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Background: The concept of single-nucleon shells constitutes a basic pillar of our understanding of nuclear
structure. Effective single-particle energies (ESPEs) introduced by French and Baranger represent the most
appropriate tool to relate many-body observables to a single-nucleon shell structure. As briefly discussed in
[T. Duguet, G. Hagen, Phys. Rev. C 85, 034330 (2012)], the dependence of ESPEs on one-nucleon transfer
probability matrices makes them purely theoretical quantities that “run” with the non-observable resolution scale
λ employed in the calculation.

Purpose: Given that ESPEs provide a way to interpret the many-body problem in terms of simpler theoretical
ingredients, the goal is to specify the terms, i.e. the exact sense and conditions, in which this interpretation can
be conducted meaningfully.

Methods: While the nuclear shell structure is both scale and scheme dependent, the present study focuses on the
former. A detailed discussion is provided to illustrate the scale (in)dependence of observables and non-observables
and the reasons why ESPEs, i.e. the shell structure, belong to the latter category. State-of-the-art multi-reference
in-medium similarity renormalization group and self-consistent Gorkov Green’s function many-body calculations
are employed to corroborate the formal analysis. This is done by comparing the behavior of several observables
and of non-observable ESPEs (and spectroscopic factors) under (quasi) unitary similarity renormalization group
transformations of the Hamiltonian parameterized by the resolution scale λ.

Results: The formal proofs are confirmed by the results of ab initio many-body calculations in their current stage
of implementation. In practice, the unitarity of the similarity transformations is broken due to the omission of
induced many-body interactions beyond three-body operators and to the non-exact treatment of the many-body
Schrödinger equation. The impact of this breaking is first characterized by quantifying the artificial running of
observables over a (necessarily) finite interval of λ values. Then, the genuine running of ESPEs is characterized
and shown to be convincingly larger than the one of observables (which would be zero in an exact calculation).

Conclusions: The non-observable nature of the nuclear shell structure, i.e. the fact that it constitutes an
intrinsically theoretical object with no counterpart in the empirical world, must be recognized and assimilated.
Indeed, the shell structure cannot be determined uniquely from experimental data and cannot be talked about in
an absolute sense as it depends on the non-observable resolution scale employed in the theoretical calculation. It
is only at the price of fixing arbitrarily (but conveniently!) such a scale that one can establish correlations between
observables and the shell structure. To some extent, fixing the resolution scale provides ESPEs (and spectroscopic
factors) with a quasi-observable character. Eventually, practitioners can refer to nuclear shells and spectroscopic
factors in their analyses of nuclear phenomena if, and only if, they use consistent structure and reaction theoretical
schemes based on a fixed resolution scale they have agreed on prior to performing their analysis and comparisons.

I. INTRODUCTION

The concept of single-nucleon shells dates back to the
early days of contemporary nuclear physics and consti-
tutes the basic pillar of the nuclear shell model [1]. In
fact, the notion of single-particle energy levels is a fun-
damental element of a large number of nuclear many-
body theories and underlies our understanding of nu-
clear structure. Based on such a rationale, the corre-
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lated shell model has been able to explain the occurrence
of extraordinarily stable configurations for specific neu-
tron and proton numbers, known as magic numbers. The
universal character of those magic numbers away from
the valley of beta stability remains an open question [2]
currently receiving considerable experimental and theo-
retical attention, e.g. see Refs. [3–9]. Whether a cer-
tain nucleon number qualifies as a (new) magic number
cannot be postulated a priori. Experimentally, several
quantities are measured to make such an assessment, e.g.,
the excitation energy and the collective character of the
first 2+ state, the size of the gap in the one-nucleon ad-
dition/removal spectrum, etc. Theoretically, the same
quantities need to be computed by solving the many-
body Schrödinger equation with sufficient accuracy in or-
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FIG. 1. (Color online). Shell-model calculation of selected Ca
isotopes performed in the pf valence space with GXPF1 [11]
and KB3G [12] empirical interactions. Upper panel: effec-
tive single-particle energies. Lower panel: first 2+ excitation
energy.

der to check whether the picture associated with a magic
number holds.
As such, the characterization of the (non-)magic char-

acter of a nucleus is based on a set of many-body observ-
ables, and does not involve the concept of single-nucleon
shells. Still, effective single-particle energies [10] (ES-
PEs)1 associated with an auxiliary independent-particle-

like problem appear as a useful tool to interpret the evo-
lution of many-body observables in terms of simpler the-
oretical ingredients. The typical picture is that the size
of the first 2+ excitation energy of even-even isotopes as
well as the size of the gap between their one-nucleon ad-
dition and removal spectra reflect (at least) qualitatively
the size of the particle-hole gap in the ESPE spectrum
and the value of the associated spectroscopic factors. For
instance, a large gap at the Fermi energy in the ESPE
spectrum is manifested as a large 2+ excitation energy

1 It must be made very clear that “ESPE” refers throughout the
present paper to the full Baranger-French definition of single-
particle energies. In the traditional shell model, “ESPE” usually
refers to single-particle energies obtained by averaging over the
monopole part of the Hamiltonian on the basis of a naive filling
in an a priori given single-particle basis. The latter denotes an
approximate version of the full Baranger-French definition ob-
tained by omitting the correlations at play in the exact solution
of the many-body problem.

with a reduced electric quadrupole transition probability
B(E2) to the ground state. Figure 1 illustrates such a
correlation for the first 2+ excitation energy of selected
Ca isotopes on the basis of a pf shell-model calculation.
The phenomenological GXPF1 [11] and KB3G [12] in-
teractions both yield a high 2+ excitation energy and a
large neutron p3/2− f7/2 shell gap in 48Ca, but give very

different predictions for the neutron-rich 54Ca: GXPF1
predicts a large f5/2−p1/2 gap and high 2+ energy, KB3G
the opposite.
It is thus fair to say that the current paradigm under-

lining our understanding of nuclear structure provides
the single-nucleon shell structure with a certain degree
of “reality”. As a matter of fact, reference to an un-
derlying single-particle spectrum is almost systematically
made to explain the characteristics and the evolution of
low-energy observables in nuclei. Still, such a systematic
reference raises basic questions given that individual nu-
cleons do not occupy stationary single-particle states in-
side a correlated system. This relates to the fact that the
only unambiguously defined problem that one can aim at
addressing is the interacting many-body problem, which
translates into solving the A-body Schrödinger eigenvalue
equation

H |ΨA
k 〉 = EA

k |Ψ
A
k 〉 , (1)

and/or its time-dependent counterpart. While the out-
come of the former takes the form of A-body energies
EA

k and associated A-body states |ΨA
k 〉, the latter pro-

vides reaction cross sections σ(Ak+Bl → Cm+Dn) as-
sociated with many-body systems transitioning from an
initial state |ΨA+B

initial〉 = |ΨA
k 〉 ⊗ |ΨB

l 〉 to a final state

|ΨC+D
final 〉 = |ΨC

m〉 ⊗ |ΨD
n 〉. As such, single-nucleon shells

do not appear explicitly in the formulation of the prob-
lem of interest.
The closest accessible quantities relate to the dynamics

of a nucleon that is added to or removed from the A-body
correlated system, i.e., one-nucleon addition and removal
energies E±

k ≡ ±
(
EA±1

k − EA
0

)
along with associated2

reaction cross sections σ±
k . As will be discussed in de-

tail below, the computation of ESPEs, ecentp (λ), combines

one-nucleon addition and removal energies E±
k with as-

sociated spectroscopic probability matrices, S±
k (λ). The

dependence of ESPEs on the latter make them intrin-

sically non-observable quantities that change with the
resolution scale λ employed in the theoretical descrip-
tion of the system. Thus, a unitary transformation of
the Hamiltonian H(λ) → H(λ′) changes the ESPE spec-
trum ecentp (λ) 6= ecentp (λ′) while leaving true observables

invariant, e.g. E±
k (λ) = E±

k (λ′). Expanding on the brief
discussion and the limited numerical illustrations pro-
vided in Ref. [13], the goal of the present paper is to

