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Background The spatial distribution of charge and magnetization within the proton is encoded in the elastic form factors.
These have been precisely measured in elastic electron scattering, and the combination of proton and neutron form factors
allows for the separation of the up- and down-quark contributions.

Purpose In this work, we extract the proton and neutron form factors from world’s data with an emphasis on precise new
data covering the low-momentum region, which is sensitive to the large-scale structure of the nucleon. From these, we
separate the up- and down-quark contributions to the proton form factors.

Method We combine cross section and polarization measurements of elastic electron-proton scattering to separate the proton
form factors and two-photon exchange (TPE) contributions. We combine the proton form factors with parameterization
of the neutron form factor data and uncertainties to separate the up- and down-quark contributions to the proton’s
charge and magnetic form factors.

Results The extracted TPE corrections are compared to previous phenomenological extractions, TPE calculations, and direct
measurements from the comparison of electron and positron scattering. The flavor-separated form factors are extracted
and compared to models of the nucleon structure.

Conclusions With the inclusion of the precise new data, the extracted TPE contributions show a clear change of sign at low
Q2, necessary to explain the high-Q2 form factor discrepancy while being consistent with the known Q2

→ 0 limit. We
find that the new Mainz data yield a significantly different result for the proton magnetic form factor and its flavor-
separated contributions. We also observe that the RMS radius of both the up- and down-quark distributions are smaller
than the RMS charge radius of the proton.

PACS numbers: 25.30.Bf, 13.40.Gp, 14.20.Dh

I. INTRODUCTION

The electromagnetic form factors of the proton and

neutron, G
(p,n)
E and G

(p,n)
M , are fundamental quantities

which provide information on the spatial distributions of
charge and magnetization in nucleons. The form factors
are measured using electron scattering where the incident
electron scatters from a nucleon target through the ex-
change of a virtual photon which serves as the sole medi-
ator of the electron-nucleon electromagnetic interaction.
By increasing Q2, the four-momentum squared of the vir-
tual photon, the virtual photon becomes more sensitive
to the small scale internal structure of the nucleon.

In electron scattering there are primarily two meth-
ods used to extract the proton form factors. The first is
the Rosenbluth or Longitudinal-Transverse (LT) separa-
tion method [1], which uses measurements of the unpo-
larized cross section, and the second is the polarization
transfer or polarized target (PT) method [2], which re-
quires measurement of the spin-dependent cross section.
A significant difference is observed between LT and PT
extractions of the proton form factors [3, 4], which is cur-
rently believed to be the results of larger-than-expected
two-photon exchange (TPE) contributions [5, 6].

In this paper, we extract the proton form factors from
a combined analysis of LT and PT measurements, ac-
counting for TPE contributions following the approach
of Ref. [7], but with an emphasis on recent low-Q2 data.

The combined analysis allows us to extract the TPE con-
tribution to the e-p elastic cross section, which we com-
pare to other phenomenological extractions and to di-
rect calculations of TPE effects meant to be valid in the
lowerQ2 regime, as well as to recent direct measurements
of TPE contributions from the comparison of electron-
proton and positron-proton elastic scattering [8, 9].
With the inclusion of neutron form factor measure-

ments, we separate the nucleon form factors into their up-
quark and down-quark contributions [10, 11]. New cross
section and polarization measurements at low Q2 allow
for a more detailed examination of the flavor-separated
form factors in the region sensitive to the large-distance
behavior of the proton charge and magnetization distri-
butions. We compare these results to previous extrac-
tions, as well as to models of the up- and down-quark
contributions to the proton form factors.

II. OVERVIEW OF THE METHODS

A. Rosenbluth Separation Method

In the Rosenbluth separation method, the reduced
cross section σR for elastic e-p scattering in the Born
or one-photon exchange (OPE) approximation is:

σR =
(

Gp
M (Q2)

)2
+

ε

τ

(

Gp
E(Q

2)
)2
, (1)
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where τ = Q2/4M2
p , Mp is the mass of the proton, and ε

is the virtual photon longitudinal polarization parameter,
defined as ε−1 =

[

1 + 2(1 + τ) tan2( θe2 )
]

, where θe is the

scattering angle of the electron. For a fixed Q2 value, the
reduced cross section σR is measured at several ε points,
and a linear fit of σR to ε gives (Gp

M )2 as the intercept
and (Gp

E)
2/τ as the slope.

By assuming isospin and charge symmetry and neglect-
ing strange quarks contribution, the nucleon form factors
can be expressed in terms of the up- and down-quark con-
tributions [12, 13]

Gp
E,M =

2

3
Gu

E,M −
1

3
Gd

E,M ,

Gn
E,M =

2

3
Gd

E,M −
1

3
Gu

E,M , (2)

where in this convention Gu
E,M represents the contribu-

tion from the up-quark distribution in the proton and the
down-quark distribution in the neutron.

