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Asymptotic normalization coefficients (ANCs) are fundamental nuclear constants playing impor-
tant role in nuclear reactions, nuclear structure and nuclear astrophysics. In this paper the physical
reasons of the Coulomb renormalization of the ANC are addressed. Using Pinkston-Satchler equation
the ratio for the proton and neutron ANCs of mirror nuclei is obtained in terms of the Wronskians
from the radial overlap functions and regular solutions of the two-body Schrödinger equation with
the short-range interaction excluded. This ratio allows one to use microscopic overlap functions for
mirror nuclei in the internal region, where they are the most accurate, to correctly predict the ratio
of the ANCs for mirror nuclei, which determine the amplitudes of the tails of the overlap functions.
Calculations presented for different nuclei demonstrate the Coulomb renormalization effects and
independence of the ratio of the nucleon ANCs for mirror nuclei on the channel radius. This ratio
is valid both for bound states and resonances. One of the goals of this paper is to draw attention
on the possibility to use the Coulomb renormalized ANCs rather than the standard ones especially
when the standard ANCs are too large.

PACS numbers: 21.10.Jx, 21.60.De, 03.65.Nk, 11.55.-m

I. INTRODUCTION

The asymptotic normalization coefficient (ANC) is a fundamental nuclear characteristics of bound states [1, 2] and
resonances (the partial resonance width is also expressed in terms of the ANC) [3, 4] playing an important role in
nuclear reaction and structure physics. The ANSs determine the normalization of the peripheral part of transfer
reaction amplitudes [1, 2] and overall normalization of the peripheral radiative capture processes [5–8]. In the R-
matrix approach the ANC determines the normalization of the external nonresonant radiative capture amplitude and
the channel radiative reduced width amplitude [3, 9, 10].
The ANC enters the theory in two ways [1]. In the scattering theory the residue at the poles of the elastic scattering

S matrix corresponding to bound states [11, 12] or resonances [4] can be expressed in terms of the ANC:

SJB

lB jB ;lB jB

k→kp

aA−−−−−→
AlB jB

k − kpaA
(1)

with the residue

AJB

lB jB
= −i2 lB+1 ei π ηp

aA

(
CB

aA lB jB JB

)2
, (2)

where CB
aA lB jB JB

is the ANC for the virtual or real decay B → a+A in the channel with the relative orbital angular
momentum lB of a and A, the total angular momentum jB of a and total angular momentum JB of the system
a+A. If B = (aA) is a bound state,

ηpaA ≡ η
bs
aA =

Za ZA e
2 µaA

κBaA
(3)

is the Coulomb parameter for the bound state B = (aA), kpaA = i κBaA, κBaA =
√
2µaA εBaA is the bound-state wave

number, εBaA = ma +mA −mB is the binding energy for the virtual decay B → a+A, Zi e and mi is the charge and
mass of particle i, and µaA is the reduced mass of a and A. Throughout the paper I use the system of units in which
~ = c = 1. Note that the singling out the factor ei π ηp

aA in the residue makes the ANC for bound states real (see Sect.
III B).
If B is a resonance, that is the decay B → a+A is real, then

ηpaA = i ηRaA, ηRaA =
Za ZA e

2 µaA

kaA (R)
(4)

is the Coulomb parameter for the resonance state with complex relative momentum kpaA = kaA (R), kaA (R) =√
2µaAEaA (R), EaA (R) is the resonance energy in the system a + A of the resonance state B = (aA). Eqs (1)
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and (2) being universal valid for both bound state poles and resonances [4] provide the most general and model-
independent definition of the ANC.
In the case of the Breit-Wigner resonance (ImkaA (R) << RekaA (R) = k0aA (R)) the residue of the elastic scattering

S-matrix element in terms of the resonance width is

AJB

lBjB
= − ie

2 i δp
lB jB JB

(k0
aA) µaA

k0aA (R)

ΓaA lBjBJB
, (5)

where δplB jB JB
(k0aA) is the potential (non-resonance) scattering phase shift at the real resonance relative momentum

k0aA (R). Meantime Eq.(2) in the Breit-Wigner resonance case takes the form

AJB

lB jB
= −i2 lB+1 e−π η

(0)
aA

(
CB

aA lB jB JB

)2
, (6)

where η
(0)
aA = Za ZA e

2 µaA/k
0
aA (R). Then the ANC and the partial width of the resonance are related by

(
CB

aA lB jB JB

)2
= (−1)lB eπ η

(0)
aA e

i 2 δp
lB jB JB

(k0
aA(R))

µaA ΓaA lB jB JB

k0aA(R)

. (7)

In the case of the subthreshold resonance (the resonance which is a bound state in the entry channel and a resonance
in the exit channel) the connection between the ANC and the partial width, calculated at the relative momentum of
particles a and A kaA, is given by [3]

ΓaA lB jB JB
(kaA) = PlB (kaA RaA)

W 2
−ηbs

aA
, lB+1/2

(2 κBaARaA)

µaARaA

(
CB

aA lB jB JB

)2
, (8)

where PlB (kaARaA) is the barrier penetrability, W−ηbs
aA, lB+1/2(2 κ

B
aARaA) is the Whittaker function for the bound

state B = (aA) and RaA is the channel radius. Correspondingly, the reduced width is determined by

γ2aA lB jB JB
=
W 2

−ηbs
aA

, lB +1/2
(2κBaARaA)

2µaARaA

(
CB

aA lB jB JB

)2
. (9)

Note that in the R-matrix method the peripheral part of the radiative capture amplitude is expressed in terms of
the reduced width rather than the ANC. However, the reduced width is model dependent, because it depends on the
channel radius RaA, while the ANC is not.
From other side, in the Schrödinger formalism of the wave functions the ANC is defined as the amplitude of the

tail of the overlap function of the bound state wave functions of B, A and a. The overlap function is given by

IBaA(raA) =< ψc |ϕB(ξA, ξa; raA) >

=
∑

lBmlB
jBmjB

< JAMA jBmjB |JBMB >< JaMa lBmlB |jBmjB >YlBmlB
(r̂aA) I

B
aA lBjB JB

(raA). (10)

Here

ψc =
∑

mjB
mlB

MAMa

< JAMA jBmjB |JBMB >< JaMa lBmlB |jBmjB > ÂaA{ϕA(ξA)ϕa(ξa)YlB mlB
(r̂aA)} (11)

is the two-body a+ A channel wave function in the jj coupling scheme, < j1m1 j2m2|j m > is the Clebsch-Gordan

coefficient, ÂaA is the antisymmetrization operator between the nucleons of nuclei a and A; ϕi(ξi) represents the
fully antisymmetrized bound state wave function of nucleus i with ξi being a set of the internal coordinates including
spin-isospin variables, Ji and Mi are spin and spin projection of nucleus i. Also raA is the radius vector connecting
the centers of mass of nuclei a and A, r̂aA = raA/raA, YlB mlB

(r̂Aa) is the spherical harmonics, and IBaA lBjBJB
(rAa)

is the radial overlap function. The summation over lB and jB is carried out over the values allowed by the angular
momentum and parity conservation in the virtual process B → A+ a.
The radial overlap function is given by

IBaA lBjB JB
(raA) =< ÂaA {ϕA(ξA)ϕa(ξa)YlB mlB

(r̂aA)}|ϕB(ξA, ξa; raA) >

=

(
A

a

) 1
2

< ϕA(ξA)ϕa(ξa)YlB mlB
(r̂aA)|ϕB(ξA, ξa; raA) > . (12)
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Eq. (12) follows from a trivial observation that, because ϕB is fully antisymmetrized, the antisymmetrization operator

ÂaA can be replaced by the factor

(
A

a

) 1
2

. In what follows, in contrast to Blokhintsev et al (1977), we absorb this

factor into the radial overlap function.
The tail of the radial overlap function (raA > RaA) in the case of the normal asymptotic behavior is given by

IBaA lB jB JB
(raA)

raA>RaA−−−−−−→ CB
aA lB jB JB

W−ηbs
aA

, lB+1/2(2 κ
B
aAraA)

raA

raA→∞
−−−−−→ CB

aA lBjBJB

e−κB
aAraA−ηbs

aA ln(2κB
aAraA)

raA
.

