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Using the relativistic Vlasov-Uehling-Uhlenbeck (RVUU) equation based on mean fields from
the nonlinear relativistic NLp and N Lpd models, which have same nuclear equation of state and
symmetry energy but different symmetry energy slope parameters, we study the effect of medium
modification of the pion production threshold on the total pion yield and the 7~ /7" ratio in Au+Au
collisions. We find that the in-medium threshold effect enhances both the total pion yield and the
7~ /7" ratio, compared to those without this effect. Furthermore, including the medium modifi-
cation of the pion production threshold leads to a larger 7~ /7" ratio for the NLpd model with a
larger symmetry energy parameter than the NV Lp model with a smaller symmetry energy parameter,
opposite to that found without the in-medium threshold effect. To reproduce the total pion yield
measured by the FOPI Collaboration, we introduce a density-dependent cross section for A baryon
production from nucleon-nucleon collisions, which suppresses the total pion yield but hardly changes
the 7~ /7" ratio. Because of the small difference in the stiffness of their symmetry energies, the
7~ /7" ratios obtained from both the NLp and NLpd models are consistent with the FOPI data
within the experimental errors.

PACS numbers: 25.70.-z, 25.60.-t, 25.80.Ls, 24.10.Lx

I. INTRODUCTION tio in the final pion yield [5].

Many theoretical studies

The nuclear symmetry energy is an important quantity
for describing the properties of asymmetric nuclear mat-
ter. It is defined as one half of the second derivative of the
energy per nucleon in asymmetric nuclear matter with re-
spect to its isospin asymmetry o = (pn — pp)/(Pn + Pp),
where p,, and p,, are the neutron and proton densities, re-
spectively. Although our knowledge on the nuclear sym-
metry energy at normal and subnormal densities have
been relatively well determined from the properties of nu-
clei and the isospin sensitive observables in intermediate-
energy heavy ion collisions, very little is known about
its behaviors at high densities [1, 2]. In Ref. [3], it was
suggested that the 7= /7% ratio in heavy ion collisions
induced by neutron-rich nuclei at energies near the pion
production threshold in nucleon-nucleon collisions in free
space would be sensitive to the stiffness of nuclear sym-
metry energy at high densities. This can be understood
by noting that pions are produced in these collisions
from the decay of Delta resonances created from nucleon-
nucleon collisions during the compression stage of heavy
ion collisions, with A~ mainly from n + n collisions and
ATT mainly from p+p collisions [4]. Since the stiffness of
nuclear symmetry energy affects the isospin asymmetry
of produced dense nuclear matter, with a soft one lead-
ing to more neutrons than protons, more A~ and thus
more 7w~ are produced, resulting in a larger 7~ /7T ra-
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based on various transport models have since been car-
ried out to study the 7~ /7 ratio in heavy ion collisions.
Comparing these theoretical results with the experimen-
tal data from the FOPI Collaboration [6] has led, how-
ever, to widely different conclusions on the stiffness of
the nuclear symmetry energy at high densities. Some of
these studies indicate that the nuclear symmetry energy
is stiff and increases approximately linearly with the nu-
clear density [7], while others claim that it is supersoft
and vanishes at about three times the normal nuclear
matter density [8, 9].

In all above studies, the cross section for Delta reso-
nance production in nucleon-nucleon collisions is taken
from that in free space. As pointed out in Ref. [10],
the threshold for this reaction is modified in neutron-
rich matter when one takes into account the effect of
the nuclear symmetry energy on the mean-field poten-
tials acting on the initial and final particles. This effect
also changes the branching ratio of a Delta resonance de-
caying to different pion charged states. As a result, the
final 7= /7T ratio in a heavy ion collision including such
threshold effect is different from that without this effect.
In the study of Ref. [10] based on the relativistic mean-
field models, it was found that the threshold effect tends
to cancel the effect of the symmetry energy on the 7= /7™
ratio in heavy ion collisions, thus reducing the sensitivity
of this ratio to the stiffness of nuclear symmetry energy
at high densities.

How the threshold effect on pion production is imple-
mented in Ref. [10] is, however, not described in sufficient
detail. Also, no comparison of the theoretical results with
experimental data is made in this study. In the present



study, we give the procedure for the determination of the
in-medium threshold energy and also compare the theo-
retical results with available data to extract the nuclear
symmetry energy at high densities. Specifically, we ex-
tend the Relativistic Vlasov-Uhling-Uhlenbeck (RVUU)
model [11-13] by including explicitly the different isospin
states of nucleons, Delta resonances, and pions. As in
Ref. [10], our study is based on the nonlinear relativistic
NLp and N Lpd mean-field models that describe the in-
teraction between nucleons by the exchange of scalar and
vector mesons as well as isoscalar and isovector mesons.
We find that the threshold effect due to the vector mean
fields cancels or even reverses the effect of nuclear sym-
metry energy on the 7~ /7 ratio as in Ref. [10]. On the
other hand, the threshold effect due to the scalar mean
fields enhances the pion yield regardless of the stiffness
of nuclear symmetry energy, assuming that the cross sec-
tions for A production have the same form as in vac-
uum. To reproduce the experimental data on the pion
yield requires, however, the introduction of a density de-
pendence in the cross sections for A production in the
nuclear medium. Because of the small difference in the
stiffness of their symmetry energies, the 7~ /7 ratios ob-
tained from both the NLp and N Lpd models are found
to be consistent with the FOPI data within the experi-
mental errors.

