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Nucleon exchange mechanism is investigated in deep-inelastic symmetric heavy-ion collisions in
the basis of the Stochastic Mean-Field approach. By extending the previous work to off-central
collisions, analytical expression is deduced for diffusion coefficient of nucleon exchange mechanism.
Numerical calculations are carried out for 40Ca + 40Ca and 90Zr + 90Zr systems and the results
are compared with the phenomenological nucleon exchange model. Also, calculations are compared
with the available experimental results of deep-inelastic collisions between calcium nuclei.
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I. INTRODUCTION

In the standard mean-field approximation, the many-
body wave function is taken as a single Slater deter-
minant constructed from time-dependent single-particle
wave functions. These wave functions are determined
by time-dependent Hartree-Fock (TDHF) equations, in
which the self-consistent mean-field Hamiltonian usually
is expressed in terms of a Skyrme-type effective inter-
action. At low energies, typically at available energy
per particle below the nucleon binding energy, the Pauli
blocking severely inhibits binary collisions due to short
range correlations. As a result, the standard mean-field
approximation provides a good description for the av-
erage behavior of the collision dynamics [1–5]. On the
other hand, collective motion is treated in nearly classi-
cal approximation and fluctuations of collective variables
are severely underestimated. For example, the mean-field
predictions for the widths of the fragment mass distribu-
tions are in general an order of magnitude smaller than
the experimental observations.

Much work has been carried out to improve the stan-
dard mean-field approximation by incorporating dynam-
ics of density fluctuations into the description [6–9]. In
recently proposed stochastic mean-field approach (SMF),
the effect of quantal and thermal fluctuations in the ini-
tial state is incorporated into the description in a stochas-
tic manner [10]. A number of demonstrations provide
rather strong support for the validity of the SMF ap-
proach. In one of these demonstrations, it is illustrated
that in the limit of small amplitude fluctuations, the SMF
approach gives rise to the same formula as the one de-
rived by Balian and Veneroni for dispersion of one-body
observables [11, 12]. By an adiabatic projection proce-
dure, from the SMF approach it is possible to derive effec-
tive equations for slow collective variables. These equa-
tions appear as generalized Langevin description in which
dissipation and fluctuation forces are connected by the
quantal dissipation-fluctuation relation [13–15]. In this
manner, connection to the Mori formalism is established.
For deep-inelastic collisions, by a geometric projection

procedure it is possible to deduce transport coefficients
associated with macroscopic variables. These transport
coefficients have similar form with those that are familiar
from phenomenological nucleon exchange model [16], but
provide a more refined description for transport mecha-
nism. In a recent application, the SMF approach is tested
with Lipkin-Meshkov-Glick model, and it is found that
the gross properties of the model are well produced in
the SMF approach [17]. The SMF approach was also
extended by including pairing interaction [18].
Recently we investigated nucleon exchange mechanism

in the basis of the SMF approach. In the first appli-
cations, central collisions of symmetric and asymmet-
ric ions are considered at energies below the Coulomb
barrier [19, 20]. At these energies fusion does not take
place, colliding ions exchange a few nucleons and sepa-
rate again. We calculated nucleon drift and diffusion co-
efficients in the semi-classical approximation and in the
Markovian limit by ignoring memory effects. However
the most interesting cases naturally are investigations of
collisions with finite impact parameters because then de-
tailed comparison with experiments can be made. In
this work, we investigate nucleon exchange mechanism
in off-central deep-inelastic collisions of symmetric heavy-
ions. We carry out these investigations also in the semi-
classical limit by ignoring memory effects. In section 2,
we present a short review of the SMF approach. In sec-
tion 3, after a discussion of the window dynamics, we
present derivation of nucleon diffusion coefficient and il-
lustrate several results of calculations for 40Ca + 40Ca
and 90Zr + 90Zr collisions. Also, we compare the results
of calculations with the available data for symmetric col-
lisions of calcium nuclei. Conclusions are given in the
section 4.

