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The phase space obtained using Isospin Quantum Molecular Dynamical (IQMD) Model is ana-
lyzed by applying the binding energy cut in the most commonly and widely used secondary cluster
recognization algorithm. In addition, for the present study, the energy contribution from momen-
tum dependent and symmetry potentials is also included during the calculation of total binding
energy, which was absent in clusterization algorithms used earlier.The stability of fragments and
isospin effects are explored by using the new clusterization algorithm. The findings are summarized
as follow: (1) It identifies the fragments at quite early time. (2) It is more sensitive for free nu-
cleons and light charged particles compared to intermediate mass fragments, which results in the
enhanced (reduced) production of free nucleons (LCPs). (3) It has affected the yield of isospin sen-
sitive observables neutrons (n), protons (p), 3H , 3He and single ratio [R(n/p)] to a greater extent
in mid-rapidity and low kinetic energy region. In conclusion, the induction of binding energy cut
in the clusterization algorithm is found to play a crucial role in the study of isospin physics. This
study will give another direction for the determination of symmetry energy in heavy-ion collisions
at intermediate energies.

PACS numbers: 25.70.Mn, 21.65.Ef, 24.10.Lx, 25.70.Pq

I. INTRODUCTION

The isospin effects in intermediate energy heavy-ion
collisions has been of unique interest from the last decade.
The main motive of this detailed analysis is to get the
rich information about symmetry energy and isospin-
dependent nucleon-nucleon (NN) cross sections or in
other terms determination of nuclear equation of state
(NEOS) of asymmetric nuclear matter by studying the
phenomenas of multifragmentation and collective flow
[1–17]. In addition, the symmetry energy and isospin
dependent cross sections play an important role in un-
derstanding many astrophysical and nuclear processes
linked with neutron star, cooling processes at critical
density as well as liquid gas phase transition[2, 18].
A couple of sophisticated experiments has been per-
formed to look for the isospin effects, especially, in term
of symmetry energy and many more are in progress
in near future[4, 6, 8, 10, 14, 17]. The competitive
progress is also done on the theoretical front[1–3, 5, 9, 11–
13, 15, 16, 19, 20].

On the theoretical front, the dynamical models such
as Quantum Molecular Dynamical (QMD)[21–23], Boltz-
mann Uehling Uhlenbeck (BUU) models [2] are used for
the study of heavy-ion collisions at intermediate energies.
No dynamical model simulates the fragments. Only the
phase space of nucleons is obtained from the dynamical
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models and fragments are supposed to be constructed by
using the secondary algorithms. In the efforts to repro-
duce the experimental data, many secondary algorithms
has been developed time to time.

The most commonly and widely used algorithm de-
pends on the spatial and momentum coordinates of the
nucleons, is known as minimum spanning tree (MST) al-
gorithm [7, 13, 22]. According to this method, two nu-
cleons will undergo the cluster formation if the relative
distance (|Ri − Rj |) and relative momentum (|Pi − Pj |)
between the nucleons is less than 3.5-4 fm and 250-268
MeV/c, respectively. These parameters can be obtained
by fitting the experimental data for some of the global ob-
servables such as multiplicity of intermediate mass frag-
ments (NIMFs)[22, 24]. Recently, MST method has been
further extended to Isospin MST, in which the cut on
the momentum space is kept same, but, the cut on the
spatial coordinates is constraint on the basis of type of
particles. The distance between the different kind of par-
ticles is taken as follow: |Rp

i −Rp
j | ≈ 3fm, |Rn

i −Rp
j |=

|Rn
i − Rn

j | ≈ 6fm[25], where p, n stands for protons
and neutrons.

The MST method has been quite successful in explain-
ing certain fragmentation observables such as charge dis-
tribution of emitted fragments[22, 26], single and double
yield ratio of neutrons to protons[6, 7], while fails to de-
scribe some important detail in the production of free
nucleons, light and heavy charged particles [22, 26–28].
The failure results are summarized as follow: (1) Yield of
Z = 1 is overestimated, while Z = 2 is underestimated.
(2) In Iso-Scaling phenomena, enhanced production of
neutron-rich isotopes[29]? (3) neutron-rich light charged
particles at mid-rapidity[30]? (4) Behaviour of Zbound
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dependence of IMFs at high incident energy of 600 to
1000 MeV/nucleon[26, 28]? The studies in the litera-
ture shows that these results can not only reproduced
by changing the mean field or NN cross sections in the
transport model, keeping secondary algorithm same.