(13)

Correspondingly, for the resonance case

IBaA lB jB JB
(raA)

raA>RaA−−−−−−→ CB
aA lB jB JB

W−i ηR
aA, lB+1/2(−2 i kaA (R)raA)

raA

raA→∞
−−−−−→ CB

aA lBjBJB

e−i kaA (R) raA− i ηR
aA ln(−2 i kaA (R) raA)

raA
. (14)

For the first time, the proof of the fundamental connection between the residue AJB

lB jB
in the bound state pole of

the elastic scattering S matrix and the amplitude CB
aA lB jB JB

of the tail of the overlap function has been presented

in [11] and later on in [13–15] [55]. The proof of this relationship for non-sperical potentials was given in [16] and for
charged particles in [12]. Finally, generalization of this relationship for general case of bound state and resonances for
charged particles was presented in [4].
The first comprehensive review about the overlap functions and ANC was given in Ref. [1], in which the theory of

the ANC and its role in the nuclear reaction theory was presented. In another review paper [2] the role of the ANC
in the theory of nuclear reactions with charged particles was addressed. The role of the ANC in nuclear astrophysics
was, for the first time, discussed in [5, 6], where it was underscored that the ANC determines the overall normalization
of the peripheral radiative capture reactions. These two works pawed the way for using the ANC method as indirect
method in nuclear astrophysics (see also [17]). The ANC can be determined from peripheral transfer reactions and can
be used to calculate peripheral radiative capture reactions. It constitute a powerful indirect ANC method in nuclear
astrophysics. The ANC method was extensively used in the analysis of many important astrophysical reactions (see,
for example, [8–10, 18–23] and references therein). The role of the ANC in nuclear astrophysics has been once again
underscored in the review [24].
Recently it was shown that in exact approach the only model-independent quantity, which can be determined from

the analysis of nuclear reactions, is the ANC rather than the spectroscopic factor [25]. Moreover, in [26] a new
formalism of the deuteron stripping based on the surface integral formalism and generalized R-matrix approach has
been developed. It makes the role of the ANC in nuclear reaction theory even more important than it was thought
before. In this formalism the amplitude of the deuteron stripping reactions populating bound states and resonances
is paremeterized in terms of the ANC rather than the spectroscopic factors.
In [27] the charge symmetry of strong interactions was used to relate the proton and neutron ANCs of the one-

nucleon overlap integrals for light mirror nuclei. Equation (7) from [27], determining the ratio of the proton and
neutron ANCs of mirror nuclei, allows us to find one of the ANCs if another one is known. This relation extends to
the case of real proton decay where the mirror analog is a virtual neutron decay of a loosely bound state. In this case,
a link is obtained between the proton width and the squared ANC of the mirror neutron state. The relation between
mirror overlaps was used to study astrophysically relevant proton capture reactions based on information obtained
from transfer reactions with stable beams [28, 29].
In a nice work [30] the impact of the particle continuum on the proton and neutron ANCs for mirror p- and d-shell

nuclei within the framework of the real-energy and complex- energy continuum shell-model approaches. The authors
consider the basic properties of the single-particle ANCs for charged and neutral particles as functions of the Coulomb
parameter, binding energy and the orbital angular momentum. The authors investigate the validity of the ratio of the
proton and neutron mirror ANCs given by Eq. (7) from [27]. The main finding of [30] is that the key factor affecting
the ratio of the mirror ANCs is the distribution of the spectroscopic strength.
In Ref. [31] the model independence of the ratio of the proton and neutron ANCs for mirror nuclei was tested

within a phenomenological model, where the valence nucleon moves in a deformed mean field of the core which is
allowed to excite.
The calculations show that the ratio of the proton and neutron ANCs (see Table II from [27]) increases dramatically

with decrease of the proton binding energy and the charge of the core. This is the result of the impact of the Coulomb
barrier, which blocks the proton bound state wave function in the nuclear interior significantly decreasing its tail.
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Because the wave function is still normalized to unity, the drop of the radial tail is compensated by corresponding
increase of the amplitude of the tail. For loosely bound states and high charges the conventionally determined
ANC becomes enormously huge making problems in computations. For example the square of the proton ANC
21Na(1/2+, 2.425MeV) → 20Ne + p is 6.14 × 1033 fm−1 [20]. The square of the ANC for 17O(6.356MeV, 1/2+) →
13C + α is ∼ 10168 fm−1 [32]. In this paper I will give a physical insight into factors determining the Coulomb
renormalization of the ANC, making easier comparison of the ANCs of mirror nuclei. The analysis of the Coulomb
renormalization of the ANC is done using two approaches: the model-independent analytic structure of the scattering
amplitude and the Pinkston-Satchler equation [33, 34]. All the factors, which affect the ANC owing to the Coulomb
interaction, are analyzed. As a result of this research I suggest to use in the future analysis of the data the renormalized
proton ANC, in which the main Coulomb renormalization factor is excluded. It is especially useful in cases of high
nuclei charges and low binding energies. I provide also a new expression for the ratio of the mirror ANCs based on the
transformation of the expression for the overlap function obtained from the Pinkston-Satchler equation in terms of the
Wronskian. This expression is especially useful when microscopic overlap functions are available. These microscopic
overlap functions are usually accurate in the nuclear interior what is enough to determine the ratio of the ANCs of
the mirror nuclei expressed in terms of the Wronskian. Then if one of the ANCs is known experimentally the second
one can be determined.

II. COULOMB RENORMALIZATION OF THE ANC FROM ANALYTIC STRUCTURE OF THE

SCATTERING AMPLITUDE

First, I address the Coulomb renormalization of the ANC from analytic structure of the scattering amplitude [2].
Let us consider the scattering of two charged spinless particles a and A (we disregard the spins because they don’t
affect the Coulomb renormalization). The analytic properties of the on-the-energy-shell Coulomb-nuclear partial wave
scattering amplitude was investigated in [35–39]. The elastic scattering S-matrix element is given by

SlB (kaA) = 1 + 2 i ρlB(kaA)FlB (kaA), (15)

where ρlB (kaA) = k2 lB+1
aA . The partial elastic scattering S-matrix element can be written as

SlB (kaA) = e2 i δlB = SC
lB (kaA) + SC

lB (kaA)(S
CN
lB (kaA)− 1), (16)

SC
lB (kaA) = e2 i δClB =

Γ(lB + 1 + i ηaA)

Γ(lB + 1− i ηaA)
(17)

is the Coulomb elastic scattering S-matrix element and

SCN
lB (kaA) = e2 i δCN

lB (18)

is the Coulomb-modified nuclear elastic scattering S-matrix element, ηaA = Z1 Z2 e
2 µaA/kaA is the Coulomb parame-

ter of particles a andA in continuum, δlB is the total scattering phase shift in the partial wave lB, and δ
CN
lB

= δlB−δ
C
lB

is

the Coulomb-modified nuclear scattering phase shift. Coulomb-modified elastic scattering S-matrix element SCN
lB

(kaA)
we rewrite as

SCN
lB (kaA) = e2 i δlB = 1 + 2 i ρlB(kaA)F

CN
lB (kaA). (19)

The Coulomb-modified nuclear partial wave scattering amplitude FCN
lB

(kaA) is not analytical function in the kaA
plane [36]. Following [2, 36] we can present

FCN
lB (kaA) =

1

[hClB (kaA)]
2
TCN
lB (kaA). (20)

Here

hClB (kaA) =
lB! e

π
2 ηaA sign [RekaA]