II. STOCHASTIC MEAN-FIELD APPROACH

In order to describe the full quantal evolution and dy-
namics of fluctuations, in principle, we need to consider
a superposition of a complete set of Slater determinants
with time dependent expansion coefficients. Unfortu-
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nately, this is a very difficult task to carry out. In the
SMF approach, rather than considering this large set of
Slater determinants, an ensemble of single-particle den-
sity matrices is constructed by incorporating quantal and
thermal fluctuations in the initial state [10, 21]. We can
express a member of the ensemble (indicated by the event
label λ) as,

ρλ(~r, ~r′, t) =
∑

ij

φ∗

i (~r, t;λ)ρ
λ
ijφj(~r′, t;λ) (1)

where (i, j) indicates a set of quantum numbers specify-
ing the single particle wave functions including spin and
isospin degrees of freedom. Time independent expansion
coefficients ρλij are taken as uncorrelated random num-
bers specified by Gaussian distributions. The mean value
of each Gaussian is determined by,

ρλij = δijnj (2)

and its variance is specified according to,

δρλijδρ
λ
j′i′ =

1

2
δii′δjj′ [nj(1− ni) + ni(1− nj)] . (3)

Here, the bar indicates ensemble average, and nj denotes
the mean values of the single particle occupation fac-
tors. At zero temperature, occupation factors are zero
or one, and at finite temperatures they are given by the
Fermi-Dirac distribution. Single-particle wave functions
in each event is determined by the self-consistent mean-
field h[ρλ(t)] of that event according to the TDHF equa-
tions,

ih̄
∂

∂t
φj(~r, t;λ) = h[ρλ(t)]φj(~r, t;λ). (4)

Simulations of the SMF approach can be carried out
as follows: In the first step, a complete set of initial
wave-functions φj(~r) are generated by solving the static
Hartee-Fock equations. An event is specified by choos-
ing a set of random matrix elements ρλij and boosting
the wave functions with proper phase factors. The de-
formed Hamiltonian at the initial instant h[ρλ(t = 0)]
is calculated by the initial density matrix of the event,

ρλ(~r, ~r′, t = 0) =
∑

ij φ
∗
i (~r)ρ

λ
ijφj(~r′). Then the evolution

of the single-particle wave functions φj(~r, t;λ) is deter-
mined by TDHF Eq. (4) while keeping the matrix ele-
ments ρλij constant. The standard mean-field approxima-
tion starting from a deterministic initial condition gives
rise to a deterministic final state. On the other hand,
the SMF approach generates an ensemble of events where
each event is calculated with its own mean-field Hamil-
tonian. In this approach, it is possible to calculate prob-
ability distribution Pλ(t) of an observable point by point
by calculating the expectation value of the observable in
each event as,

Qλ(t) =
∑

ij

〈φj(t;λ)|Q|φi(t;λ)〉ρλij . (5)

where Q is a one-body operator representing the observ-
able quantity. We should note that, numerical simula-
tions of the SMF can be carried out by employing existing
TDHF codes with some modifications [22–26].

III. NUCLEON TRANSFER IN

DEEP-INELASTIC COLLISIONS

In order to investigate dynamics of heavy-ion collisions
in the framework of the SMF approach, as briefly dis-
cussed in the previous section, in general we need to
generate an ensemble of single particle density matrices.
Such simulations can be carried out without much diffi-
culty by employing existing TDHF codes with some mod-
ifications. However, in the present work, we do not carry
out such simulations because of the following reasons:
(i) In deep-inelastic collisions, since binary character is
maintained during the reaction, it is possible to describe
gross properties of the reaction mechanism in terms of a
set of transport coefficients associated with macroscopic
variables. As we discuss in this section, transport coef-
ficients can be extracted from the SMF approach by a
geometric projection procedure. In this work, we follow
this procedure, because such a description is much eas-
ier than carrying out a full scale stochastic simulations.
(ii) Furthermore, it is very instructive and useful to com-
pare these transport coefficients extracted from the SMF
approach with those familiar from the phenomenologi-
cal nucleon exchange models, which were developed and
applied to analyzed experimental data some years ago
[16, 27, 28]. In previous works [19–21], we carried out
such an investigation of nucleon exchange mechanism for
central collisions. In this work, we carry out these in-
vestigations by extracting diffusion coefficient associated
with nucleon exchange with geometric projection in more
realistic case of off-central collisions of heavy-ions.

