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Universitat de Barcelona, Avda. Diagonal 647, E-8028 Barcelona, Spain
Employing a recently-developed dispersive optical model (DOM) which allows a complete description of experimental data both above (up to 200 MeV) and below the Fermi energy in 40 Ca,
we demonstrate that elastic nucleon-nucleus scattering data constrain the spectral strength in the
continuum of orbits that are nominally bound in the independent-particle model. In the energy
domain between 0 and 200 MeV, the integrated strength or depletion number is highly sensitive to
the separation of the IPM orbit to the scattering continuum. This sensitivity is determined by the
influence of the surface-absorption properties of the DOM self-energy. For an ab initio calculation
employing the self-energy of the charge-dependent Bonn (CDBonn) interaction which only includes
the effect of short-range correlations, no such sensitivity is obtained and a depletion of 4% is predicted between 0 and 200 MeV irrespective of the orbit. The ab initio spectral strength generated
with the CDBonn interaction approaches the empirical DOM spectral strength at 200 MeV. Both
spectral distributions allow for an additional 3-5% of the strength at even higher energies which
is associated with the influence of short-range correlations. We suggest that the non-local form
of the DOM allows for an analysis of elastic-nucleon-scattering data that directly determines the
depletion of bound orbits. While obviously relevant for the analysis of elastic nucleon scattering on
stable targets, this conclusion holds equally well for experiments involving rare isotopes in inverse
kinematics as well as experiments with electrons on atoms or molecules.
PACS numbers: 21.10.Pc,24.10.Ht,11.55.Fv

An accurate determination of the limits of the nuclear
independent-particle model (IPM) represents an important goal in the study of exotic nuclei that can be probed
at rare-isotope facilities. To retrieve this information,
we mostly rely on strongly-interacting probes and therefore it is more important than ever to strengthen the link
between the descriptions of nuclear reactions and nuclear
structure [1]. An important candidate for this link is provided by the dispersive optical model (DOM) pioneered
by Mahaux and Sartor [2] which considers the potentials
a nucleon experiences above and below the Fermi energy
as representing different aspects of one underlying selfenergy. The DOM also provides an ideal strategy to predict properties of exotic nuclei by utilizing extrapolations
of these potentials towards the respective drip lines [3–6].
It was recently demonstrated in Ref. [7] that a nonlocal
representation of the self-energy of 40 Ca is essential to describe all available data below the Fermi energy that can
be linked to the nucleon propagator [8] while maintaining
a correct description of elastic-scattering data. The resulting DOM potential represents the nucleon self-energy
constrained by all available experimental data up to 200
MeV. This self-energy allows for a consistent treatment
of nuclear reactions that require distorted waves generated by optical potentials as well as overlap functions
and their normalization for the addition and removal of
nucleons to discrete final states.
In the present work we demonstrate that the DOM is
capable of identifying the presence of spectral strength in
the continuum for predominantly bound orbits thereby
providing a quantitative description of their depletion.

