conversation

We rewrite the differential equation for the neutron wave-
function eq. (24) in the following form:(

∇2 + ŪAn − Ē
)
ψ

post
n = S̄ post, (51)

where

S̄ post =
2mn

~2 S post, (52)

and ŪAn = 2mn
~2 UAn, Ē = 2mn

~2

(
E − Ep − εA

)
. From (51) and

its complex conjugate, and multiplying respectively by ψpost∗
n

and ψpost
n we get (we will drop the post suffix)

ψ∗n
(
∇2 + ŪAn − Ē

)
ψn = ψ∗nS̄

ψn

(
∇2 + Ū†An − Ē

)
ψ∗n = ψnS̄ †. (53)

Substracting the above equations, and integrating over a large
volume, we obtain∫

∇
(
ψn∇ψ

∗
n − ψ

∗
n∇ψn

)
drn − 2i

∫
|ψn|

2W̄Andrn =

= 2i
∫
=(ψnS †)drn. (54)

The first term can be cast into an outgoing elastic flux across
the surface enclosing the volume, while the second term ac-
counts for the non–elastic breakup. The above equation de-
scribes how the flux generated by the right–hand side term is
converted into an elastic and a non–elastic contribution.

Appendix B: Partial wave decomposition of the differential cross
section

After partial wave decomposition, the multiple differential
cross section can thus be written in the prior and post forms,

d2σ

dΩpdEp
=

2π
~vd

ρp(Ep)
∑
l,m

Bprior,post
lm (55)

where the post contributions are

Bpost
lm =

∫ ∣∣∣∑
lp

φ
post
lmlp

(rBn; kp)Y lp
−m(θp)

∣∣∣2WAn(rAn) drBn, (56)

and the prior contributions

Bprior
lm =

∫ ∣∣∣∑
lp

φ
prior
lmlp

(rBn; kp)Y lp
−m(θp)

∣∣∣2WAn(rAn) drBn

+

∫ ∣∣∣∑
lp

φHM
lmlp

(rBn; kp)Y lp
−m(θp)

∣∣∣2WAn(rAn) drBn

− 2<
∫ ∑

lp,l′p

φHM
lmlp

(rBn; kp)φprior∗
lml′p

(rBn; kp)

× Y lp
−m(θp)Y

l′p
−m(θp)WAn(rAn) drBn. (57)
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Here we have used the neutron partial wave functions, equiv-
alently for prior or post,

ψn(rBn; kp) =
∑
l,m,lp

φlmlp (rBn; kp)Y l
m(θBn)Y lp

−m(θp)/rBn, (58)

with the source terms having a similar decomposition

S (rn; kp) =
∑
lmlp

slmlp (rn; kp)Ylm(θBn)Ylpm(θ), (59)

so

φlmlp (rAn, kp) =

∫
Gl(rAn, r′An) slmlp (r′An; kp) r′2Andr′An

=
1
kn

(
gl(kn, rAn)

∫ rAn

0
fl(kn, r′An)slmlp (r′An; kp) r′Andr′n

+ fl(kn, rAn)
∫ ∞

rAn

gl(kn, r′An)slmlp (r′An; kp) r′Andr′An

)
.

(60)

Appendix C: Transfer cross sections to bound states

In this appendix we show that the value of the integrated
cross section under the peak in Eq.(49) is equal to the direct
transfer cross section to a sharp bound state. Let’s consider
the limit

lim
WAn→0

〈ψ|WAn|ψ〉 = π
∣∣∣T (1NT)

n

∣∣∣2 δ(En − E), (61)

and substitute (61) in Eq. (25),

d2σ

dΩpdEp

]NEB

= −
mdmp

4π3~4

kp

kd
〈ψn|WAn |ψn〉

=
mdmp

4π2~4

kp

kd

∣∣∣T (1NT)
n

∣∣∣2 δ(En − E), (62)

where the subindices p, d refer to the proton and the deuteron
respectively, and we have used the density of levels (12). If
we integrate over a vanishing interval δE around En, we get

dσ
dΩp

]NEB

=
mdmp

4π2~4

kp

kd

∣∣∣T (1NT)
n

∣∣∣2 , (63)

which is the DWBA transfer differential cross section.
Moreover, in this limit the non–orthogonality term and the

cross term vanish. Indeed, the functions ϕHM
lmlp

(rBn; kp), not be-
ing affected by the propagator, do not exhibit any resonant
behavior around the poles En. Thus the second term in Eq.
(57) vanishes as WAn → 0. On the other hand, the third term
behaves as

∼ lim
Γn→0

Γn

(En − E) + iΓn/2
(64)

when WAn → 0, and is equal to zero everywhere except in
the zero–measure interval around En = E, where it has the
finite value −2i. Its contribution thus vanishes after the en-
ergy integration. In addition, the interaction UAn used in the
prior representation (see Section II B) coincides now with the
real potential VAn, so the standard post-prior symmetry is fully
recovered.
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