Γ(lB + 1 + i ηaA)
(21)

is the normalized (hClB (kaA)
kaA→∞
−−−−−→ 1) Coulomb Jost function. At real kaA > 0 this definition coincides with a

conventional definition of the Coulomb Jost function. Owing to the presence of the factor sign [Re kaA], F
CN
lB

(kaA)



5

has singularity along the imaginary axis in the kaA-plane, which splits FCN
lB

(kaA) into two parts corresponding to
Re kaA > 0 and Re kaA < 0.
However the singled out renormalized Coulomb-modified nuclear partial wave scattering amplitude TCN

lB
(kaA) has

the same analytical properties on the first (physical) sheet of the Reeman surface (Imk > 0) as the pure nuclear
partial wave scattering amplitude: right-hand unitarity cut (0 ≤ kaA < ∞) and left-hand (EaA < 0) dynamical cut
[2]. TCN

lB
(kaA), similar to the pure nuclear scattering amplitude, has a pole at kaA = i κBaA

TCN
lB (kaA)

kaA→i κB
aA−−−−−−−→

ÃlB

kaA − i κBaA
, (22)

where the residue in the pole

ÃlB = −i2 lB+1
(
C̃B

aA lB

)2
. (23)

Correspondingly, the residue of FCN
lB

(kaA) is

AlB = −i2 lB+1 ei π ηbs
aA

[Γ(lB + 1 + ηbsaA)

lB!

]2 (
C̃B

aA lB

)2
. (24)

Here C̃B
aA lB

is the renormalized ANC, which is connected, according to Eq. (21), to the standard ANC [2]:

CB
aA lB =

Γ(lB + 1 + ηbsaA)

lB!
C̃B

aA lB . (25)

As we can see, the standard ANC contains the Coulomb barrier factor
Γ(lB+1+ηbs

aA)
lB ! . Correspondingly,

(
CB

aA lB

)2
= R1

(
C̃B

aA lB

)2
. (26)

where the renormalization factor in Eq. (26) is

R1 =
[Γ(lB + 1 + ηbsaA)

lB!

]2
, (27)

which is derived only from consideration of the analytic properties of the elastic scattering amplitude. This factor is
the main Coulomb renormalization factor (CRF) of the conventional ANC due to the Coulomb barrier. It increases
with increasing of charges and decreasing of the binding energy and can be quite huge.
Now can rewrite the reduced width as (recovering the spins)

γ2aA lB jB JB
=
W̃ 2

−ηbs
aA

, lB +1/2
(2κBaARaA)

2µaARaA

(
C̃B

aA lB jB JB

)2
, (28)

where

W̃ 2
−ηbs

aA
, lB +1/2(2κ

B
aARaA) =

Γ(l + 1 + ηbsaA)

l!
W 2

−ηbs
aA

, lB +1/2(2κ
B
aARaA). (29)

The reduced width is given by the product of two factors. When the charge of nucleus increases and binding energy
εBaA decreases, the Coulomb barrier also increases decreasing significantly the tail of the Whittaker function. However,
owing the conservation of the normalization of the bound state wave function of nucleus B, the amplitude of the tail of
the overlap function (its ANC) also significantly increases. Renormalization of the ANC and the Whittaker function,
as it is done in Eq. (29), decreases the ANC and increases the tail of the Whittaker function. This renormalization
doesn’t change the reduced width but allows one to operate with smaller ANCs then the standard ones and I draw
attention of the experimentalists on the possibility to use the Coulomb renormalized ANCs rather than the standard
ones when the latter become too big.
I demonstrate the renormalization of the ANC in Table I.
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TABLE I: The squared proton ANCs
(

CB
pA lBjBJB

)2
and Coulomb renormalized ANCs

(

C̃B
pA lBjBJB

)2
of the overlap functions

IBpA lBjBJB
; (lBjBJB) are the quantum numbers of the removed proton and the total spin of nucleus B; εBpA is the binding

energy for the virtual decay B → p+ A. The ANCs are taken from [40].

B A lBjB JB εBpA (MeV)
(

CB
pA lBjB

)

2
fm−1

(

C̃B
pA lBjB

)

2
fm−1

21Na 20Ne(0.0MeV) s1/2 1/2 0.0071 6.5 × 1033 2.66

57Cu 56Ni(0.0MeV) p3/2 3/2 0.7 1.77 × 108 135

132Sn 131In(0.0MeV) g9/2 0 15.71 9.03 × 108 1.22× 106

III. ANC FROM PINKSTON-SATCHLER EQUATION

A. Coulomb renormalization of ANC from source term expression

Here we obtain the main CRF of the ANC using the equation for the ANC containing the source term [6, 41]. To
make it more clear, first we consider the derivation of this expression following [6, 41] from Pinkston-Satchler equation
[33, 34]. Note that the overlap function is not an eigenfunction of any Hermitian Hamiltonian. To derive equation
for the overlap function containing the source term we start from the Schrödinger equation for the bound state of the
parent nucleus A:

(EB − T̂A − T̂a − T̂aA − Va − VA − VaA)ϕB(ξA, ξa; raA) = 0.. (30)

Here, T̂i is the internal motion kinetic energy operator of nucleus i, T̂aA is the kinetic energy operator of the relative
motion of nuclei a and A, Vi is the internal potential of nucleus i and VaA is the interaction potential between a and
A, EB is the total binding energy of nucleus B.
Multiplying the Schrödinger equation (30) from the left by

(
A

a

)1/2 ∑

mjB
mlB

MAMa

< JAMA jBmjB |JBMB >< JaMa lBmlB |jBmjB >Y ∗
lBmlB

(r̂aA)ϕA(ξA)ϕa(ξa) (31)

and taking into account Eq. (12) we get the equation for the radial overlap function with the source term [41]

(
εBaA − T̂raA

− V centr
lB − UC

aA

)
IBaA lB jB JB

(raA) = QlBjBJaJAJB
(raA). (32)

Here, T̂raA
is the radial relative kinetic energy operator of the particles a and A, V centr

lB
is the centrifugal barrier for

the relative motion of a and A with the orbital momentum lB; QlBjBJaJAJB
(raA) is the source term

QlBjBJaJAJB
(raA) =

∑

mjB
mlB

MAMa

< JAMA jBmjB |JBMB >< JaMa lBmlB |jBmjB >

×

(
A

a

)1/2 ∫
dΩraA

< ϕa(ξa)ϕA(ξA)|VaA − U
C
aA|Y

∗
lBmlB

(r̂aA)ϕB(ξa, ξA; raA) > . (33)

The integration in the matrix element < ϕa(ξa)ϕA(ξA)|VaA − UC
aA|Y

∗
lBmlB

(r̂aA)ϕB(ξa, ξA; raA) > in Eq. (33) is

carried out over all the internal coordinates of nuclei a and A. Note that we replaced the antisymmetrization operator
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ÂaA in Eq. (31) by

(
A

a

)1/2

because the operator EB − T̂A − T̂a − T̂aA − Va − VA − VaA in Eq. (30) is symmetric

over interchange of nucleons of a and A, while ϕB is antisymmetric. For charged particles it is convenient to single
out the channel Coulomb interaction UC

aA(raA) between the center of mass of nuclei a and A.
Eq. (33) can be rewritten in the integral form:

IBaA lB jB JB
(raA) =

1

raA

∞∫

0

dr′aA r
′
aAG

C
lB (raA, r

′
aA;−ε

B
aA)QlBjBJaJAJB

(r′aA). (34)

The partial Coulomb two-body Green function is given by [42]

GC
lB (raA, r

′
aA;−ε

B
aA) = −2µaA

ϕC
lB
(i κBaA raA<) f

C(+)
lB

(i κBaA raA>)

L
C(+)
lB

, (35)

where raA< = min {raA, r
′
aA} and raA> = max {raA, r

′
aA}. The Coulomb regular solution ϕC

lB
(i κBaA raA) of the

partial Schrödinger equation at imaginary momentum i κBaA is

ϕC
lB (i κ

B
aA raA) = −

1

2 κBaA

[
L
C(−)
lB

(i κBaA) f
C(+)
lB

(i κBaA, raA)− L
C(+)
lB

(i κBaA) f
C(−)
lB

(i κBaA raA)
]

= rlB+1
aA e−κB

aA raA
1F1(lB + 1 + ηbsaA, 2 lB + 2; 2 κBaA raA)

= e−i π lB/2 L
C(+)
lB

(i κBaA)
ei σlB FlB (i κ

B
aA, raA)

i κBaA
, (36)

where

ei σlB FlB (i κ
B
aA, raA) = ei π ηbs

aA/2 Γ(lB + 1 + ηbsaA)

2 Γ(2 lB + 2)
(2 i κBaA raA)

lB+1 e−κB
aA raA

1F1(lB + 1 + ηbsaA, 2 lB + 2; 2 κBaA raA).