Such an analysis can in principle also be applied to other
finite systems, for example for elastic electron scattering on atoms or molecules. The depletion of the orbits
near the Fermi energy has been studied with the (e, e′ p)
reaction [9–12] suggesting spectroscopic factors that are
35 to 40% lower than IPM values [11]. Theoretical work
reviewed in Ref. [13] assigns about one third of the reduction of the valence strength to the influence of short-range
correlations (SRC) that both deplete the IPM Fermi sea
as well as generate the observed 10% of high-momentum
nucleons in the ground state [14]. The remaining reduction should reflect the coupling to low-lying surface
excitations representing long-range correlations (LRC).
Spectroscopic factors in nuclear physics have a long history [15] and their strict observability remains a topic of
debate [16, 17]. The importance of relative spectroscopic
factors is well established [18, 19]. Given a Hamiltonian,
spectroscopic factors can be unambiguously defined using the Green’s function method as the normalization of
the overlap function for the removal or addition of a nucleon from or to the ground state of an even-even nucleus
ending in a bound state. The overlap function solves the
Dyson equation at the energy corresponding to the state
associated with the removed or added particle [8]. Since
all many-body methods applied to nuclei start from a
Hamiltonian for nucleons, it seems to be a reasonable
assumption that the notion of a normalized overlap function will remain a useful concept.
The extraction of spectroscopic factors from the (e, e′ p)
reaction is by no means a closed subject as a different
treatment of the outgoing-proton distorted waves [20]
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yields numbers that are about 0.10 to 0.15 larger than
those extracted by the NIKHEF group [11]. The DOM
analysis for 40 Ca [7] also generates values that are about
0.15 larger than those deduced by the NIKHEF group [21]
suggesting that a re-analysis of these data with DOM ingredients is pertinent.
Complementary information is provided by the corresponding strength above the Fermi energy which lies in
the scattering continuum. This information is contained
in the so-called particle spectral function which has not
been generated for a finite system with the inclusion of
SRC up to now, but has been studied for infinite nuclear
matter [22–25]. Some theoretical works address the influence of LRC on the particle spectral function but do not
treat the continuum aspects [6, 26–28]. In the DOM, it
is constrained by experimental data from elastic scattering of neutrons and protons from 0 to 200 MeV for 40 Ca.
Further insight is provided by contrasting the DOM particle spectral function with the one calculated from the
CDBonn interaction [29] using the method developed for
16
O [30, 31] and recently applied in Ref. [32] to 40 Ca
which emphasizes the role of SRC.
The particle spectral function for a finite system requires the complete reducible self-energy Σ. We have
employed a momentum-space scattering code [32] to calculate Σ. In an angular-momentum basis, iterating the
irreducible self-energy Σ∗ to all orders, yields
Σℓj (k, k ′ ; E) = Σ∗ℓj (k, k ′ ; E)
(1)
Z
+ dqq 2 Σ∗ℓj (k, q; E)G(0) (q; E)Σℓj (q, k ′ ; E),
where G(0) (q; E) = (E − ~2 q 2 /2m + iη)−1 is the free
propagator. The propagator is then obtained from the
Dyson equation in the following form [8]
δ(k − k ′ ) (0)
G (k; E)
(2)
k2
+ G(0) (k; E)Σℓj (k, k ′ ; E)G(0) (k ′ ; E).

Gℓj (k, k ′ ; E) =

The on-shell matrix elements of the reducible self-energy
in Eq. (1) are sufficient to describe all aspects of elastic
scattering like differential, reaction, and total cross sections as well as polarization data [32]. While only this
element is strictly related to data, the DOM analysis in
its nonlocal implementation correctly and simultaneously
describes all relevant data at all energies (up to 200 MeV)
both below and above the Fermi energy [7]. We therefore
proceed on the assumption that the DOM reducible selfenergy is reasonably unique and may therefore provide
insight into the depletion of the Fermi sea. The spectral
representation of the particle part of the propagator, referring to the A+1 system, appropriate for a treatment of

the continuum and possible open channels is given by [2]
h
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Overlap functions for bound A + 1 states are given by
A
A+1
φn+
, whereas those in the continℓj (k) = Ψ0 akℓj Ψn
A+1
cE
uum are given by χℓj (k) = ΨA
indicating
0 akℓj ΨcE
the relevant channel by c and the energy by E. Excitation
energies in the A + 1 system are with respect to the Abody ground state En∗A+1 = EnA+1 − E0A . Each channel c
has an appropriate threshold indicated by Tc which is the
experimental threshold with respect to the ground-state
energy of the A-body system. The overlap function for
the elastic channel can be explicitly calculated by solving
the Dyson equation while it is also possible to obtain the
complete spectral density for E > 0
X
 cE ′ ∗
p
Sℓj
(k, k ′ ; E) =
χcE
(4)
ℓj (k) χℓj (k ) .
c

In practice, this requires solving the scattering problem
twice at each energy so that one may employ
i
i h p
p
Gℓj (k, k ′ ; E + ) − Gpℓj (k, k ′ ; E − ) (5)
Sℓj
(k, k ′ ; E) =
2π
with E ± = E ± iη, and only the elastic-channel contribution to Eq. (4) is explicitly known. Equivalent expressions pertain to the hole part of the propagator Ghℓj [2].
The calculations are performed in momentum space
according to Eq. (1) to generate the off-shell reducible
self-energy and thus the spectral density by employing
Eqs. (2) and (5). Because the momentum-space spectral
density contains a delta-function associated with the free
propagator, it is convenient for visualization purposes to
consider a Fourier transform to coordinate space
p
Sℓj
(r, r′ ; E) =

×

2
Zπ

(6)
Z

p
dkk 2 dk ′ k ′2 jℓ (kr)Sℓj
(k, k ′ ; E)jℓ (k ′ r′ ),

which has the physical interpretation for r = r′ as the
probability density Sℓj (r; E) for adding a nucleon with
energy E at a distance r from the origin for a given ℓj
combination. By employing the asymptotic analysis to
the propagator in coordinate space following e.g. Ref. [8],
one may express the elastic-scattering wave function that
contributes to Eq. (4) in terms of the half on-shell reducible self-energy obtained according to

