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Background Resonances with pronounced single particle characteristics are crucial for quantitative descriptions of exotic
nuclei near and beyond the drip lines, and often impact halo formation and nucleon decay processes. Since the majority
of nuclei are deformed, the interplay between deformation and orbtial structure near threshold can lead to improved
descriptions of exotic nuclei.

Purpose Develop a method to study single particle resonant orbital structure in the Dirac equation with a quadrupole-
deformed Woods-Saxon potential. Determine the structure evolution of bound and resonant levels with deformation
in this scheme, and examine the impact on halo formation in loosely bound systems, with a focus on the recent halo
candidate nucleus 37Mg.

Method Analytical continuation of the coupling constant (ACCC) method is developed on the basis of the Dirac equation
with a deformed Woods-Saxon potential. The scalar and vector terms in the deformed potential are determined by
the energies of the valence neutron and nearby orbitals, which are extracted from a self-consistent relativistic Hartree-
Bogoliubov (RHB) calculation with the PC-PK1 density functional.

Results We compare the energies and widths of resonant orbitals in the recent halo nucleus candidate 37Mg using the ACCC
method based on the Dirac coupled-channel equations with those determined from the scattering phase shift (SPS)
method. It is found that the results from the two methods agree well for narrow resonances, whereas the SPS method
fails for broad resonances. Nilsson levels for bound and resonant orbitals from the ACCC method are calculated over a
wide range of deformations and show some decisive hints of halo formation in 37Mg.

Conclusions In our ACCC model for deformed potentials in the coupled-channel Dirac equations, the crossing of the con-
figuration 1/2[321] and 5/2[312] orbitals at a deformation of approximately 0.5 enhances the probability to occupy the
1/2[321] orbital coming from 2p3/2 thereby explaining the recent observation of a p-wave one-neutron halo configuration

in 37Mg. The resonant 1/2[301] configuration plays a crucial role in halo formation in the magnesium isotopes beyond
A = 40 for a wide range of deformations larger than 0.2.

PACS numbers: 21.10.Gv, 21.10.Pc, 21.60.Jz, 24.10.Eq

I. INTRODUCTION

The properties of nuclei far from stability are the fo-
cus of intense experimental and theoretical study [1–
3]. Since the majority of nuclei close to the drip line
are deformed, interplay between deformation and near-
threshold orbitals can lead to new phenomena as shell
structure evolves with deformation. For stable nuclei,
most studies focus on the structure evolution of bound
states. For drip-line nuclei, more factors need to be taken
into account, since deformation readily changes the struc-
ture of low-lying positive-energy resonant orbitals, as well
as the coupling of resonant and loosely-bound orbitals.
The relevant resonances usually have a pronounced sin-
gle particle (s.p.) nature due to their small binding ener-
gies; this leads to their important role in the formation of
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halo structure when pairing is taken into account [4]. For
those nuclei beyond the drip line, nucleon decay processes
are primarily determined by the nucleon decay widths of
unbound s.p. resonances, which are dramatically altered
with deformation. For these reasons, s.p. resonances in
deformed nuclei are of great interest, and the determina-
tion of their energies, widths, and wavefunctions will be
helpful in the search for halo candidates and new decay
states.