(37)

Also

f
C(±)
lB

(i κBaA, raA) = e−i π ηbs
aA/2W∓ηbs

aA, lB+1/2(±2 κ
B
aA raA) (38)

are the Jost solutions (singular at the origin raA = 0),

L
C(±)
lB

(i κBaA) =
1

(2 i κBaA)
lB
e−i π ηbs

aA/2 e±i π lB/2 Γ(2 lB + 2)

Γ(lB + 1± ηbsaA)
(39)

are the Jost functions.
The asymptotic behavior of the overlap function is correct because it is governed by the Green function:

IBaA lB jB JB
(raA)

raA→∞
≈ − 2µaA

W−ηB
aA

, lB+1/2(2 κ
bs
aA raA)

raA

e−i π ηbs
aA/2

L
C(+)
lB

(i κBaA)

raA∫

0

dr′aA r
′
aA ϕ

C
lB (i κ

B
aA r

′
aA)QlBjBJaJAJB

(r′aA).

(40)

Taking into account Eq. (13) we get the ANC expressed in terms of the source QlBjBJaJAJB
(raA) [6, 41]:

CB
aA lB jB JB

= − 2µaA e
−i π ηbs

aA/2 1

L
C(+)
lB

(i κBaA)

∞∫

0

draA raA ϕ
C
lB (i κ

B
aA raA)QlBjBJaJAJB

(raA). (41)

Owe to the presence of the short-range potential operator VaA − U
C
aA (potential VaA is the sum of the nuclear V N

aA
and the Coulomb V C

aA potentials and subtraction of UC
aA removes the long-range Coulomb term from VaA) the source

term is also a short-range function and we approximate Eq. (41) by

CB
aA lB jB JB

≈ − 2µaA e
−i π ηbs

aA/2 1

L
C(+)
lB

(i κBaA)

RaA∫

0

draA raA ϕ
C
lB (i κ

B
aA raA)QlBjBJaJAJB

(raA), (42)
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where RaA is the channel radius. This equation provides the ANC, which, as it will be shown below, depends on RaA

and may not be accurate enough because we cut the integration over raA at the channel radius RaA. However, here
we are interested in the ratio of the mirror proton and neutron ANCs and, as it will be demonstrated below, this ratio
is practically insensitive to the value of the channel radius.[

L
C(+)
lB

(i κBaA)
]−1

contains the same barrier Γ(lB +1+ ηbsaA), see Eq. (39), which has been found in Section II based

on the general principle of analiticity of the elastic scattering amplitude. Hence, following Eq. (25), we introduce the
renormalized ANC

C̃B
aA lB jB JB

≈ − 2µaA (2 κBaA)
lB Γ(lB + 1)

Γ(2 lB + 2)

RaA∫

0

draA raA ϕ
C
lB (i κ

B
aA raA)QlBjBJaJAJB

(raA). (43)

The conventional ANC is related to the renormalized one as

CB
aA lB jB JB

=
Γ(lB + 1 + ηbsaA)

lB!
C̃B

aA lB jB JB
. (44)

B. ANC in terms of Wronskian

The advantage of Eq. (42) is that to calculate the ANC one needs to know the overlap function only in the nuclear
interior where the ab initio methods like no-core-shell-model [43–45], variational Green function Monte Carlo method
[46–48] and coupled-cluster method [49] are more accurate than in the external region. Now we transform the radial
integral in Eq. (42) into the Wronskian at raA = RaA. The philosophy of this transformation is the same as in the
surface integral formalism [50–52] only applied here for bound states.
First we rewrite

VaA − U
C
aA = V + V centr

lB − Va − VA − V
centr
lB − UC

aA (45)

and take into account equations

(−εB − T̂a − T̂A − T̂raA
)ϕC

lB (i κ
B
aA raA)ϕa(ξa)ϕA(ξA) = (UC

aA + V centr
lB + Va + VA)ϕ

C
lB (i κ

B
aA raA)ϕa(ξa)ϕA(ξA)

(46)

and

(−εB − T̂a − T̂A − T̂raA
) < YlBmlB

(r̂aA)|ϕB >= (VaA + Va + VA + V centr
lB ) < YlBmlB

(r̂aA)|ϕB >, (47)

where T̂raA
is the radial kinetic energy operator. Then we get

CB
aA lB jB JB

≈ − 2µaA e
−i π ηbs

aA/2 1

L
C(+)
lB

(i κBaA)

RaA∫

0

draA raA ϕ
C
lB (i κ

B
aA raA)QlBjBJaJAJB

(raA) = − 2µaA e
−i π ηbs

aA/2

×
1

L
C(+)
lB

(i κBaA)

∑

mjB
mlB

MAMa

< JAMA jBmjB |JBMB >< JaMa lBmlB |jBmjB >

(
A

a

)1/2 RaA∫

0

draA raA ϕ
C
lB (i κ

B
aA raA)

×

∫
dΩrraA

< ϕa(ξa)ϕA(ξA)|
←−
T̂ raA

+
←−
T̂ a +

←−
T̂ A −

−→
T̂ a −

−→
T̂ A −

−→
T̂ raA

|Y ∗
lBmlB

(r̂aA)ϕB(ξa, ξA; raA) >

= − 2µaA e
−i π ηbs

aA/2 1

L
C(+)
lB

(i κBaA)

∑

mjB
mlB

MAMa

< JAMA jBmjB |JBMB >< JaMa lBmlB |jBmjB >

×

(
A

a

)1/2 RaA∫

0

draA raA ϕ
C
lB (i κ

B
aA raA)

∫
dΩraA

< ϕa(ξa)ϕA(ξA)|
←−
T̂ raA

−
−→
T̂ raA

|Y ∗
lBmlB

(r̂aA)ϕB(ξa, ξA; raA) >

= − 2µaA e
−i π ηbs

aA/2 1

L
C(+)
lB

(i κBaA)

RaA∫

0

draA raA ϕ
C
lB (i κ

B
aA raA)

(←−
T̂ raA

−
−→
T̂ raA

)
IBaA lB jB JB

(raA). (48)
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Taking into account that

f(x)
(←−d

2

dx2
−

−→
d

2

dx2

)
g(x =

d

dx

(
g(x)

df(x)

dx
− f(x)

dg(x)

dx

)
(49)

we arrive at the final expression for the ANC in terms of the Wronskian:

CB
aA lB jB JB

= e−i π ηbs
aA/2 1

L
C(+)
lB

(i κBaA)
W [IBaA lB jB JB

(raA), ϕ
C
lB (i κ

B
aA raA)]

∣∣∣
raA=RaA

, (50)

where the Wronskian

Wa(i κ
B
aA raA) = W [ IBaA lB jB JB

(raA), ϕ
C
lB (i κ

B
aA raA)]

= IBaA lB jB JB
(raA)

dϕC
lB
(i κBaA raA)

draA
− ϕC

lB (i κ
B
aA raA)

dIBaA lB jB JB
(raA)

draA
. (51)