Solving for Gu
E,M and Gd

E,M from Eq. (2) above, we
get the following expression for the up- and down-quark
contribution to the proton form factors

Gu
E,M = 2Gp

E,M +Gn
E,M , Gd

E,M = Gp
E,M + 2Gn

E,M .(3)

In the limit Q2 = 0, this yields Gu
E = 2, Gd

E = 1, Gu
M =

(2µp+µn) = 3.67µN , and Gd
M = (µp+2µn) = −1.03µN ,

where µN is the nuclear magneton.

B. Recoil Polarization Measurements

In the recoil polarization method, a beam of longitu-
dinally polarized electrons scatters elastically from un-
polarized proton target. The electrons transfer their po-
larization to the unpolarized protons. By simultaneously
measuring the transverse, Pt, and longitudinal, Pl, po-
larization components of the recoil proton, one can de-
termine the ratio µpG

p
E/G

p
M in the OPE [2, 14, 15]:

R =
µpG

p
E

Gp
M

= −
Pt

Pl

(E + E′)

2Mp

tan(
θe
2
), (4)

where E and E′ are the initial and final energy of the in-
cident electron, respectively. The ratio can be extracted
in a similar fashion using polarized beams and targets
by measuring the asymmetry for two different spin direc-
tions [3, 4].

The two methods yield strikingly different results, with
values of µpG

p
E/G

p
M differing almost by a factor of three

at high Q2. In the LT separation method, the ratio shows
approximate form factor scaling, µpG

p
E/G

p
M ≈ 1, albeit

with large uncertainties at high Q2 values. The recoil
polarization method yields a ratio that decreases roughly
linearly with increasing Q2, with some hint of flattening
out above 5 (GeV/c)2.

C. Two-Photon Exchange Contributions

To reconcile these measurements, several studies sug-
gested that missing higher order radiative corrections to
the electron-proton elastic scattering cross sections, in
particular two-photon exchange (TPE) diagrams, may
explain the discrepancy [16–18]. The role of TPE effects
was studied extensively both theoretically [19–24] and
phenomenologically [16, 25–32]. Most calculations sug-
gested that the TPE corrections are relatively small, but
have a significant angular dependence which mimics the
effect of a larger value of Gp

E . Detailed reviews of the
role of the TPE effect in electron-proton scattering can
be found in [5, 6].
Experimentally, several measurements were performed

to verify the discrepancy [33, 34] and to try and measure
or constrain TPE contributions. Precise examinations of
the ε dependence of σR [25, 26, 28] found no deviation
from the linear behavior predicted in the OPE approx-
imation. Another measurement was performed to look
for TPE effects by extracting µpG

p
E/G

p
M at fixed Q2 as

a function of scattering angle [35]. In the Born approx-
imation, the result should be independent of scattering
angle, and no deviation from the OPE prediction was
observed.
Based on the observations above, it is possible to try

and extract the TPE contributions based on the observed
discrepancy between the LT and PT results. Assuming
that the TPE contributions are linear in ε and that the
PT results do not depend on ε, and knowing that the
TPE contribution must vanish in the forward limit (ε →
1) [28, 36], it is possible to extract the TPE contribution
to the unpolarized cross section in a combined analysis
of LT and PT data [7, 16, 27–29, 37]. Where polarization
data exist as a function of ε, it is possible to attempt to
extract the TPE amplitudes with fewer assumptions [30,
38], though with relatively large uncertainties.
The most direct technique for measuring TPE is the

comparison of electron-proton and positron-proton scat-
tering. The leading TPE contribution comes from the
interference of the OPE and TPE amplitudes, and so
has the opposite sign for positron and electron scatter-
ing. The only other first-order radiative correction which
depends on the lepton sign is the interference between di-
agrams with Bremsstrahlung from the electron and pro-
ton, and this contribution is generally small. Thus, after
correcting the measured ratio for the Bremsstrahlung in-
terference term, the comparison of positron and electron
scattering allows for the most direct measurement of TPE
contributions.
The ratio Re+e−(ε,Q

2) is defined as

Rraw
e+e−(ε,Q

2) =
σ(e+p → e+p)

σ(e−p → e−p)
. (5)

After correcting for the electron-proton Bremsstrahlung
interference term and the conventional charge-
independent radiative corrections, the cross section
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ratio Re+e− reduces to:

Re+e−(ε,Q
2) =

1− δ2γ
1 + δ2γ

≈ 1− 2δ2γ , (6)

where δ2γ is the fractional TPE correction for electron-
proton scattering. Until recently, there was only limited
evidence for any non-zero TPE contribution from such
comparisons [39], as data were limited to low Q2 or large
ε, where the TPE contributions appear to be small. In
addition, the details of the radiative corrections applied
to these earlier measurements are not always available,
and it is not clear if the charge-even corrections were ap-
plied in all cases. New measurements [8, 9] have found
more significant indications of TPE contributions at low
ε and moderate Q2, with the ratio of positron-proton to
electron-proton scattering larger than unity. This is con-
sistent with a variety of TPE calculations which include
the effect of hadronic structure [20, 24, 40, 41] in some-
what different approximations, but has the opposite sign
compared to the low-Q2 (or high proton mass) limit [42]
and finite-Q2 calculations for a point-proton [6].

