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The nuclear symmetry energy (Fsym(p)) is a vital ingredient of our understanding of many pro-
cesses, from heavy-ion collisions to neutron stars. While the total nuclear symmetry energy at
nuclear saturation density (po) is relatively well determined, its density dependence and decompo-
sition into kinetic and potential parts are not. As models predict different density dependences for
the kinetic and potential terms, fixing the magnitude of the kinetic symmetry energy at saturation
density can help constrain the magnitude of the total symmetry energy at higher densities. In
addition, calculations of the nuclear symmetry energy and its density dependence can be better
constrained using knowledge of the individual contributions of the kinetic and potential terms. The
kinetic symmetry energy, Ef;fn(po), equals the difference in the per-nucleon kinetic energy between
pure neutron matter (PNM) and symmetric nuclear matter (SNM), which is often calculated in a
simple Fermi gas model. However, experiments show that about 20% of nucleons in nuclei belong to
high-momentum correlated pairs. Short-range correlations (SRC) due to the tensor force acting pre-
dominantly on neutron-proton pairs shift nucleons to high momentum in SNM where there are equal
numbers of neutrons and protons, but have almost no effect in PNM. We present an approximate
analytical expression for Ef;ﬁz(po) of correlated nucleonic matter. We further constrain our model
with data on free neutron/proton ratios measured recently in intermediate energy nucleus-nucleus
collisions to obtain Ef{j%(po) = —3.8 £ 0.7 MeV. This result agrees qualitatively with microscopic
many-body calculations and differs significantly from the 12.5 MeV obtained for a free Fermi gas
with no correlations. We also present an approximate analytical expression for the kinetic symmetry
energy of correlated nucleonic matter as a function of nuclear density, Ef;fn (p).

PACS numbers: 25.70.-z, 25.60.-t, 25.80.Ls, 24.10.Lx

The nuclear symmetry energy Eqym(p), where p is the
nuclear density, is related to the difference in the energy
per nucleon of pure neutron matter (PNM) and sym-
metric nuclear matter (SNM). It determines many nu-
clear and astrophysical properties, such as the cooling of
proto-neutron stars [1], the mass-radius relations of neu-
tron stars [2], properties of nuclei involved in r-process
nucleosynthesis [3], and heavy-ion collisions [4-6].

Much effort is being invested in improving our knowl-
edge of Egym(p). In particular, several major radioac-
tive beam facilities being built around the world have all
listed constraining the symmetry energy as one of their
major science drivers, see, e.g., Ref. [7]. Moreover, ob-
servations of neutron stars from current missions such
as the Chandra X-ray and XMM-Newton observatories,
and upcoming missions such as the Neutron star Inte-
rior Composition ExploreR (NICER) [8] will provide high
precision data to infer more accurately neutron star radii
which are very sensitive to the symmetry energy [9-12]

Significant progress has been made in recent years in
constraining Fg,.,(p) especially around p =~ pg, the sat-
uration density, using data from both terrestrial labora-
tory experiments and astrophysical observations [13-18].
One recent survey found that the mean values of the
symmetry energy at pg from 28 different model analy-
ses of various data are all consistent with Egy.,,(po) =
31.6 £2.66 MeV [19]. However, the decomposition of the

symmetry energy into its kinetic and potential parts and
its behavior at both sub-saturation (p < pg) and supra-
saturation (p > po) densities are still poorly known.

We can improve our knowledge of the total symmetry
energy, Eqym(p), by separating it into its potential and
kinetic parts,

Esym(p) = Egym(p) + B2 (p) (1)

and probing them separately. The kinetic part of the
symmetry energy, Ef;?n(p), can be readily calculated
from the nuclear momentum distribution. The much less
well understood potential part can then be calculated as
E;gyofn(p) = EQym(p) - Efé?n(ﬂ)

This separation is valuable for several reasons. As
E f;’,jz (p) and E2t (p) have different density dependences,
the total symmetry energy can be more reliably ex-
trapolated to higher densities by extrapolating its ki-
netic and potential parts separately. Secondly, knowledge
of Eg’?‘!’fn(p)is important for constraining key parameters
in calculations of the symmetry energy, such as three-
body forces [20] and high-order chiral effective interac-
tions [21]. These improved models then allow extrapo-

lation of EP° (p) to supra-saturation densities with im-

sym .
proved accuracy [18, 22-24]. Thirdly, knowing Efgﬁl(p)
and Eg’;’fn(p) separately is required to describe heavy-ion

reactions and describe the isovector dynamical observ-
ables. For example, the density dependence of Egym(p)



as extracted from heavy-ion collisions depends on models
of EX™ (p) [23].