This paper is organized as follows: In Sec. II, we briefly
review the nonlinear relativistic mean-field model. We
then describe in Sec. IIT the RVUU equation for the time
evolutions of the nucleon, A, and pion phase-space dis-
tribution functions under the influence of the relativistic
mean fields as well as the nucleon and A scatterings, and
A decays. The covariant threshold effect is explained in
Sec. IV, and the results from Au+Au collisions are given
in Sec. V. Finally, a summary is given in Sec. VI. The
derivations of the symmetry energy and the threshold
energy in the relativistic mean-field model are given in
Appendix A and B, respectively.

II. NONLINEAR RELATIVISTIC MEAN-FIELD
MODEL

The Lagrangian for the relativistic mean-field model
NLp or NLpé is given by [14]

L=N Yu (10 — gowt — g,7 - pt)
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where Q,, = 0w, — 0w, and R,, = Ou.p, — Bupu.
In the above Lagrangian, N, o, w,, 6, and p,, denote
the nucleon, isoscalar-scalar, isoscalar-vector, isovector-
scalar, and isovector-vector fields, respectively, with their
corresponding masses mpy, Mgy, My, Ms, and m,. The
couplings of the mesons to nucleons are given by ¢,, gu,
gs, and g,, while the o meson self interaction is described
by the strength parameters a and b. Values of the param-
eters in the NLp and N Lpé models are given in Table
I [14]. We note that the & field is absent in the NLp
model.

NLp N Lpé

fi = (gi/mi)?

fo (fm?) 10.33

fu (fm?) 5.42

fo (fm?) 0.95 3.15

fs (fm?) 0 2.5
a/g3 (fm™1) 0.033

b/ga -0.0048

TABLE I: Parameters in the NLp and N Lpé models with f;
defined by (g:/m;)?* [14].

In the mean-field approximation, one neglects the
derivatives of meson fields and obtains following field
equations:

|:7u (Zau - gwwu - ng3P§)
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m2o + ao® + bo® = g, NN,
m3ds = gsNy 73N,
m2wh = g,Nvy"N,

m?2p = g,N73N. (3)

Eq.(1) then becomes the Lagrangian for noninteracting
nucleons with the effective mass m; and the kinetic or
physical energy-momentum p/”,

m; =my — go0 F gs03,
i =p' — guw” F 9,05, (4)

where i = p, n for the upper and lower signs, respectively.
In terms of the nucleon scalar and vector densities,
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with Ef = /m;?+p;? and fi(p}) being the nucleon
distribution function including the spin degeneracy, the




meson field equations can then be expressed as

m?,o + ac? 4+ bod = 9o (Pp + Pn),
m3ds = gs(dp — én),

miwt = g, (Gh + k),
2 . .
mps = 9oy —in)- (6)
We note that the time component of the vector density
corresponds to the proton or neutron density, i.e., jg = pp
and j; = pp.
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FIG. 1: (Color online) Proton and neutron effective masses in
asymmetric nuclear matter of isospin asymmetry a = 0.2 and
at zero temperature as functions of nuclear matter density in
the NLp and N Lpdé models [14].

The nucleon effective mass can be obtained by solv-
ing above equations iteratively. Figure 1 shows the pro-
ton and neutron masses in asymmetric nuclear matter of
isospin asymmetry « = (jp — jo)/ (49 + jJ) = 0.2, com-
parable to that of a Au nucleus, and at zero temperature
as functions of nuclear matter density for the NLp and
NLpé models. It is seen that the proton and neutron
masses in asymmetric nuclear matter are degenerate in
the N Lp model but become different in the N Lpd model
with the proton mass larger than the neutron mass as
a result of their interactions with the isovector-isoscalar
meson 4 [14].

In the mean-field approximation, the energy-
momentum tensor of a nuclear matter is given by [14]
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where Eq. (2) has been used in obtaining the expression
in the square bracket.

In a static nuclear matter with p; = p;, the
density and pressure are then
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FIG. 2: (Color online) Binding energy per nucleon of sym-

metric nuclear matter at zero temperature as a function of
nuclear matter density.