D. Extraction of the Form Factors and TPE

To extract the proton form factors, we assume TPE
contributions to the polarization data are negligible and
account for the contribution to σR by adding the real
function F (ε,Q2) to the Born reduced cross section:

σR =
(

Gp
M

)2[
1 +

ε

τ

R2

µ2
p

]

+ F (ε,Q2), (7)

where R = µpG
p
E/G

p
M is the recoil polarization ratio.

We recently extracted the proton form factors and the
TPE correction a(Q2) for large Q2 values [7, 11] using
the world data on σR from Refs. [33, 34, 43–48]. The
form factors were extracted based on the parametriza-
tion from Borisyuk and Kobushkin (BK parametriza-
tion) [32], where σR is expressed in the following form

σR =
(

Gp
M

)2[
1 +

ε

τ

R2

µ2
p

]

+ 2a(Q2)(1− ε)
(

Gp
M

)2
. (8)

This form accounts for the experimental and theoretical
constraints presented in Sec. II C. The value for the ratio
R = µpG

p
E/G

p
M is taken from a parameterization of the

recoil polarization data, for which we assume there is no
TPE contribution. In the analysis of Refs. [7, 11], the
linear parameterization of R and its uncertainties from
Ref. [49] was used. An additional uncertainty was ap-
plied in the analysis of Ref. [11] to provide more realistic
uncertainties at lower Q2, but this was not included in
Ref. [7].
In this work, we extend the analysis of Ref. [11] to lower

Q2 values by including data from new, high-precision
cross section measurements, and by improving the pa-
rameterization of R and its uncertainty from polarization

measurements at both low and high Q2 values. Taking
the recoil-polarization and polarized-target results from
Refs. [50–62], we parameterize the data with a simple in-
verse polynomial and find that the form factor ratio is
well parameterized as:

R =
1

1 + 0.1430Q2 − 0.0086Q4 + 0.0072Q6
. (9)

The reduced χ2 of the fit is relatively large (∼ 1.5)
driven by the scatter of the low Q2 data. The reduced
χ2 is 1.15 if a handful of these data points (the three
data points with R > 1.0 from BLAST [60] and the two
lowest Q2 points from Ref. [52]) are removed, however,
the central fit is essentially unchanged and does not im-
prove significantlly if the number of fit parameters is in-
creased. Therefore, we conclude that the large reduced
χ2 is driven by the tension between the different data
seta, rather than a limitation of the fit function. For
the final fit, we do not exclude any of the data sets; as
this was done only to examine the cause of the large re-
duced χ2 value of the fit. We examine the uncertainties
of the data as a function of Q2 and based on a simple
parameterization of this we take the fit uncertainty to
be: δ2R(Q

2) = (0.006)2 + (0.015ln(1 + Q2))2, with Q2 in
(GeV/c)2.
An argument could be made that the uncertainty

might be below 0.6% for the low Q2 values, especially
as we approach Q2 = 0 where the ratio is known. How-
ever, TPE calculations on the recoil-polarization ratio
show effects that can be up to 0.5% [20] at low Q2.
Because we neglect TPE corrections to the polarization
measurements, the uncertainties should be large enough
to account for this. Figure 1 shows our new global fit to
the world data on the recoil-polarization ratio µpG

p
E/G

p
M

along with the fit’s uncertainty bands.

III. RESULTS

A. Form Factors and TPE Contributions

We extract the form factors and the TPE contributions
using Eq. (8), following the procedure of Ref. [11]. We
obtain the value for R and its uncertainty from the new
parameterization presented in Eq. (9). For most cross
section data sets, measurements are available at fixed Q2

over a range of ε values, allowing for the extraction of
a(Q2) from Eq. (8). If the data are not at exactly the
same Q2, in particular for the data of Ref. [37], data in
a narrow Q2 range (with a spread in Q2 that is typically
well below 1%) are selected and corrected to a fixed Q2

value using the form factor parameterization of Ref. [63].
The cross section data sets included are those used in
Ref. [11] along with the addition of low-Q2 data from
Refs. [37, 43].
Figure 2 shows the extracted proton form factors

from this work; these form factors and the TPE con-
tribution are included in the online Supplemental Mate-
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FIG. 1: (Color online) The world data on the recoil-
polarization ratio µpG

p

E/G
p

M from Refs. [50–62] (open red
circles) along with our new fit (solid black line) and its un-
certainty bands (dashed black lines) and previous fits from
Refs. [51] (solid magenta line), [4] (dotted black line), and [49]
(dashed-dotted black line).

rial [64]. We also show the form factors as extracted af-
ter applying hadronic TPE calculations, labeled “AMT-
Hadronic” [63] and “VAMZ” Ref. [65]. In addition,
we show fits to the form factors from previous phe-
nomenological analyses: “Kelly” [66], “Lomon-GK” [67],
“ABGG” [68], “Bernauer” [37], “Arrington-Y2γ” [29],
and “Puckett” [51].