1/2 
2mk0
elE
χℓj (r) =
jℓ (k0 r)
(7)
π~2

Z
+ dkk 2 jℓ (kr)G(0) (k; E)Σℓj (k, k0 ; E) ,
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FIG. 1. (Color online) Difference between the particle spectral
function for s1/2 and the contribution of the elastic-scattering
wave function multiplied by r 2 , as a function of both energy
and position. Asymptotically with r, this difference is approximately constant and determined only by the inelasticity.

where k0 is related to the scattering energy in the usual
way. We subtract this contribution to the spectral function given by its absolute square from Sℓj (r; E) in Fig. 1
for different energies. Asymptotically at large distances,
the influence of other open channels is represented by an
almost constant shift whereas, inside the range of the potential, a pattern related to the absorptive properties of
the potential and the orbits that are occupied emerges.
The presence of strength in the continuum associated
with mostly-occupied orbits (or mostly empty but E < 0
orbits) is obtained by double folding the spectral density
in Eq. (6) in the following way
Z
Z
p
n+
n− ′
2
′
Sℓj (E) = drr dr′ r′2 φn−
ℓj (r)Sℓj (r, r ; E)φℓj (r ), (8)
using an overlap function
q
A
n φn− (r) = ΨA−1 a
Sℓj
rℓj Ψ0 ,
n
ℓj

(9)

n
corresponding to a bound orbit with Sℓj
the relevant
n−
spectroscopic factor and φℓj (r) normalized to 1 [32].
In the case of an orbit below the Fermi energy, this
strength identifies where the depleted strength resides in
the continuum. The occupation number of this orbit is
given by an integral over a corresponding folding of the
hole spectral density
Z
Z
n−
n− ′
h
′
Sℓj
(E) = drr2 dr′ r′2 φn−
ℓj (r)Sℓj (r, r ; E)φℓj (r ), (10)
h
where Sℓj
(r, r′ ; E) provides equivalent information below
p
the Fermi energy as Sℓj
(r, r′ ; E) above. An important
sum rule is valid for the sum of the occupation number
for the orbit nnℓj and its depletion number dnℓj [8]
Z ∞
Z εF
n−
n−
(E),(11)
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−∞

εF

-50

εF

0

50

100

E [MeV]

FIG. 2. (Color online) Calculated spectral strength, both below and above the Fermi energy, for bound orbits in 40 Ca. The
spectral strength is constrained by elastic-scattering data,
level structure, charge density, particle number, and the presence of high-momenta below the Fermi energy [7].

