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Distinct maxima and minima in neutron total and absorption cross section uncertainties when
optical-model parameters are varied have been observed in large-scale covariance calculations. These
features were seen over a wide mass range (20–210) and for energies up to 20 MeV. Here we investi-
gate the physical origin of the observed patterns over an extended energy range (1 keV – 200 MeV).
We have calculated the sensitivity of the cross sections for a specific nucleus (56Fe) to variations
of the 15 parameters of a standard global optical potential parameterization, and have also carried
out calculations for alternative global optical potentials over the original wide mass and energy
ranges. We find that simple physical descriptions can be found in two energy ranges. Below approx-
imately 100 keV, the patterns arise from the interplay of the s- and p-wave single particle resonances.
Above approximately 4 MeV, a single phase-shift approximation (the Ramsauer model) describes
the observed behavior. We discuss the potential importance of such sensitivity studies for further
development of optical potentials.

PACS numbers: 24.10.Ht, 25.40.-h, 28.20.Cz, 28.20.Fc

I. INTRODUCTION

In recent years there has been renewed interest in quan-
titative assessment of uncertainties in neutron-induced
cross sections, driven largely by the requirements of ad-
vanced concepts for nuclear power reactors and other ap-
plications. The subject is of broader interest as it re-
quires a detailed assessment of nuclear reaction theory
and its parameters, which are taken from basic nuclear
physics studies, including their uncertainties and corre-
lations. Such nuclear reaction calculations are very im-
portant for evaluating existing experimental data and are
essential where no data are available. These calculations,
mainly based on the Hauser-Feshbach formalism [1], are
suitable for describing experimental data when such data
are averaged over an appropriate energy interval. A cur-
rent assessment of the relevant models and parameters
can be found in Ref. [2].

The optical model is a critically important ingredient
in such nuclear reaction calculations, since it yields the
cross section for compound nuclear formation in the ini-
tial stage of a reaction, and supplies the transmission
coefficients for branching into the various final states.
Because its importance, a large-scale covariance study
was recently carried out [3] to assess the sensitivity of a
wide variety of neutron-induced reactions to variations
in the parameters describing the optical model. This
study was carried out for nuclei across the periodic table
(19F to 209Bi), and for a broad range of neutron ener-
gies (up to 20 MeV). For the present work, the study
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FIG. 1. (Color online) Relative uncertainties ∆σ/σ for neu-
tron total neutron cross sections showing the patterns ob-
tained by propagating uncertainties in the parameters of the
Koning-Delaroche spherical optical potential [4].

was extended up to 200 MeV. At the upper energies,
the optical model has additional importance in deter-
mining the properties of the direct and preequilibrium
reactions that precede the formation of an equilibrated
compound nucleus whose decays can be calculated using
the Hauser-Feshbach or simpler evaporation mechanisms.
When plotted on a mass-energy grid, these results show
patterns of bands in which the total and absorption cross
sections are very insensitive to certain optical-model pa-
rameters. The purpose of this paper is to exhibit these
features, and to identify the physical ingredients that are
responsible for them. Although we will use a particular
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recent global optical-model parameterization for most of
these investigations (that of Koning and Delaroche [4]),
we will show that alternative global parameterizations
exhibit very similar patterns.

To illustrate the patterns of sensitivity we are investi-
gating, we show in Fig. 1 results from Ref. [3], extended
up to 200 MeV, for the sensitivity of the total cross sec-
tion to variations of the parameters of the optical po-
tential of Ref. [4]. The fractional uncertainty in the total
cross section corresponding to a physically reasonable un-
certainty in each optical model parameter was calculated,
and the results added in quadrature (see Ref. [3] for de-
tails). In this case, the most important parameters are
the strength and radius of the real central potential; the
relative importance of the various parameters will be dis-
cussed below. The scale on the right of the figure shows
that the dark bands correspond to regions that are very
insensitive to the optical model parameters, while the
very light regions are highly sensitive to them.