Since the MST method only depends on the constraints
from position and momentum, so it seems to be worry
about the stability of fragments due to the formation
of artificial weakly bound fragments. To avoid from
this problem, more complicated methods like Stimulated
Annealing Clusterization Algorithm (SACA)[23], Early
Cluster Recognization Algorithm (ECRA)[31] were also
developed. These method were found quite successful ,
but, most complicated. Moreover, due to the choice of
parameters such as cooling parameters, iterations proce-
dure, and choice of minimal can follow the totally dif-
ferent configuration of fragments. Due to the limitation
of sharp minimal, in the mildly excited or asymmetric
systems, the scope of these two methods was found to
restrict at some point. The best method for avoiding
from the artificial formation of fragments is found to con-
straint the fragments by using an average binding energy
cut of -4 MeV/nucleon[26]. One can further improve the
method by using the realistic binding energy cut rather
than -4 MeV/nucleon[26]. This method was found to be
as simple as MST and found to reproduce the experimen-
tal data just like the complicated methods SACA, ECRA
etc.

The isospin physics, which is new and exciting field in
the present era, has been widely explored by using the
simple MST method till 2013 [3, 7, 8, 13, 21]. Mean-
while, in 2012, the attempts were done by incorporat-
ing modifications in MST in term of spatial distance be-
tween the nucleons on the basis of type of particles[25].
The MSTB and other sophisticated methods in the lit-
erature were only coupled with the isospin-independent
dynamical models. In these studies, MSTB, ECRA and
SACA were also found to be lack of energy contribu-
tion from momentum dependent and symmetry poten-
tials. With the availability of isospin dependent version
of QMD model, it is the need of the present time to ex-
plore the isospin physics with other secondary algorithms
except simple MST and Iso-MST.

In this work, first time, we have modified the MST
method to MSTB including the energy contribution from
momentum dependent and symmetry potentials in addi-
tion to Skyrme, Coulomb and Yukawa interactions. The
effect of MSTB is studied by considering the neutron-rich
systems 112Sn +112 Sn and 124Sn +124 Sn for the yield
and single ratio of isospin sensitive particles such as n, p,
3H and 3He.

The article is organized as follow: The short descrip-
tion of IQMD model coupled with secondary algorithm
MSTB is discussed in Sec. II. The results and discussion
are presented in Sec. III, followed by the conclusions in
Sec. IV.

II. THE FORMALISM

A. Isospin Quantum Molecular Dynamics Model
(IQMD)

In the present work, IQMD model is used for generat-
ing the phase space of nucleons [7, 13, 21]. The model
is modified by the authors for the density dependence of
the symmetry energy, having form:

ESym(ρ) = EKin
Sym + EPot

Sym

ESym(ρ) =
Cs,k

2

(

ρ

ρ0

)2/3

+
Cs,p

2

(

ρ

ρ0

)γi

,

EKin
Sym and EPot

Sym are the symmetry kinetic energy and
symmetry potential energy. The values of parameters
Cs,k and Cs,p are 25 and 35.2 MeV, respectively. When
we set γi = 0.5 and 1.5, respectively, it corresponds to
the soft and stiff symmetry energy [7].
The total interaction potential is composed of Coulomb

(VCoul), Yukawa (VYukawa), local (Vloc) and momentum
dependent interactions (VMDI). The expressions for VCoul

and VYukawa have been derived by us and others [21].
The local interaction potential Vloc is originated from the
Skyrme energy density function. On the basis of this, the
local potential energy density is expanded as:

Uloc =
α

2

ρ2

ρ0
+

β

γ + 1

ργ+1

ργ0
+ Epot

Sym(ρ)ρδ
2, (1)

where α, β, and γ are the parametrized values to specify
the particular NEOS. The detailed table of the values is
presented in the Ref. [21, 22].
The momentum dependent potential has been im-

plemented from Ref.[22] and is expressed as following:
VMDI = Cmom ln2[ǫ(∆p)2 + 1] ρ