There have been significant theoretical efforts to study
resonant states in exotic nuclei [5–19]. Because of
the numerical difficulties to solve the coupled-channel
Schrödinger equations for deformed potentials, several
non-self-consistent techniques have been used to obtain
the energies and widths for s.p. resonant orbitals within
this framework. The potential separable extension (PSE)
approach [5] is one such technique, but has proven dif-
ficult for proton s.p. resonances. In Ref. [6], first or-
der differential equations were integrated, instead of the
second order coupled-channel Schrödinger equations, and
applied to analyze neutron s.p. bound and resonant or-
bitals spectra with variable deformation. The analytical
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continuation of the coupling constant (ACCC) method
was combined with the Schrödinger equation to provide
s.p. resonance parameters and then applied to proton
decay [8]. The contour deformation method (CDM) [11]
was applied to the momentum-space Schrödinger equa-
tion to study resonances in deformed mean-fields [13].
The scattering phase shift (SPS) method was employed to
extract resonance parameters from the coupled-channel
Schrödinger equations to study deformed cases with
axially-deformed Woods-Saxon potentials [10]. It is,
however, well known that the SPS method is applicable
for narrow resonances but not for broad ones. Some res-
onances will be absent or disappear with deformation at
finite energies in this approach [20] because eigenphases
do not pass through π/2 when s- or p-wave components
are mixed in [16]. The complex scaling (CS) method
has been used to calculate resonance parameters for an
axial-deformed potential in Ref. [18]. As mentioned in
Ref. [21], back rotation in CS method can introduce
large errors so that low-energy s.p. resonances near the
threshold might not be found [18]; Padé approximants
must be used for better accuracy for narrow resonances.
Since the spin-orbit coupling interaction can be automat-
ically included in the coupled-channel Dirac equations,
the SPS [16] and CS method [22] have been recently de-
veloped within this framework for quadrupole-deformed
potentials.
We aim at developing a self-consistent microscopic

method to describe deformed nuclei including spin-
orbital coupling, resonant contributions, and pairing cor-
relations. For spherical nuclei, such a method has already
been developed and used to describe Ni [23], Sn [24],
Zr [25], and Ne isotopes [4, 26]. This work represents the
first attempt to extend this method to deformed nuclei
within the relativistic framework.
In this paper, we first present the formalism and nu-

merical details to solve for bound states in the coupled-
channel Dirac equations in coordinate space using a
quadrupole-deformed Woods-Saxon potential. We then
combine this with the ACCC method in order to extract
energies and widths of neutron s.p. resonant orbitals.
We then calculate, within our microscopic approach, the
evolution of structure as a function of deformation for
the recent p-wave halo candidate nucleus 37Mg [27].

II. THEORETIAL FRAMEWORK

The Dirac equation with a quadrupole-deformed po-
tential takes the form,
{

α · p + γ0
[

M + S0(r) + S2(r)Y20(θ, φ)
]

+ V0(r)

+ V2(r)Y20(θ, φ)
}

ΨΩ = εΩΨΩ, (1)

where S0(r) + S2(r)Y20(θ, φ) and V0(r) + V2(r)Y20(θ, φ)
represent the scalar and vector potentials in relativis-
tic mean-field (RMF) theory, respectively [2]. The po-
tentials S0(r) and V0(r) are the spherical terms, while

S2(r)Y20(θ, φ) and V2(r)Y20(θ, φ) are the quadrupole
terms. For simplicity, the higher-order multipole defor-
mations are neglected. As in our previous work [16], the
deformed Woods-Saxon form is used for the potentials
S0(r), S2(r), V0(r), and V2(r).
The single-particle wave function with the parity and

angular momentum z-component Ω as good quantum
numbers can be expanded in terms of spherical Dirac
spinors,

ΨΩ =
∑

lj





i
Glj

Ω
(r)

r
F lj

Ω
(r)

r σ · r̂



Y l
jΩ(θ, φ), (2)

where Glj
Ω(r)/r and F lj

Ω (r)/r are respectively the ra-
dial wave functions for the upper and lower components,
and Y l

jΩ(θ, φ) are the spinor spherical harmonics. Then

Eq. (1) can be reduced to the coupled-channel Dirac
equations for the radial wave functions,

dGlj
Ω

dr
+

κ

r
Glj

Ω − (εΩ +M + V0 − S0)F
lj
Ω

+
∑

l′j′

(V2 − S2)A(2, l
′j′, lj,Ω)F l′j′

Ω = 0, (3)

dF lj
Ω

dr
− κ

r
F lj
Ω + (εΩ −M − V0 − S0)G

lj
Ω

−
∑

l′j′

(V2 + S2)A(2, l
′j′, lj,Ω)Gl′j′

Ω = 0, (4)

where κ = (−1)j+l+1/2(j + 1/2) and A(2, l′j′, lj,Ω) has
the form,

A(2, l′j′, lj,Ω) = (−1)1/2+Ω

√

(2j + 1)(2j′ + 1)