It is straightforward to see that determined here ANC is a real quantity because ϕC
lB
(i κBaA raA) given by Eq. (36),

IBaA lB jB JB
(raA) and e−i π ηbs

aA/2 1

L
C(+)
lB

(i κB
aA)

are real at pure imaginary momentum kaA = i κBaA. Correspondingly, the

Coulomb renormalized ANC is given by

C̃B
aA lB jB JB

= (2 κBaA)
lB Γ(lB + 1)

Γ(2 lB + 2)
W [IBaA lB jB JB

(raA), ϕ
C
lB (i κ

B
aA raA)]

∣∣∣
raA=RaA

. (52)

We know that the Wronskian calculated for two independent solutions of the Schrödinger equation is constant [42].
Because the radial overlap function IBaA lB jB JB

(raA) is not a solution of the Schrödinger equation in the nuclear inte-

rior, the Wronskian and, hence, the ANC determined by Eq. (48) depend on the channel radius RaA, if it is not too
large. However, if the adopted channel radius is large enough, we can replace the radial overlap function by its asymp-
totic term, see Eq. (13), proportional to the Whittaker function, which determines the radial shape of the asymptotic
radial overlap function and is a singular solution of the radial Schrödinger equation. Thus, because ϕC

lB
(i κBaA raA) is

independent regular solution of the same equation, at large RaA, where nuclear a − A interaction can be neglected

and asymptotic Eq. (13) can be applied, taking into account that W [ f
C(+)
lB

(i κBaA, raA), f
C(−)
lB

(i κBaA, raA)] = 2 κBaA
and Eq. (36) we get at large RaA

e−i π ηbs
aA/2 1

L
C(+)
lB

(i κBaA)
W [IBaA lB jB JB

(raA), ϕ
C
lB (i κ

B
aA raA)]

∣∣∣
raA=RaA

= CB
aA lB jB JB

. (53)

Hence Eq. (50) at large RaA, as expected, turns into identity and proof of it is an additional test that Eq. (50) is
correct. However our idea is to use Eq. (48) at RaA, which doesn’t exceed the radius of nucleus B = (aA). In the
nuclear interior the contemporary microscopic models provide quite accurate overlap functions. The ANC calculated
using Eq. (48) may depend on the adopted channel radius RaA but the ratio of the mirror ANCs, as it is shown
below, practically is not sensitive to RaA. It allows us to analyze the impact of the Coulomb effects on the ANC by
separating different scales of these effects.

IV. COMPARISON OF MIRROR PROTON AND NEUTRON ANCS AND COULOMB EFFECTS

In this section we compare the mirror proton and neutron ANCs and analyze the Coulomb effects which are
responsible for the difference between these ANCs. In what follows we simplify the notations for the proton and
neutron ANCs omitting the quantum numbers and using just Cp and Cn, correspondingly. From Eq. (50) we get the
ratio of the squares of the proton and neutron ANCs for mirror nuclei:

LW
pn(RNA) =

C2
p

C2
n

=
[( κBpA

κA+1
nA

)lB Γ(lB + 1 + ηbspA)

Γ(lB + 1)

Wp(i κ
B
pARNA)

Wn(i κ
A+1
nA RNA)

]2
, (54)

where Wp(i κ
B
pARNA)

(
Wn(i κ

A+1
nA RNA)

)
is the Wronskian calculated for the proton (neutron) at the channel radius

RNA. To get the proton (neutron) Wronskian we can just replace in Eq. (51) a → p (a → n). For the neutron
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Wronskian ϕlB (i κ
A+1
nA rnA) = rlB+1

nA e−κA+1
nA

rnA
1F1(lB + 1, 2 lB + 2; 2 κA+1

nA rnA), where κ
A+1
nA =

√
2µnA ε

A+1
nA is the

wave number of the bound state A+ 1 = (nA) of the isobaric analogue state of the bound state B = (pA).
Calculation of the ratio of the mirror nucleon ANCs requires knowledge of the microscopic radial overlap functions.

Meantime in [27] another expression for the mirror nucleon ANCs ratio was obtained which can be used when the
overlap functions are not available. I will show here how simple this derivation when using Eq. (54). First, as it was
pointed out in [27], in the nuclear interior Coulomb interaction varies very little in the vicinity of RNA and its effect
leads only to shifting of the nucleon binding energy. Hence, we assume that ϕC

lB
(i κBaA raA) and ϕlB (i κ

B
aA raA) behave

similarly at rNA ≈ RNA except for the overall normalization, that is

ϕC
lB (i κ

B
pA rpA) =

ϕC
lB
(i κBpARNA)

ϕlB (i κ
A+1
nA RNA)

ϕlB (i κ
A+1
nA rpA). (55)

Then Eq. (54) reduces to

LW ′

pn (RNA) =
C2

p

C2
n

≈

[( κBpA

κA+1
nA

)lB Γ(lB + 1 + ηbspA)

Γ(lB + 1)

ϕC
lB
(i κBpARNA)

ϕlB (i κ
A+1
nA RNA)

W [IBpA lB jB JB
(rpA), ϕlB (iκ

B
pArpA)]

∣∣∣
rpA=RNA

W [IA+1
nA lB jB JB

(rnA), ϕlB (iκ
A+1
nA rnA)]

∣∣∣
rnA=RNA

]2

.

(56)

Neglecting further the difference between the proton and neutron mirror overlap functions in the nuclear interior we
obtain the approximate ratio of the squares of the mirror ANCs from [27] (in the notations of the current paper):

Lpn(RNA) =
C2

p

C2
n

≈
[( κBpA

κA+1
nA

)lB Γ(lB + 1 + ηbspA)

Γ(lB + 1)

ϕC
lB
(i κBpARNA)

ϕlB (i κ
A+1
nA RNA)

]2
. (57)

In descending accuracy I can rank Eq. (54) as the most accurate, then Eq. (56) and then Eq. (57). Taking into account
that the microscopic overlap functions (calculated in no-core-shell-model [43–45], variational Monte Carlo method [46–
48] or oscillator shell-model [40]) are more accurate in the nuclear interior, using Eq (54) one can determine the ratio
of the mirror ANCs quite accurately. Then follows Eq. (56), in which only one approximation (55) is used, and
finally Eq. (57), in which two approximations are used. Eq. (54) requires knowledge of two mirror overlap nucleon
functions, Eq. (56) requires only one overlap functions while to calculateEq. (57) one doesn’t need overlap functions
and it is the simplest to estimate. As we will see below, while ratio (54) practically doesn’t depend on the channel
radius RNA, ratios (56) and (57) show some evident dependence on RNA.
Now we explain physics causing the difference between the proton and neutron mirror ANCs. First of all the proton

ANC is affected by the main CRF R1, see Eq. (27). Eliminating this major factor from the proton ANC we obtain
the ratio of the squares of the Coulomb renormalized proton and neutron ANCs:

L̃W
pn(RNA) =

C̃2
p

C2
n

=
[( κBpA

κA+1
nA

)lB Wp(i κ
B
pARNA)

Wn(i κ
A+1
nA RNA)

]2
, (58)

L̃W ′

pn (RNA) =
C̃2

p

C2
n

≈

[( κBpA

κA+1
nA

)lB ϕC
lB
(i κBpARNA)

ϕlB (i κ
A+1
nA RNA)

W [IBpA lB jB JB
(rpA), ϕlB (iκ

B
pArpA)]

∣∣∣
rpA=RNA

W [IA+1
nA lB jB JB

(rnA), ϕlB (iκ
A+1
nA rnA)]

∣∣∣
rnA=RNA

]2

(59)

and

L̃pn =
C̃2

p

C2
n

≈
[( κBpA

κA+1
nA

)lB ϕC
lB
(i κBpARNA)

ϕlB (i κ
A+1
nA RNA)

]2
. (60)