A. Window Dynamics

In deep-inelastic collisions reaction does not lead to fu-
sion. As shown in Fig. 1 binary character of the system is
maintained. This figure illustrates the density profile on
the reaction plane ρ(x, y, z = 0, t) in collision of 40Ca +
40Ca at bombarding energy Ecm = 110 MeV and initial
orbital angular momentum l = 70h̄ at three different in-
stants. Large energy dissipation and angular momentum
transfer occur, which are accompanied with large number
of nucleon exchange between colliding ions through the
window between them. In the figure, symmetry axis (x′)
and window (y′) direction are indicated by red lines. As
explained in Appendix A, we can determine the angle be-
tween the symmetry axis of the system and the x-axis at
each time step by diagonalizing the sigma matrix, which
is related to the mass quadrupole tensor of the colliding
system. The principal axis of the sigma matrix specifies
symmetry axis of the system in the reaction plane (z = 0)
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at each time step according to,

y − ycm = (x− xcm) tan θ(t) (6)

where (xcm,ycm) denotes coordinates of the center of
mass of the system and the rotation θ(t), given by Eq.
(A7), is the angle between the x-axis and symmetry axis
of the dinuclear shape at time t. Window plane is perpen-
dicular to the symmetry axis and should pass through the
minimum density location [26]. Indicating coordinates of
the center of window at the minimum density plane by
(x0,y0), the position of the window plane at time t is
represented by,

y − y0 = −(x− x0) cot θ(t). (7)

For symmetric systems that we are considering in this
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FIG. 1. (Color online) Snapshots of density profiles on the
reaction plane, ρ(x, y, z = 0, t), at different times are plotted
in units fm−3 for 40Ca + 40Ca reaction at Ecm = 110 MeV
and initial orbital angular momentum l = 70h̄. The panel a),
b) and c) correspond respectively to time before, during and
after contact.

work, coordinates of the center of mass of the system and
the center point of the window are the same, xcm = x0

and ycm = y0. We take the origin of the coordinate
system at the center of mass frame, and hence x0 = 0,
y0 = 0. However in the following, we present the formulas
by keeping the coordinates (x0, y0) and velocities (ẋ0, ẏ0)
of the center of the window relative to the center of mass
system.

B. Nucleon Diffusion Coefficient

With the help of the window, we can introduce macro-
scopic variables associated with binary system, such as
mass and charge of target-like and projectile-like frag-
ments, relative position and relative momentum. As a
relevant macroscopic variable for the nucleon exchange,
we can take the nucleon number of the projectile-like
fragments in the event λ,

Aλ
T (t) =

∫

d3p

(2πh̄)3
d3rΘ [(x− x0) cos θ + (y − y0) sin θ]

×fλ(~r, ~p, t), (8)

where Θ is the step function. In each event of symmetric
collisions, center position of the window is located at the
center of mass, therefore it does not fluctuate. The rota-
tion angle θ(t) may fluctuate from event to event, which
is neglected in this definition. Since it is more convenient
to relate the semi-classical approximation, the definition
in Eq. (8) is given in terms of phase-space distribution
function fλ(~r, ~p, t). The phase space distribution func-
tion is defined as a partial Fourier transform as,

fλ(~r, ~p, t) =

∫

d3s exp

(

− i

h̄
~p · ~s

)

×ρλ
(

~r − ~s

2
, ~r +

~s

2
, t

)

(9)

where the density matrix in the event is given by

ρλ(~r, ~r′, t) =
∑

ij

φ∗

j (~r, t;λ)ρ
λ
jiφi(~r′, t;λ). (10)

In the framework of the SMF approach it is possible to
deduce Langevin equations for the evolution of the nu-
cleon number of the target-like fragments. For symmetric
collisions, since there is no drift, the mean value of the
mass asymmetry does not change during the collision.
The rate of change of fluctuations in Aλ

T (t) is determined
by the fluctuating part of nucleon flux through the win-
dow. In order to calculate the nucleon flux through the
window, it is useful to introduce a coordinate transfor-
mation to rotating frame in which x′ axis is taken along
the symmetry axis of the system. Then, we have

(

x′

y′

)

=

(

(x− x0) cos θ + (y − y0) sin θ
(y − y0) cos θ − (x− x0) sin θ

)

, (11)

and the inverse transformation is given by
(

x− x0

y − y0

)