The binding energy of a nucleon in nuclear matter is
given by
E/N =¢/pn — mn, (10)
where py = jO + jg is the density of the nuclear mat-
ter. For symmetric nuclear matter, both N Lp and N Lpd
models give the same binding energy as a result of vanish-
ing isospin asymmetry. This is shown in Fig. 2 for sym-
metric nuclear matter at zero temperature. It indicates
that the binding energy per nucleon of symmetric nuclear
matter in both NL/p and N Lpd model is 16 MeV at the
saturation density of pg = 0.16 fm—3. The curvature of
the binding energy at po is related to the incompressibil-
ity of symmetric nuclear matter, given by [15]

AL

(11)

PN =po



Its value in both NLp and NIpd models is about
240 MeV.

In asymmetric nuclear matter, the energy per nucleon
is a function of the density px and isospin asymmetry a.
When expanded in terms of «, it is written as

E/N(pNva) = E/N(pN,O) +Esym(pN)O‘2 T (12)

where
0%¢

= 5PN
a=0 2 8{)%

, (13)
p1=0

Esym (PN) =3

19%(E/N) 1
2 0a?

with pr = j) — jp, is the nuclear symmetry energy.
For nuclear matter at zero temperature, the symmetry
energy in the N Lp and N Lpd models are given by [14, 16]
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where pr and Er are the nucleon Fermi momentum and
energy, respectively, and

A(pp,m*) = ﬁ/w d3p( L

P2 + m*2)3/2"

i (15)

Details of the derivation are given in Appendix A.
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FIG. 3: (Color online) Symmetry energy as a function of nu-
clear density in the NLp and N Lpd models [14].

Figure 3 shows the symmetry energy as a function of
nuclear density obtained in the NLp and NLpd mod-
els. Compared to that in the N Lp model, the symmetry
energy in the NLpd model is slightly smaller below the
saturation density and larger above it. Both are, how-
ever, about 30 MeV at saturation density.

Defining the symmetry energy slope parameter by its
density derivative at normal nuclear density,

dEsym (PN)

b= dpn

: (16)

PN =pP0

its value is 83 MeV for the N Lp model and 98 MeV for
the N Lpd model. Because of its larger symmetry energy
slope parameter, the N Lpd model has a stiffer symmetry
energy at high densities than the N Lp model.

IIT. RELATIVISTIC
VLASOV-UEHLING-UHLENBECK EQUATION

To describe the time evolution of the nucleon distri-
bution function f(7,p}t) in phase space under the influ-
ence of the relativistic mean fields, we use the relativistic
Vlasov-Uehling-Uhlenbeck (RVUU) equation, which can
be concisely written as [13]

0 .

§f+v-vrf—VTH~fo:C. (17)
In the above, H = \/M*? 4+ p*2 4+ g,w°® £ g,(p3)o is the
Hamiltonian of a nucleon in the presence of mean fields
with the upper sign for proton and the lower sign for
neutron, and C denotes the collision integral. For the
latter, we include both nucleon-nucleon elastic and in-
elastic scattering that produces a A resonance.

For the A resonance, which has an isospin of three
halves, we assume that its interactions with the § and
p fields are related to those of nucleons via its isospin
structure in terms of those of the nucleon and pion. For
example, a AT is related to the nucleon and pion by

31 2 (11
__.AJr — \/j — . 10: 0
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and its coupling to § and p has contributions of two thirds
from the proton and one third from the neutron. The
effective mass and canonical energy-momentum of A%
are thus

N 1
Mma+ = MA — Go0 — 595537

. 1
Phe = P+ gow + ggppg : (19)

Similarly, the effective mass and canonical energy-
momentum of other charged states of A resonance are

Mp++ = MA — §o0 — g503,

N 1
MAo = MA — o0 + 5965&

MA- = MA — go0 + 9503, (20)
and
Phavr = P+ gowt + 9,05,
Pho = P+ gowh — %gppé‘ ,
Pho = P+ guw! — gpph. (21)



The time evolution of the A resonance phase space dis-
tribution functions is then described by a similar RVUU
equation as the one for nucleons.

For the collision integral in the RVUU equation, which
changes the momenta of nucleons and A resonances, we
use the baryon-baryon total elastic scattering

elastic .
o5 pp(mb) =55,

=20+ 5
N 1+ 100(y/s — 1.8993)

V5 < 1.8993 GeV,
. Vs > 1.8993 GeV (22)

and differential cross section

elastic _ 6
AOHE Y pn oy [_O13.05(/5 — 1866)} ] e
dt 1+ {3.65( /s — 1.866)}

parameterized in Ref. [18].