We note that at low energies the regions of low sensi-
tivity are associated with specific mass regions, whereas
at high energies the dark bands become nearly horizon-
tal and therefore are associated with specific energies
rather than specific masses. We will show that both low-
and high-energy behavior can be understood via sim-
ple models. At very low energies, the cross sections are
dominated by a single partial wave (the s wave), which
leads to an interpretation in terms of the same single-
particle s-wave shell model states that give rise to the
peaks in the s-wave neutron strength functions as a func-
tion of mass [5]. At somewhat larger energies, up to
≈100 keV, p waves are required to complete the pic-
ture. At high energies (≈4–100 MeV) the regularities
can be explained by a different single-phase-shift model,
the Ramsauer model [6], that corresponds to the inter-
ference between waves passing through the nucleus and
those going around it. In between these two energy re-
gions, a simple interpretation is not possible because the
observed behavior results from the interplay of several
partial waves.

The paper is organized as follows. In Section II we pro-
vide a brief description of the optical model and the pa-
rameterization we are using, together with a description
of the relevant observables. We also show explicit expres-
sions for the sensitivity of the total and absorption cross
sections in terms of the optical potential and the scatter-
ing wave function calculated from it. Section III contains
the results of a sensitivity analysis for 56Fe, which shows
the sensitivities of the total and absorption cross sections
to the individual optical model parameters. The origin
of the sensitivity minima and their stability to alternate
choices of the optical potential parameterization are dis-
cussed in Section IV. Our findings are summarized in
Section V.

56Fe(n,tot)

Optical model
ENDF/B-VII.0
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FIG. 2. (Color online) The total neutron cross section of
56Fe. An optical model calculation using the global potential
of Ref. [4] is compared to the ENDF/B-VII.0 evaluation [7].
For clarity the cross section is divided by the black nucleus
cross section, where λ is the reduced wavelength and the ra-
dius R is 1.415A1/3 fm.

II. OPTICAL MODEL AND OBSERVABLES

To illustrate what the present study is intended to ad-
dress, we show in Fig. 2 an optical-model calculation for
the total neutron cross section of 56Fe, compared with
a representation of the actual cross section taken from
the ENDF/B-VII.0 evaluated nuclear data file [7]. At
the lowest energies we see individual resonances. As the
energy increases the resonances become dense and over-
lapping, yielding a cross section that fluctuates about an
average value. At sufficiently high energies, these fluctu-
ations damp out and yield a smooth energy dependence;
this happens at about 5 MeV in the case shown. The
optical model is designed to provide the average cross
section over an energy interval large enough to contain
many resonances. The sensitivity study examines the ef-
fect on the cross sections of varying the optical-model
parameters, and thus provides a measure of uncertainty
in the average cross sections when these are calculated
from an optical model.

The optical potential contains real and imaginary
terms,

U(r, E) = V (r, E) + i W (r, E) , (1)

each of which contains central and spin-orbit parts. The
geometrical and strength dependences are specified by
a set of parameters, which we designate by {pi}. This
parameterization is not unique. We choose a common one
that suffices for the phenomenological global potentials
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used in this work:

V = −Vvf(r, Rv, av)

+Vso λ2
π

1

r

d

dr
f(r, Rvso, avso) l · σ, (2)

W = −Wvf(r, Rw, aw) + 4 as Ws
d

dr
f(r, Rs, as)

+Wso λ2
π

1

r

d

dr
f(r, Rwso, awso) l · σ, (3)

where the radial form factor f is the Woods-Saxon shape

f(r, Ri, ai) = {1 + exp[(r − Ri)/ai]}−1 , (4)

and λ2
π is the square of the reduced pion Compton wave-

length, equal to 2.0 fm2. We represent the radii as
Ri = riA

1/3, where A is the target mass number.
The parameter set {pi} considered in the present work

consists of the strength, reduced radius, and diffuseness
parameters for the various components of the potential.
The most important are {Vv, rv, av} for the real central
potential, as well as {Ws, rs, as} and {Wv, rw, aw} for
the surface and volume imaginary central potentials, re-
spectively. Also included, but of lesser importance, are
{Vso, rvso, avso} and {Wso, rwso, awso} for the real and
imaginary spin-orbit potentials, respectively. In spe-
cific optical model implementations, the quantities {pi}
are functions of additional parameters that characterize
the energy dependence of the potential, as well as de-
pendences on other quantities such as target mass and
isospin.