2 The shorthand notation σ±
k

is used as a way to avoid specifying
which reaction mechanism, e.g. which companion nucleus, is
used to transfer a nucleon to/from the nucleus of interest.
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further characterize the non-observable character of the
nuclear shell structure by presenting a detailed formal
analysis along with systematic results obtained from ab
initio many-body calculations.
The discussion proposed here is not meant to disqual-

ify the notion of shell structure and the use of ESPEs
in our interpretation of experimental data but to specify
the terms, i.e., the exact sense and conditions, in which
this can be done meaningfully. Still, it is crucial to state
upfront that the non-observable character of the shell
structure establishes that nuclear shells have no counter-
part in the empirical world, i.e. in experiment, and that
any apparent correlation between ESPEs and actual ob-
servables can only exist in a non-absolute sense. Indeed,
ESPEs change with a “parameter” that is internal to the
theory and that can be tuned at will without modifying
actual observables. As will appear below, this “parame-
ter” presently takes the form of a momentum scale λ pa-
rameterizing families of unitary transformations that can
be arbitrarily applied on the many-body Hilbert space.
While these unitary transformations do not modify the
physics output, i.e., true observables3 O, they typically
change any quantity that results from partitioning these
observables, e.g. O ≡ o1(λ)+o2(λ) or O ≡ o1(λ)×o2(λ).
The non-observable nature of the one-nucleon momen-

tum distribution [14], of spectroscopic factors [15], or of
the one-nucleon shell structure [13] is not as esoteric or
shocking as it may seem at first as it parallels situations
encountered in other fields of physics. As a matter of fact,
quantum mechanics and quantum field theories possess
internal degrees of freedom (e.g. the gauge symmetry)
that are essential to their formulation but that are not ob-
servable, i.e., nothing in the empirical world can fix their
value. Eventually, one can fix this freedom arbitrarily
(and conveniently) such that non-observable quantities
depending on it acquire a fixed value as well. Still, one
must comply with the fact that the behavior of observ-
ables cannot be correlated with non-observable quantities
in an absolute sense, but only when the internal degree
of freedom is fixed to a particular value. Conversely, it is
mandatory to agree on the way to fix this freedom prior to
doing any comparison or even formulating any discourse
on non-observable quantities [13, 14]. The very same care
associated with partitioning or factorizing observables is
also routine in the discussion of parton distributions in
hadronic physics (see, e.g., [16]).
The non-observable character of ESPEs make them

both resolution scale and theoretical scheme dependent.
The present paper focuses on the former by studying at
length the“running” of ESPEs with the scale λ charac-
terizing similarity renormalization group (SRG) transfor-
mations of the Hamiltonian [17]. Figure 2 anticipates this
discussion by illustrating this feature from a microscopic

3 In the present text we use the same wording/notation to denote
the self-adjoint operator associated with an observable and the
corresponding eigenvalues accessed in a measurement.
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FIG. 2. (Color online). Comparison between the Fermi gap
in the effective single-particle energy spectrum and the first
2+ excitation energy in 22,24O. Results are obtained from a
microscopic shell model [18–20] based on realistic 2N and 3N
interactions. Caluclations are displayed for three different val-
ues of the resolution scale characterizing the 2N interaction;
see Ref. [23] and the text for details.

shell model calculation [18–20] of 22,24O. This calculation
is performed in a sd valence space and is based on realistic
two-nucleon (2N) and three-nucleon (3N) chiral effective
field theory (χ-EFT) interactions (see, e.g., [21, 22]) that
are evolved to low momenta and further renormalized
to the sd shell through third-order many-body perturba-
tion theory [18]. The resolution scale characterizing the
2N interaction is varied from 1.8 to 2.2 fm−1 while keep-
ing the regulator of the 3N interaction unchanged [23].
In Fig. 2 the resulting values of the Fermi gap in the
Baranger ESPE spectrum are compared with the first
2+ excitation energies. We observe that, while the ESPE
Fermi gap typically changes by more than 2 MeV, the 2+

excitation energy varies by less than 200 keV. Moreover,
whereas the Fermi gap is relatively close to the 2+ en-
ergy for the highest resolution scale, it can differ by up to
2.5MeV for the lowest one. Consequently, after varying
the resolution scale the correlation between both quan-
tities alluded to in connection with Fig. 1 is no longer
present, even on a qualitative level, while the observable
2+ excitation energy is unchanged.
The paper is organized as follows. Section II pro-

vides the detailed formal basis for the proper definition of
ESPEs and to characterize their non-observable nature.
Section III illustrates the formal proofs via state-of-the-
art many-body calculations based on χ-EFT 2N and 3N
interactions. Conclusions are given in Sec. IV.

II. NUCLEAR SHELL ENERGIES

A. Rationale

As already alluded to above, the interest of referring to
single-nucleon shells resides in the hypothesis that low-
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energy observables reflect key patterns of the ESPE spec-
trum. Besides 2+ excitation energies, this is supposed to
apply first and foremost to one-nucleon separation ener-
gies E±

k . Such a rationale translates into the assumption
that the observables can be partitioned into a dominant
“independent-particle-like” component complemented by
many-body correlations, i.e., that one can write schemat-
ically

E±
k

︸︷︷︸

Outcome of Schr. equation

= ep
︸︷︷︸

Ind. particles

+ ∆Ep→k
︸ ︷︷ ︸

Correlations

.

(2)
Equation (2) is a basic tenet of numerous many-body

methods. For instance, in many-body perturbation the-
ory, the independent-particle-like contribution refers to
a chosen zeroth-order approximation. As such, it is the
eigenvalue associated with an ad hoc one-body poten-
tial given a priori, e.g., of harmonic-oscillator (HO) or
Woods-Saxon type. Alternatively, it can stem from a
one-body potential that is derived from an auxiliary con-
dition, e.g., the Hartree-Fock (HF) potential that results
from minimizing the correlation contribution to the total
binding energy. Another prime example is density func-
tional theory (DFT), where single-particle energies are
generated by a local one-body potential that emerges as
a result of the constraint that the one-body local den-
sity of the Kohn-Sham Slater determinant matches the
one of the exact A-body ground-state4. Consequently,
the single-particle energies typically discussed in the lit-
erature reflect a choice (among infinitely many) made
by a practitioner. As such, they do not carry any deep
meaning, and they certainly do not reflect a unique and
unambiguous one-nucleon shell structure of the studied
nucleus. Let us now introduce a superior definition of
ESPEs [10, 13].

B. Definition

The model-independent definition of effective single-
particle energies relates them unambiguously to the pro-
cess of adding (removing) a nucleon to (from) the ground-
state of the A-body system of interest in (from) a specific
single-particle state. The single-nucleon states in ques-
tion are not known a priori, but emerge together with
ESPEs (see Eq. (11)).

4 Interestingly, such a constraint forces the single-particle energy of
the last occupied Kohn-Sham orbital to match the one-fermion
removal energy to the ground-state of the (A-1)-body system.
This property is usually referred to as Koopmans’-like theorem
of DFT. It, however, does not apply to any of the other Kohn-
Sham single-particle energies that happen to have a non-trivial
connection to one-nucleon separation energies [24]. In practice,
the validity of Koopmans’-like theorem of DFT is often compro-
mised by spurious self-interaction problems [25]. Correcting for
such an issue typically calls for orbital-dependent density func-
tionals [26, 27].

We first specify the second-quantized form of the
Hamiltonian entering Eq. (1). It is expressed in an arbi-
trary single-particle basis as

H = T + V 2N + V 3N + . . . (3a)

=
∑

pq

tpqa
†
paq

+

(
1

2!

)2 ∑

pqrs

v2Npqrsa
†
pa

†
qasar

+

(
1

3!