For A resonance production in a nucleon-nucleon scat-
tering, we use the cross section calculated in the one-
boson exchange model [4] and employ the detailed bal-
ance relation to obtain its absorption cross section by a
nucleon [19, 20]. In particular, we include only the re-
action NN < NA as the heavy ion collision energies
considered in the present study are relatively low. Be-
cause of its resonance nature, a A is produced with a
mass distribution of

I(q)/4

falm) = o + TP

(24)

with mg being the resonance peak of A baryon shifted
from its free-space value of 1.231 GeV by the scalar mean
field and T'(q) being the width given by

B 0.47 i
1 40.6(g/mg)2m2’

I'(q) (25)

where m, and q are, respectively, the pion mass and its
three momentum from the decay A — N7 in the A rest
frame.

For pions from the decays of A resonances, they are
treated in the RVUU model as free propagating particles
except inelastic scattering with nucleons to form the A
resonances. The cross section for A formation in pion-
nucleon scattering has the Breit-Wigner form,

TrNoA =0 (‘1_0)2 (a)/4
A I ) (Vs —mo +T%(g)/4°

where the maximum cross section opmax is taken to be
190, 50, and 30 mb for 77p — ATt and 77 n — A,
for 7% — AT and 7°n — A°, and for 7 p — AC and
7Tn — AT, respectively; ¢ is same as in Eq. (25) and ¢
is the three momentum of the pion at /s = mq [20].
The phase space distribution function of pions thus
satisfies a similar equation as given by Eq. (17) but with-
out the mean-field term. There have been attempts to
include the pion mean-field potential on pion production
in heavy ion collisions [21]. Although the effect of pion

(26)

mean-field potential on the charged pion ratio is not neg-
ligible [22, 23], it is nontrivial to be included in the trans-
port model and will thus not be addressed in the present
study.

We note that in both NN < NA and A + N pro-
cesses, the Pauli blocking for final-state baryons is taken
into account via the method of Ref. [18]. Specifically,
we determine the numbers of baryons N3 and Ny in the
phase space volume defined by |A7 | = [3/(47po)]'/?
and |Ap | = [67%po/(2s + 1)]*/3, with s being the spin
of baryon, around the phase space points (rs,ps) and
(r4,pa) of the two final baryons and then take the prob-
ability of not being Pauli blocked to be (1 — N3)(1 — Ny).

IV. THRESHOLD EFFECTS

For inelastic reactions in a medium such as NN —
NA, their thresholds can be different from those in free
space when mean-field potentials in the initial and fi-
nal states are different. Following the condition derived
in Appendix B for the threshold A~ mass in the de-
cay A~ — nm—, the threshold energy for the reaction
NN — NA in a medium described by the relativistic
mean fields is determined by requiring vanishing kinetic
momenta of final nucleon and A in the frame where the
total kinetic momentum of the final state is zero, i.e.,
ps* +ps = 0 [10]. Since the canonical momentum is
conserved in a collision, i.e., p1 + p2 = pPs + P4, this
frame can be obtained from the Laboratory frame by a
Lorentz transformation with the velocity,

> P3PS PP — Y33
P=frTE""F 50" (27)
3 4 1+ Er =Xy =3y

where ¥ and X/ are mean fields in the laboratory frame.
The threshold energy for the reaction NN — NA is then
given by

Vo =\ (m + 5 4 mj + 592 — S5+ T2, (28)

For a static nuclear matter, i.e., 3; = 0 and p; ~ 0,
the difference between the incident and threshold ener-
gies [10] is

Vsin — Vs ~ Ef + E5 + 59 + 9
—mj —mj — 33 — Y, (29)

which in the nonrelativistic limit becomes

VSin — VS = my +ma —m3 —my

Ipil? | Ipsl?
DU 1 3 QN S
TR S 3 4+2m*1‘ 2m3
+20 439 - 2% - %9 (30)

with X7 =m} —m;.

Table II shows the differences between the initial and
final scalar and vector mean fields in both nucleon-
nucleon elastic and inelastic scatterings as well as in the



scattering T4+ 25 -2 %5 | X +Xh —-%f -3
elastic
NN — NN
NA — NA 0
AA — AA
inelastic
pp — nATT —29503 29,05
pp — pAT —(2/3)gs63 (2/3)90p%
pn — nAT —(2/3)gs03 (2/3)90P%
pn — pA° (2/3)gs03 —(2/3)gp0%
nn — nA° (2/3)g563 —(2/3)90p%
nn — pA~ 29503 —2g,p%
decay X7 =235 Xy -y
AT S prt 0 0
At — pr® (2/3)g503 —(2/3)gpP5
AT = prt —(4/3)gs0s (4/3)900%
A = pr~ (4/3)gs03 —(4/3)g00%
A® = —(2/3)g50s (2/3)g00%
AT = nr 0 0

TABLE II: Difference between the initial and final scalar and
vector mean fields in the nucleon-nucleon elastic and inelastic
scatterings as well as in the decay of A resonances.

decays of A resonances. A positive difference reduces
the threshold for a reaction, while a negative difference
increases its threshold. Since d3 and p9 are negative in
the neutron-rich matter, the change in the threshold due
to the isovector-scalar mean field thus enhances the pro-
duction of AT and At and suppresses that of A% and
A~ , while the effect of the isovector-vector mean field is
opposite.