ρ0

δ(r′ − r). Here Cmom =

1.57 MeV and ǫ = 5 × 10−4 c2

MeV 2 . The momentum is
given in units of MeV/c.
Finally, combining all the potentials, we got an isospin,

density and momentum dependent single particle poten-
tial in nuclear matter, which is written as follow:

Vτ (ρ, δ, p) = α

(

ρ

ρ0

)

+ β

(

ρ

ρ0

)γ

+ Epot
Sym(ρ)δ

2

+
∂Epot

Sym(ρ)

∂ρ
ρδ2 + Epot

Sym(ρ)ρ
∂δ2

∂ρτ,τ ′

+Cmom ln2[ǫ(∆p)2 + 1]
ρ

ρ0
. (2)

Here τ 6= τ ′, ∂δ2

∂ρn
=

4δρp

ρ2 , and ∂δ2

∂ρp
= −4δρn

ρ2 .

In the present simulations, the parameters α, β, and
γ are -390, 320 MeV and 1.14, respectively. Moreover,
the isospin and energy dependent NN cross section in the
collision term and the quantum feature in term of Pauli
blocking is implemented.
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The Improved QMD (ImQMD) model, which is used
in Refs. [6, 25] and our IQMD model are based on the
similar basic theory of QMD model developed by Aiche-
lin in 1991 [22]. During the modification of QMD to
ImQMD and IQMD some differences are observed in term
of Yukawa Potential form, system mass dependent Gaus-
sian width, symmetry energy dependent/independent
momentum dependent interactions and shell correction
factor. Due to the difference in the two models on the
basis of above mentioned factors, the partial difference
can be seen in the results [7].

B. Minimum Spanning tree method with binding
energy check(MSTB)

This method is a modified version of the normal MST
and old MSTB method. The difference between old
MSTB and this MSTB is the additional contribution of
energy from momentum dependent interactions and sym-
metry potentials in the calculation of total binding en-
ergy. The procedure is as follow: The phase space ob-
tained from IQMD is analyzed with simple MST method
and pre-clusters are short out. We are not aware about
the stability of pre-clusters formed at this stage. So, the
pre-clusters formed from simple MST are now subjected
to the binding energy condition as follow:

ζ =
1

Nf

Nf
∑

α=1





√

(

pα −PNf

)2
+m2

α −mα +
1

2

Nf
∑

β 6=α

Vαβ



(3)

ζ < −Ebind (4)

Here, we take Ebind = 4.0 MeV/nucleon if Nf ≥ 3 and
Ebind = 0 otherwise. In this equation, Nf is the number
of nucleons in a fragment, PNf

is the average momen-
tum of the nucleons bound in the fragment. The re-
quirement of a minimum binding energy excludes loosely
bound fragments which will decay later. The realistic
value of Ebind changes slightly the fragment multiplicity
at intermediate times, but has no influence on the quanti-
tative behavior and on the asymptotic results. However,
if by using the realistic binding energy, one searches for
the most bound configuration, the results are found to
affect. At the present time, we had just focused on the
bound configurations and hence the average cut of bind-
ing energy -4 MeV/nucleon is justified.

If any pre-cluster fails to meet the binding energy con-
dition in Eqs. 3 and 4, this pre-cluster is treated as un-
bound and all the nucleons of such type of pre-cluster are
treated as free nucleons. Naturally, the artificially or lo-
cally bounded fragments will be automatically discarded
in the new MSTB method.
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FIG. 1: (Color online)(i)The upper panels: Comparison of
charge distribution of experimental data of 197Au + 197Au
and 129Xe + natSn with the results obtained us-
ing MST and MSTB algorithms. Here the theoreti-
cal calculations are of 124Sn + 124Sn for right panel.
(ii)In the bottom left (right) panels, the comparison
of the results of Zbound(Zbound/Zprojectile) dependence of
MIMFs(ZMax/ZProjectile) with the experimental data of GSI
for the projectile fragmentation of 124Sn.