We have used the Koning-Delaroche global neutron po-
tential [4] for most of the calculations. This is a recent
spherical optical potential that has been determined by
fitting a wide variety of experimental data from very low
energies (the s- and p-wave strength functions) up to 200
MeV, and over a wide mass region (A =24 to 209). It
is not intended for use with highly deformed nuclei, such
as in the rare earth region, since it is well established
that these require a coupled-channels treatment. In the
present work we have included the rare earth region for
the purpose of studying the systematics of a spherical
potential, but it is understood that the results obtained
in this region should not be compared with experiment.

The main neutron optical-model observables that we
will need in this paper are the total and absorption cross
sections. These may be expressed in terms of the S-
matrix elements as

σtot = 2πλ2
∑

lj

1
2 (2j + 1)(1 − Re Slj) , (5)

σabs = πλ2
∑

lj

1
2 (2j + 1)(1 − |Slj |2). (6)

In these expressions λ is the reduced wavelength of the
neutron, and the sum runs over all permitted values of l
and j, where j = l ± 1

2 . The S-matrix elements may be
parameterized via the complex phase shifts δlj as Slj =
exp(2iδlj).

We now derive expressions that can be used to re-
late the optical-parameter sensitivities of the total and
absorption cross sections directly to the optical poten-
tial itself and to the corresponding scattering wave func-
tions. These will be particularly useful in discussing the
cross-section sensitivities at low energies. We employ the
partial-wave form of the well-known two-potential for-
mula (see, for example, the discussion in Ref. [8]). Sup-
pose that the scattering potential can be separated into
two terms U and ∆U , so that the complete potential
is U + ∆U . The two-potential formula states that the
S-matrix element for scattering from the complete po-
tential, Slj(U + ∆U), is related to that from the first
term alone, Slj(U), by the expression

Slj(U + ∆U) = Slj(U) + 2πIlj , (7)

where the integral Ilj is given by

Ilj = −2µ

h̄2

1

k

∫

∞

0

dr φ
(+)
lj (r) ∆U(r) χ

(+)
lj (r) , (8)

in which µ is the reduced mass, k is the c.m. wave num-

ber, and φ
(+)
lj is a solution of the radial Schrödinger equa-

tion containing only the first part of the potential, U .
The solution is chosen to have outgoing scattered-wave
boundary conditions and the asymptotic normalization

φ
(+)
lj (r) −→

r→∞
eiδlj sin(kr − l π

2 + δlj) . (9)

The function χ
(+)
lj has exactly the same form, except that

the phase shift is replaced by one corresponding to the
solution using the full potential U + ∆U .

In the present case, we assume that an optical model
parameter pi is altered by an infinitesimal amount δpi, so
that the new potential is U +(∂U/∂pi)δpi. We insert the
second term of this expression in Eq. (8) for Ilj , and since
the perturbation of the potential is very small, we replace

χ
(+)
lj by φ

(+)
lj . We compute the new S-matrix elements via

Eq. (7), and insert these in the expressions for the cross
sections, Eqs. (5-6). This yields the following expressions
for the partial derivatives of the total and absorption
cross sections with respect to the varied parameter:

∂σtot

∂pi
= −2µ

h̄2

4π

k3

∑

lj

2j + 1

2
Im

∫

∞

0

dr
∂U

∂pi

[

φ
(+)
lj

]2

,

(10)
and

∂σabs

∂pi
= −2µ

h̄2

4π

k3

∑

lj

2j + 1

2
Im

∫

∞

0

dr S∗

lj

∂U

∂pi

[

φ
(+)
lj

]2

.