While extractions using calculated TPE corrections
and phenomenological-based fits are in reasonably good
agreement, extractions which combine cross section and
polarization results but do not allow for an explicit TPE
correction, in particular the Kelly and Lomon extrac-
tions, tend to have larger differences. The “Arrington-
Y2γ” fit is very different at large Q2 because it is the only
analysis that allows for TPE contributions to the recoil
polarization data, though the extraction of these terms
is extremely model dependent.

At low Q2, our extraction of Gp
M is significantly above

most previous fits. This reflects the discrepancy between
the recent Mainz data which yields values of Gp

M which
are systematically 2–5% larger than previous world’s
data [37]. At low Q2, this corresponds to only a small dif-
ference in the cross section at large scattering angle, but
for the largerQ2 values of the Mainz experiment, this cor-
responds to a significant difference in the measured cross
sections. Note that except for the Bernauer result, most
of the previous phenomenological extractions of the form
factors and TPE contributions were focused on large Q2
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FIG. 2: (Color online) Gp

E/GD (top) and Gp

M/(µpGD) (bot-
tom) as obtained using the BK parametrization from the data
of Refs. [33, 34, 37, 43–48] (open dark-green circles). In addi-
tion, we compare our results to extractions from several pre-
vious TPE calculations and phenomenological fits: AMT [63]
(solid blue line), VAMZ [65] (solid magenta line), Kelly [66]
(short-dashed black line), Lomon-GK [67] (dotted black line),
ABGG [68] (dashed-dotted black line), Bernauer [37] (long-
dashed red line), Arrington Y2γ [29] (dashed-dotted magenta
line), and Puckett (large-dotted blue line) (the fit labeled
“new” in Ref. [51]).

values, and so did not always worry about how well the
parameterizations of R reproduced low Q2 data.
Figure 3 shows the TPE term a(Q2) extracted from

this work. We also show parameterizations of a(Q2)
from the TPE hadronic calculations of Ref. [20] (BMT)
and Ref. [63] (AMT), which adds and additional phe-
nomenological TPE contribution at higher Q2, and from
previous phenomenological extractions [7, 37]. At high-
Q2 values, the TPE term is consistent with our previous
extraction and shows an increase in magnitude with in-
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FIG. 3: (Color online) The TPE term a(Q2) as obtained using
the BK parametrization from the data of Refs. [33, 34, 37, 43–
48] (open black circles). Also shown are a simple parameter-
ization of our results (solid red line) and curves representing
a(Q2) as determined in previous analyses from Refs. [20] (dot-
ted black line), [63] (dashed-dotted magenta line), [7] (short-
dashed red line), and [37] (large-dashed blue line). The bot-
tom plot is on a smaller vertical scale, excluding points with
uncertainties above δa = 0.03 for clarity, although they are
included in our fit. Note that we do not show extractions of
a(Q2) for the calculations or extraction of Ref. [37] at very low
Q2, as the ε dependence is quite different in our parameter-
ization when the cross sections are dominated by the charge
form factor (see text).

creasing Q2. The previous extraction [7] was not well
constrained at low Q2, with cross section data limited to
Q2 ≥ 0.39 and a parameterization [49] of the polariza-
tion data that was not well constrained at low Q2. So
below Q2 ≈ 1 (GeV/c)2, the behavior was driven by the

fitting function which took a(Q2) proportional to
√

Q2.
In the present work, the inclusion of the Mainz data and
low Q2 polarization provide meaningful uncertainties for
a(Q2) below Q2 = 1 (GeV/c)2 and show a change in
sign at low Q2, as seen in previous low-Q2 TPE calcula-
tions [20, 32, 41, 69]. A similar extraction using neural

networks was presented in Ref. [70], including a discus-
sion of minimizing and evaluating the model dependence.
However, the analysis did not include the new low Q2

data we focus on in the present work.
While the values of a(Q2) extracted from Mainz data

show hints of oscillatory behavior below Q2 = 0.3 GeV2,
the uncertainties in the extracted TPE contribution are
an underestimate of the true uncertainties. The quoted
uncertainties on the individual cross sections do not in-
clude correlated systematic effects, which are a signifi-
cant contribution to the total uncertainty in their final
form factor parameterization, and we do not account for
any residual uncertainty in the normalization of the data
subsets which are fit as part of the global analysis [37].
So while this oscillatory behavior seems significant com-
pared to the uncertainties that are shown, these uncer-
tainties are incomplete and this cannot be taken as mean-
ingful evidence for such structure. We fit to the Q2 de-
pendence of the extracted TPE contributions, adding an
additional uncertainty, da = 0.01, to each point to help
offset the impact of the underestimated uncertainties in
our extraction from the Mainz data. Fitting the ex-
tracted a(Q2) values to a simple two parameter function

yields a(Q2) = 0.016− 0.030
√

Q2, with Q2 in (GeV/c)2.
We do not quote a reduced χ2 value on our fit as this
would not be meaningful given that we do not have a
complete evaluation of the uncertainties for a(Q2) from
the Mainz data. Note that for our parameterization of
TPE contributions, F (Q2, ε)/(Gp

M )2 is a linear function
in ε, while the Q2 → 0 limit [6, 42] is more nearly lin-
ear when taken as a ratio to the reduced cross section,
(Gp

M )2 + (ε/τ)(Gp
E)

2, and so the behavior at small Q2,
where 1/τ becomes large, is very different. This can be
seen more clearly in examining the ε dependence of the
TPE contributions at very low Q2, as shown in Fig. 4.