equivalent to a†nℓj anℓj + anℓj a†nℓj = 1. The average Fermi


energy εF ≡ 21 (E0A+1 − E0A ) + (E0A − E0A−1 ) is introduced here [2].
Strength above εF , as expressed by Eq. (8), reflects
the presence of the imaginary self-energy at positive energies. Without it, the only contribution to the spectral
function comes from the elastic channel. The folding in
Eq. (8) then involves integrals of orthogonal wave functions and yields zero. Because it is essential to describe
elastic scattering with an imaginary potential, it automatically ensures that the elastic channel does not exhaust the spectral density and therefore some spectral
strength associated with IPM bound orbits also occurs
in the continuum.
We also present results for a microscopic calculation of the 40 Ca self-energy obtained from the CDBonn interaction [29]. Details have been provided in
Ref. [32]. Because all ingredients of this calculation involve momentum-space quantities, the double folding in
Eq. (8) is performed in momentum space utilizing overlap functions obtained in Ref. [32]. The experimentallyconstrained nonlocal DOM potential of Ref. [7] was
Fourier transformed to momentum space to allow the calculation of the off-shell reducible self-energy of Eq. (1).
We have therefore employed the neutron self-energy for
this calculation but the proton self-energy is identical
apart from the Coulomb term. Fourier transforming the
spectral density according to Eq. (6) allows further analysis and also to perform the folding with the bound DOM
overlap functions obtained in coordinate space [33].
We display in Fig. 2 the results of the DOM spectral
function for the most relevant bound orbits in 40 Ca including the hole spectral function of Ref. [7]. Because the
DOM analysis assumes that the imaginary part of the
self-energy starts at εF , the spectral strength is a continuous function of the energy. The method of solving
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the Dyson equation for E < 0 is very different than that
for E > 0. The continuity of the curves at E = 0 confirms the numerical aspects of both of these calculations.
Below the Fermi energy, the spectral strength contains
peaks associated with the 0s1/2 , 0p3/2 , 0p1/2 , 0d5/2 , 1s1/2 ,
and 0d3/2 orbits with narrower peaks for orbits closer
to the Fermi energy. Their strength was calculated for
the overlap functions associated with the location of the
peaks by solving the Dyson equation without the imaginary part but with self-consistency for the energy of
the real part [33]. The strength of these orbits above
the Fermi energy exhibits systematic features displaying
more strength when the IPM energy is closer to the continuum threshold [34]. We make this observation quantitative by listing the integrated strength according to the
terms of Eq. (11) in Table I. For the depletion we integrate from 0 to 200 MeV which corresponds to the energy
domain constrained by data in the DOM. We also include
the 0f7/2 and 0f5/2 spectral functions in Fig. 2 and corresponding results in Table I noting that the strength in the
continuum from 0 to 200 MeV further rises to 0.202 and
0.320, respectively. From εF to 0 the strength for these
states is also included in the sum and decreases from
0.722 to 0.591, respectively. This illustrates that there is
a dramatic increase of strength into the continuum when
the IPM energy approaches this threshold. Such orbits
correspond to valence states in exotic nuclei [35–37]. The
1p3/2 and 1p1/2 spectral functions are not shown as they
mimic the behavior of the 0f7/2 distribution but their
presence causes the wiggles in the 0p3/2 and 0p1/2 spectral functions due to slight nonorthogonality.
This sensitivity to the separation from the continuum
is associated with the pronounced surface absorption necessary to describe the elastic-scattering data in this energy range. At higher energies, volume absorption dominates and the strengths of the different orbits become
similar as illustrated in Fig. 3. This figure also includes
the CDBonn predictions which highlight the notion that
SRC predominantly impact higher energies. While the
CDBonn spectral function overestimates the DOM re-
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TABLE I. Occupation and depletion numbers for bound orbits in 40 Ca. The dnlj [0, 200] depletion numbers have only
been integrated from 0 to 200 MeV. The fraction of the
sum rule in Eq. (11) that is exhausted, is illustrated by
nnℓj + dnℓj [εF , 200]. We also list the dnlj [0, 200] depletion
numbers for the CDBonn calculation in the last column.
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FIG. 3. (Color online) Calculated spectral strength for mostly
occupied orbits in 40 Ca from 0 to 200 MeV. The CDBonn
spectral functions exhibit mainly volume absorption.

sults above 100 MeV, it is quite likely that a somewhat
harder interaction like Argonne V18 [38] would move
some of this excess strength to higher energy [39].
The fraction of the sum rule of Eq. (11) for the DOM
in Table I indicates that a few percent of the strength occurs at energies higher than 200 MeV. Theoretical work
associates such strength with SRC [23]. No surface absorption is present in the microscopic CDBonn results
and their depletions in Table I correspond to a uniform
strength distribution for all orbits consistent with the
SRC interpretation as illustrated in Fig. 3. As for the
DOM, about 3-5% of the strength occurs above 200 MeV
when the occupation numbers of Ref. [32] are included.
Our analysis clarifies that elastic-scattering data, combined with a complete treatment of sp properties below
the Fermi energy, provide a quantitative demonstration
for the presence of some continuum strength for predominately bound states. This conclusion is possible because
scattering and structure data are analyzed using the full
nonlocal treatment of the DOM [7] which guarantees the
proper treatment of sum rules like Eq. (11). The location
of the strength closely tracks the absorptive properties of
the self-energy and exhibits a pronounced dependence on
the separation of the IPM energy to the continuum. An
ab initio calculation of the nucleon self-energy, based on
the CDBonn potential which only treats SRC, generates a
modest depletion without any pronounced dependence on
the location of the orbit. Both the CDBonn calculation
and the DOM analysis allow for a few percent of strength
beyond 200 MeV. Our results therefore illustrate the importance of measuring elastic-nucleon-scattering data for
exotic nuclei in inverse kinematics. A nonlocal DOM
analysis can then directly assess how correlations for nucleons change when the drip lines are approached. Analysis of transfer reactions with ingredients of the nonlocal
DOM treatment may shed further quantitative light on
neutron properties in such systems [40–42].
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