(11)
In the low-energy limit, these expressions are identical

since Slj → 1 in that limit. We also note that the cross-
section derivatives for the real-potential parameters can
be expected to have very different behavior from those for
the imaginary-potential parameters. This results from
the fact that the factors ∂U/∂pi are 90 degrees out of
phase for these two cases, and therefore they sample dif-
ferent parts of the complex squared wave function.
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III. SENSITIVITY ANALYSIS FOR 56Fe

In order to determine the dependence of cross sections
on individual optical model parameters, we carried out
sensitivity calculations by computing the derivatives of
the total and absorption cross sections with respect to
the individual parameters. This can provide guidance
for investigating general properties of the optical model
as well as exhibiting correlations among the parameters.
Our definition of sensitivity is

D(E; p) =
p

σ

∂σ

∂p
. (12)

This provides an estimate of the fractional change in the
cross section σ ≡ σ(E; p) induced by a given fractional
change in the model parameter p. That is, ∆σ/σ ≈
D(E; p)∆p/p for suitably small values of ∆p/p. In the
above expressions σ is either σtot or σabs.

Using 56Fe as an example, we show results in Fig. 3
for the parameter sensitivities D(E; p) for nine parame-
ters in the description of the optical potential given by
Eqs. 2 and 3. The values of these parameters are taken
from the global optical potential of Ref. [4]. Results for
the total cross section are shown in the left column of
the figure, and those for the absorption on the right.
Sensitivities to the potential strengths Vv (real volume),
Wv (imaginary volume), and Ws (imaginary surface) are
shown in the top row. The second and third rows show
results for the corresponding radii (rv, rw , rs) and dif-
fuseness parameters (av, aw, as). Although they were
calculated, we do not show the sensitivities to the six
spin-orbit parameters. They have negligible effect on the
cross sections discussed here, which do not involve spin
observables. In this section we will make some general
remarks about these results, and in the next section will
show how some of the results are understandable from
simple properties of scattering from a complex potential.

We first note that at low energies the sensitivities for
the absorption and total cross sections tend toward a
common value. This is consistent with the behavior
pointed out in the discussion of Eqs. 10 and 11, even
though in this case a really close equivalence between the
two cross sections is not yet achieved at the lowest en-
ergy shown (1 keV). Later we will see that a study of the
sensitivities as a function of both mass and energy shows
that the approximate equality is qualitatively valid up to
about 100 keV.

Another feature exhibited by the curves in Fig. 3 is the
presence of strong correlations between many of the pa-
rameters. This happens when the corresponding curves
have approximately the same energy dependence but
different magnitude (including the possibility of inver-
sion). A particularly well-known example is the corre-
lation between Vv and rv, which is seen in the present
case. This correlation is often assumed to be of the form
Vvr2

v = const for incident energies in the range of sev-
eral MeV. If this form of the correlation were precisely
applicable here, the sensitivity values for rv would be

twice those for Vv. For the total cross section, we see
that this condition is approximately satisfied only in the
region ≈5–20 MeV. Outside this region, the correlation
is more complicated (note, for example, the upward shift
in the rV sensitivity above 20 MeV). Eq. (10) suggests
that we should not expect a very simple correlation be-
tween Vv and rv, since the derivatives of the potential in
the integrand are of volume form for Vv, but are surface
peaked for rv, and therefore these functions sample the
wave-function in different ways.

We also see that the sensitivity to the volume imagi-
nary potential is negligible below ≈20 MeV, but becomes
the dominant component of the sensitivity to the imagi-
nary potential in the 100–200 MeV region. This simply
recognizes the transition from surface to volume form for
the imaginary potential with increasing energy, which is
found in phenomenological optical model parameteriza-
tions as well as in microscopic treatments.

Finally, we note the absence of oscillations above
≈5 MeV in the sensitivity curves for Vv and rv in the ab-
sorption cross section, whereas they are prominent in the
total cross section. For sufficiently strong absorption and
high enough energies, the cross section is approximately
proportional to πR2, where R is a nuclear radius; thus
the cross section is sensitive to the radius parameters, but
significantly less so to the strengths. It is also seen that
the absorption cross section becomes primarily sensitive
to the volume imaginary radius near the uppermost en-
ergies (100–200 MeV), which reflects the strengthening
of the imaginary potential and weakening of the real po-
tential with increasing energy. The oscillations in the
sensitivity of the total cross section to Vv and rv will be
discussed in the next section.