In the NLp model, where gs = 0, only ¥* can be
different between initial and final states. As a result, the
production of A? and A~ is enhanced and that of AT and
A1 is suppressed. Because the former mainly decay to
N7~ and the latter mainly to N7, the 7~ /7" ratio thus
increases in heavy ion collisions. Also, the difference in
Y# between the initial and finite states favors AT — pr®
over AT = nat and A° = pr~ over A? — nxO.

In the NLpd model, both 3¢ and ¥# can be different
between initial and final states. However, the difference
in 3* is larger than that in ¥°. For example, in a nuclear
matter of py = 0.3 fm 3 and a = 0.2, the X° differs by 75
MeV and the ¥° by -49 MeV between the initial and final
states of the reaction pp — nATT. The net difference of
26 MeV is larger than the 22 MeV in the difference of
0 in the NLp model. Therefore, the 7~ /7T ratio is
expected to be more enhanced in the NLpd than in the
N Lp model.

V. RESULTS

Including the threshold effects on A resonance produc-
tion based on the nonlinear relativistic mean-field mod-
els, we study in this Section Au+Au collisions at energies
from 0.3 AGeV to 0.7 AGeV and compare results on the
charged pion ratio with the experimental data from the
FOPI Collaboration. The RVUU equations are solved us-
ing the test particle method [17, 18] with the initial condi-
tions that the positions of nucleons inside in each nucleus
are distributed according to the Wood-Saxon form,

N 1
T+ expl(r —)/a]’

p(7) (31)
with the parameters ¢ = 6.38 fm and a = 0.535 fm for
the 197 Au nucleus [24], and their momentum-space dis-
tributions are obtained from the Fermi gas model with
the Fermi momentum determined by the local density.

Besides the nuclear mean fields described in Section IIT,
we also include the effect of electromagnetic fields on
charged particles. For a charged particle 7, the electric
and magnetic fields it experiences due to other charged
particles are given by

— e 7
E(r}) = EZ%T—;,

g#

S e B X 7y

B(r;) = Ezflj%a (32)
i#i i

where €2/(4m) = 1/137, 7, = 7 — 7, B; = 7;/E;, and
gj is the electric charge of particle j in unit of e. The re-
sulting Lorentz force is then added to the nuclear force in
determining the momentum change of a charged particle.

Figure 4 shows the numbers of A baryons and pions
as functions of time for Au+4Au collisions at impact pa-
rameter of 1 fm and energy of E/A = 400 MeV in the
N Lp model. It is seen that most A baryons are produced
during the high density stage as shown in the lower panel
of the figure.

Figure 5 shows the 7~ /7T ratio and the total pion
yield as functions of the collision energy in Au+Au col-
lisions at impact parameter of 1.4 fm from the N Lp and
N Lpdé models. For the case of without the threshold ef-
fect, both nucleon and A scatterings as well as A decays
are treated as if there are no mean-field potentials, that
is taking m; = m; and p!' " = p!. In this case, the
7~ /7" ratio is larger for the NLp model than for the
NLpd. This is because the high density matter formed
in these collisions, where most A baryons are produced,
is more neutron-rich when the N Lp model, which has a
softer symmetry energy than the N Lpd model, is used.
Since there are more neutron-neutron scattering in more
neutron-rich matter, more A~ and thus 7~ are produced.
As a result, the 7~ /7T ratio is larger for the N Lp model
as shown by the lower two curves in the left panel of
Fig. 5, similar to that found in Ref. [5]. The symmetry
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FIG. 4: (Color online) Numbers of A baryons and pions (up-
per panel) and central density divided by the saturation den-
sity (lower panel) in the NLp model as functions of time in
Au+Au collisions at impact parameter of 1 fm and energy of
E/A =400 MeV.
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FIG. 5: (Color online) 7~ /7" ratio (left panel) and pion
yields (right panel) as functions of the collision energy with
and without the threshold effect in Au+Au collisions at im-
pact parameter of 1.4 fm from the NLp and NLpé models.
Experimental data are from the FOPI Collaboration [6].

energy effect on the 7= /7T ratio is, however, reversed
by the threshold effect as shown by the upper two curves
in the left panel of Fig. 5. This is due to the fact dis-
cussed in the previous section that the threshold effect
enhances 7~ production and suppresses 7 production
in neutron-rich nuclear matter in both NLp and N Lpd
models, and the effect is larger for the N Lpd model than
for the NLp model. The 7~ /7" ratio thus increases for
both models but more for the N Lpd model than for the
NLp model [10]. Figure 5 further shows that includ-

ing the threshold effect helps reproduce the experimen-
tal data on the 7~ /7" ratio, although the effect becomes
smaller as the collision energy increases.