B. Ratio of Positron-Proton to Electron-Proton

Elastic Scattering Cross Sections Re+e−

From the TPE contributions extracted based on the
parameterization of Eq. (8), the corrected ratio of
positron-to-electron scattering cross sections is

Re+e−(ε,Q
2) =

1− δ2γ
1 + δ2γ

≈ 1−
4a(Q2)(1 − ε)

(1 + εR2

τµ2
p

)
. (10)

Figure 4 shows the ratio Re+e− as a function of ε ex-
tracted for a range of Q2 values. The solid red curve
represents the ratio from our new parameterization of
a(Q2), and the others show the results of TPE hadronic
calculations from Refs. [20, 63] and several phenomeno-
logical fits from Refs. [7, 29, 37, 68]. The data points
are world data on the ratio Re+e− from Refs. [8, 9, 71–
80]. Two recent measurements [8, 9] have provided sig-
nificantly more precise measurements at Q2 ≈ 1.0 and
1.5 (GeV/c)2, providing evidence for non-zero TPE at
larger Q2 values and a change of sign from the exact cal-
culation atQ2 = 0, consistent with what we observe. Our
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FIG. 4: (Color online) The ratio Re+e− (ε,Q2) as determined
from our parameterization of a(Q2) at the Q2 value listed
in the figure (solid red line). The other curves show previ-
ous calculations [63] (solid black line) or phenomenological
extractions from Refs. [7] (short-dashed magenta line), [29]
(long-dashed blue line), [68] (large-dotted black line), and [37]
(dashed-dotted black line). The data points are direct mea-
surements of Re+e− [8, 9, 71–80]. For the world data, the
measurement and Q2 value(s) in (GeV/c)2 are given.

results are slightly larger than the direct measurements
at 1 (GeV/c)2 from Ref. [9], but otherwise in very good
quantitative agreement with existing data.

Note that parameterizations where the TPE contribu-

tion is similar to that of Eq. (8), i.e. a linear function
times (Gp

M )2, the low Q2 results for Re+e− will have a
strong non-linear behavior. The TPE contribution rela-
tive to (Gp

M )2 is linear, but (Gp
E)

2 dominates the cross
section at very low Q2 except for ε → 0, strongly sup-
pressing TPE as a fractional contribution as one moves
away from ε = 0. This could be fixed by modifying the
functional form, e.g. using a linear function in ε times the
full reduced cross section [37]. However, because the re-
sults are similar everywhere except at very low Q2, where
there is little data, we consider this parameterization suf-
ficient for the present analysis.

C. Flavor Separation of the Nucleon Form Factors

Examinations of the flavor-separated form factors of
the nucleon focusing on high Q2 [10, 11] have provided
several interesting observations. Below we summarize
some of the main conclusions from these analyses:

(1) The down-quark contributions to Dirac, F1, and
Pauli, F2, form factors deviate from the expected 1/Q4

scaling [10], with small differences between the Q2 de-
pendence in F1 and F2 for both the up- and down-quark
contributions.
(2) The up- and down-quark yield very different con-

tributions [11] to GE/GM and F2/F1. The strong linear
falloff with Q2 in the ratio Gp

E/G
p
M is not seen in ei-

ther the up- or down-quark contributions, but mainly
arises due to a cancellation between a weaker Q2 depen-
dence for the up-quark and a negative but relatively Q2-
independent contribution from the down-quark.
(3) The more recent analysis [11] shows some differ-

ences from the original work by Cates et al. [10], referred
to as “CJRW” throughout the text. The difference are
associated with the approximations made in the CJRW
analysis, which neglected TPE effects and included only
the uncertainty associated with the neutron charge form
factor. The treatment of TPE contributions yields small
but clear differences, mainly at lower Q2 values, up to
≈ 1.5 (GeV/c)2, while the addition of uncertainties asso-
ciated with TPE and all of the form factors yields some-
what larger uncertainties in most form factors, and pro-
vides an estimate for the uncertainties in the magnetic
form factors absent in the CJRW analysis.
Figures 5 and 6 show the flavor-separated form factors

extracted from this work; the extracted values are in-
cluded in the online Supplemental Material [64]. The up-
dated parameterization of the polarization-transfer mea-
surements of µpG

p
E/G

p
M yields a small difference in the

data above 5 (GeV/c)2, but it is always a factor of 2-3
below the quoted uncertainties. Note that because the
CJRW analysis includes only the uncertainties from Gn

E ,
the flavor-separated extraction of GM is quoted without
uncertainty. In our analysis, uncertainties are included
for all form factors, but we use a parameterization for the
uncertainty on Gn

E and Gn
M , taken from Ref. [11]. Be-
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cause of this, cases where the uncertainty is dominated by
neutron data yield points with large error bars but small
scatter between points, as only the proton uncertainties
are independent for each Q2 values.