)2 ∑

pqrstu

v3Npqrstua
†
pa

†
qa

†
rauatas

+ . . . , (3b)

where v2Npqrs and v3Npqrstu denote antisymmetrized matrix
elements of 2N and 3N interactions while dots symbolize
omitted higher-body forces.
Next, we introduce the probability amplitudes Uµ

(Vν) to reach a specific eigenstate |ΨA+1
µ 〉 (|ΨA-1

ν 〉) of
the A+1 (A-1) system by adding (removing) a nucleon
in (from) a single-particle state to (from) the ground
state |ΨA

0 〉 of an even-even system. Those amplitudes
characterize direct one-nucleon addition and removal pro-
cesses and can be expanded in an arbitrary, e.g., spheri-
cal, single-particle basis {a†p} according to5

Up
µ ≡ 〈ΨA

0 |ap|Ψ
A+1
µ 〉 , (4a)

V p
ν ≡ 〈ΨA

0 |a
†
p|Ψ

A-1
ν 〉 . (4b)

From these amplitudes, one builds spectroscopic prob-
ability matrices for the nucleon addition and removal,
S
+
µ ≡ UµU

†
µ and S

−
ν ≡ V

∗
νV

T
ν , respectively. Their ele-

ments are

S+pq
µ ≡ 〈ΨA

0 |ap|Ψ
A+1
µ 〉〈ΨA+1

µ |a†q|Ψ
A
0 〉 , (5a)

S−pq
ν ≡ 〈ΨA

0 |a
†
q|Ψ

A-1
ν 〉〈ΨA-1

ν |ap|Ψ
A
0 〉 . (5b)

Tracing the latter matrices over the one-body Hilbert
space H1 provides spectroscopic factors

SF+
µ ≡ TrH1

[
S
+
µ

]
=

∑

p∈H1

∣
∣Up

µ

∣
∣
2
, (6a)

SF−
ν ≡ TrH1

[
S
−
ν

]
=

∑

p∈H1

|V p
ν |

2
, (6b)

which are nothing but the norms of the spectroscopic
amplitudes. A spectroscopic factor sums the probabili-
ties that an eigenstate of the A+1 (A-1) system can be

5 Considering that |ΨA
0 〉 is a Jπ = 0+ state and working with

a spherical basis {a†p}, i.e. p ≡ (n, π, j,m, τ), Wigner-Eckart’s
theorem states that the single-particle operator picks out the
angular momentum, the parity and the isospin projection of the
A±1 state the transfer goes to; i.e. jp = Jk, π = Πk and τ =
Tk − T0. Additionally, one can prove that m = M (−M) for Uk

(Vk) where M is the total angular-momentum projection of the
A±1 state.
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described as a nucleon added to (removed from) a single-
particle state on top of the ground state of the A-nucleon
system.
One can then gather the complete spectroscopic infor-

mation associated with one-nucleon addition and removal
processes into the so-called spectral function S(ω). The
spectral function denotes an energy-dependent matrix de-
fined on H1 through

S(ω) ≡
∑

µ∈HA+1

S
+
µ δ(ω − E+

µ ) +
∑

ν∈HA−1

S
−
ν δ(ω − E−

ν ),

where the first (second) sum is restricted to eigenstates of
H in the Hilbert space HA+1 (HA−1) associated with the
A+1 (A-1) system. Note that S(ω) is directly related to
the imaginary part of Dyson’s one-body Green’s function
G(ω) [28]. Taking the trace of S(ω) provides the spectral
strength distribution (SDD)

S(ω) ≡ TrH1
[S(ω)] (7)

=
∑

µ∈HA+1

SF+
µ δ(ω − E+

µ ) +
∑

ν∈HA−1

SF−
ν δ(ω − E−

ν ) ,

which is a basis-independent function of the energy.
We also introduce the nth moment of the spectral func-

tion

M
(n) ≡

∫ +∞

−∞

ωn
S(ω) dω, (8)

which defines an energy-independent matrix on H1. Us-
ing the anti-commutation rule of creation and annihila-
tion operators {ap, a

†
q} = δpq, the zero moment is shown

to be nothing but the identity matrix

M
(0) =

∑

µ∈HA+1

S
+
µ +

∑

ν∈HA−1

S
−
ν = 1 . (9)

This sum rule provides each diagonal matrix element of
S(ω) with the meaning of a probability distribution func-
tion (PDF) in the statistical sense, i.e., the combined
probability of adding a nucleon to or removing a nucleon
from a specific single-particle basis state |p〉 integrates
to 1 when summing over all the final states of the A±1
systems.
The first moment M(1) of the spectral function defines

the so-called centroid matrix

h
cent ≡

∑

µ∈HA+1

S
+
µE

+
µ +

∑

ν∈HA−1

S
−
ν E

−
ν . (10)

Effective single-particle energies are nothing but the
eigenvalues {ecentp } of the centroid field [10, 29], and they
are obtained by solving

h
cent ψcent

p = ecentp ψcent
p . (11)

Solving the eigenvalue problem (11) not only provides
ESPEs but also the corresponding single-particle states
the nucleon is effectively added to or removed from. The
associated spherical basis of H1 is denoted as {c†p}. In
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FIG. 3. (Color online). Self-consistent Gorkov Green’s func-
tion calculation of 74Ni with a realistic 2N chiral interac-
tion [32]. Left: spectral strength distribution for one-neutron
addition (above the dashed line) and removal (below the
dashed line) processes. Right: Baranger effective single-
particle energies.

that basis, ESPEs are expressed in terms of diagonal
spectroscopic probabilities,

ecentp ≡
∑

µ∈HA+1

S+pp
µ E+

µ +
∑

ν∈HA−1

S−pp
ν E−

ν . (12)

We see that ESPEs are nothing but centroids, i.e., an
arithmetic average, of one-nucleon separation energies
weighted by the probability to reach the corresponding
A+1 (A-1) eigenstates by adding (removing) a nucleon
to (from) a single-particle state ψcent

p . Centroid energies
are by construction in one-to-one correspondence with
states spanning H1. The step from one-neutron separa-
tion energies to neutron ESPEs is illustrated in Fig. 3
for an ab initio self-consistent Gorkov Green’s function
(G-SCGF) calculation [30, 31] of 74Ni with a next-to-
next-to-next-to-leading order (N3LO) 2N chiral interac-
tion [32] evolved down to a scale of 2 fm−1 via a SRG
transformation (see Sec. III for details).
It is worth noting that Baranger ESPEs defined

through Eqs. (10)-(12) display three fundamental prop-
erties that make them fundamentally superior to any

other definition of single-particle energies used in the lit-
erature: they (i) only invoke outputs of the many-body
Schrödinger equation, (ii) do not depend on the single-
particle basis used to expand the many-body problem
and (iii) reduce to HF single-particle energies in the HF
approximation, i.e., they satisfy Koopmans’ theorem [33]
in such a limit. Eventually, the model-independent char-
acter of Baranger ESPEs relates to the fact they can
be computed unambiguously within any (re)formulation
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(i.e. scheme) of the nuclear many-body problem, e.g.
shell model formulations, ab-initio formulations, cluster
models etc.
The fact that model-independent Baranger ESPEs re-

duce to HF single-particle energies in the HF approxima-

tion or to standard monopole ESPEs when employing a
naive filling is best seen by applying the identity [34, 35]

M (n)
pq = 〈ΨA

0 |{

n commutators
︷ ︸︸ ︷

[. . . [[ap, H ], H ], . . .], a†q}|Ψ
A
0 〉 , (13)

to n = 1 [10, 36, 37]

hcentpq = tpq +
∑

rs

v2Nprqs ρ
[1]
sr +

1

4

∑

rstv

v3Nprtqsv ρ
[2]
svrt (14)

≡ h∞pq ,

where

ρ[1]pq ≡ 〈ΨA
0 |a

†
qap|Ψ

A
0 〉 =

∑

µ

V p
µ
∗ V q

µ , (15a)

ρ[2]pqrs ≡ 〈ΨA
0 |a

†
ra

†
saqap|Ψ

A
0 〉 , (15b)

denote one- and two-body density matrices of the cor-

related A-body ground-state, respectively. As Eq. (14)
stipulates, the centroid field is equal to the one-body
Hamiltonian h

∞ ≡ T + Σ(∞) whose potential part is
nothing but the energy-independent component [36] of
the irreducible one-nucleon self-energy Σ(ω) of the A-
body ground state that naturally arises in self-consistent
Green’s-function theory. Equation (14) also makes clear
that any many-body scheme capable of calculating ρ[1]

and ρ[2] can extract the associated Baranger ESPEs, i.e.
the definition is universal in that sense. Physically speak-
ing, h∞ represents the average one-body field seen by a
nucleon in presence of correlations, i.e. not in a mean-
field approximation. Taking such a simplified mean-field
picture, e.g. the HF limit, one has

ρ[2]pqrs = ρ[1]prρ
[1]
qs − ρ[1]qrρ

[1]
ps , (16)

such that h∞ reduces to the usual definition of hHF for a
2N plus 3N Hamiltonian, which proves that ecentp = eHF

p

in this limit.