III. RESULTS AND DISCUSSION

For the present study, thousands of event of
112Sn + 112Sn, 124Sn + 124Sn at central impact parame-
ter between the incident energy 50 and 600 MeV/nucleon
are simulated using the IQMD model coupled with MST
and MSTB algorithm. For the preliminary comparison of
theoretical calculations with experimental data the reac-
tions of 197Au + 197Au (at 400 MeV/nucleon for central
collisions) [32] and 124Sn + natSn (at 600 MeV/nucleon
throughout the collision geometry)[33] are also simulated.
By checking the validity of MSTB through the com-
parison of our results with experimental data, the de-
tailed analysis of rapidity and kinetic energy spectra of
isospin sensitive particles such as neutrons (n), protons
(p), triton(3H), helium (3He)is presented.
In Fig.1, the comparison of experimental data of

charge distribution and Zbound dependence of multi-
plicity of intermediate mass fragments (MIMFs), ZMax

with the calculations of MST and MSTB algorithm
is displayed. The charge distribution is displayed for



4

0

60

120

180

240
0 90 180 270 360 4500 90 180 270 360 450

0

60

120

180

240

0

5

10

15

20

0

5

10

15

20

IM
Fs

LC
Ps

i = 0.5
b = 2 fm
50 MeV/nucleon

124Sn+124Sn  

 

 

FN

(a) (b)

 

  

 (c)112Sn+112Sn  

 

 

(d)

 

  

0 90 180 270 360
0

2

4

6
(e)

 MST
 MSTB

 

 

Time(fm/c)
0 90 180 270 360 450

0

2

4

6
(f)

 

 

FIG. 2: The time evolution of different kind of fragments:
free nucleons (upper), LCPs(middle), and IMFs(bottom) pan-
els for central collisions at 50 MeV/nucleon with MST and
MSTB algorithms. The left (right) panels are for neutron-
poor (neutron-rich) 112Sn + 112Sn (124Sn + 124Sn) reaction
systems. All the results are with soft symmetry energy.

197Au + 197Au at 400 MeV/nucleon [32] (left up-
per panel) and 124Sn + 124Sn at 50 MeV/nucleon
(right upper panel)[34]. The charge distribution at 50
MeV/nucleon is well reproduced by MST as well as
MSTB algorithms, while at 400 MeV/nucleon, the data
is little underestimated by MSTB. It is not surprising
since it is well known that MSTB method can not create
additional fragments, rather, it refines the fragments and
hence results are logically true. Furthermore, when the
recent available experimental data of Zbound dependence
of MIMFs and Zmax is compared with MST and MSTB
calculations, the importance of MSTB is clearly visible.
In our recent communication[13], hard equation of state
with MST reproduces the data, can be discarded on the
basis of present results. The present results clearly indi-
cate that the soft equation of state with MSTB method
can reproduce the experimental data. The results ob-
tained are as reliable as obtained by SACA in the previ-
ous studies[35]. This is also true for the Zbound depen-
dence of ZMax. From the comparison, one can say that
except the adjustment of mean field and collision part
in term of soft and hard equation of state, it is worth
important to develop some secondary algorithms for the
proper understanding of nuclear physics phenomenas and

nuclear equation of state.

In Fig.2, the time evolution of free particles, LCPs and
IMFs for neutron-poor and neutron-rich reaction system
at 50 MeV/nucleon with MST and MSTB algorithms is
displayed. In the high density phase, the MSTB algo-
rithm does not find any fragment with reasonable bind-
ing energy and hence most of the particles are free, while
there were a lot of artificial fragments with MST. After
the high density phase is over, it starts recognizing the
fragments, which are real, bound and stable. In all the
cases, MSTB helps to identify the fragments quite early.
From the figure, it is clear that MSTB enhances the pro-
duction of free particles and reduces the production of
LCPs and IMFs. Moreover, with increase in the size of
the fragment, MST takes less time to match with the
MSTB results and also the difference between MST and
MSTB results goes on decreasing throughout the time
evolution.