The results are compared to the original CJRW re-
sults and two recent extractions of the nucleon elas-
tic form factors which apply calculated TPE contribu-
tions [63, 65]. Also shown are calculations based on
dressed-quarks contribution within the frame work of
Dyson-Schwinger equation “DSE” from Ref. [81], pion-
cloud relativistic constituent quark model “PC-RCQM”
from Ref. [82], relativistic constituent quark model whose
hyperfine interaction is derived from Goldstone-boson ex-
change “GBE-RCQM” from Ref. [83, 84], and generalized
parton distributions with incorporated Regge contribu-
tion that apply diquark models “GPD” from Ref. [85].

We start by examining the contributions to Gp
E . The

down-quark contribution is much smaller than the up-
quark contribution at all Q2 values. Up to Q2 ≈

1 (GeV/c)2, both Gd
E/GD and Gu

E/GD increase with
Q2, deviating noticeably from the dipole form at Q2 ≈

0.10 (GeV/c)2 and Q2 ≈ 0.40 (GeV/c)2, respectively.
At higher Q2 values, Gu

E/GD decreases rapidly while
Gd

E/GD continues to increase, leading to the significant
falloff in Gp

E/GD after applying the charge weighting of
the up- and down-quark contributions. While most of
the calculations give a reasonable qualitative descrip-
tion of the data, all showing a rise and then fall of
both Gd

E/GD and Gu
E/GD with increasing Q2 values, the

AMT-Hadronic and VAMZ parameterizations, as well as
the GPD model, which also fits to the measured form
factors, provide the best description of the data.

This work allows for a more detailed examination of the
low-Q2 region, which is sensitive to the RMS radius of the
up- and down-quark distributions. At very lowQ2 values,
Gu

E is consistent with the dipole fit, while Gd
E falls less

slowly than the dipole, yielding an increase in the ratio
Gd

E/GD. The proton RMS charge radius as determined
from electron scattering is rE ≈ 0.88 fm [37, 59]. The
dipole form corresponds to an RMS radius of 0.811 fm,
suggesting an RMS radius of approximately 0.81 fm for
the up-quark distribution and below 0.81 fm for the down
quarks. This gives rd < ru < rp for the charge radii, i.e.
both the up- and down-quark distributions are more lo-
calized than the overall proton charge distribution, due
to cancellation of the up- and down-quark contributions
in the total proton charge distribution. Note that while
the proton charge radius as extracted from muonic hy-
drogen measurements [86, 87] yield rE ≈ 0.84 fm, it is
more natural to compare scattering results of the proton
and flavor-separated contributions, although the up- and
down-quark radii are also smaller than muonic hydrogen
charge radius.

For Gp
M , the up-quark contribution is again dominant,

even more so than for the charge form factor. Our re-
sults are in relatively good agreement with the CJRW
analysis for Q2 above 2 (GeV/c)2, though with a small
offset associated with TPE. For Q2 <∼ 1 (GeV/c)2, we
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FIG. 5: (Color online) (Gu
E/GD) (top) and (Gd

E/GD) (bot-
tom) as a function of Q2 from the data of Refs. [33, 34, 37, 43–
48] (open dark-green squares). Also shown the CJRW ex-
tractions [10] (solid black triangles), the AMT-Hadronic [63]
(short-dashed black line) and VAMZ [65] (solid black line)
fits, and the values from the GPD [85] (dotted magenta line),
DSE [81] (long-dashed black line), PC-RCQM [82] (dashed-
dotted black line), and GBE-RCQM [83, 84] (large-dotted red
line) models. Note that for the proton, the up- and down-
quark contributions have weighting factors of 2/3 and -1/3
(Eq. (2)).

find noticeably larger values for both the up- and down-
quark contributions to the magnetic form factor. This
difference comes from the Mainz data which yields val-
ues of Gp

M which are systematically larger than previous
world’s data, as seen in Fig. 2. Thus, it is not surpris-
ing that there is an inconsistency between the extrac-
tion from these data and other measurements, in partic-
ular for the up-quark contribution. For both the flavor-
separated charge and magnetic form factors, the global
fits [63, 65] describe the data (excluding the results from
the Mainz measurement) well. The models with many
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FIG. 6: (Color online) (Gu
M/GD) (top) and (Gd

M/GD) (bot-
tom) as a function of Q2 from the data of Refs. [33, 34, 37, 43–
48] (open dark-green squares). Also shown the CJRW ex-
tractions [10] (solid black triangles), the AMT-Hadronic [63]
(short-dashed black line) and VAMZ [65] (solid black line)
fits, and the values from the GPD [85] (dotted magenta line),
DSE [81] (long-dashed black line), PC-RCQM [82] (dashed-
dotted black line), and GBE-RCQM [83, 84] (large-dotted red
line) models. Note that for the proton, the up- and down-
quark contributions have weighting factors of 2/3 and -1/3
(Eq. (2)).

free parameters [82, 85] tend to do a better job than the
models with few or no parameters adjusted to match the
form factor data [81, 84], although the GPD parameter-
ization provides a significantly worse description of the
magnetic form factor.
Focusing on the very low Q2 data, we see that Gu

M falls
more slowly than the dipole, indicating a magnetic ra-
dius smaller than the 0.81 fm associated with the dipole
form. The magnitude of the down quark contribution
falls more rapidly with Q2, indicating a larger radius, al-
though because Gd

M is negative this corresponds to an

increase in the ratio. The uncertainty on the proton’s
magnetic radius is significantly larger than for the elec-
tron radius [37, 59, 87], so while the magnetization distri-
bution is clearly larger for the down quarks than for the
up quarks, opposite of what is observed for the charge
radius, it is difficult to determine how these compare to
the overall proton magnetization radius.