These ratios are still may be far from unity. After we removed the main CRF, there are two more remaining CRFs,
which determine the difference between the proton and neutron mirror ANCs. The second factor appears because
of the difference in the proton and neutron binding energies. The dependence of the ANC on the binding energy is
exponential [38]. Because the binding energy of the neutron analogue state is larger then the corresponding proton

binding energy, the renormalized squared proton ANC C̃2
p is lower then C2

n, and the second CRF decreases the proton

ANC: the bigger the difference εA+1
nA − εBpA the stronger decrease of the proton ANC. The third CRF, which increases

the proton ANC compared to the neutron one, is generated by the fine Coulomb effects ( the effects left after removal
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the main CRF and difference in the binding energies) and is minor compared to the first two CRFs. Now after this
discussion we can rewrite Eq. (58) as

L̃W
pn(RNA) = R̃

W
2 R̃

W
3 , (61)

where

R̃W
2 =

[( κBpA

κA+1
nA

)lB Wn(i κ
B
pARNA)

Wn(i κ
A+1
nA RNA)

]2
(62)

and

R̃W
3 =

∣∣∣
Wp(i κ

B
pARNA)

Wn(i κBpARNA)

∣∣∣
2

. (63)

To calculate the binding energy effect R̃W
2 on the ANCs ratio it is enough to replace in Eq. (58) the proton Wronskian

Wp(i κ
B
pARNA) by the neutron one Wn(i κ

B
pARNA) but calculated at the proton binding energy. To calculate the

impact of the fine Coulomb effects it is enough to consider the ratio of the squared proton and neutron Wronskians
both calculated at the proton binding energy. Similarly we can estimate these renormalization effects for L̃W ′

pn (RNA).

For the ratio of the ANCs L̃pn considered in [27] we get

L̃pn = R̃2 R̃3, (64)

where

R̃2 =
[( κBpA

κA+1
nA

)lB ϕlB (i κ
B
pARNA)

ϕlB (i κ
A+1
nA RNA)

]2
(65)

is the CRF determining the effect of the binding energy, while

R̃3 =
[ϕC

lB
(i κBpARNA)

ϕlB (i κ
B
pARNA)

]2
(66)

is the CRF determining the fine Coulomb effects.
Thus we can express the squared proton ANC in terms of the mirror squared neutron one as

C2
p = R1 R̃

W
2 R̃

W
3 C2

n (67)

or

C2
p = R1 R̃2 R̃3 C

2
n, (68)

depending on whether we use the Wronskian approach or more simple renormalization from [27]. Here we took into
account that the quantum numbers of the proton and neutron analogue states are the same.
Because I don’t have all the required overlap functions, which are necessary to calculate the CRFs, only the

renormalization factors R̃2 and R̃3 are estimated in Sect. V.

V. CALCULATIONS

In this section we consider some cases applying both Wronskian formalism and Eqs. (56) and (57).

1. Comparison of ANCs for 41Sc(1f7/2; 0.0MeV) → 40Ca(0.0MeV) + p and 41Ca(1f7/2; 0.0MeV) → 40Ca(0.0MeV) + n.

I start from analysis of the mirror proton and neutron ANCs for 41Sc(1f7/2; 0.0MeV) → 40Ca(0.0MeV) + p and
41Ca(1f7/2; 0.0MeV) → 40Ca(0.0MeV) + n, correspondingly. Both ANCs correspond to isobaric analogue states in
the mirror nuclei and we can apply the formalism discussed in the previous section. The overlap functions are taken
from [40].
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FIG. 1: (Color online) Ratio of the square of the proton ANC for the virtual decay 41Sc(1f7/2; 0.0MeV) → 40Ca(0.0MeV)+ p

to the square of the neutron ANC for the mirror nucleus virtual decay 41Ca(1f7/2; 0.0MeV) → 40Ca(0.0MeV) + n; solid red
line - Wronskian method, Eq. (54), green dashed line is obtained using Eq. (56) and dotted blue line is obtained using Eq.
(57) as in [27].
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FIG. 2: (Color online) Panel (a): solid red line- dependence on RNA of the square of the proton ANC for the virtual decay
41Sc(1f7/2; 0.0MeV) → 40Ca(0.0MeV)+p calculated using the Wronskian expression given by Eq. (50); panel (b): blue dotted

line- dependence on RNA of the square of the neutron ANC for the virtual decay 41Ca(1f7/2; 0.0MeV) → 40Ca(0.0MeV) + n
calculated using the Wronskian expression given by Eq. (50).

In Fig. 1 is shown the ratio of the ANCs calculated using the Wronskian formalism and approximations (56) and
(57). While the ratio obtained in the Wronskian formalism remains practically constant, both approximated ratios
depend on the channel radius RNA. Note that the results obtained using approximations (56) and (57) are valid only
at RNA ≤ RA, where RA ≈ 4.5 fm is the radius of A = 40Ca. Eq. (56) better agrees with the exact Wronskian
expression than Eq. (57). The latter has the smallest deviation from the exact result at RNA ≈ 4.4.
In Fig. 2 the dependence on RNA of the square of the proton and neutron ANCs for the virtual decays

41Sc(1f7/2; 0.0MeV) → 40Ca(0.0MeV) + p and 41Ca(1f7/2; 0.0MeV) → 40Ca(0.0MeV) + n calculated using the
Wronskian expression given by Eq. (48). Comparison of Figs 1 and 2 is very instructive. As we can conclude from
the latter the ANCs calculated using the Wronskian method reach their correct values at RNA > 7 fm. In other
words, only at RNA > 7 fm the proton and neutron overlap functions can be replaced by their asymptotic terms.
However, the ratio of the ANCs calculated using the Wronskian formalism remains constant practically at all RnA > 2,
allowing one to calculate this ratio even in the nuclear interior where the overlap functions cannot be replaced by
their asymptotic terms. The calculated using the Wronskian method the proton and neutron ANCs and theirs ratio
are in excellent agreement with the calculations in [40].
Now we consider how the Coulomb renormalization affects the proton ANC C2

p = 286.9 fm−1. There are three
CRFs. Dividing the the proton squared ANC by each of these factors we can eliminate step by step all three Coulomb
effects eventually arriving at the neutron squared ANC. To estimate the different CRFs I use Eqs (65) and (66).
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FIG. 3: (The dependence on the channel radius of the ratio of the proton and neutron reduced widths for 41Sc(1f7/2; 0.0MeV) →
40Ca(0.0MeV) + p and 41Ca(1f7/2; 0.0MeV) → 40Ca(0.0MeV) + n, correspondingly. The nucleon ANCs calculated using the
Wronskian expression given by Eq. (50).

The Wronskian formalism aslo could be used but not all the needed overlap functions are available. The main
CRF in the case under consideration R1 = 14311.9. Hence the Coulomb renormalized square of the proton ANC
is C̃2

p = C2
p/R1 = 0.02 fm−1. Now we take into account the remaining two CRFs coming from difference in the

proton and neutron binding energies and the residual Coulomb effects. Because at RNA = 4.4 fm the ratio of the
proton and neutron ANCs obtained using Eq. (57) is the closest to the one obtained by the Wronskian method, the
remaining two Coulomb renormalizations are calculated at RNA = 4.45 fm. The binding energy of the proton in
41Sc(0.0MeV) is ε

41Sc
p 40Ca = 1.085 MeV, while the neutron binding energy in 41Ca(0.0MeV) is ε

41Ca
n 40Ca = 8.362 MeV.