During the comparison of results between neutron-
poor and neutron-rich reaction system, it is found that
enhanced production of fragments takes place for the
more neutron-rich system. The enhanced production is
sensitive for free nucleons and LCPs compared to IMFs.
It is also shown by us recently that free nucleons and
LCPs are more sensitive towards the symmetry energy
compared to IMFs[13]. In this regard, the sensitivity of
free nucleons and LCPs with MSTB towards the neutron-
rich system can also play an important role in the pre-
diction of symmetry energy, which is a topic of separate
discussion. For the further study, the isospin sensitive
free nucleons and LCPs, namely, n, p, 3H and 3He are
used.

In the literature, isospin effects, especially, symmetry
energy has been predicted by using the rapidity and ki-
netic energy spectra of yield, ratio or flow of different
kind of isobaric or isotopic particles[2, 7, 11]. Follow-
ing the same, in Figs. 3 (4), we display the rapidity
distribution (kinetic energy spectra) of isospin sensitive
particles n, p, 3H and 3He with MST and MSTB al-
gorithms for neutron-poor as well as neutron-rich reac-
tion systems. In addition, the differential distribution
is also plotted in the extreme right panel of both the
figures. In Fig. 3, with the increase in isospin of the
system, the results with MSTB (MST) affects the yield
of neutron-rich (proton rich) particles i.e. neutrons and
3H (protons and 3He) over all the rapidity region, es-
pecially at mid-rapidity. This is indicating the weak
(strong) contribution of Coulomb effects (symmetry en-
ergy) with MSTB compared to MST. These finding are
strengthening MSTB a good method towards the better
understanding of the symmetry energy.

The clear isospin effects can be seen from the differ-
ential rapidity distribution of (n-p) and (3H − 3He).
For neutron-rich system, quite strong sensitivity can be
seen of the differential distribution compared to individ-
ual yield distribution with MSTB. This is true for the
(n-p) as well as (3H − 3He) differential rapidity distri-
bution.
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FIG. 3: (Color online) The rapidity distribution of neutrons, protons, 3H and 3He particles for neutron-poor and neutron-rich
reaction systems with MST and MSTB algorithms. The results for the differential rapidity distribution of (n-p) and (3H −

3He)
are also presented in the right top and bottom panels, respectively.

Lets move towards the kinetic energy distribution
(Fig.4). The sensitivity towards method of clusterization
and isospin physics, collectively, is observed at lower end
of kinetic energy spectra of neutrons and diffrential (n-p),
however, at higher kinetic energies, spectra is only sensi-
tive towards the isospin physics and not toward method
of clusterization. Due to the low yield of 3H and 3He
particles at 50 MeV/nucleon, it is hard to identify the
isospin effects. It is concluded that free neutrons indi-
vidual, n-p (3H−3He ) differential spectra at low (high)
kinetic energy as well as at mid-rapidity affects the re-
sults significantly with MSTB over MST method.
In order to elaborate the kinetic energy spectra further,

the kinetic energy dependence of single ratios is shown in
Figs. 5 at 50 MeV/nucleon. In Fig. 5, more MSTB ef-
fects has been observed for neutron-rich system through-
out the kinetic energy for single neutrons to protons ratio.
As discussed earlier, the sensitivity of MSTB over MST is
decreasing towards the higher kinetic energy, is also true
here. No any systematic is observed with the present
data for 3H/3He. The statistics need to be improved
for this in near future. The higher single ratio with sim-
ple MST algorithm is due to the decreased production
of protons and not much neutrons for the neutron-rich
system. The real strength of symmetry energy is to en-

hance the production of neutrons due to repulsive nature.
The binding energy algorithm enhances (decreases) the
production of neutrons (protons) to great (weak) extent
towards the neutron-rich system. The weak sensitivity of
MSTB towards the protons production is justified as the
reaction systems 112Sn and 124Sn has same number of
protons and different neutrons. It strengthen to include
the binding energy effects for the proper understanding
of isospin effects due to symmetry energy. One must take
caution when they consider the enhanced single neutrons
to protons ratio with simple MST as a signature of sym-
metry energy.
For better understanding, one must check the sensitiv-

ity of yield contribution of different particles using the
linear or power law fit method. In Fig.6, the isospin
asymmetry dependence of yield of different particles and
corresponding ratios is fitted with the power law of the
form Y = AXτ . The numerical values in the figure
shows the value of the power law parameter τ . The
production of neutron-rich (proton-rich) particles n, 3H
(p,3He) is increasing (decreasing) with isospin asymme-
try of the system for MST as well as MSTB algorithm. In
comparison of neutron-rich particles, n (3H) production
is more sensitive with MSTB (MST) algorithm, however,
in comparison of proton-rich particles p(3He) are more
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FIG. 4: (Color online) Same as in Fig.3, but for the kinetic energy dependence instead of rapidity distribution dependence.