C. Partitioning of one-nucleon separation energies

Let us now make the schematic partitioning intro-
duced in Eq. (2) more precise. We need to express one-
nucleon separation energies in terms of ESPEs, i.e., invert
Eq. (12). In order to achieve this goal, let us confront the
eigenvalue equation providing ESPEs (Eq. (11)) with the
one satisfied by one-nucleon addition energies6 (which de-

6 A similar equation holds for one-nucleon removal energies E−
ν .

Combining these equations of motion with Eq. (9) to re-
cover Eq. (10) provides the identity

∑
µ∈HA+1

Σdyn(E+
µ )S+

µ +
∑

ν∈HA−1
Σdyn(E−

ν )S−
ν = 0.

rives from Dyson’s equation [28])
[

h
∞ + Σ

dyn(ω)
∣
∣
ω=E+

µ

]

Uµ = E+
µ Uµ , (17)

where Σdyn(ω) ≡ Σ(ω)−Σ(∞) embodies the dynamical,
i.e. energy-dependent, part of the irreducible self-energy.
Equation (17) leads to

E+
µ TrH1

[
S
+
µ

]
= TrH1

[
h
cent

S
+
µ

]
+TrH1

[
Σ

dyn(E+
µ )S+

µ

]
,

which, written in the centroid basis {c†p} diagonalizing
h
∞, reads

E+
µ =

∑

p

s+pp
µ ecentp +

∑

pq

s+pq
µ Σdyn

qp (E+
µ ) . (18)

For each µ, s
+
µ ≡ S

+
µ /SF

+
µ denotes the reduced addi-

tion spectroscopic probability matrix whose trace over
H1 is equal to one. For a given µ, the set of diago-
nal matrix elements {s+pp

µ } thus possesses the meaning
of a PDF. Equation (18) provides a rigorous partition-
ing of one-nucleon addition energies into an independent-
particle-like contribution and a correlation contribution.
Still, a given one-nucleon addition energy E+

µ does not
relate to a single ESPE such that the connection be-
tween both spectra is actually of matrix character. The
independent-particle-like contribution is the sum of all
ESPEs weighted by the probability for state |ΨA+1

µ 〉 to
be obtained by adding a nucleon in the associated cen-
troid states on top of |ΨA

0 〉. The correlation contribution
involves all matrix elements of the dynamical part of the
self-energy evaluated at the one-nucleon addition energy
of interest.
It is essential to stress that the partitioning (18) of

the one-nucleon separation energy emerges as a direct
consequence of the exact Dyson equation [28]. We have
not made any assumption regarding the way the many-
body problem is solved to determine the ESPEs and the
dynamical self-energy. At the same time, it is impor-
tant to realize that the exact partitioning (18) does not
specify which effects are captured by the individual con-
tributions, and we will demonstrate in the following that
these details necessarily depend on the resolution scale
λ.

D. Non-observability

We now come to the central point of the present study,
i.e., the scale dependence and non-observable character
of ESPEs. The latter derives directly from the scale de-
pendence of spectroscopic amplitudes [14, 15] entering
the definition of the centroid Hamiltonian (Eq. (10)).

1. Description of low-energy nuclear systems

So far, our discussion was conducted under the im-
plicit assumption that one starts from a fixed and a pri-
ori given Hamiltonian H . In the context of low-energy
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nuclear physics, one is, from the outset, dealing with an
effective theory of the underlying Quantum Chromo Dy-
namics (QCD). In this context, the paradigm is to em-
ploy χ-EFT [38–40] whose main merits are (i) to for-
mulate the problem at hand in terms of relevant low-
energy degrees of freedom (pions and nucleons) while re-
taining the (chiral) symmetry (breaking) of QCD, (ii)
to provide a systematic framework for constructing all
relevant interactions and the operators associated with
other observables, and (iii) to explain the phenomeno-
logically observed hierarchy of nuclear interactions, i.e.,
2N interactions are more important than 3N interac-
tions, which themselves dominate 4N forces, etc. This
hierarchy is generated by the power counting that or-
ganizes the infinite set of interaction terms in the χ-
EFT Lagrangian [21, 41] according to their scaling with
(Q/Λχ)

ν . Here, Q is a characteristic momentum scale for
low-momentum processes and degrees of freedom, while
Λχ, the so-called chiral-symmetry-breaking scale, denotes
the hard scale that characterizes omitted degrees of free-
dom and drives the low-energy constants in the chiral La-
grangian. χ-EFT emphasizes that any self-adjoint oper-
ator associated with an observable, including the Hamil-
tonian, is effective and thus depends on an intrinsic res-
olution scale Λχ. At a given order in (Q/Λχ)

ν , operators
of interest are schematically given by

O ≡
∑

ν

O(ν) ≡ O1N +O2N + . . .+ OAN , (19)

and necessarily contain up to A-body components as al-
ready alluded to above for the Hamiltonian. For instance,
V 2N first contributes to H at leading order (LO) while
V 3N enters at next-to-next-to leading order (N2LO) when
using Weinberg’s power counting (see, e.g., [21, 41, 42]).
Eventually, solving the A-body Schrödinger equation

(Eq. (1)) provides not only eigenfunctions |ΨA
k 〉 and

eigenenergies EA
k of H but also other quantities of in-

terest computed through, e.g., the average value OA
k ≡

〈ΨA
k |O|Ψ

A
k 〉 of associated self-adjoint operators in a given

eigenstate of H .

2. Unitary transformation

We consider a starting nuclear Hamiltonian H built
within χ-EFT at a given order in the employed power
counting. The Hamiltonian carries an intrinsic resolution
scale characterized by both Λχ and the regularization
cutoff(s) ΛAN that is introduced by the particular scheme
used to renormalize many-body amplitudes at a given
chiral order.
Given this effective Hamiltonian, one is free to proceed

to a unitary transformation U(λ) over Fock space. The
real variable λ parametrizing the transformation typi-
cally denotes a momentum scale that characterizes the
range of coupling between low and high momenta (within
the interval defined by the intrinsic resolution scale of the

starting H , which is itself a matter of choice) in the re-
sulting Hamiltonian that takes the “running” form

H(λ) ≡ U(λ)HU †(λ) ≡ T + V 2N(λ) + V 3N(λ) + . . . ,

where V AN(λ) changes with the scale λ. Even if the start-
ing Hamiltonian H were to contain only, e.g., one and
two-body operators, its unitarily equivalent partnerH(λ)
would in general contain (hopefully small) higher-body
operators, which eventually truncate at the A-body level
when applying the Hamiltonian on the A-body Hilbert
space HA. Applying this unitary transformation to the
Schrödinger equation, we obtain

H(λ)|ΨA
µ (λ)〉 = EA

k |Ψ
A
µ (λ)〉 , (21)

where

|ΨA
µ (λ)〉 ≡ U(λ) |ΨA

µ 〉 , (22)

such that the eigenvalues EA
k remain unchanged, while

the many-body wave functions run with λ. Similarly,
other operators transform under U(λ) according to

O(λ) ≡ U(λ)OU †(λ) ≡ O1N(λ) +O2N(λ) +O3N(λ) + . . . .