4π

(

j 2 j′

−Ω 0 Ω

)(

j′ 2 j
1
2 0 − 1

2

)

.(5)

The bound states can be obtained by solving these cou-
pled equations in coordinate space with boundary condi-

tion Glj
Ω(r) = 0 at r = 0 and r → ∞.

The resonant states will be studied with the ACCC
method. The basic idea of this approach is that, for an
attractive potential, a resonant state will become bound
as the coupling constant λ (i .e., the potential strength) is
increased. In this scheme, it has been demonstrated that
the wave number k is an analytic function of λ, with
the same restrictions on the potential that guarantee the
analyticity of the Jost function [28, 29]. Near the branch
point λ0, defined by the scattering threshold k(λ0) = 0,
the wave number k(λ) behaves as

k(λ) ∼
{

i
√
λ− λ0, l > 0,

i(λ− λ0), l = 0.
(6)

These properties demonstrate an analytic continuation
of the wave number k in the complex plane from the
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bound-state region into the resonance region by a Padé
approximant of the second kind (PAII)

k(x) ≈ k[L,N ](x) = i
c0 + c1x+ c2x

2 + · · ·+ cLx
L

1 + d1x+ d2x2 + · · ·+ dNxN
(7)

where x =
√
λ− λ0, and c0, c1, · · · , cL, d1, d2, · · · , dN

are the coefficients of PAII. These coefficients can be
determined by a fit to a set of reference points {xi,
k(xi)} obtained from the Dirac equation with λi > λ0,
i = 1, 2, · · · , L+N + 1. With the complex wave number
k(λ = 1) = kr + iki, the resonance energy E and the
width Γ can be extracted from the relation ε = E− iΓ/2
and k2 = ε2 −M2.

III. NUMERICAL DETAILS, RESULTS, AND

DISCUSSION

The parameters for the Woods-Saxon potential are set
as follows. The radius R = 3.705 fm is taken from a
self-consistent spherical relativistic Hartree-Bogoliubov
(RHB) calculation with the PC-PK1 density functional
[30] for 37Mg. The depth for the scalar and vector po-
tentials SWS = −420.3 MeV and VWS = 349.7 MeV are
determined by reproducing the energy of the last bound
state 1f7/2 and the energy difference between 1d3/2 and
1d5/2 obtained by the RHB calculation. Finally, the dif-
fuseness of the potential a is fixed as 0.67 fm. The cou-
pled equations (3, 4) are solved in r space with a mesh
step 0.1 fm and a cutoff at Rbox = 20 fm which is suf-
ficiently large for convergence. For the state with Ωπ,
8 channels with j > Ω and (−1)l = π are considered
in Eq. (2). The Padé approximant in Eq. (7) converges
for orders L = N = 4 and above, as demonstrated for
the spherical case [9]. It is noted that the coupling con-
stant λ should be multiplied to the spherical portion (i.e.,
V0 + S0 in Eq. (4)) of the attractive potential. This is
important to maintain a smooth continuation of the level
energy as a function of deformation parameter β for any
resonant orbital.
All the levels are labeled by the asymptotic Nilsson