IV. ORIGIN OF THE MINIMA

Here we discuss the physical origin of several of the fea-
tures pointed out in our discussion of 56Fe in the previous
section and of the global sensitivity study illustrated in
Fig. 1. We also discuss the dependence of the sensitivity
minima and maxima on the choice of optical potential.

Fig. 4 shows additional information on the sensitiv-
ity patterns that will be useful for this discussion. The
figure indicates the behavior of the absorption cross sec-
tion (right column) in addition to the total cross sec-
tions (left column) already presented in Fig. 1. It also
indicates the sensitivity for two additional global opti-
cal potentials (those of Walter and Guss [12] and Bec-
chetti and Greenlees [10]) that preceded the development
of the Koning-Delaroche global potential [4]. The quan-
tities actually shown in the figure are a quadratic sum
of fractional changes in the cross section resulting from
variations of 3% in each of the parameters discussed in
the previous section, assuming no correlations among the
parameters. We note that the sensitivity minima (dark
bands) are very similar for all three optical potentials.
These patterns originate predominantly from the prop-
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FIG. 3. (Color online) Sensitivity of the 56Fe+n total and absorption cross sections to perturbations of the potential strengths,
radii, and diffuseness parameters. D is the ratio of the fractional change in the cross section to the fractional change in the
perturbed parameter; see Eq. (12). For energies at which a curve passes through D = 0, the cross section is completely
insensitive to the corresponding parameter.

erties of the real central potential, since it is much larger
than the imaginary central or spin-orbit potentials. We
also see that the minima in the total and absorption cross
sections are very similar up to at least 100 keV. This is a
consequence of the convergence of the total and absorp-
tion cross sections in the low-energy limit.

In the following discussion, Section IVA treats the low
energy region (<∼ 100 keV), which is dominated by one
or a few partial waves. Section IVB deals with a higher
energy region (>∼ 4 MeV), in which many partial waves

cooperate to yield a simple result. There does not appear
to be a simple interpretation of the sensitivities between
these limits. Finally, in Section IVC we make further
remarks on the behavior of the sensitivities when different
optical potentials are used.
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FIG. 4. (Color online) Fractional uncertainties for neutron total cross sections on 75 target nuclei obtained with three different
global spherical optical potentials.

A. Low energies (below approximately 100 keV)

In the region below 100 keV, the features we wish to
understand are the vertical bands near A=50 and A=160,
and the somewhat more complex, multi-branch struc-

tures near A=30 and A=100. These features are sim-
ply related to the single-particle resonance structure in
the real potential well that gives rise to the well-known
strength function peaks as a function of target mass in
low-energy neutron scattering (see, for example, Ref. [5]).
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FIG. 5. (Color online) Left column: total cross section using
the optical potential of Ref. [4] for 1 keV neutrons (solid lines);
the dotted and dashed lines are calculated with +2% and
−2% variations of Vv, respectively. Right column: sensitivity
of total cross section to Vv, as defined by Eqs. (13) and (14).
The s- and p-wave parts of these quantities are shown, along
with their sum.

Figures 5 and 6 show the total cross sections and parame-
ter sensitivities as a function of mass, calculated at 1 keV
and 100 keV, respectively.