This large difference in the neutron and proton binding energies leads to significant renormalization of the proton
ANC compared to the neutron one. Dividing C̃2

p by the CRF R2 = 0.0011 we get the renormalized proton ANC at

the neutron binding energy: C̃
′ 2
p = 18.18 fm−1. Finally, dividing it by the CRF R3 = 4.16, reflecting the residual

Coulomb effects, we get the square of the neutron ANC C2
n = 4.37 fm−1. These calculations clearly demonstrate the

scale of the different CRFs leading to the difference between the mirror proton and neutron ANCs.
Let us consider now the ratio of the proton and neutron reduced widths for the mirror nuclei:

γ2p
γ2n

=
W 2

−ηbs
p , lB +1/2(2κpRNA)C

2
p

W 2
0, lB +1/2(2κnRNA) C2

n

. (69)

For the case under consideration this ratio is γ2p/γ
2
n = 1.1 at RNA = 4.4 fm and gradually increasing with RNA

increase, see Fig 3, demonstrating model dependence of the reduced widths. Because the ratio of the nucleon ANCs
remains constant, the channel radius dependence comes entirely from the channel radius dependence of the Whittaker
functions. The higher binding energy of the neutron generates stronger channel radius dependence of the neutron
Whittaker function, which is actually proportional to the spherical Hankel function.

2. Comparison of ANCs for 17F(1d5/2) →
16O(0.0MeV) + p and 17O(1d5/2; 0.0MeV) → 16O(0.0MeV) + n.

As in the previous case, the overlap functions are nodeless at rNA > 0 and I will demonstrate how the Wronskian
method works compared to approximated equations. I start from the analysis of the proton and neutron ANCs for
17F(1d5/2; 0.0MeV)→ 16O(0.0MeV)+p and 17O(1d5/2; 0.0MeV)→ 16O(0.0MeV)+n, correspondingly. Both ANCs
correspond to isobaric analogue states in mirror nuclei and we can apply the formalism discussed in the previous
section. The overlap functions are taken from [40].
In Fig. 4 the dependence on RNA of the square of the ratio of the mirror proton and neutron ANCs for the virtual

decays 17F(1d5/2)→
16O(0.0MeV)+p and 17O(1d5/2)→

16O(0.0MeV)+n calculated using the Wronskian formalism
and Eqs. (56) and (57) is shown. While the ratio obtained in the Wronskian formalism remains practically constant,
Eqs. (56) and (57) provide the ratios which depend on the channel radius RNA. Eq. (56) agrees very well with the
exact Wronskian method at RNA ≤ 3 fm. Assumption that the mirror proton and neutron overlap functions are close
to each other in the nuclear interior is the basis for both approximate equations for the ANCs ratio. It is clear from
Fig. 5 that with the RNA increase the square of the ratio of the mirror overlap functions deviates from unity.
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FIG. 4: (Color online) Ratio of the square of the proton ANC for the virtual decay 17F(1d5/2; 0.0MeV) → 16O(0.0MeV) + p

to the square of the neutron ANC for the mirror nucleus virtual decay 17O(1d5/2; 0.0MeV) → 16O(0.0MeV)+n; solid red line
- the Wronskian method, Eq. (54), green dashed line is obtained using Eq. (56) and dotted blue line is obtained using Eq. (57)
as in [27].
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FIG. 5: Ratio of the square of the proton and neutron radial overlap functions for 17F(1d5/2; 0.0MeV) → 16O(0.0MeV) + p

and 17O(1d5/2; 0.0MeV) → 16O(0.0MeV) + n. The overlap functions are from [40].
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FIG. 6: (Color online) Dependence on RNA of the square of the proton (solid red line) and neutron (blue dotted line) ANCs
for the virtual decays 17F(1d5/2) →

16O(0.0MeV) + p and 17O(1d5/2) →
16O(0.0MeV) + n, correspondingly, calculated using

the Wronskian expression given by Eq. (50).
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FIG. 7: Dependence on the channel radius of the ratio of the proton and neutron reduced widths for 17F(1d5/2; 0.0MeV) →
16O(0.0MeV) + p and 17O(1d5/2; 0.0MeV) →

16O(0.0MeV) + n, correspondingly. The nucleon ANCs calculated using the
Wronskian expression given by Eq. (50).

Comparison of Figs 4 and 6 is very instructive and shows the power of the Wronskian method. As it is clear from
Fig. 6, the proton and neutron ANCs calculated using the Wronskian equation reach their plateau only at RNA > 6
fm. However, the ratio of the ANCs calculated using the Wronskian formalism, Eq. (54), remains constant practically
at all RnA > 2 fm, allowing one to calculate this ratio even in the region where the overlap functions cannot be
replaced by their asymptotic terms. The ratio of the proton and neutron ANCs calculated using approximated Eq.
(56) agrees very well with the Wronskian method at RnA ≤ 3 fm, that is well in the nuclear interior, while Eq. (57)
gives the ratio below the Wronskian method.
Now we consider how the Coulomb renormalization affects the proton ANC C2

p = 0.58 fm−1. To estimate the
different CRFs I use, as in the previous case, Eqs (65) and (66). The main CRF in the case under consideration

R1 = 42.01. Hence the Coulomb renormalized square of the proton ANC is C̃2
p = C2

p/R1 = 0.0138 fm−1. Now we
take into account the remaining two CRFs coming from difference in the proton and neutron binding energies and
the residual Coulomb effects. Because at RNA = 4.0 fm the ratio of the proton and neutron ANCs obtained using
Eq. (57) is the closest to the one obtained by the Wronskian method, the remaining two CRFs are calculated at

RNA = 4.0 fm. The binding energy of the proton in 17F(0.0MeV) is ε
17F
p 16O = 0.605 MeV, while the neutron binding

energy in 17O(0.0MeV) is ε
17O
n 16O = 4.14 MeV. This large difference in the neutron and proton binding energies leads

to significant renormalization of the proton ANC compared to the neutron one. Dividing C̃2
p by the CRF R2 = 0.015

we get the renormalized proton ANC at the neutron binding energy: C̃
′ 2
p = 0.92 fm−1. Finally, dividing it by the

CRF R3 = 1.97, reflecting the residual Coulomb effects, we get the square of the neutron ANC C2
n = 0.467 fm−1.

These calculations once again demonstrate the scale of the different CRFs leading to the difference between the mirror
proton and neutron ANCs.
The ratio of the proton and neutron reduced widths γ2p/γ

2
n = 0.29 at RNA = 4.0 fm and gradually decreasing with

RNA increase, see Fig 7, demonstrating model dependence of the reduced widths. In this case the proton Whittaker
function drops faster than the neutron one.

3. Comparison of ANCs for 17F(2s1/2) →
16O(0.0MeV) + p and 17O(2s1/2) →

16O(0.0MeV) + n.

In this section I analyze the ratio of the proton and neutron ANCs for 17F(2s1/2) →
16O(0.0MeV) + p and

17O(2s1/2) →
16O(0.0MeV) + n, correspondingly. Both ANCs correspond to isobaric analogue states in the mir-

ror nuclei and we can apply the formalism discussed in the previous section. The overlap functions are taken from

[40]. It is a special case because of the very low proton binding energy, ε
17F
p 16O = 0.105 MeV. Besides, the overlap

functions have one node at rNA > 0 and it will be interesting to see how the Wronskian method works in this case.
The ratio of the square of the proton and neutron overlap functions I2p (rNA)/I

2
n(rNA) > 1 at all rNA, see Fig 8. Hence

both approximations (56) and (57) fail.
It is seen from Fig. 9 where the ratios of the ANCs calculated using the Wronskian formalism and Eqs. (56) and

(57) are shown. While the ratio obtained in the Wronskian formalism remains practically constant at RNA > 4 fm,
the ratios obtained using Eqs. (56) and (57) depend on the channel radius RNA and at the best radius RNA = 5 fm
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FIG. 9: (Color online) Ratio of the square of the proton ANC for the virtual decay 17F(2s1/2) →
16O(0.0MeV) + p to the

square of the neutron ANC for the mirror nucleus virtual decay 17O(2s1/2) →
16O(0.0MeV)+n; solid red line - the Wronskian

method, Eq. (54), green dashed line is obtained using Eq. (56) and dotted blue line is obtained using Eq. (57) as in [27].

underestimate the exact ratio (Wronskian equation) by 30%. The anomalous behavior of the Wronskian expression
at RNA < 4 fm is the result of the nodes of the overlap functions.
In Fig. 10 the dependence on RNA of the square of the mirror proton and neutron ANCs for the virtual decays

17F(2s1/2)→
16O(0.0MeV)+ p and 17O(2s1/2)→

16O(0.0MeV)+n calculated using the Wronskian expression given
by Eq. (50). Owing to the low nucleon binding energies the overlap functions the nucleon overlap functions reach
their asymptotic tail (the ANCs reach their plateau) only at RNA > 7 fm, see Fig. 10. However, the ratio of the ANCs
calculated using the Wronskian formalism, see Fig. 9, remains practically constant at all RnA > 5 fm, allowing one
to calculate this ratio even in the region where the overlap functions cannot be replaced by their asymptotic terms.
Note that the calculated using the Wronskian method the proton and neutron ANCs and theirs ratio are in excellent
agreement with the calculations in [40].
The ratio of the proton and neutron reduced widths γ2p/γ

2
n = 1.71 at RNA = 5.0 fm and gradually increasing with

RNA increase, see Fig 11, demonstrating model dependence of the reduced widths. In this case the neutron Whittaker
function drops slightly faster than the proton one.