quantum numbers Ω[NnzΛ], in which Ω is the projec-
tion of the single particle total angular momentum onto
the z axis, N is the principal quantum number, nz is the
number of nodes of the wave function in the z direction,
and Λ is the projection of the orbital angular momentum
l onto the z axis. Figure 1 displays the resonance energy
E and width Γ for the neutron resonant state 3/2[301] as
functions of the coupling constant λ in the quadrupole-
deformed Woods-Saxon potential with β = 0.47 as an
example. A newly developed microscopic self-consistent
approach, a deformed relativistic Hartree theory in a
spherical Woods-Saxon basis (DRHSWS) [31] suggests
this approximate deformation for 37Mg with NL3 [32] ef-
fective interaction. Filled circles are the solutions of the
Dirac equation, which are used to determine the coeffi-
cients in the PAII approximant (solid line). This PAII
polynomial fit is then extrapolated to larger λ values
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Fig. 1: (color online) Energy E and width Γ of the neutron
resonant state 3/2[301] as functions of the coupling constant
λ in the quadrupole-deformed Woods-Saxon potential with
β = 0.47. Filled circles and crosses are the solutions of the
Dirac equation, and the former is used as input in the ACCC
method. Solid curves are the outcome of the Padé approxi-
mant with L = N = 4 for energy (black) and width (red).

where it compares well to discrete values (exact solu-
tions) shown by cross marks in Fig. 1. The smoothness
of the solid lines indicates good analyticity of the eigen-
values for the Dirac equation with respect to the coupling
constant. The dashed vertical line indicates the branch
point λ0 = 1.125 where the orbital energy becomes zero.
As λ continues to decrease from λ0 down to 1, a nonvan-
ishing imaginary part appears in the complex energy. At
λ = 1, one obtains the resonance energy E and width Γ
for the 3/2[301] orbital.
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Fig. 2: (color online) Energies and widths of the neutron res-
onant states for the quadrupole-deformed Woods-Saxon po-
tential with β = 0.47. Solid circles represent the results of the
ACCC method, while open circles denote the results of SPS
method.
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In Fig. 2, we compare the energies and widths for
10 low-lying resonant states calculated by the ACCC
method with those obtained from the SPS method [16]
in the quadrupole-deformed Woods-Saxon potential with
β = 0.47. The SPS method, which is a more direct ap-
proach, has been demonstrated to work well with de-
formed orbitals that have narrow widths [16]. Fig. 2
shows good agreement of the ACCC results with those
from the SPS method for many states. The agreement
worsens for broad resonant states with E 6 Γ. And
the SPS method eventually fails at widths greater than
6 MeV, which is due to the large mixing of the low l (s-
or p-wave) components [16].
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Fig. 3: (color online) Energies and widths of the neutron reso-
nant state 7/2[413] as a function of increasing length of the λi

values interval [λa, λb] for Padé approximant orders L = N =
3 (black solid squares lines), 4 (red solid circles lines), and
5 (blue solid triangles lines). These are carried out for a
quadrupole-deformed Woods-Saxon potential with β = 0.47.

Figure 3 displays the convergence of the energies and
widths of the neutron resonant state 7/2[413] with the
Padé approximant of orders L = N = 3, 4, 5 in Eq. (7).
It also shows the stability of the Padé approximant as the
length of the λi values interval [λa, λb] increases. Here
λa and λb have the same meaning as those specified in
Ref. [9]. As can be seen in Fig. 3, convergence occurs
with a PAII order of L = N = 4 and above; stability
of the PAII is also shown to be valid when the length of
[λa, λb] is sufficiently large. From this example, we con-
clude that the ACCC method enables us to study broad
resonant states with higher energies (E > 5.0 MeV) and
higher angular momentum (l > 2) while fulfilling both
convergence and stability.
Figure 4 presents the evolution of the single-neutron

levels, including both bound and resonant states, as func-
tions of β in quadrupole-deformed Woods-Saxon poten-
tial. In the spherical case, the calculated energy differ-
ence between the bound 1f7/2 level and the very low-
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Fig. 4: (color online) The single-neutron levels as a function
of β in a quadrupole-deformed Woods-Saxon potential whose
parameters are determined by the self-consistent RHB calcu-
lation for 37Mg. All the levels are labeled by the asymptotic
Nilsson quantum numbers Ω[NnzΛ].