A key aspect of quantum mechanics concerns the assess-
ment that the physical results, i.e. observables, must re-
main unchanged under this unitary transformation. The
consistent transformation of operators and many-body
wave-functions ensures that eigenspectra of transformed
operators, or more generally amplitudes of transformed
operators between transformed states, including many-
body cross sections, are indeed invariant under U(λ) [43].
An issue arises whenever a quantity is defined under

the assumption that the associated operator should not

be transformed under U(λ). This is the case for one-
nucleon spectroscopic amplitudes that are defined at any

λ as

Up
µ(λ) ≡ 〈ΨA

0 (λ)|ap|Ψ
A+1
µ (λ)〉 , (23a)

V p
ν (λ) ≡ 〈ΨA

0 (λ)|a
†
p|Ψ

A-1
ν (λ)〉 , (23b)

i.e., only the many-body states involved run with λ, not
the operator. As a result, spectroscopic amplitudes un-
doubtedly vary with λ. One may suggest to transform
the operator as well in the definition of spectroscopic am-
plitudes in order to make them invariant by construction.
The transformed operator would have the general form

U(λ) a†p U
†(λ) =

∑

q

upq(λ) a
†
q +

∑

qrs

upqrs(λ) a
†
qa

†
ras + . . . ,

(24)
with the initial conditions upq(λinit) = δqp for the first
term and upqrs...(λinit) = 0 for the others. Inserting
such a form in the definition of the amplitudes would in-
deed lead to invariant spectroscopic factors and one-body
centroid matrix h

cent (and thus ESPEs). However, the
transformed operator (24) clearly no longer corresponds
to the addition of a nucleon in a specific single-particle
state. Instead, it is a linear combination of not only
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one-particle operators but also two-particle/one-hole op-
erators, three-particle/two-hole operators, etc. This con-
tradicts the initial motivation behind the introduction of
spectroscopic one-nucleon addition and removal ampli-
tudes. Indeed, spectroscopic factors and ESPEs inform
on the probability and the energy generated by adding
and removing a nucleon through a process that involves
a single nucleon state at a time, i.e., a pure direct pro-
cess. If this is not the case, ESPEs no longer reduce to
HF single-particle energies in the HF limit. To conclude,
defining ESPEs in the context of a change of scale neces-
sarily leads to keeping their definition formally the same
for any λ at the price of making their actual value scale
dependent. The same goes for spectroscopic factors built
from Uµ(λ) and Vν(λ).

3. Scale dependence

Following the spirit of the SRG [17], a unitary trans-
formation7 of the resolution scale can be defined through
the differential flow equations of operators and many-

body wave-functions

d

dλ
O(λ) ≡ [η(λ), O(λ)] , (25a)

d

dλ
|ΨA

µ (λ)〉 ≡ η(λ)|ΨA
µ (λ)〉 , (25b)

where the anti-hermitian generator of the transformation
reads

η(λ) ≡
dU(λ)

dλ
U †(λ) = −η†(λ) , (26)

and the initial conditions are O(λinit) = O and
|ΨA

µ (λinit)〉 = |ΨA
µ 〉. By combining Eqs. (23) and (25),

one obtains the flow equations for all quantities of inter-
est.
Starting from one-nucleon spectroscopic amplitudes

d

dλ
V p
ν (λ) = −〈ΨA-1

ν (λ)|[η(λ), ap]|Ψ
A
0 (λ)〉

∗ , (27a)

d

dλ
Up
µ(λ) = −〈ΨA+1

µ (λ)|[η(λ), a†p]|Ψ
A
0 (λ)〉

∗ , (27b)

one obtains flow equations for spectroscopic probability
matrices S

+
µ and S

−
ν as well as their traces SF+

µ and
SF−

ν . Combining Eq. (27) with the fact that observable
one-nucleon addition and removal energies are invariant
because they are differences of eigenvalues of H(λ) (see
Eq. (21))

d

dλ
E−

ν (λ) =
d

dλ
E+

µ (λ) = 0 , (28)

one can eventually derive flow equations for the zeroth
and first moments of the spectral function matrix8

d

dλ
M (0)

pq (λ) = 0 , (29a)

d

dλ
M (1)

pq (λ) = −〈ΨA
0 (λ)|{[[η(λ), ap], H(λ)], a†q}+ {[ap, H(λ)], [η(λ), a†q ]}|Ψ

A
0 (λ)〉 . (29b)

Equation (29) demonstrates that sum rule (9) is scale in-
variant while the centroid matrix h

cent(λ) and its eigen-

7 It is common practice to test the predictions of different nuclear
Hamiltonians for nuclei of interest. Ideally, all of these Hamil-
tonians are equivalent representations of low-energy QCD and
describe observables like scattering data with high accuracy. In
practice, however, traditional nuclear Hamiltonians have been
derived using very different philosophies and theoretical frame-
works. While their common link to QCD suggests implicit links
between such Hamiltonians, there is no practical way to construct
explicit transformations to study these connections. In contrast,
the SRG provides a practical framework to build smoothly con-
nected families of unitarily transformed nuclear Hamiltonians,
and gives us a systematic handle on the violation of unitarity

values ecentp (λ) are not. Just as for spectroscopic factors,
the latter property underlines the scale dependence of
ESPEs, i.e., they “run” with the unitary transformation
U(λ), as opposed to true observables.

through truncations that are required in practical applications.
8 Starting from Eq. (13), it is straightforward to derive the flow
equation for an arbitrary moment M(n)(λ).
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4. Symmetry transformations

It is worth noting that symmetry transformations of
the Hamiltonian associated with a (locally) compact Lie
groups whose generators Ci are one-body operators do
not induce any running of spectroscopic factors and ES-
PEs. Using a one-parameter group for simplicity and
employing an exponential map to represent the transfor-
mation, i.e., U(β) = eiβC , one can show that the trans-
formation of creation and annihilation operators in Fock
space reduces to

U(β) a†p U
†(β) =

∑

q

uqp(β)a
†
q , (30a)

U(β) ap U
†(β) =

∑

q

u∗qp(β)aq , (30b)

where uqp(β) ≡ 〈q|U(β)|p〉 is the unitary matrix rep-
resenting U(β) in the one-body Hilbert space H1. In
contrast to Eq. (24), a transformed creation (annihila-
tion) operator remains a linear combination of pure one-
particle creation (annihilation) operators. In this case, it
is straightforward to show that spectroscopic probability
matrices and the centroid matrix transform as standard
matrices on H1 by using Eq. (30)

S±pq
k (β) =

∑

rs

upr(β)S
±rs
k u†sq(β) , (31a)

hcentpq (β) =
∑

rs

upr(β)h
cent
rs u†sq(β) . (31b)

By virtue of the unitarity of uqp(β), the spectroscopic
factors, i.e., the trace of the spectroscopic probability
matrices, do not depend on β. Because U(β) is a sym-
metry of H , it is also straightforward to show that hcent

is a scalar and thus does not depend on β either9.
Ultimately, this underlines the fact that we are

presently not concerned with symmetry transformations.
The transformations we are interested in are, e.g., free-
space SRG transformations defined through their gener-
ator η(λ) in such a way that the virtual coupling between
low and high momenta is continuously reduced in H(λ)
(see Ref. [17] for details). Creation and annihilation op-
erators are transformed on Fock space according to the
general law (24) and not the simpler transformation (30),
which in turn causes spectroscopic factors and ESPEs to
run with λ.