D. Flavor-dependent contributions to σR

Using Eqs. (2) and (7), the reduced cross section in the
Born approximation can be written as

σR =
(2

3
Gu

M −
1

3
Gd

M

)2
+

ε

τ

(2

3
Gu

E −
1

3
Gd

E

)2
(11)

which can be separated into terms coming from just the
up-quark or down-quark contributions and the up-down
interference term:

σ(u) =
(2

3
Gu

M

)2
+

ε

τ

(2

3
Gu

E

)2
,

σ(d) =
(−1

3
Gd

M

)2
+

ε

τ

(−1

3
Gd

E

)2
,

σ(u)×(d) = 2
(2

3
Gu

M

)(−1

3
Gd

M

)

+
2ε

τ

(2

3
Gu

E

)(−1

3
Gd

E

)

.

(12)

Figure 7 shows the total and flavor-separated contri-
butions to the reduced cross section as a function of ε
for a sample of Q2 values. The down-quark term, σ(d) is
extremely small, often smaller than the TPE corrections.
The up-quark σ(u), and the up-down quark interference
σ(u)×(d) are the dominant contributions, with the up-
down interference term being comparable in size to the
total reduced cross section at low Q2 values. So while
down-quark contribution, representing the form factor
one would obtain if only the down quark distribution was
present, is almost negligible at all values of ε and Q2, the
net impact of the down-quarks on the cross section is still
large, especially at low Q2 values. Note that the strange-
quark contributions have been neglected, and while the
contributions coming from (Gs

E,M )2 will have a negligible
contribution to the cross section, the up-strange interfer-
ence term will be significantly larger, and could have a
non-negligible contribution.
To simplify the examination of the flavor-dependent

contributions, we examine the contribution of the up,
down, and interference terms to (Gp

E)
2 and (Gp

M )2, as
shown in Fig. 8. For ε = 0, the cross section depends on
(Gp

M )2 which is dominated by the up-quark contribution,
with a roughly 20% contribution from the interference
term adding to (Gp

M )2 at all Q2 values.
The breakdown of the charge form factor is more com-

plicated. At low Q2 values, the interference term is
roughly half the size of the up-quark contribution and
of the opposite sign, making the interference term nearly
identical in magnitude to the total value of (Gp

E)
2. In-

creasing from Q2 ≈ 0.1 to 1 (GeV/c)2, the decrease in



9

-150
-100
-50

0
50

100
150
200
250
300
350

0 0.2 0.4 0.6 0.8 1

Bernauer:
Q2 = 0.0204 (GeV/c)2

ε

σ R

σ(u)

(a)

σ(d)

σ(u)x(d)

σBornσR

-5

0

5

10

15

0 0.2 0.4 0.6 0.8 1

Bernauer:
Q2 = 0.2052 (GeV/c)2

ε
σ R

(b)

-0.5

-0.25

0

0.25

0.5

0.75

1

1.25

1.5

0 0.2 0.4 0.6 0.8 1

Janssens:
Q2= 0.623 (GeV/c)2

ε

σ R

(c) 0

0.001

0.002

0.003

0.004

0.005

0 0.2 0.4 0.6 0.8 1

Qattan:
Q2= 4.1 (GeV/c)2

ε

σ R

(d)

FIG. 7: (Color online) The reduced cross section σR includ-
ing TPE (solid black line) and without TPE (long-dashed
black line), along with the flavor-separated contributions to

the Born cross section: σ(u) (up-quark) (solid red line), σ(d)

(down-quark) (large-dotted blue line), and σ(u)×(d) (up-down
interference) (dashed-dotted magenta line).

Gp
E is driven by the increase in the magnitude of the

(negative) up-down interference term, moderated by a
slight increase in the up-quark contribution. Above 1-2
(GeV/c)2, the rapid fall of (Gp

E)
2, partially cancelled by

an increase in both the down-quark and up-down inter-
ference terms, continues the very nearly linear decrease
observed in the µpG

p
E/G

p
M ratios. Thus, the observed

nearly linear behavior comes from a complicated combi-
nation of the up, down, and interference terms, with none
of the individual contributions showing such a monoton-
ically decreasing behavior relative to the dipole form.