The kinetic part is often approximated in a nonrela-
tivistic free Fermi gas model as the per-nucleon differ-
ence between the kinetic energy of pure neutron matter
at a density p and the kinetic energy of symmetric nu-
clear matter where the protons and neutrons each have
density p/2:

Egym(P)lva = (2%_1)2EF(/0) ~ 12.5MeV(p/po)??® (2)

sym
where Er(p) is the Fermi energy at density p.

However, short-range correlations (SRC) due to the
tensor force acting predominantly between neutron-
proton pairs significantly increase the average momen-
tum and hence the kinetic energy in SNM but have al-
most no effect in PNM. They thus reduce significantly
the kinetic symmetry energy, possibly even to negative
values. This has been shown recently in both phenomeno-
logical models [26] and microscopic many-body theories
[27-30]. For a given symmetry energy, Fqym(p), the SRC
induced decrease of E" (p) increases EES! (p) beyond

sym

its Fermi Gas model limit of EP% (pg) = Eym(po) —

sym
E?Z,’;l(poﬂpg ~ 19.1 MeV at saturation density. This is
important for transport model simulations of heavy-ion
collisions [4-6, 31, 32].

In this paper we provide a phenomenological analytical
expression for the kinetic symmetry energy of correlated
nucleonic matter based on calculations of nuclear mo-
mentum distributions and on data at saturation density
(po) from inclusive (e, e’) and exclusive (e, e’pN) scatter-
ing experiments at the Thomas Jefferson National Accel-
erator Facility (JLab) [33-37]. We further constrain our
model using transport model analyses of nucleon emis-
sion data in intermediate energy heavy-ion collisions at
Michigan State University (MSU) [38, 39].

It has long been known that the tensor force induced
SRC leads to a high-momentum tail in the single-nucleon
momentum distribution around 300-600 MeV /c [40, 41].
This high-momentum tail scales, i.e., its shape is almost
identical for all nuclei from deuteron to infinite nuclear
matter, see, e.g. Refs. [42-44]. This is shown by the
constancy of the ratio of the per nucleon inclusive (e, e’)
cross sections for nucleus A to the deuteron, as(A), for
Bjorken scaling parameter zp between about 1.5 and 1.9
[33-35, 45]. The ratio of the momentum distribution in
nucleus A to the deuteron for 300 < k < 600 MeV/c
is just the cross section ratio ag(A). Extrapolation of
the measured as(A) to infinite SNM using three different
techniques [46—48], yield an average value of ag(c0) =
7 £ 1. The uncertainty in the extrapolation represents
about 50% of the difference between as(A) = 5 for heavy
nuclei and as(00) = 7 for SNM.

Exclusive two-nucleon knockout experiments [36, 37,
49-51] show that, for 300 < k& < 600 MeV/c, proton
knockout is accompanied by a recoil second nucleon and

that second nucleon is predominantly a neutron, i.e., that
np-SRC pairs dominate over pp pairs by a factor of about
20. For recent reviews, see Refs. [52, 53]. This implies
that correlations are about 20 times smaller in PNM than
in SNM. Since the integral of the deuteron momentum
distribution from 300 to 600 MeV /c is about 4% [54] and
as(00) = 741, the probability to find a high-momentum
nucleon in SNM is about 25% and in PNM is about 1 —
2%.

The deuteron momentum distribution, ng4(k), de-
creases as 1/k?* for 300 < k <600 MeV /c [55]. Since the
nuclear momentum distribution, n4(k), in that range is
predominantly due to np-SRC pairs and since it is pro-
portional to the deuteron distribution, we can write that
na(k/kr)(k/kp)* = Rgaz(A), where Ry = 0.64 + 0.10
is extracted from the deuteron momentum distribution,
and kp is the Fermi momentum [55]. At higher mo-
menta, the momentum distribution n(k) drops much
more rapidly.