5. Discussion

The scale dependence of ESPEs generated by the flow
equation (29b) has significant consequences. Despite the
model-independent and physically intuitive character of
Baranger’s ESPEs, these quantities are not observable.
Like spectroscopic factors, wave-functions or “correla-
tions”, nuclear shells do not qualify as an observable
within the frame of quantum mechanics as they can be
modified at will under a unitary transformation (while
keeping true observables invariant). In that respect, the
partitioning provided by Eq. (18) can now be further
specified as

many-body observable

E+
µ

︸︷︷︸

invariant under U(λ)

≡

single-particle components
∑

p

s+pp
µ (λ) ecentp (λ)

︸ ︷︷ ︸

varies under U(λ)

+

correlations∑

pq

s+pq
µ (λ)Σdyn

qp (E+
µ ;λ)

︸ ︷︷ ︸

varies under U(λ)

, (32)

which underlines that such a partitioning is necessarily
scale dependent10.
An immediate consequence of the above analysis is the

realization that extracting the single-particle shell struc-
ture and its evolution, e.g., with isospin, from experimen-
tal data is an illusory objective. The single-nucleon shell
structure only exists within the theoretical framework,
given that experimental data determine the Hamiltonian
only up to a unitary transformation U †(λ)U(λ) = 1. Any
quantity that intrinsically depends on λ is undefined in

9 Simply insert a complete basis of H1 whose states span the irre-
ducible representations of the group in Eq. (31b).

10 The flow equation for the independent-particle-like contribution
to one-nucleon separation energies can be easily worked out start-
ing from Eqs. (27) and (29b). As the result is rather lengthy, we
do not report it here.

the empirical world and can only acquire the status of a
quasi-observable by fixing arbitrarily (but conveniently)
the scale defining the Hamiltonian H(λ) employed in the
theoretical description. Still, any correlation established
between an observable and a quasi-observable in an anal-
ysis performed at a particular scale may possibly disap-
pear at another scale (see e.g. the example of Fig. 2).
For instance, the claim that a given one-nucleon addition
energy E+

µ tracks a specific particle-like ESPE ecentp (λ)
contributing to the first term on the right-hand side of
Eq. (32) can always be altered via a unitary transforma-
tion that leaves E+

µ unchanged but that reshuffles the
weight of the various terms on the right-hand side.

To fully appreciate the consequences of these state-
ments, let us consider two practitioners independently
analyzing the same (ideally) complete set of experimen-
tal data {E±

k ;σ±
k } obtained from one-nucleon addition
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and removal experiments. Let us further postulate that
they employ the same exact structure and reaction many-
body theories in their analyses but two different, though
unitarily equivalent, Hamiltonians H(λ) and H(λ′). As
Eqs. (28) and (29) demonstrate, the two practitioners
will both reproduce experimental observables perfectly, as
E±

k (λ) = E±
k (λ′) and σ±

k (λ) = σ±
k (λ′), and fulfill sum-

rule (9). However, they will extract two different sets
of nuclear shell energies and spectroscopic factors given
that ecentp (λ) 6= ecentp (λ′) and SF±

k (λ) 6= SF±
k (λ′). This

must be recognized prior to discussing any additional is-
sue associated with approximations that necessarily come
into play in practice. If not, the two practitioners are
likely to conclude that the difference in the extracted
shell energies and spectroscopic factors reflect those un-
avoidable approximations instead of realizing that in a
perfect world they should obtain different results. We
also note that the results can be compared directly (up to
approximation uncertainties) if both practicioners agree
on a scale and use transformation methods like the SRG
to transform their results to this agreed-upon scale. This
is a well-known application of RG methods, and common
practice in the discussion of parton distribution functions
in hadronic physics, e.g. see Ref. [16].

III. ILLUSTRATIONS

A. Many-body calculations

We perform many-body calculations for oxygen iso-
topes via state-of-the-art multi-reference in-medium
SRG (MR-IM-SRG) [44–47] and self-consistent Gorkov
Green’s function many-body methods [30, 31]. From
MR-IM-SRG we compute ground-state binding energies
of even-even isotopes and associated ESPEs. The same
quantities are computed from G-SCGF along with one-
nucleon addition and removal energies to eigenstates of
the neighboring odd isotopes and their associated spec-
troscopic factors. Calculations employ a starting Hamil-
tonian containing a N3LO 11 2N chiral interaction with
a regularization cutoff Λ2N=500 MeV [32] and a local
N2LO 3N interaction [48] with a regularization cutoff
Λ3N=400 MeV. The 3N interaction low-energy constants
cD=-0.2 and cE=0.098 are taken from a fit to the ground-
state energy and the β-decay half-life of A = 3 sys-
tems [49]. Calculations are performed in model spaces of
14 (G-SCGF) and 15 (MR-IM-SRG) HO shells, respec-
tively, which guarantees convergence with respect to the
single-particle basis size to within 0.1%. To manage the
storage requirements of the 3N matrix elements, we only
include configurations with N1+N2+N3 ≤ N3N

max=16 (G-
SCGF) and 14 (MR-IM-SRG), where Ni ≡ (2ni + l+ 1)
are HO single-particle energy quantum numbers. Uncer-
tainties of G-SCGF and MR-IM-SRG due to N3N

max in the

11 The denomination refers here to Weinberg’s power counting.

oxygen isotopes are significantly below 1%, as discussed
in Refs. [50] and [45, 46], respectively.
The MR-IM-SRG calculations are performed in the so-

called MR-IM-SRG(2) approximation that leads to well
converged results from the many-body perspective [46],
at least as long as one employs interactions with low-
momentum resolution scales. The G-SCGF calculations
are performed at self-consistent second order [30] in the
Sc0 approximation [51] that leads to well-converged re-
sults for relative quantities [31] if low-momentum inter-
actions are used.
Our objective is to apply a sequence of SRG trans-

formations U(λ) to the starting chiral Hamiltonian and
study the resulting variation of the quantities of interest.
Ideally, we would like to vary λ over the largest possi-
ble interval of values, i.e. from λinit to 0. As illustrated
in Sec. III B below, we face two difficulties that result
in breaking the unitarity of U(λ), which complicates the
illustration of the scale-dependence that is our main con-
cern in the present work. On the one hand, many-body
forces induced by the transformation need to be trun-
cated beyond three-body operators when computing a A-
body system with A > 3. Technical limitations currently
restrict free-space SRG transformation to relative two-
and three-body Hilbert spaces [52–55], and the inclusion
of four- and higher many-body forces in many-body cal-
culations is an even bigger technical challenge. In order
to prevent this truncation from inducing a too-significant
breaking of unitarity, we have to keep the scale λ of the
Hamiltonian sufficiently large. On the other hand, the
employed ab initio methods introduce truncations of the
many-body expansion. At their current level of imple-
mentation, the resolution scale λ of the Hamiltonian must
be sufficiently small to ensure that the contribution of the
truncated terms of the many-body expansion does not ex-
ceed the desired accuracy for the calculated observables,
which is on the level of 2-3% in oxygen. To accommodate
these two opposing constraints, we are currently forced
to work in a limited interval of resolution scales encom-
passing the three values λ = 1.88, 2.00, 2.24 fm−1 used
in this work. Nevertheless, we will demonstrate below
that this range is sufficient to illustrate the formal ar-
guments provided above. Obviously, the quality of the
illustrations proposed below can be improved in the fu-
ture if (i) the SRG transformation can be conducted in
Hilbert spaces HA with A > 3, (ii) four- and higher-body
forces can be handled in many-body calculations and if
(ii) the many-body truncations enforced within MR-IM-
SRG and G-SCGF theories reach a maturity ensuring
the convergence of calculations based on Hamiltonians
characterized by a large resolution scale λ.