Because of increased nucleon kinetic energy due to its
reduced mass in nuclear medium, the threshold effect in-
creases the total pion yield compared to that without
including the threshold effect as shown in the right panel
of Fig. 5. Since the total pion yield in the case without
the threshold effect is close to the experimental data, in-
cluding the threshold effect leads to an overestimate of
the total pion yield. To reproduce the experimental data,
we take into account the medium effects on the cross sec-
tion for A production by assuming the following density
dependence:

onNN-AaN(pN) = onNoan(0)exp(—Apn/po),  (33)

where py is the nucleon density and A is a fitting pa-
rameter. The cross section for the inverse reaction also
becomes density dependent and is determined by the de-
tailed balance relation. The density-dependent factor
suppresses pion production in the nuclear medium, and it
is consistent with what is found in other studies [25-27].
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FIG. 6: (Color online) 7~ /n" ratio (left panel) and total
pion yield (right panel) as functions of the collision energy
obtained with the threshold effect and the density-dependent
A production cross section in Au+Au collisions at impact
parameter of 1 fm for both the NLp and N Lpé models. Ex-
perimental data are from the FOPI Collaboration [6].

We find that the experimentally measured total pion
yield can be described very well by taking A = 1.65 in the
density-dependent A production cross section for both
the NLp and N Lpd models as shown in the right panel
of Fig. 6. The resulting 7~ /7T ratio is shown in the left
panel of Fig. 6, and it is seen to increase slightly from
those obtained with the vacuum A production cross sec-
tion, as expected when the pion yield decreases. Because
of the small difference between the 7~ /7" ratios from
the NLp and N Lpd models, both are consistent with the



FOPI data within the experimental errors, particularly
at the collision energy of E/A = 400 MeV.

We note that the in-medium threshold effect on the
7~ /T ratio in the present study is smaller than that in
Ref. [28]. This is due to the smaller isovector-vector cou-
pling constant g, in our model than in theirs, although
the symmetry energies are similar in both studies.

For completeness, we also compare the longitudinal
and transverse rapidity distributions of protons and pi-
ons in Au+Au collisions at E/A = 400 MeV with the
experimental data from the FOPI Collaboration [29, 30].
Following Ref. [6], we introduce the reduced longitudinal
and transverse rapidities, [6]

e[ 1] ful
0 1 _’Bz ]-_'ﬁO ,

puliZ2]/u]

where 3, and (3, are, respectively, the velocities in the
beam direction and in an arbitrary direction in the trans-
verse plane, and f is the initial velocity of the projectile
in the center-of-mass frame.
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FIG. 7: (Color online) Reduced longitudinal (left panel) and
transverse (right panel) rapidity distributions of protons in
Au+Au collisions at E/A = 400 MeV and b < 2.25 fm. The
experimental data are those of fragments with charge Z < 6
from the FOPI Collaboration [29].

As shown in Fig. 7, the NLp and N Lpd models give
essentially the same reduced longitudinal and transverse
momentum distributions for protons in collisions at im-
pact parameter b < 2.25 fm, and both reproduce very
well the experimental data from the FOPI Collabora-
tion [29].

For the reduced longitudinal and transverse rapidity
distributions of pions shown in Fig. 8 for collisions at
impact parameter 3.74 fm< b < 6.74 fm, the NLp and
N Lpdé models again give very similar results and repro-

0.8 0.8
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FIG. 8: (Color online) Reduced longitudinal (left panel) and
transverse (right panel) rapidity distributions of 7~ and 7" in
Au+Au collisions at £/A = 400 MeV and 3.74 fm< b < 6.74
fm. The experimental data are from the FOPI Collabora-
tion [30].

duce the FOPI data [30] except for 71 in the mid-yr re-
gion. We note that there are significant differences in the
pion transverse momentum spectrum at small pr among
transport models [31], as it is sensitive to the details in
the treatment of A resonance of small mass. Also, the
pion in-medium effects [21-23] or optical potentials [32],
which are neglected in the present study, may affect the
production of low pr pions as well.