sensitive with MST (MSTB) algorithm. It is indicating
3H and 3He produced with simple MST are greatly un-
stable. Especially, it is true for 3He particles, which is
already verified from physics point of view. Furthermore,
the sensitivity of n/p (3H/3He) ratio is high with MST
method. Interestingly, the sensitivity parameter differ-
ence of MST over MSTB is quite strong for n/p com-
pared to 3H/3He. This difference motivated us to study
the same sensitivity towards the high incident energy.

Just like the Fig.6, the isospin asymmetry dependences
of n/p and 3H/3He is fitted towards the high incident
energies of 100, 200, 400 and 600 MeV/nucleon with the
power law. The incident energy dependence of power law
parameter τ is shown in Fig.7. The sensitivity of n/p
(3H/3He) with the incident energy is decreasing (zig-zag
motion). For n/p, it is due to the importance of other
degree of freedoms such as meson production and nu-
cleon resonances towards the high incident energy. Upto
1 GeV/nucleon, the Ultra-relativistic QMD (UrQMD)
[38] as well as IQMD [21] can explain the experimental
GSI data with a good degree of accuracy. For the better
reproduction of experimental data with IQMD model on
and above 600 MeV/nucleon till 1GeV/nucleon, the dif-
ferent kind of clusterization methods also plays quite im-
portant role [26, 35]. In addition, UrQMD, in which me-
son production and nucleon resonances are well treated,
has been able to explain the experimental data above 1
GeV/nucleon also, where IQMD model fails badly. For
3H/3He, the zig zag behavior with incident energy is due

to the platue formation for LCPs production around 400
MeV/nucleon[36]. The sensitivity of n/p (3H/3He) with
MSTB is decreasing (increasing) towards the high inci-
dent energy, which is quite interesting observation. The
study is clearly indicating that the contribution of differ-
ent type of particles towards the isospin physics at higher
incident energies with different clusterization methods is
found to vary drastically. [37].

IV. CONCLUSION

In conclusion, we have introduced, first time, a clus-
terization method with binding energy cut coupled with
IQMD in order to understand the isospin physics. How-
ever, the binding energy clusterization methods like
MSTB, SACA were also used earlier for the study of
many phenomena’s in heavy-ion collisions at interme-
diate energies [23, 26, 31, 35], but not for the study
of isospin physics. The importance of present MSTB
method is as follow: 1. The contribution of energy from
momentum dependent interactions and symmetry poten-
tial is included during the calculation of total binding en-
ergy of fragments, which is affecting the actual yield of
fragments compared to earlier MSTB method. 2. When
the method is applied to isospin sensitive fragments, the
drastic variation in the results can be seen, which was
never checked with this method earlier.
The detailed results are presented below. With this
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FIG. 5: The kinetic energy dependence of single n/p
(3H/3He) in top (bottom) panels for neutron-poor and
neutron-rich reaction systems with MST and MSTB algo-
rithms.

method, we found enhanced production of free nucleons,
while decreased production of light charged particles.
The free nucleons enhancement is mostly found to
contributed from the symmetry energy sensitive particle
i.e. neutrons. The absolute and differential yield of
isospin sensitive particles n,p, 3H and 3He is found
to be greatly affected by MSTB in mid rapidity and
low kinetic energy region. The magnitude of kinetic
energy dependence of single neutrons to protons ratio is
found to be decrease with MSTB and is mostly affected
for the neutron-rich system. The yield sensitivity with
MSTB method towards high incident energy is found to
decrease (increase) for n/p (3H/3He). The sensitivity
at high incident energy need to be tested in near future.
In conclusion, the binding energy cut is of utmost im-
portance in heavy-ion collisions at intermediate energies

in order to understand the isospin physics and stability
of fragments.
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