4. Comparison of ANCs for 8B(1p3/2; 0.0MeV) → 7Be(0.0MeV) + p and 8Li(1p3/2; 0.0MeV) → 7Li(0.0MeV) + n.

To analyze the mirror proton and neutron ANCs for 8B(1p3/2; 0.0MeV) → 7Be(0.0MeV) + p and
8Li(1p3/2; 0.0MeV) → 7Li(0.0MeV) + n I use the overlap functions obtained from the variational Monte Carlo
wave functions using Green’s function method [53].
In Fig. 12 the ratios of the square of the proton and neutron ANCs calculated using the Wronskian formalism and
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FIG. 10: (Color online) Panel (a): red solid line- dependence on RNA of the square of the proton ANC for the virtual decay
17F(2s1/2) →

16O(0.0MeV) + p calculated using the Wronskian expression given by Eq. (50); panel (b): blue dotted line -

dependence on RNA of the square of the neutron ANC for the virtual decay 17O(2s1/2) →
16O(0.0MeV) + n calculated using

the Wronskian expression given by Eq. (50).
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FIG. 11: The dependence on the channel radius of the ratio of the proton and neutron reduced widths for 17F(2s1/2; 0.0MeV) →
16O(0.0MeV) + p and 17O(2s1/2; 0.0MeV) →

16O(0.0MeV) + n, correspondingly. The nucleon ANCs calculated using the
Wronskian expression given by Eq. (50).

Eqs. (56) and (57) are shown. The ratio obtained in the Wronskian formalism remains almost constant ( the observed
oscillations are related with accuracy of the Monte Carlo method). The ratios obtained using Eqs. (56) and (57)
in the internal region at RNA < 3.5 fm practically constant and lower than the exact ratio. The mean value of the
calculated ratio of the square of the proton and neutron ANCs using the Wronskian method in the interval 3.4− 4.6
fm is 1.24, what is slightly higher then the experimental ratio 1.06± 0.11 [54] and the ratio 1.15 obtained using Eq.
(57).
In Fig. 13 is shown the dependence on RNA of the square of the proton and neutron ANCs for the virtual decays

8B(1p32/2; 0.0MeV) → 7Be(0.0MeV) + p and 8Li(1p3/2; 0.0MeV) → 7Li(0.0MeV) + n, correspondingly, calculated
using the Wronskian expression given by Eq. (50). As we can see, in contrast to the previous cases, the calculated
using the Wronskian approach ANCs never reach plateau, what reflects the fact that the Monte Carlo overlap functions
don’t have correct asymptotic radial shape. Neverhteless, the ratio of the mirror proton and neutron ANCs, as it is
shown in Fig. 12, remains practically stable confirming once more that this ratio can be calculated with the overlap
functions, which are correct only in the nuclear interior.
Once again we can estimate all the Coulomb renormalization effects on the proton ANC. We adopt the square of

the ANC C2
p = 0.43 fm−1 obtained from the Wronskian expression at RNA = 4 fm. The main CRF in the case under

consideration R1 = 13.66. The Coulomb renormalized square of the proton ANC is C̃2
p = 0.0315 fm−1. Now we take

into account the remaining two Coulomb renormalizations coming from difference in the proton and neutron binding
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FIG. 12: (Color online) Ratio of the square of the proton ANC for the virtual decay 8B(1p32/2; 0.0MeV) → 7Be(0.0MeV) + p

to the square of the neutron ANC for the mirror nucleus virtual decay 8Li(1p3/2; 0.0MeV) → 7Li(0.0MeV)+n; solid red line -
the Wronskian method, Eq. (54), green dashed line is obtained using Eq. (56) and dotted blue line is obtained using Eq. (57).
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FIG. 13: (Color online) Red (blue) solid line: dependence on RNA of the square of the proton (neutron) ANC for the virtual

decay 8B(1p32/2; 0.0MeV) →
7Be(0.0MeV) + p

(

8Li(1p3/2; 0.0MeV) → 7Li(0.0MeV) + n
)

calculated using the Wronskian

expression given by Eq. (50).

energies and the residual Coulomb effects. The binding energy of the proton in 8B(0.0MeV) is ε
8B
p 7Be = 0.1375 MeV,

while the neutron binding energy in 8Li(0.0MeV) is ε
8Li
n 7Li = 2.03 MeV. The difference between the proton and neutron

binding energies leads to renormalization of the proton ANC compared to the neutron one. Dividing C̃2
p by the CRF

at RNA = 4 fm R2 = 0.053 we get the renormalized proton ANC at the neutron binding energy: C̃
′ 2
p = 0.59 fm−1.

Finally, dividing it by the CRF at RNA = 4 fm R3 = 1.61 reflecting the residual Coulomb effects we get the square
of the neutron ANC C2

n = 0.37 fm−1.
The ratio of the proton and neutron reduced widths for 8B(1p3/2; 0.0MeV) → 7Be(0.0MeV) + p and

8Li(1p3/2; 0.0MeV)→ 7Li(0.0MeV) + n, correspondingly, see Fig 14, gradually increases with RNA increase.

VI. SUMMARY

The first goal of this paper is to analyze the Coulomb renormalization of the ANC. It is shown that the Coulomb
renormalization of the proton ANC compared to the neutron one of the mirror nucleus consists of three factors: the
main CRF given by Eq. (27). The second CRF is the result of the decrease of the proton binding energy compared to
the neutron one and the thrid CRF is the result of the fine Coulomb effects (residual Coulomb effects after removing
the main CRF). The scale of each CRF is determined for different cases. I also draw attention on the possibility of
using the renormalized ANC when the standard one becomes too large.
The second important result of this paper is derivation of new expression for the ratio of the proton and neutron
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FIG. 14: Dependence on the channel radius of the ratio of the proton and neutron reduced widths for 8B(1p3/2; 0.0MeV) →
7Be(0.0MeV) + p and 8Li(1p3/2; 0.0MeV) →

7Li(0.0MeV) + n, correspondingly. The nucleon ANCs calculated using the
Wronskian expression given by Eq. (50).

ANCs for isobaric analogue states of the mirror nuclei. This equation is obtained from the Pinkston-Satchler equation
and given by the ratio of the Wronskians taken from the radial overlap functions and regular solutions of the two-
body N+A radial Schrödinger equation with the short-range interaction excluded. It is shown that using microscopic
overlap functions, which are more accurate in the nuclear interior, one can determine the ratio of the mirror nucleon
ANCs which are the amplitudes of the tails of the corresponding overlap functions. It allows us to obtain one of the
nucleon ANCs if other is known. The results of this paper can be extended for the resonance states (when the overlap
functions for resonance states will be available) and for the arbitrary mirror ANCs for the systems a+A, for example
for a = alpha.
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