This is supported by “exact” variational Monte Carlo
(VMC) momentum distributions calculated [56] for *He
and '°B which decrease as k=% for np pairs with small
pair center-of-mass momentum for nucleon momenta
1.2 < k/kp < 3 to within about 10%.

We therefore model n(k) for SNM with a depleted
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FIG. 1: (Color online) The per-nucleon kinetic energy calcu-
lated using the Correlated Fermi Gas (CFG) model (diagonal
red band) for atomic nuclei from '2C to 2°®Pb. The calculated
kinetic energy is shown as a function of A, the high-momentum
tail cutoff parameter. The vertical blue band shows the con-
straints on A from the deuteron momentum distribution. The
red band reflects the model uncertainties. Also shown are the
results from the uncorrelated Fermi Gas model (dashed purple
line) and a horizontal black band spanning the results from
many-body nuclear calculations for various nuclei from 2C
to 2%8Pb [57] and from exact variational Monte Carlo (VMC)
calculations for 2C [56].



Fermi gas region and a correlated high-momentum tail:

AO k< kF
nENG(R) = § Coo/k" b < b < ARG 3)
0 k> Ak,

where C = Rgaz(00)kp = cokr is the phenomenologi-
cal height factor [55], co = 4.1640.95, k% is the Fermi mo-
mentum at pg and A ~ 2.75£0.25 is the high-momentum
cutoff obtained from the momentum distribution of the
deuteron [55]. Ay is a constant given by

372 po 1. p Co
Apg = — KO _ (/e 4
0 (k‘%)?’p [ >\(p0) }71_2 ) ()
determined by the normalization
4m AR SRC 2

Based on the JLab data [37], fewer than 2% of neutrons
belong to nn-SRC pairs. We thus use the free Fermi
gas model for PNM and include the 2% upper limit for
correlated neutrons in our estimate of the uncertainty
band. In what follows we refer to this as the Correlated
Fermi Gas (CFG) model.

The per nucleon kinetic energy of nuclei and of sym-
metric nuclear matter can then be calculated from the
momentum distribution using
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FIG. 2: (Color online) The per-nucleon kinetic energy for
symmetric nuclear matter calculated using the Correlated
Fermi Gas (CFG) model (red band). The calculated ki-
netic energy is shown as a function of A\, the high-momentum
tail cutoff parameter. The blue band shows the constraints
on A from the deuteron momentum distribution. The red
band reflects the model uncertainties. Also shown are the
results from the uncorrelated Fermi Gas model (dashed pur-
ple line), the Brueckner-Hartree-Fock (BHF) model using the
AV-18 interaction [27], and the Self-Consistent Greens Func-
tion (SCGF) approach using the CDBonn, N3LO, and AV18
nucleon-nucleon interactions [29, 30].
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FIG. 3: (Color online) The per-nucleon kinetic symmetry en-
ergy at saturation density, Ef;fn(po), calculated using the
Correlated Fermi-Gas model (diagonal red band) as a func-
tion of A, the high-momentum tail cutoff parameter. The
dashed purple line shows the results of the uncorrelated Fermi
Gas model. The green band shows the results from transport
model analyses of Sn+Sn collisions described in the text. Also
shown for comparison are the results from microscopic cal-
culations: Brueckner-Hartree-Fock (BHF) [27], Fermi-Hyper-
Netted-Chain (FHNC) [28] and the Self-Consistent Greens
Function (SCGF) using the CDBonn, N3LO, Nijl, and AV18
nucleon-nucleon interactions [29, 30].

Fig. 1 shows the resulting kinetic energy for finite nuclei,
calculated within the CFG model using a2(A) =5+ 0.3.
The CFG kinetic energy is much larger than that of the
uncorrelated Fermi Gas. It agrees with the kinetic ener-
gies from many-body nuclear calculations for 12C, 160,
40Ca, %Fe, and 2°%Pb [57] and from VMC calculations
for 12C [56].