In the left-hand columns of Figs. 5 and 6, the solid line
shows the total cross section calculated from the global
potential of Ref. [4], as well as its l = 0 and l = 1 com-
ponents. The patterns of the maxima and minima in the
l = 0 and l = 1 components are out of phase, in ac-
cordance with the alternation of positive- and negative-
parity major shells in the single-particle potential. We
have also calculated the partial cross sections for l = 2
and l = 3 and find that they line up well with their l = 0
and l = 1 parity counterparts, but they are too small to
be important for present purposes in the energy range
up to ≈ 100 keV. The dashed and dotted lines show the
total cross sections with the strength of the real central
potential Vv decreased and increased by 2%, respectively.
These variations lead to small shifts of the entire pattern
to higher or lower masses. This has the immediate conse-
quence that for both l-values there are sensitivity minima
at the top of the peaks, as well as between them. This be-
havior persists as the energy is raised from 1 to 100 keV.
However, at the higher energy the s-wave peaks become
asymmetric, which causes the between-peaks minimum
to shift upward in mass. These s-wave sensitivity min-
ima correspond to those seen in Fig. 4 near A=50 and
A=160, and to the rightmost branch of the structures
originating from the bottom of the figures near A=30
and A=100.

FIG. 6. (Color online) Same as Fig. 5, but for 100 keV instead
of 1 keV.

The remaining structures below approximately
100 keV result from an interplay of the l = 0 and l = 1
partial cross sections. To see this, it is convenient to
define partial-wave sensitivities Dl,

Dl(E; p) =
p

σ

∂

∂p
σl(E; p) , (13)

where σ is the complete cross section, and σl is the por-
tion of this cross section for orbital angular momentum
l. The relation between these partial-wave sensitivities
and the sensitivity defined by Eq. (12) is

D(E; p) =
∑

l

Dl(E; p) (14)

and the partial cross sections are the total cross sections
shown in the left-hand sides of the figures.

The right-hand columns of Figs. 5 and 6 show the full
sensitivity D as well as the partial-wave sensitivities D0

and D1 for the total cross sections at 1 and 100 keV.
As in the left-hand columns, the varied parameter p is
the potential strength Vv. At 1 keV (Fig. 5), the zeros
of D are very close to those of D0 alone. The effect of
the p-waves is seen only as a slight change in the slope
of D as it passes through zero near A=100. At 100 keV
(Fig. 6), the p-waves play a significant role; note the rel-
ative change in the vertical scales between Figs. 5 and 6.
In the mass region near A=100, we now see that the
structure in the p-wave partial sensitivity, corresponding
to the well-known p-wave strength function maximum,
leads to two additional zeros in the total sensitivity when
added to the s-wave partial sensitivity. These features
correspond to the two additional branches in the pattern
of sensitivity minima near A=100 in Fig. 4. A similar
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FIG. 7. (Color online) The solid lines are the s- and p-wave
parts of the total cross section using the optical potential of
Ref. [4] for 1 keV neutrons. The dotted and dashed lines
are calculated with +20% and −20% variations of the surface
imaginary potential strength Ws, respectively.

description applies to the pattern of multiple branching
seen near A=30.

The widths of the peaks in Figs. 5 and 6 are deter-
mined by the imaginary part of the optical potential. We
show the effects of varying the strength of the imaginary
surface potential in Fig. 7 for 1-keV total cross sections.
As noted earlier, the curves are closely related to the
optical-model estimates the s- and p-wave strength func-
tions. The dashed curve represents a 20% decrease in
the strength, while the dotted curve represents a 20%
increase. With decreasing damping, the energy of the
single particle states near threshold becomes better de-
fined, resulting in a sharpening of the peak as a function
of A. Again there are two sensitivity minima for each
peak, but in this case they are located on the sides of the
peaks rather than on and between them.

B. High energies (above approximately 4 MeV)

We now turn our attention to the region above approxi-
mately 4 MeV, where the sensitivity minima and maxima
in the total cross sections in Fig. 5 appear as horizontal
stripes. These are easily interpreted via the Ramsauer

model, which describes the total cross section by a single
phase shift, whose value is determined by the difference
in the phase shift between the waves going through the
nucleus and those going around it. It accounts for the os-
cillatory structure seen in the total cross section of 56Fe
in Fig. 2 above a few MeV, as well as in all other heavy
nuclei. This model has been used [9] to parameterize
cross sections in the 6–60 MeV region over a wide mass
range with an accuracy in the neighborhood of 2%, and
a study that justifies the assumptions of the model has
been carried out [6]. The model is characterized by an
effective S-matrix and an effective complex phase shift
δeff as