B. Breaking unitarity

In order to qualify the intrinsic running of non-
observable ESPEs and spectroscopic factors, one must
quantify the (presently) unavoidable, though artificial,
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FIG. 4. (Color online). Ground-state binding energies of
14−24O computed for λ = 1.88 (open symbols), 2.00 (crosses),
and 2.24 fm−1 (filled symbols). Panel (a): lowest order (i.e.
HFB) calculation for two cases: keeping the sole 2N inter-
action and incorporating both starting and induced 3N in-
teractions. Panel (b): G-SCGF second-order results without
and with 3N forces (as above) and MR-IM-SRG(2) calculation
with the full 2N+3N Hamiltonian.

scale dependence of observables in any practical calcu-
lation. As already alluded to, the latter originates from
the breaking of unitarity due to (i) the omission of in-
duced many-body forces beyond A = 3 and (ii) trunca-
tions of the many-body expansion when the many-body
Schrödinger equation is solved.
Given that we use a finite interval of scale varia-

tion, it is difficult to characterize the extent of this ar-
tificial scale dependence of observables in an absolute
sense. In order to provide some perspective, we first
alter our G-SCGF calculations by retaining 2N interac-
tion only12 (thus omitting all many-body interactions in-
duced from it including the 3N operator) and/or by de-
grading the self-consistent second-order treatment to the
strict Hartree-Fock-Bogoliubov (HFB) level that acts as

12 Providing the results obtained while only retaining 2N interac-
tion also allows to relate to the calculations that were possi-
ble at the time where Ref. [13] was published and illustrate the
benefit brought about by the inclusion of three-body forces in
coupled-cluster, self-consistent Green’s function and in-medium
similarity renormalization group that was achieved in the mean-
time [31, 46, 56–61].

a zeroth-order baseline. The corresponding results are
displayed in Fig. 4 for the ground-state binding energy
of 14−24O.
First, the scale dependence generated over the interval

λ ∈ [1.88, 2.24] is systematically smaller in the calcula-
tions that keep 2N and 3N operators than in the calcu-
lation only retaining the 2N interaction13. Second, the
reduced scale dependence is very significant in both cal-
culations when going from HFB to self-consistent sec-
ond order. Using 2N+3N forces for example, the scale
dependence is reduced from about 20-30MeV to typ-
ically 2MeV when spanning the (small) interval λ ∈
[1.88, 2.24] fm−1, i.e. by a factor ∼ 15. Note, however,
that part of the reduction is due to a cancellation be-
tween induced 4N interactions from the initial 2N and
3N interactions, as discussed in Refs. [45, 46, 61, 62].
In order to verify that the pattern just discussed is not

specific to G-SCGF but reflects a generic aspect of the
many-body problem, we further compare in panel (b) of
Fig. 4 with MR-IM-SRG(2) calculations for the Hamil-
tonian containing 2N+3N forces. At the current level
of implementation, the MR-IM-SRG includes many-body
terms beyond G-SCGF, and allows an even more signif-
icant reduction of the scale dependence, while also ben-
efitting from the cancellation of induced 4N terms men-
tioned above. The residual running ranges from 50keV
in 14O to 400keV in 24O for λ ∈ [1.88, 2.24] fm−1. The
better many-body convergence of MR-IM-SRG(2) is also
reflected in the additional absolute binding [31, 47]. A
third-order G-SCGF truncation scheme will provide the
missing binding energy and will allow for a further atten-
uation of the scale dependence, as shown in Ref. [59] for
closed-shell oxygen isotopes.

C. Nuclear shell energies

First, we compare one-nucleon separation energies E±
k

with absolute ESPEs ecentp in 16,20,22,24O. For each spin
and parity, we consider the separation energy of the state
with the dominant strength14. As in the previous sec-
tion, we perform HFB and G-SCGF calculations using
the SRG-evolved 2N and 2N+3NHamiltonians, and com-
pile results from all four variants in Fig. 5, covering en-
ergies from −48MeV to +10MeV. Let us now list the
main lessons one can learn from these results.

13 The most meaningful comparisons (not given here) would con-
sist in having the calculation keeping 2N and 3N operators
while omitting the original 3N interaction in the chiral Hamil-
tonian [31, 46, 57–61]. In the present case we only interpret as
indicative the reduction of the running with λ because the cal-
culation contains the original 3N interaction in addition to the
induced one.

14 The two visible 5/2+ levels in 20O actually correspond to two dif-
ferent states with similar strength. The fact that two states with
equal strength appear near the Fermi energy is characteristic of
the superfluid and open-shell nature of 20O.
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FIG. 5. (Color online) One-neutron separation energies with dominant spectroscopic factors versus neutron ESPEs in
16,20,22,24O. Each level is displayed for λ = 1.88 (open symbols), 2.00 (crosses), and 2.24 fm−1 (filled symbols). Results
are displayed for both HFB and second-order G-SCGF calculations. Panel (a): one- and two-body operators are retained
in the initial and transformed Hamiltonians. Panel (b): one-, two-, and three-body operators are retained in the initial and
transformed Hamiltonians.

• Combining panels (a) and (b), one can appreci-
ate the significant reduction of the artificial scale
dependence of all one-nucleon separation energies
obtained by keeping 3N operators in the Hamilto-
nian and/or by going from HFB to second-order
G-SCGF.

• The running of ESPEs is qualitatively different
and quantitatively larger than for observable one-
nucleon separation energies. This is particularly
clear for the 2N+3N Hamiltonian: While the av-
erage spread of all displayed separation energies is
equal to 0.2MeV for λ ∈ [1.88, 2.24] fm−1, the av-
erage spread of ESPEs is equal to 1.1MeV. The
distribution of those spreads is shown in detail in
Fig. 6.

• While the spread of ESPEs is qualitatively differ-
ent and quantitatively larger than that of observ-
able one-nucleon separation energies, it is worth
mentioning that the latter are much more sensitive
to correlations than the former. Indeed, while the
values of a given separation energy computed for
λ ∈ [1.88, 2.24] fm−1 converge towards one another
when going from HFB to self-consistent second-
order, each of them does so by changing signifi-

cantly on an absolute scale. This systematic con-
vergence of the one-nucleon separation energies
computed for three different scales to a common
value as one improves the many-body treatment
is not fortuitous but rather reflects the intrinsic
scale independence of these observables. This trend
is qualitatively different for ESPEs whose genuine
spread ultimately remains similar (and significant)
when going from HFB to self-consistent second or-
der.

Second, we compare in Fig. 7 HFB and MR-IM-
SRG(2) results for the so-called two-neutron shell gap
and the ESPE gap across the Fermi energy, focusing on
the nuclei 14,16,22,24O that display good closed sub-shell
character for the 2N+3N Hamiltonian (e.g., there is no
pairing at the HFB level). The observable two-neutron
shell gap and the ESPE gap are defined through [63, 64]

δ2n(N,Z) ≡
1

2
(E(N+2, Z)− 2E(N,Z) + E(N−2, Z)) ,

(33)

and

∆ecent(N,Z) ≡ ecentp (N,Z)− ecenth (N,Z) , (34)
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FIG. 6. (Color online) Residual spreads of separation energies
and ESPEs in HFB and second-order G-SCGF calculations
with a 2N+3N Hamiltonian. Differences between λ = 1.88
and 2.24 fm−1 calculations are displayed for each spin-parity
state. For one-neutron separation energies, states with spec-
troscopic factor larger than 30% are retained. All states dis-
played in Fig. 5(b) are plotted indistinctly. Going from panel
(a) to panel (c), one notices (i) a large reduction of the scale
dependence and (ii) the expected compression of the strength
due to the inclusion of the coupling to fluctuations. Com-
paring panels (b) and (d) makes clear that none of these two
features is reflected in the ESPEs, i.e. in the underlying shell
structure.

respectively. By definition ecenth (N,Z) (ecentp (N,Z)) de-
notes the ESPE energy of the last occupied (first empty)
shell obtained via a naive, i.e. non interacting, filling of
those shells for the even-even system with N neutrons
and Z protons. Disregarding the change in the single-
particle wave functions when going from N to N ± 2
nuclei, along with the interaction between the added (re-
moved) two neutrons, it is easy to see that δ2n(N,Z) and
∆ecent(N,Z) are equal in the HF limit. This is the rea-
son why the former observable is often compared to the
latter non observable ESPE gap.
The main lessons to retain from Fig. 7 are similar to

before.