The faster falloff of the down-quark contributions was
interpreted in Ref. [10] and references therein as an indi-
cation of the possibility of sizable nonzero strange matrix
elements at large Q2 or the importance of diquark de-
grees of freedom. While existing measurements of parity-
violating elastic scattering yield very small contributions
from the strange quarks up to Q2 ≈ 1 (GeV/c)2 [88–91],
they still leave open the possibility for significant con-
tributions from Gs

E and Gs
M which cancel in the parity-

violating observables [91, 92], although there are also re-
sults from lattice QCD that the strange-quark contri-
bution is small for the charge and magnetic form fac-
tors [93, 94].
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FIG. 8: (Color online) Flavor-separated contributions to
(Gp

E,M )2: up-quark (open black circles), down-quark (open

blue squares), up-down interference (open magenta triangles),
and sum (solid red circles).

In the diquark model, the singly occurring down-quark
in the proton is more likely to be associated with an
axial-vector diquark than a scalar diquark, and the con-
tribution of the axial-vector diquark yields a more rapid
falloff of the form factors. The up quarks are generally
associated with the more tightly bound scalar diquarks,
yielding a harder form factors [10, 81, 82, 85, 95–102]. Re-
cent calculations [99] suggest that pion loop corrections
play a crucial rule for Q2 <

∼ 1.0 (GeV/c)2. The nucleon
form factors were expressed as proton quark sector form
factors, and was found that the down-quark sector of
the Dirac form factor is much softer than the up-quark
sector as a consequence of the dominance of scalar di-
quark correlations in the proton wave function. On the
other hand, the up-quark sector of the Pauli form factor
is slightly softer than in the down-quark sector suggesting
that the pion cloud and axial-vector diquark correlations
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dominate the effect of scalar diquark correlations leading
to a larger down-quark anomalous magnetic moment and
a form factor in the up-quark sector that is slightly softer
than in the down-quark sector.

IV. CONCLUSIONS

In conclusion, we improved on and extended to lower
Q2 the previous extraction [7] of form factors and two-
photon exchange contributions, as well as the extrac-
tion [11] of flavor-separated contributions to the proton
form factors. We used new polarization data to obtain an
improved parameterization of µpG

p
E/G

p
M and its uncer-

tainties, and included new cross section data [37, 43, 59]
to extend the analysis to lower Q2 values.
The results for Gp

E are generally in excellent agreement
with those extracted based on a global analysis including
calculated TPE hadronic corrections [63, 65], as well as
some previous phenomenological extractions [37, 51, 67,
68]. For Gp

M , the results disagree noticeably with previ-
ous extractions which applied hadronic TPE corrections
and as well as some previous phenomenological extrac-
tions. This is in large part due to the tension between
the new low-Q2 Mainz data [37], although the different
approaches for applying TPE corrections have some im-
pact as well, especially for extractions which neglected
TPE.
Our new low Q2 extraction of the TPE contribution

yields values of a(Q2) at the few percent level. The TPE
term shows a change of sign at Q2 ≈ 0.40 (GeV/c)2,
which was not seen in our previous extractions and
fit [7], but which is consistent with low Q2 TPE calcula-
tions [20, 21, 32, 41, 103]. This is the first phenomeno-
logical extraction that directly observes this predicted
change of sign in the comparison of Rosenbluth and po-
larization data at very low Q2 values. The change of sign
was present in the extraction of Bernauer et al. [37], but
this was assured by the fact that the high-Q2 discrep-
ancy requires a(Q2) < 0, while the low Q2 limit in this
extraction was taken to be the Feshbach correction [42],
for which a > 0. Thus, the combination of the high-Q2

discrepancy and assumed functional form guarantee the
change of sign.
We compared our extracted TPE corrections to previ-

ous phenomenological extractions and to world’s data on
the ratio of positron–proton and electron–proton scatter-
ing cross sections, Re+e− . Our extracted TPE contribu-
tions are in generally good agreement with world’s data
on Re+e− , including recent measurements which show a
clear ε dependence, consistent with the form factor dis-
crepancy, at Q2 values of 1-1.6 (GeV/c)2 [8, 9].

Inclusion of the new low-Q2 polarization and cross sec-
tion data allows us to examine the slope of the form factor
at small Q2, which is connected to the flavor contribu-
tions to the RMS charge and magnetization radii of the
proton. While the low Q2 data do not allow for a pre-
cise extraction of these radii, we find that both the up-
and down-quark distributions are more localized than the
overall charge distribution, with rd < ru < rp. For the
magnetization distributions, the up-quark contribution
has a smaller radius than the down-quark contribution,
providing another clear indication that the magnetiza-
tion distribution does not simply come from the spatial
distribution of the quarks.

We also express the reduced cross section σR in terms
of these flavor-separated from factors to shed light on
the contributions of the up-quark, down-quark, and up-
down quarks interference terms to the Born cross section
σ. The up-quark contribution σ(u) dominates at all Q2

values, while the down-quark contributions σ(d), repre-
senting the cross section one would observe if scattering
from only the down quarks, is typically negligible. The
interference term, σ(u)×(d), is negative and can be size-
able. While it is always smaller than the up-quark con-
tribution, it can be comparable in size to the total cross
section after the significant cancellation between the in-
terference terms and the up- and down-quark terms.
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