Seff(E) = e2iδeff(E) = α(E) eiβ(E) , (15)

where α and β are real quantities. The total cross section
in this model is

σtot = 2π(R + λ)2(1 − α cosβ) , (16)

where R is the nuclear radius. The parameter α is less
than 1, which accounts for absorption as well as a cor-
rection due to the averaging of the many phase shifts
in the actual problem to yield the single phase shift of
the model. Fits to 21 nuclei [9] from A=40 to 238 have
parameterized it as energy independent and with a slow
mass dependence as α = 0.18 − 0.013A1/3. In [9] the
phase angle β was parameterized as

β

A1/3
= c [(

√
a + bE−

√
E)+k′(

√
a + bE−

√
E)2] , (17)

where c is another radius parameter, a is closely related
to the strength of the real potential well, and b is a pa-
rameter whose deviation from unity simulates the energy
dependence of the potential strength. The first term is
proportional to the difference in wave numbers inside and
outside the nucleus; the second term is a small empiri-
cal correction that is quadratic in this difference. Values
for all of the parameters may be found in Table III of
Ref. [9].

We exhibit the sensitivity properties of the Ramsauer
model for the case of 56Fe by studying the variation of
the total cross section with respect to small changes in
a and α, since these are the parameters governing the
effects of the real and absorptive parts of an optical po-
tential, respectively. The Ramsauer-model total cross
section, divided by the black nucleus cross section, is
shown in the top panel of Fig. 8. The bottom panel shows
the sensitivities D(α) = (α/σ)(∂σ/∂α) (solid curve) and
D(a) = (a/σ)(∂σ/∂a) (dashed curve). Parameter val-
ues from Ref. [9] were used; in particular α = 0.13 and
a = 35.0 MeV. Since α simply controls the amplitude of
the Ramsauer oscillation with energy, its sensitivity pat-
tern should follow the shape of the original oscillation.
On the other hand, a small change in a shifts the phase
of the oscillation, and thus its sensitivity pattern should
be out of phase with the original oscillations. Both of
these effects are seen in the figure.
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FIG. 8. (Color online) Top: neutron total cross sections
σtot of 56Fe defined in Eq. (16), divided by the black-nucleus
value. Bottom: total cross section sensitivities obtained by
perturbing the parameters α (solid line) and a (dashed line)

in Eqs. (16) and (17). The radius R is 1.415A1/3 fm.

The sensitivity bands apparent in the total cross sec-
tions of Fig. 4 above a few MeV, which are adequately
described by the Ramsauer oscillations, are absent in the
absorption cross sections shown in the figure. This fol-
lows from the fact that the nucleus is rather strongly
absorbing in all partial waves that can penetrate the nu-
cleus, leading to an approximately constant cross section
in the neighborhood of πR2, and a consequent lack of
pronounced structure when optical parameters are var-
ied.

Fig. 9 shows the contributions of the different partial
waves to the total sensitivity for the case of 56Fe, cal-
culated from the optical model of Ref. [4]. The upper
panel shows the partial sensitivity for two groups of par-
tial waves, l=0–3 and l=7–10, and the lower panel shows
the sum of all partial waves. Since 56Fe is near a peak
in the s-wave strength function and a minimum in the
p-wave, a single partial wave (l=0) dominates the sensi-
tivity up to several hundred keV, in a manner consistent
with the discussions of Figs. 5 and 6. Above several MeV,
we see the contributions from the various partial waves
developing a simple pattern that leads to the Ramsauer
description. In between these limits, the total sensitivity
is determined by a small group of partial waves whose

behavior is not amenable to a simple description.

Sum
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v
)
k
R
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2.0

1.0

0.0

-1.0

-2.0

-3.0
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10
98

7

3

2

2

1

0
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v
)
k
R
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FIG. 9. (Color online) Sensitivity of the 56Fe+n total cross
section to a perturbation of the real central potential strength,
Vv. The upper panel shows the partial-wave sensitivities for
two groups of l-values, and the bottom panel shows the total
sensitivity. For clarity, the curves are multiplied by kR, where
k is the wave number and R is 1.415A1/3 fm.