Almost all phenomenological and microscopic many-
body theories lead to Equations of State (EOS) of asym-
metric nucleonic matter that vary quadratically with the
isospin-asymmetry § = (p, — pp)/(pn + pp) according to
the so-called empirical parabolic law E(p,0) = E(p,d =
0) + Esym(p)d? + O(6%). The coefficient of the §* term
at po has been found to be less than 1 MeV [32]. The
symmetry energy can thus be calculated equally accu-
rately from either the energy difference between PNM
and SNM, i.e., Esym(p) = E(p,1) — E(p,0) or the curva-

2
%85%25’6) at any 6.

ture Egym(p) =

However, it has never been tested whether the em-
pirical parabolic law is valid separately for the kinetic
and potential parts of the EOS. While the free Fermi
gas kinetic energy satisfies the parabolic law, models
that include SRC may not [59]. To be consistent and
compare with the free Fermi gas model and microscopic
many-body theories, we will define the kinetic symme-
try energy of correlated nucleonic matter as Ef;r’;(p) =
Ekin (p) — EE, (p). We add a SRC correction term to
the Fermi Gas symmetry energy to get the full kinetic



symmetry energy:

BN (p) = Bhin (Dlve — ABER (o) (7)

sym sym sym

where the SRC correction term is:

P13 8 p 2/3 31 p
AN — — =(= -——(—)].
(Po) 5(00) Jr5)\(,00)
(8)

As one expects, the SRC correction increases with both
the height (cp = Co/kr = Rgaz(o0)) and width () of
the high-momentum tail in SNM.

Fig. 2 shows the average nucleon kinetic energy for
SNM, ESIQ”M(pO) calculated at saturation density, and
shown as a function of A. The CFG calculation is done
using az(oc0) = 7+ 1 and Ry = 0.64 £ 0.10, and is com-
pared with the free Fermi gas model and the predictions
of several microscopic models [27-30]. The error band on
the CFG results combines estimated uncertainties in Ry
and ag(00). The self-consistent Green’s function (SCGF)
calculations of the kinetic energy of symmetric nuclear
matter, EET (po) [29, 30], agree with our CFG calcula-
tion (Fig. 2).

Fig. 3 shows the kinetic symmetry energy, Efyigl(po)
calculated at saturation density assuming a free Fermi
gas model for PNM and shown as a function of A. The
error band on the CFG results combines estimated un-
certainties in Ry, az(00) and the amount of SRC in PNM
(< 2%). Within the uncertainty range of the parameter
A =2.754+0.25, Eskyi;‘l(po) is found to be —10£7.5 MeV,
much less than the free Fermi gas result of ~ +12.5 MeV.
The microscopic many-body theories yield results that
are significantly smaller than the free Fermi gas predic-
tion but significantly larger than our CFG model. De-
spite the agreement between our CFG model and the
SCGF calculations of the kinetic energy of symmetric

nuclear matter, E5%, (po) [29, 30], the SCGF symmetry

energy, E4 (po) = EENy(po) — E§Na(po), is signifi-

cantly larger than our model’s. This is because the SCGF
calculations include about 10% correlations in PNM.

The dynamics of heavy-ion collisions around the Fermi
energy are sensitive to the density dependence of the nu-
clear symmetry energy around pg [31, 32]. The ratio of
free neutrons to protons emitted in heavy-ion collisions
was found to be the most sensitive and direct observable
[4] for probing the symmetry energy. This ratio has been
measured recently in 124Sn+ 124Sn and 1'2Sn+ '2Sn re-
actions at Epeam/A = 50 and 120 MeV at MSU [39] with
much better precision than earlier experiments [38]. The
data are given for the double ratio of neutrons to protons
in 124Sn+ '248n to ''2Sn+ '12Sn reactions to reduce sys-
tematic errors associated with neutron detection.

We performed an IBUU transport model [32] analysis
of this double ratio by introducing two parameters, 17 and
v, in modeling the potential symmetry energy

EP (p) = [Esym(po) — nE%im (po)lecl(p/po)”. (9)

) EY
AEkln = i Co
2

sym

Without considering the momentum dependence of nu-
clear potentials, the corresponding symmetry potential is
then

V22(p,6) = [Esym(po) — nELim (po)lvc](p/po)
x [£28 + (v — 1)6%]. (10)

The 2 term dominates. The + sign is due to the fact
that neutrons and protons feel repulsive and attractive
symmetry potentials respectively.