=

(

x′ cos θ − y′ sin θ
y′ cos θ + x′ sin θ

)

. (12)
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In the rotating frame, we can express the fluctuating nu-
cleon flux through the window as,

∂

∂t
δAλ

T (t) =

∫

d3p

(2πh̄)3
dy′dz′u′

xδf
λ(~r, ~p, t)|x′=0

= ξλA(t). (13)

where, u′
x is the component of the velocity along the sym-

metry axis in the rotating frame and the flux is evaluated
across the window plane defined by x′ = 0. The expres-
sion of u′

x in terms of angular velocity of rotation is given
by Eq. (B3) in Appendix B.
According to the SMF approach, fluctuating nucleon

flux ξλA(t) across the window acts as a Gaussian random
force on the mass-asymmetry variable Aλ

T (t), which is

determined by a zero mean value ξλA(t) = 0 and a second

moment ξλA(t)ξ
λ
A(t

′). In general, second moment involves
quantal effects and has a non-Markovian structure. In
the present study, we ignore quantal and memory effects
and consider transport mechanism in semi-classical ap-
proximation. As shown in Appendix B, the expression of
the second moment in the semi-classical approximation
is given by,

ξλA(t)ξ
λ
A(t

′) = 2δ(t− t′)DAA(t). (14)

where DAA(t) is the diffusion coefficient for nucleon ex-
change,

DAA(t) =

∫

dpxdpy

(2πh̄)2
dy′|u′

x|
1

2

{

f̄T (t)

[

1− 1

Ω
f̄P (t)

]

+ f̄P (t)

[

1− 1

Ω
f̄T (t)

]}

. (15)

In this expression, f̄T (t) = f̄T (x, y, px, py, t)|x′=0 and
f̄P (t) = f̄P (x, y, px, py, t)|x′=0 represent the reduced
Wigner functions on the reaction plane (see Eq. (B10) in
Appendix B) which are associated with the single particle
wave functions originating from target and projectile nu-
clei, respectively, and Ω is the volume of the phase space
in (z, pz) sub-space (for more detail see [21]). Since win-
dow plane is defined by x′ = 0, the phase-space functions
in Eq. (15) depend on the integration variables as, z = z′

and
(

x
y

)

=

(

x0 − y′ sin θ
y0 + y′ cos θ

)

. (16)

The diffusion coefficient given by Eq. (15) has a similar
form as the one familiar from the phenomenological nu-
cleon exchange model. However, since it is deduced from
the microscopic SMF approach, it provides more refined
description of the transport mechanism. The mean value
of drift vanishes for symmetric systems. However, for
long interaction times drift can have an effect on diffu-
sion. For sufficiently short interaction times, we can ig-
nore the effect of drift on diffusion. Therefore the width
of the fragment mass distribution σ2

AA(t) is determined

by the asymptotic value of the time integral of the diffu-
sion coefficient,

σ2
AA(t) = 2

∫ t

0

dsDAA(s). (17)

C. Results

Using the 3D TDHF code [22, 25, 26], we carry
out numerical calculations for deep-inelastic collisions
of symmetric systems 40Ca + 40Ca and 90Zr + 90Zr.
From the time-dependent single-particle wave functions
of the occupied states, it is possible to calculate the
reduced phase-space distributions f̄T (x, y, px, py, t) and
f̄P (x, y, px, py, t) originating from target and projectile
nuclei. At the separation stage of the reaction, these
Wigner functions become very oscillatory, hence it is not
possible to directly use these Wigner functions to calcu-
late diffusion coefficient DAA(t) which is derived in the
semi-classical approximation. The most important as-
pect is that the quantal phase-space distributions can be-
come negative in some regions, while in the semi-classical
limit phase-space distribution is always positive. In or-
der to obtain the semi-classical approximation, we carry
out a smoothing procedure of the quantal phase space
distribution (see Appendix C for details). As shown in
the example of Fig. 2, the smoothing procedure elim-
inates negative regions and produces the semi-classical
form of the phase-space distribution. Fig. 3 and Fig. 4
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FIG. 2. (Color online) A plot of the reduced phase-space
distribution of one of the fragments f(x = 0, y = 0, px, py = 0)
versus px at time t = 10−21 s for 40Ca + 40Ca reaction at
Ecm = 110 MeV and l = 70 h̄. Solid line and dashed line
show unsmoothed and smoothed phase-space distributions,
respectively.