VI. SUMMARY

Using the relativistic Vlasov—Uehling-Uhlenbeck equa-
tion based on the nonlinear relativistic NLp and N Lpd
mean-field models, we have studied the threshold ef-
fect on the pion yield and the 7~ /7™ ratio in Au+Au
collisions. We have found that besides enhancing the
pion yield and the 7~ /7" ratio, the threshold effect also
reverses the effect of nuclear symmetry energy on the
7~ /7" ratio. Although including the threshold effect
leads to a better description of the measured 7~ /7 ratio
from the FOPI Collaboration, it gives too large a total
pion yield compared to the experimental data. Intro-
ducing a density-dependence in the A production cross
sections, we have been able to describe both the pion
yield and the 7~ /7 ratio measured in experiments. Be-
cause of the small difference in the stiffness of their sym-
metry energies, the 7= /7T ratios from both the NLp
and N Lpd models are found to be consistent with the
FOPI data within the experimental errors. Since the in-
medium threshold effect has an opposite effect on the
7~ /7" ratio in heavy ion collisions from the effect due
to the stiffness of nuclear symmetry energy at high den-



sity, it is important to include this effect in extracting the
high-density behavior of nuclear symmetry energy from
the experimentally measured 7~ /7T ratio. Such a study
is expected to affect the conclusion in Refs. [8, 9] that

a supersoft nuclear symmetry is needed to describe the
FOPI data.
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Appendix A: symmetry energy

(A1)

+¢p

Neglecting the ¢ and w fields, which depend only on
to the symmetry energy, the energy density of a nuclear
matter at zero temperature is

RV 24 p?
i=p,n
1
8/s
where 83 = (mj, —m?)/(2gs) and (p3)o = (9,/m3)pr with
The derivative of € with respect to py is then
de _ (Pp)’Ep Opp | (pp)*Ef Op%
dmy, 8m*
8 + fpp[
1
(A2)
where pi. and E%, are the Fermi momentum and energy of
nucleon type i, respectively, and ¢; is the scalar density

the total nuclear density py and thus are not relevant
PF d3
e(pn, pr) Z /
* *\2 1 2
—I——(mn — mp) + §fpp[ + -
pr =7y —jn-
dor . m Opr | Ops
(9m (9m
N m* _ m* n o_ P),
4f5( " p)< dpr  Opr
defined in Eq. ( ), which has the explicit expression
K3

m} N EL + pt
¢ = o2 |:EFpF i21n (FT?F)] (A3)
at zero temperature.
In terms of the relations
1 1
0 _ _ 3
Jp = g(PN +p1) = ﬁ(p%) )
1 1
0 _ _ — = (pn)3 A4
Jn = 5N = p1) = 55 (PF)”, (A4)

the derivatives of the Fermi momentum of protons and

neutrons with respect to p; are, respectively,
o P 2 O™
Lr_ _T_ e T (A5)
dpr  2(pr) Ipr 2(pp)

Using Eq. (4)—(6), and (A3), the derivatives of the pro-
ton and neutron masses with respect to p; are then

om* f&m* fgm* om*
p _ p n n
(HM’)) dpr 2B 2E} + fodn opr’
om:  femy o fsmk 8m*

(1+f5An> op1 = 2E§ + 2B}, 8

(AG)
where
¢ O¢n,
D *®\ P n k)
AP(pF7mp) - 8m;;7 A’ﬂ( F’mn) - 3m;§

In symmetric nuclear matter (pr = 0), 4, = A, and
A, + A, = A(pr, m*) reduces to Eq. (15).
Solving the simultaneous equations (A6) gives

opr 1+ fs(Ap + A,) \2EL  2E7 )’
om* Omy,

n = — . A7
dpr opr ( )

Therefore, Eq. (A2) vanishes at p; = 0, that is

Oe

— = 0. A8
o (A8)

pr=0

The nuclear symmetry energy is obtained in the same
way by taking the second derivative of € with respect to
pr, and the result is

1 0%
Es m(pN) = ZPNF 35
v 2 8/)% pr=0
pF f&m*Q
_ Pk PN . (A9
C [fp EF{1+ fsA(pr,m*)} (49)

*

where ph, = pi = pr and mj = m;, = m*.

Appendix B: threshold energy in a medium

To illustrate how mean fields affect the threshold en-
ergy of a reaction in a medium, we consider for simplicity
the decay of A~ into n and 7~ . In the frame of pao_ = 0,
the energy conservation gives

Vs =y/m2 +|Za 2+ 2%
=Vm2+|p— .2+ 3 +

m3 +[pl*, (B1)
assuming the pion mass and momentum are not affected
by nuclear mean fields. Requiring the threshold for a A~
to decay to n and 7w~ corresponds to |p| = 0 as in free
space, the minimum A~ mass is then

mi =m2+mZ 4+ 2m\/m2 + 5,2,

(B2)



where X _ = X from Eq. (21).
On the other hand, the minimum A~ mass can be
found by minimizing Eq. (B1) with respect to |p|, that
is
0
—\/E =0

alpl ~ (B3)

which leads to

{2 = m 1, sin 0 o

+2m2 |2, | cos|p| — m2 |2, |* cos? § = 0, (B4)
where 6 is the angle between p and X¥,,. If cosf = 0,

i.e., p and 3, are perpendicular, then p = 0 and the
minimum value for A~ mass is that given by Eq.(B2).
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For cosf =1, i.e., p and X,, are in the same direction,
/s has instead the minimum value