We varied n and y on a large 2D fine lattice to minimize
the x? between the model calculations and the MSU data
at both beam energies. We then performed a covariance
analysis to find the uncertainties of n7 and 7y corresponding
to a £1o error band using the method reviewed recently
in Refs. [60, 61]. We used an impact parameter of 3 fm,
consistent with that estimated for the data [62]. Free
nucleons are identified as those with local densities less
than pg/8 at the time of their final freeze-out from the
reaction. Calculations using a phase-space coalescence
model lead to similar results within the error band [25].

Fig. 4 shows the single (lower panel) and double (up-
per panel) free neutron/proton ratios in the two Sn+Sn
reactions at Epeqm /A = 50 MeV /nucleon [39]. The calcu-
lations (red band) shown used the optimized parameters
1o = —0.30(1 £ 18.53%) and 9 = 0.80(1 £ 5.98%) with
a x3 = 8. The g = —0.30(1 £ 18.5%) corresponds to
En (po) = —(3.8£0.7) MeV. This value of EF" (po)
was determined without considering the momentum de-
pendence of the symmetry potential known to decrease
somewhat the free neutron/proton ratio [63]. It thus rep-
resents the maximum kinetic symmetry energy allowed to
reproduce the MSU data. For comparison, results with
a x? = 21 using EX" (po)lpc = 12.5 MeV and v = 0.8
are also shown. Calculations with EF" (po)|rc and other
values of v between 0.4 and 1 leads to higher x? values.

To understand effects of the reduced EX7 (po) it is
instructive to also examine the single neutron/proton ra-
tio in each reaction. The lower panel of Fig. 4 shows
that the reduced kinetic symmetry energy at p = pg
increases the potential symmetry energy which leads to
an enhanced neutron to proton ratio for both reactions
because of the stronger repulsive (attractive) symmetry
potential for neutrons (protons). The effect is more pro-
nounced for more energetic nucleons as they are the ones
mostly from the participant region in the earlier stage of
the reaction where the nucleon density is higher.

Measurements at Epeqm /A = 120 MeV are even better
described by the calculation [25] but have reduced sensi-
tivity to the symmetry energy. The reduced sensitivity
to the symmetry energy at higher beam energies is due to
the increased effects of nucleon-nucleon collisions over the
mean-field in the reaction dynamics and the decreased
ratio of isovector/isoscalar potential at higher densities
[32].

The value of EFi" (pg) determined from the neutron to



proton ratios in Sn+Sn collisions is consistent with that
calculated using our CFG model (see Fig. 3). By combin-
ing the Sn+Sn collision value of E¥% (pg) = —3.8 £ 0.7
MeV with the electron scattering data, we can further re-
strict the height and width parameters of the CFG model
to A =2.62+0.12 and ¢g = 3.9 £ 0.4 | see Fig. 5. Using
Eq. 7 we can also predict the density dependence of the
kinetic symmetry energy. For 0.5 < p/po < 3, EFi" (p)
in the CFG model has the same slope as the free Fermi
gas model but with significantly reduced value.

To summarize, while the electron scattering and
nucleus-nucleus collision experiments probe directly the
kinetic and potential symmetry energies respectively,
they are interconnected. Synthesizing complementary in-
formation from these experiments we provided an analyt-
ical expression for a negative kinetic symmetry energy of

correlated nucleonic matter at p = pg in contrast to the
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FIG. 4: (Color online) (Lower window) The calculated free
neutron/proton ratio in **Sn+ '?*Sn and *2Sn+ ''?Sn re-
actions in full phase space at Epeqm/A = 50 MeV and an
impact parameter of 3 fm. (Upper window) The calculated
double ratio of free neutron/protons in the two reactions in
comparison with the MSU data for transversely emitted nu-
cleons in the angular range of 70° < s < 110° [39]. The
bands represent 1o uncertainty of the calculations.
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FIG. 5: (Color online) The constraints on the width (A) and
strength (co) parameters of the Correlated Fermi Gas (CFG)
model from electron scattering (blue box) and Sn-Sn collisions
as described in the text (red band). See text for details

free Fermi gas model prediction widely used in nuclear
physics and astrophysics over the last several decades.
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