show nucleon diffusion coefficients in collisions of 40Ca +
40Ca and 90Zr + 90Zr systems at bombarding energies
Ecm = 110 MeV and Ecm = 300 MeV, respectively, for
different initial orbital angular momenta. The angular
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momenta here is related to the impact parameter b and
initial relative velocity vrel through the classical formula
l = µ vrel b, where µ is the reduced mass. Fig. 5 and
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FIG. 3. (Color online) Diffusion coefficients for nucleon ex-
change are plotted versus time in 40Ca + 40Ca collisions at
bombarding energy Ecm = 110 MeV and four different initial
angular momenta.
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FIG. 4. (Color online) Diffusion coefficients for nucleon ex-
change are plotted versus time in 90Zr + 90Zr collisions at
bombarding energy Ecm = 300 MeV and three different ini-
tial angular momenta.

Fig. 6 show the width of the fragment mass distributions
for the same systems at the same energies and initial or-
bital angular momenta as function of time. In these fig-
ures, solid lines are the results of calculations by using
Eq. (17), while symbols indicate results of the empirical
formula σ2

AA(t) = Nexc(t). This empirical formula fol-
lows from the phenomenological nucleon exchange model
and it has been often applied to analyze the experimental
data [27, 28].
The fact that the results of SMF calculations are con-

sistent with the empirical formula provides a strong sup-
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FIG. 5. (Color online) Widths of fragment mass distributions
in collisions of 40Ca + 40Ca at Ecm = 110 MeV and four
different initial angular momenta. Lines are found by integral
of diffusion coefficient, and symbols are results of empirical
relation.
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FIG. 6. (Color online) Widths of fragment mass distributions
in collisions of 90Zr + 90Zr at Ecm = 300 MeV and three
different initial angular momenta. Lines are found by integral
of diffusion coefficient, and symbols are results of empirical
relation.

port for the validity of the SMF approach. Fig. 7 shows
the asymptotic values σAA(∞) of the SMF dispersions of
the fragment mass distributions in 40Ca + 40Ca collisions
at bombarding energy Ecm = 110 MeV for four different
impact parameters. We note that since we neglect the
drift term in the SMF description, our calculations are
not valid for long interaction times, like in the case of
the orbiting processes, during which the fragment mass
distribution may reach the equilibrium limit. For this
reason, we only consider L > 69.5h̄, that corresponds to
those initial angular momenta L outside the orbiting re-
gion (see yellow area in Fig. 7). There is data available
for 40Ca + 40Ca at a slightly higher bombarding energy
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FIG. 7. (Color online) Asymptotic values of σAA as a function
of the orbital angular momentum obtained with SMF (red
filled circles) and TDHF (blue filled squares). The asymptotic

value
√

Nexc(∞) is also shown by black open squares. The
blue area indicates the Fusion region while the yellow area
indicates the ”Orbiting” region where the two nuclei stick
together for a long time and then re-separate.

Ecm = 128 MeV and over a different angular range [29].
Dispersion of the fragment mass distributions over the
measured angular range is found between σAA = 2.8 and
4.6. Results of the SMF calculations are consistent with
these measurements.

In the standard mean-field approximation, dispersion
of the fragment mass distribution is determined by,

σ2
AA(t) =

∑

ij

|〈φj(t)|Θ|φi(t)〉|2ni(1− nj) (18)

where Θ = Θ[(x − x0) cos θ + (y − y0) sin θ]. Using the
completeness relation and the relation, Θ2 = Θ, this ex-
pression can be evaluated in terms of occupied, i.e. hall
states, as follows,

σ2
AA(t) =

∑

h

〈φh(t)|Θ|φh(t)〉|

−
∑

h,h′

|〈φh(t)|Θ|φh′ (t)〉|2. (19)

Solid squares in Fig. 7 indicate the asymptotic values of
dispersion of fragment mass distributions in the collisions
of 40Ca + 40Ca at the same bombarding energies and the
same initial orbital angular momenta. We observe that,
in particular for long interaction times associated with
large energy loss, the standard mean-field approximation
severely underestimates dispersions of the fragment mass
distributions.