lying one-particle resonant state 2p3/2 is only ∼ 1.5 MeV,
which clearly indicates that the N = 28 energy gap at
β = 0 disappears in neutron rich Mg isotopes. This is
consistent with our systematic calculations on N = 28
isotones by the triaxial relativistic Hartree-Bogoliubov
model with DD-PC1 density functional [33]. A pro-
nounced deformed shell gap at β ∼ 0.45 is observed,
which corresponds to the neutron number N = 24. This
drives a prolate minimum in the nuclei around 37Mg
[34, 35]. Of particular interest is the behavior of the
1/2[321] state, which drops to energies below those of the
5/2[312] state around the deformed shell gap. This re-
sults in an enhanced probability to occupy the 1/2[321]
orbital, providing an explanation for the recent obser-
vation [27] of a p-wave one-neutron halo configuration
in 37Mg. A similar patten of single-neutron levels was
predicted by Hamamoto in Ref. [36], but in that study
the 1/2[301] orbital was not obtained as a single-particle
resonant state, and the resonant 1/2[310] and 3/2[301]
orbitals disappear for larger deformation. Similar to
Refs. [31, 35], the resonant 1/2[301] orbital lies close to
the threshold and therefore likely plays a crucial role in
halo formation in the magnesium isotopes beyond A = 40
for a wide range of deformations larger than 0.2. The
Nilsson diagram for 40Mg is quite similar to that for 37Mg
shown in Fig. 4. Additional studies are needed to deter-
mine the mutual impact of deformation, pairing correla-
tions, and resonant state contributions on halo formation
and structure evolution for deformed Mg isotopes.

As an independent confirmation of our predicted
configuration 1/2[321] coming from 2p3/2 orbital for
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well-deformed 37Mg, we performed a large-scale shell
model (SM) calculation for 37Mg with the code
NUSHELLX@MSU [37] using the SDPF-U [38] effective
interaction. To reduce the computational cost, we as-
sumed that the protons occupy only sd orbits, the 1d5/2
neutron orbital is fully occupied, and the 1f5/2 neu-
tron orbital is unoccupied. We obtained a ground state
Jπ = 1/2−, primarily composed of four protons in the
1d5/2 orbital. The neutron configuration essentially fills
the sd orbitals and consists further of four neutrons in the
1f7/2 orbital, and one neutron in the 2p3/2 orbital as the
primary configuration (40%). There is significant mixing
with other configurations, most notably with two neu-
trons in the 2p3/2 orbital and three in the 1f7/2 orbital

(25%). There is also a Jπ = 3/2− state at 90 keV exci-
tation energy, with a similar configuration to the ground
state and Jπ = 5/2− state at 406 keV. Our SM calcu-
lations are consistent with similar calculations [27] using
the SDPF-M [39] effective interaction, and mostly con-
firm our conclusion according to the Nilsson diagram in
Fig. 4.

IV. SUMMARY

We have developed a solution of the coupled-channel
Dirac equations in coordinate space using a quadrupole-
deformed Woods-Saxon potential. We combined this

with the ACCC method to extract energies and widths
of neutron s.p. resonant orbitals as a function of defor-
mation. This is a first step towards developing a self-
consistent microscopic method to describe deformed nu-
clei including spin-orbital coupling, resonant contribu-
tions, and pairing correlations within a relativistic frame-
work. We have used our microscopic approach to calcu-
late the evolution of structure as a function of deforma-
tion for the recent p-wave halo candidate nucleus 37Mg,
and find some decisive hints of halo formation at defor-
mations of approximately 0.5. Our future efforts will be
to use this approach, along with the RMF theory and
BCS approximation for pairing, to quantitatively eval-
uate the contribution of resonances to the structure of
42Mg, which may be a promising halo candidate in well-
deformed Mg isotopes.
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