C. Sensitivity to choice of optical potential

Even though the locations of the sensitivity minima
are very similar for the three potentials shown in Fig. 4,
there are remaining differences in the magnitudes of the
sensitivity away from the minima. This is shown more
clearly in Fig. 10 which shows the sensitivity of the to-
tal cross sections to perturbation of the parameters of
four global optical potentials for 56Fe. These potentials
and their stated or estimated range of applicability [13]
are those of Koning and Delaroche [4] (1 keV–200 MeV),
Becchetti and Greenlees [10] (10–50 MeV), Wilmore and
Hodgson [11] (10 keV–25 MeV), and Walter and Guss [12]
(10–80 MeV). As was the case for Fig. 4, the curves rep-
resent the uncertainty ∆σ/σ resulting from the addition
in quadrature of the variations in cross section resulting
from 3% variations in each of the nine parameters; how-
ever, the variations with strength and radius of the real
central potential are dominant. We see that the older
optical potentials behave rather similarly to the Koning-
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FIG. 10. (Color online) Fractional total cross section uncer-
tainties of 56Fe+n obtained by perturbing the optical model
parameters for different global potentials [4, 10–12].

Delaroche within their ranges of applicability as stated
above. The Becchetti-Greenlees potential is known to
have a surface imaginary potential that is much too large
to correctly describe neutron data below 10 MeV, which
is likely to account for the particularly small values of the
uncertainties between the minima. However, the maxima
and minima in the total cross section uncertainties occur
at nearly the same energies for all of the potentials. This
is a consequence of the fact that the shape and strength of
the dominant real central potential are well determined,
even for rather old optical potentials that were fit to a
limited set of data.

V. SUMMARY AND CONCLUSIONS

We have investigated the physical origin of the min-
ima that were obtained in a study of the sensitivity of
the neutron total and absorption cross sections to small
changes in the optical model parameters used to calcu-
late them. These minima appear for all nuclei, and are
a general property of optical potentials rather than of a
specific parameterization. To understand these features
we have studied the predictions of a particular global op-
tical potential [4] over a wide mass and energy range.
We have also taken a more detailed look at one specific
nucleus, 56Fe.

In the limit of very low energies, the total and absorp-
tion cross sections coincide. We find that the sensitiv-

ity properties of the total and absorption cross sections
are qualitatively very similar up to about 100 keV, after
which they diverge.

We have found simple physical interpretations for the
behavior of the sensitivity minima and maxima in two en-
ergy ranges. In the first, below approximately 100 keV,
the sensitivity patterns are determined largely by the
properties of the s- and p-wave states in the real po-
tential well. These also give rise to the s- and p-wave
strength functions derived from low energy neutron reso-
nance properties. Above approximately 4 MeV the struc-
ture in the total cross section sensitivities (and lack of
structure for the corresponding absorption cross sections)
is consistent with the Ramsauer model, which is a sim-
ple single-phase-shift model that describes the observed
oscillations in total cross sections with energy. Between
these low- and high-energy limits, the behavior of the sen-
sitivities results from the interplay of a few partial waves
and does not appear to have a simple interpretation.

We have compared the sensitivity properties obtained
from the Koning-Delaroche potential [4] with those from
several older global potentials that were designed for lim-
ited energy ranges. We find that their sensitivity minima
are close to those from the more recent potential, but
that they vary in the degree of sensitivity in the regions
of mass and energy away from the minima.

We anticipate that the structure of the sensitivities
identified in this study can be useful in future studies
of optical model parameterization and applicability. The
regions near the sensitivity maxima are the most useful
for determining the model parameters from experimental
input and data analysis. On the other hand, analyzing
data near the sensitivity minima is potentially important
for revealing phenomena that are not within the scope of
the optical model, such as effects of doorway states.
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