IV. CONCLUSIONS

The SMF approach goes beyond the standard mean-
field approximation by including quantal and thermal
fluctuations in the initial state. This approach consti-
tutes an approximate treatment of the effect of super-
position of many Slater determinants. As a result the
approach provides a description of fluctuations of the
collective motion at sufficiently low energies at which
collisional dissipation does not play an important role.
The standard mean-filed approximation is deterministic
in the sense that a well defined initial condition leads to
a unique final state. On the other hand, in the SMF
starting from a well-defined distribution of the density
fluctuations in the initial state, an ensemble of single-
particle density matrices are generated by evolving each
event by its own self-consistent mean-field. It is possible
to generate distribution function of an observable by cal-
culating the expectation values of the observable event
by event. In the present work, rather than carrying out
stochastic simulations, we extract diffusion coefficient for
nucleon exchange in deep-inelastic heavy-ion collisions by
employing a projection procedure. By extending a previ-
ous study, we investigate nucleon exchange mechanism in
off-central collisions and calculate nucleon diffusion co-
efficients for collisions of symmetric 40Ca + 40Ca and
90Zr + 90Zr systems. The width of fragment mass dis-
tributions calculated in the framework of the SMF ap-
proach are consistent with the empirical formula often
employed to analyze experimental data. There is experi-
mental data for the dispersion of the fragment mass dis-
tribution of 40Ca + 40Ca collisions at bombarding en-
ergy Ecm = 128. Our calculations give a reasonable
magnitude of the mass dispersion compared to the mea-
sured values, while the standard mean-field approxima-
tion predicts much smaller values in particular in colli-
sions with large energy dissipation. Work is in progress to
extend the present approach to asymmetric systems for
off-central collisions. In particular, it was recently shown
that pairing alone cannot explain the large enhancement
of two-particle transfer channel observed experimentally
in 40Ca + 96Zr [30, 31]. The inclusion of quantal zero
point motion in collective space through the SMF tech-
nique is anticipated to improve the agreement between
experiment and microscopic mean-field theories.
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Appendix A

The symmetry axis of dinuclear shape can be easily
obtained when the reaction plane is z = 0. The position
variances can be used to form a matrix as

σ(t) =

(

σxx(t) σxy(t)
σxy(t) σyy(t)

)

, (A1)

where

σab(t) =

A
∑

j=1

〈φj |xaxb|φj〉 −
A
∑

i,j=1

〈φi|xa|φi〉〈φj |xb|φj〉,

(A2)
with a, b = x, y. The eigenvectors of the matrix σ(t) are

~σ± =

(

σ±(t)
1

)

, (A3)

where the components of the eigenvectors are given by,

σ±(t) =
σxx − σyy ±

√

(σxx − σyy)2 + 4σ2
xy

2σxy
. (A4)

The components of the eigenvectors of the matrix σ(t)
form the x and y coordinates of the transformed axes

x′ and y′. Hence, ~x′ is the vector from the origin (0, 0)

to the point (σ+, 1) and ~y′ is the vector from the origin
to the point (σ−, 1) in the fixed x, y coordinate system.
Then, the angle between x axis and x′ axis (symmetry
axis) is

tan θ =
1

σ+

=
2σxy

σxx − σyy +
√

(σxx − σyy)2 + 4σ2
xy

. (A5)

Comparing the following trigonometric transformation,

tan θ =
tan 2θ

1 +
√
1 + tan2 2θ

, θ ∈
(

−π

2
,
π

2

)

, (A6)

with Eq. (A5), the angle can be written as

θ =
1

2
tan−1

(

2σxy

σxx − σyy

)

. (A7)

Appendix B

We consider correlation function of the total phase-
space distribution fλ(~r, ~p, t) in the event λ. During a
short time interval, we can approximately express time
evolution as free propagation,

δfλ(~r, ~p, t+ τ) = δfλ(~r − ~uτ, ~p, t) (B1)

where ~u = ~v − ~̇θ × (~r − ~r0) denotes the velocity relative

to window. Here ~̇r0 and ~r0 are translational velocity and

position of the center of the window relative to the center

of mass of the total system, and ~̇θ denotes the rotational
velocity of the window about z-axis in the reaction plane.
Following the discussion presented in the Appendix of ref.
[21], we can write the correlation function of phase-space
fluctuations as,