• As expected from good doubly-closed shell systems,
the ESPE Fermi gap captures the two-neutron shell
gap quantitatively at the mean-field, i.e. HFB, level
independently of the scale used. Contrarily, this
is not at all the case at the MR-IM-SRG(2), i.e.
correlated, level. This is typical of ab-initio theo-
retical schemes where the dynamics of all nucleons
is treated on the same footing, as was already ex-
emplified above for one-nucleon separation energies
from second-order G-SCGF calculations as well as
from CC calculations at the singles and doubles
level in Ref. [13].

∆
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FIG. 7. (Color online) Two-nucleon shell gap versus the
ESPE Fermi gap in 14,16,22,24O. Each quantity is displayed
for λ = 1.88 (dashed lines, open symbols), 2.00 (dotted lines,
no symbols), and 2.24 fm−1 (solid lines, filled symbols). Re-
sults are displayed for both HFB (δHFB

2n ,∆ecent,HFB) and the
MR-IM-SRG(2) (δ2n,∆ecent) truncation scheme. One-, two-,
and three-body operators are retained in the initial and trans-
formed Hamiltonians.

• The scale dependence of the ESPE Fermi gap
is qualitatively different and systematically larger
than the artificial running of the two-neutron shell
gap, thus illustrating the non-observable (observ-
able) nature of the former (latter). The scale de-
pendence of δ2n(N,Z) is reduced systematically
from 600 − 700 keV to 200 keV by going from
HFB to MR-IM-SRG(2), with the exception of 14O,
where the δ2n(N,Z) obtained from HFB and MR-
IM-SRG(2) are both ∼ 850 keV. In contrast, the
scale dependence of the ESPE Fermi gap grows
from 400 − 600 keV to 1.5 − 2.8 MeV in 14,16,22O
as we go from HFB to MR-IM-SRG(2)15.

The above results constitute the best illustration cur-
rently allowed by state-of-the-art many-body calculations
of the scale dependence of nuclear shell energies. While
we consider this illustration to be already striking, its
quality will keep improving over the coming years, as al-
ready mentioned in Sect. III.B.

15 Superficially, the increase in the scale dependence is even more
severe for 24O, where the gap increases from 40 keV to 1 MeV.
However, continuum effects, which are currently only taken into
account through the crude discretization provided by the HO
basis, should be especially important in that nucleus.
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states of 14,16,18,20,22,24O computed as a function of the associ-
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for λ = 1.88, 2.00, 2.24 fm−1 are joined by solid lines. One-
, two-, and three-body operators are retained in the (initial
and) transformed Hamiltonians. Panel (a): results obtained
at the HFB level. Panel (b): results obtained from second-
order G-SCGF calculations.

D. Spectroscopic factors

Let us also briefly illustrate the non-observable charac-
ter of spectroscopic factors. To do so, spectroscopic fac-
tors associated with one-neutron addition and removal
processes on the ground states of 14,16,18,20,22,24O are
compiled in Fig. 8 as a function of the separation energy
of the corresponding final state. For each state, the re-
sults obtained for λ = 1.88, 2.00, 2.24 fm−1 are connected
by lines. At the HFB level (Fig. 8(a)), the variation of the
spectroscopic factors with λ is sufficiently small to be ob-
scured by the symbols. This variation essentially occurs
horizontally because the one-neutron separation energies
do depend on λ (see inset in Fig. 8(a)) at that level as
discussed previously. Contrarily, there is essentially no
vertical variation as one is operating within an indepen-
dent (quasi)-particle picture such that the strength for
particle addition or removal is contained almost entirely
in individual single-particle states, i.e. the eigenstates of
h
cent, by construction. Spectroscopic factors are actu-

ally not strictly equal to 1 (or 0) due to the treatment of
pairing correlations in the HFB framework, the two 5/2+

states associated with one-neutron addition and removal
in the open-shell 20O being the most prominent example.
The picture is different in Fig. 8(b), where results from

second-order G-SCGF calculations are compiled. There
is less variation along the horizontal axis than in the HFB
case because the improved many-body treatment reduces
the scale dependence of the observable one-neutron sep-
aration energies (cf. Fig. 5). Due to the inclusion of dy-
namical correlations, the spectroscopic strength is now
fragmented. For certain states, in particular the 1/2−

and 3/2− states, the vertical spread becomes visible and
indicates that the details of this fragmentation depend
on the resolution scale λ (while the associated separa-
tion energy does not). By improving the treatment of
the many-body problem through switching from HFB to
G-SCGF, we have thus slightly increased the scale depen-
dence of some of the non-observable spectroscopic factors
significantly. Still, a larger range of λ values will have to
be used in order to generate any significant and system-
atic scale dependence.

IV. CONCLUSIONS

The present work is dedicated to specifying and illus-
trating the non-observable nature of the one-nucleon shell
structure. After a formal demonstration, state-of-the-
art multi-reference in-medium similarity renormalization
group and self-consistent Gorkov Green’s function many-
body calculations based on chiral two- and three-nucleon
interactions are employed to illustrate that, as opposed
to observable quantities, nuclear shell energies run un-
der unitary similarity renormalization group transforma-
tions of the Hamiltonian parameterized by the resolu-
tion scale λ. In practice, the unitarity of the similarity
transformations is broken due to the omission of induced
many-body interactions in the present framework, and
the approximate treatment of the Schrödinger equation.
The impact of this breaking is first characterized by quan-
tifying the (artificial) running of observables over a (nec-
essarily) finite interval of λ values. Then, the (genuine)
running of ESPEs is characterized and shown to be con-
vincingly larger than that of observables (which would
be zero in an exact calculation).
The non-observable nature of the nuclear shell struc-

ture, i.e., the fact that it constitutes an intrinsically theo-
retical object with no counterpart in the empirical world,
must be recognized and assimilated. Indeed, the shell
structure cannot be extracted from experimental data;
hence it cannot be talked about in an absolute sense as it
depends on the non-observable resolution scale employed
in the theoretical calculation. Consequently, correlations
that one may establish between observables, e.g., first
2+ excitation energies or one-nucleon separation ener-
gies, and features of the shell structure, e.g., the size
of the particle-hole gap at the Fermi energy, depend on
the resolution scale. It is only at the price of fixing ar-
bitrarily (but conveniently!) the resolution scale in the
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theoretical framework that one can establish and utilize
such correlations. To some extent, fixing the resolution
scale provides ESPEs (and spectroscopic factors) with a
quasi-observable character.

Ultimately, practitioners can refer to nuclear shells and
spectroscopic factors in their analyses of nuclear phenom-
ena. This however requires that it is done on the basis
of a well defined theoretical scheme, i.e. well specified
degrees of freedom combined with a Hamiltonian charac-
terized by a fixed resolution scale. It is mandatory to per-
form comparisons from one nucleus to the other or from
one practitioner to the other on the basis of that very

same theoretical scheme. Incidentally, this also necessi-
tates to use consistent structure and reaction theoretical
schemes, i.e. structure and reaction theories based on
the same degrees of freedom and the same fixed Hamil-
tonian, eventually employing the same approximations
within that many-body scheme. This is of course a very
challenging task for the future. Still, it indicates that,
from the perspective of future theoretical developments,
there is not much value in combining, e.g., high-quality
ab initio nuclear structure quantities with inconsistent
nuclear reaction theories. The focus should rather be on
consistency as there is more value in developing less ad-
vanced, e.g. less ab initio, structure and reaction theories
as long as the degrees of freedom, the many-body trun-
cation schemes and the nuclear Hamiltonian underlying
both are consistent.
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P. Navrátil, Phys. Rev. Lett. 107, 072501 (2011).
[54] K. Hebeler, Phys. Rev. C 85, 021002 (2012).
[55] K. A. Wendt, Phys. Rev. C 87, 061001 (2013).
[56] G. Hagen, T. Papenbrock, D. Dean, A. Schwenk,

A. Nogga, et al., Phys. Rev. C 76, 034302 (2007).
[57] S. Binder, P. Piecuch, A. Calci, J. Langhammer,
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