\/g = \/(m}i + mw)Q + |23n|2 + E?w (BS)
at |p| = mx3,/(m} + m;,) or
MA_ = my + Mg, (B6)

according to Eq. (B1), which is less than that given in
Eq. (B2). Therefore, the minimum or threshold A~ mass
is not determined by |p| = 0 but by a nonvanishing p that
is in the same direction as 3, in the frame of pa_ = 0.
Transforming to the frame where pj, + p; = 0, with
Pi, = Pn — 2n and p} = pn, the threshold energy then
corresponds to the condition of pj, = p% = 0.

[1] V. Baran, M. Colonna, V. Greco and M. Di Toro, Phys.
Rept. 410, 335 (2005).
[2] B. -A. Li, L. -W. Chen and C. M. Ko, Phys. Rept. 464,
113 (2008).
[3] B. -A. Li, Phys. Rev. Lett. 88, 192701 (2002).
[4] S. Huber and J. Aichelin, Nucl. Phys. A 573, 587 (1994).
[5] T. Gaitanos, M. Di Toro, S. Typel, V. Baran, C. Fuchs,
V. Greco and H. H. Wolter, Nucl. Phys. A 732, 24 (2004).
[6] W. Reisdorf et al. [FOPI Collaboration], Nucl. Phys. A
781, 459 (2007).
[7] Z. -Q. Feng and G. -M. Jin, Phys. Lett. B 683, 140
(2010).
[8] Z. Xiao, B. -A. Li, L. -W. Chen, G. -C. Yong and
M. Zhang, Phys. Rev. Lett. 102, 062502 (2009).
[9] W. -J. Xie, J. Su, L. Zhu and F. -S. Zhang, Phys. Lett.
B 718, 1510 (2013).
[10] G. Ferini, M. Colonna, T. Gaitanos and M. Di Toro, Nucl.
Phys. A 762, 147 (2005)
[11] C. M. Ko, Q. Li and R. -C. Wang, Phys. Rev. Lett. 59,
1084 (1987).
[12] C.-M. Ko and Q. Li, Phys. Rev. C 37, 2270 (1988).
[13] C. M. Ko and G. -Q. Li, J. Phys. G 22, 1673 (1996).
[14] B. Liu, V. Greco, V. Baran, M. Colonna and M. Di Toro,
Phys. Rev. C 65, 045201 (2002).
[15] J. P. Blaizot, Phys. Rept. 64, 171 (1980).
[16] S. Kubis and M. Kutschera, Phys. Lett. B 399, 191
(1997).
[17] C. Y. Wong, Phys. Rev. C 25, 1460 (1982).
[18] G. F. Bertsch and S. Das Gupta, Phys. Rept. 160, 189
(1988).

[19] P. Danielewicz and G. F. Bertsch, Nucl. Phys. A 533,
712 (1991).

[20] B. -A. Li and C. M. Ko, Phys. Rev. C 52, 2037 (1995).

[21] L. Xiong, C. M. Ko and V. Koch, Phys. Rev. C 47, 788
(1993).

[22] J. Xu, C. M. Ko and Y. Oh, Phys. Rev. C 81, 024910
(2010).

[23] J. Xu, L. -W. Chen, C. M. Ko, B. -A. Li and Y. -G. Ma,
Phys. Rev. C 87, 067601 (2013).

[24] H. De Vries, C. W. De Jager and C. De Vries, Atom.
Data Nucl. Data Tabl. 36, 495 (1987).

[25] B. Ter Haar and R. Malfliet, Phys. Rev. C 36, 1611
(1987).

[26] A. B. Larionov and U. Mosel, Nucl. Phys. A 728, 135
(2003).

[27] V. Prassa, G. Ferini, T. Gaitanos, H. H. Wolter,
G. A. Lalazissis and M. Di Toro, Nucl. Phys. A 789,
311 (2007).

[28] G. Ferini, T. Gaitanos, M. Colonna, M. Di Toro and
H. H. Wolter, Phys. Rev. Lett. 97, 202301 (2006).

[29] W. Reisdorf et al. [FOPI Collaboration], Phys. Rev. Lett.
92, 232301 (2004).

[30] Private communication from Willy Reisdorf of FOPI Col-
laboration.

[31] E. E. Kolomeitsev, C. Hartnack, H. W. Barz, M. Ble-
icher, E. Bratkovskaya, W. Cassing, L. W. Chen and
P. Danielewicz et al., J. Phys. G 31, S741 (2005).

[32] J. Hong and P. Danielewicz, Phys. Rev. C 90, 024605
(2014).