δfλ(~r1, ~p1, t)δfλ(~r2, ~p2, t′) = (2πh̄)3δ(~p1 − ~p2)

×δ [~r1 − ~r2 − (t− t′)~u] Λ+(~r1, ~p1, t) (B2)

where

Λ+(~r, ~p, t) =
{

fP (~r, ~p, t) [1− fT (~r, ~p, t)]

+ fT (~r, ~p, t) [1− fP (~r, ~p, t)]
}

. (B3)

Here, fP (~r, ~p, t) and fT (~r, ~p, t) are phase-space distribu-
tions associated with wave functions originating from
projectile and target, respectively. We can decompose
the delta function in the center of mass frame as,

δ [~r1 − ~r2 − (t− t′)~u] = δ [x1 − x2 − (t− t′)ux]

×δ [y1 − y2 − (t− t′)uy] δ [z1 − z2 − (t− t′)uz] (B4)

where x-axis denotes the beam direction. In the center
of mass frame, the components of velocity are ux = vx
and

(

ux

uy

)

=

(

vx − ẋ0 + θ̇(y − y0)

vy − ẏ0 − θ̇(x− x0)

)

. (B5)

It is also possible to decompose the delta function in the
rotating frame as,

δ[~r1 − ~r2 − (t− t′)~u] = δ[x′

1 − x′

2 − (t− t′)u′

x]

×δ[y′1 − y′2 − (t− t′)u′

y]δ[z
′

1 − z′2 − (t− t′)u′

z]. (B6)

Components of the velocity in the rotating frame relative
to the center of the window are given by u′

x = vx and

(

u′
x

u′
y

)

=

(

ux cos θ + uy sin θ
uy cos θ − ux sin θ

)

=

(

(vx − ẋ0) cos θ + (vy − ẏ0) sin θ + θ̇y′

(vy − ẏ0) cos θ − (vx − ẋ0) sin θ − θ̇x′

)

. (B7)

It is more convenient to express the correlation function
Eq. (17) of the phase-space distribution in the rotating
frame. Since on the window x′

1 = x′
2 = 0, the correlation

function can be given as,

δfλ(~r1, ~p1, t)δfλ(~r2, ~p2, t′) = (2πh̄)3δ(~p1 − ~p2)

×δ(t− t′)δ(y′1 − y′2)δ(z
′
1 − z′2)

|u′
x|

Λ+(~r, ~p, t)|x′=0. (B8)

Using this result we can calculate the nucleon diffusion
coefficient to obtain the expression given by Eq. (15). In
order to simplify the numerical calculations of the diffu-
sion coefficient, in the integrations perpendicular to the
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reaction plane in Eq. (15), we introduce the approxima-
tion,

∫

dpzdz

(2πh̄)2
fP (~r, ~p, t)fT (~r, ~p, t) =

1

Ω
f̄P (x, y, px, py, t)

f̄T (x, y, px, py, t),(B9)

where Ω is the volume of the reduced phase space (z, pz)
and

f̄P/T (x, y, px, py, t) =

∫

dpzdz

(2πh̄)2
fP/T (~r, ~p, t) (B10)

denotes the reduced phase-space distributions on the re-
action plane.

Appendix C

The smoothing of the reduced Wigner functions is
performed at each time step by using the NAG library
subroutine G10ABF which does cubic spline smoothing.
G10ABF is smoothing in one dimension. In order to ob-
tain two dimensional (px, py) smoothing first smoothing
is performed over one of the dimensions and then over
the other dimension. Various smoothing parameters has
been tried and it is concluded that a smoothing param-
eter value 500 for both dimensions is close to optimum.
The unsmoothed and smoothed reduced Wigner func-

tions are tested by taking their integrals over momenta
which give the local reduced density of one of the frag-
ments as

ρ̄T (x, y, t) =

∫

pxpy

(2πh̄)2
f̄T (x, y, px, py, t), (C1)

where ρ̄T (x, y, t) =
∫

dz ρT (x, y, z, t). It is seen that the
reduced density is obtained for unsmoothed as well as
smoothed reduced Wigner functions.
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