
This is the accepted manuscript made available via CHORUS. The article has been
published as:

Kinetic approach of light-nuclei production in intermediate-
energy heavy-ion collisions

Rui Wang, Yu-Gang Ma, Lie-Wen Chen, Che Ming Ko, Kai-Jia Sun, and Zhen Zhang
Phys. Rev. C 108, L031601 — Published 22 September 2023

DOI: 10.1103/PhysRevC.108.L031601

https://dx.doi.org/10.1103/PhysRevC.108.L031601


Kinetic approach of light-nuclei production in intermediate-energy heavy-ion collisions

Rui Wang ID ,1, 2, ∗ Yu-Gang Ma ID ,1, 3, † Lie-Wen Chen ID ,4, ‡

Che Ming Ko,5, § Kai-Jia Sun,1, 3, ¶ and Zhen Zhang ID 6, ∗∗

1Key Laboratory of Nuclear Physics and Ion-beam Application (MOE),
and Institute of Modern Physics, Fudan University, Shanghai 200433, China

2Shanghai Institute of Applied Physics, Chinese Academy of Sciences, Shanghai 201800, China
3Shanghai Research Center for Theoretical Nuclear Physics (NSFC), Fudan University, Shanghai 200438, China

4School of Physics and Astronomy, Shanghai Key Laboratory for Particle Physics and Cosmology,
and Key Laboratory for Particle Astrophysics and Cosmology (MOE),

Shanghai Jiao Tong University, Shanghai 200240, China
5Cyclotron Institute and Department of Physics and Astronomy,

Texas A&M University, College Station, Texas 77843, USA
6Sino-French Institute of Nuclear Engineering and Technology, Sun Yat-Sen University, Zhuhai 519082, China

(Dated: September 8, 2023)

We develop a kinetic approach to the production of light nuclei up to mass number A 6 4 in
intermediate-energy heavy-ion collisions by including them as dynamic degrees of freedom. The
conversions between nucleons and light nuclei during the collisions are incorporated dynamically
via the breakup of light nuclei by a nucleon and their inverse reactions. We also include the Mott
effect on light nuclei, i.e., a light nucleus would no longer be bound if the phase-space density of its
surrounding nucleons is too large. With this kinetic approach, we obtain a reasonable description
of the measured yields of light nuclei in central Au+Au collisions at energies of 0.25A–1.0A GeV by
the FOPI collaboration. Our study also indicates that the observed enhancement of the α-particle
yield at low incident energies can be attributed to a weaker Mott effect on the α-particle, which
makes it more difficult to dissolve in nuclear medium, as a result of its much larger binding energy.

Heavy-ion collisions from the Fermi energy to the GeV
region has been extensively used to study the properties
of nucleon-nucleon effective interactions and the nuclear
equation of state [1, 2]. Significant progresses have been
achieved from studying in these collisions the nucleon and
pion observables, such as the proton collective flow [3],
the neutron-to-proton spectral ratio [4], and the charged
pion ratio [5, 6]. Since light nuclei are abundantly pro-
duced in heavy-ion collisions in this energy region, they
are expected to have significant effects on the collision
dynamics, which can then influence the nucleon and pion
observables [7]. Therefore, a reliable theoretical descrip-
tion of these collisions requires treating light nuclei on the
same footing as nucleons and pions. In this case, these
collisions can also provide the possibility to study the in-
medium properties of light nuclei and their fraction in
warm nuclear matter [8–10], which are known to have
important implications in the dynamics of core-collapse
supernovaeas, as well as the properties of compact stars
and their mergers [11, 12].
Despite their great importance, light-nuclei observ-

ables in heavy-ion collisions have not recevied as much
attention as the nucleon and pion observables, and they
are also not explicitly included in most theoretical ap-
proaches for heavy-ion collisions. Although there were
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attempts to describe light nuclei dynamically in transport
models [13–15], the α-particle was not included in these
studies. Since then, new measurements of light nuclei up
to mass number A 6 4 in heavy-ion collisions from the
Fermi energy to the GeV region, especially for Au+Au
collisions, have become available from the INDRA and
FOPI collaborations [16, 17]. The measured data shows
a significantly enhanced yield of α-particles in collisions
at low incident energies. This surprising result has been
suggested as an evidence for the Mott effect of light nu-
clei [9], i.e., a light nucleus would no longer be bound
if the phase-space density of its surrounding nucleons is
too large [18, 19]. These new measurements call for a
dynamical approach for these collisions that includes all
light nuclei up to the α-particle.

In the present study, based on the real-time many-body
Green’s-function formulism [20], we develop a kinetic ap-
proach to intermediate-energy heavy-ion collisions by in-
cluding both nucleon and light-nuclei (A 6 4) degrees
of freedom. Specifically, the production and dissociation
of deuteron (d), triton (t), helium-3(h) and α-particle
appear in this formulism as many-particle scatterings.
The Mott effects on these nuclei are also included ex-
plicitly by considering the nucleon phase-space density
around them. With this kinetic approach, we are able
to reproduce the measured light-nuclei yields in central
Au+Au collision at energies of 0.25A–1.0A GeV by the
FOPI collaboration We further show that the observed
enhancement of α-particle yield is a consequence of the
Mott effect of light nuclei.

In the standard kinetic approach for heavy-ion colli-
sions, such as the one based on the Boltzmann–Uehling-
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Uhlenbeck equation [21, 22], there is a truncation at two-
particle scatterings and also only the nucleonic degrees
of freedom are considered. To include light nuclei in the
kinetic approach, one can resort to the real-time Green’s-
function formalism [20], in which a light nucleus consist-
ing of A nucleons appears as a pole of the A-particle
Green’s function. The kinetic equations for light nuclei
can then be derived by applying the Dyson equation in
the vicinity of this pole [13]. Including all light nuclei
with A 6 4, we obtain the following coupled kinetic equa-
tions for the time evolution of their Wigner functions or
phase-space distributions fτ (~r, ~p, t),

(∂t + ~∇pǫτ · ~∇r − ~∇rǫτ · ~∇p)fτ = Icollτ [fn, fp, · · · ], (1)

where τ represents n, p, d, t, h and α, as well as
the pion (π) and ∆-resonance. In the above equa-
tion, ǫτ [fn, fp, · · · ] is the single-particle energy of particle
species τ , and it is usually derived from a density func-

tional. The collision integral Icollτ consists of a gain term
(<) and a loss term (>),

Icollτ = K<
τ [fn, fp, · · · ](1± fτ )−K>

τ [fn, fp, · · · ]fτ , (2)

where the plus and minus signs are for bosons and
fermions, respectively. Both gain and loss terms contain
contributions from various scattering channels, which
can be obtained through the diagrammatic expansion of
many-particle Green’s function [13]. For light nuclei, we
include the following nucleon-induced catalytic reactions
NNN ↔ Nd, NNNN ↔ Nt(h), NNNNN ↔ Nα,
NNt(h) ↔ Nα, and the two-body inelastic channel
Nα ↔ dt(h). For the loosely bound deuteron, we do
not include its production and absorption from t, h
and α breakup channels and their inverse reactions (e.g.
Nα ↔ NNNd). For example, the α-particle loss term
K>

α fα in Eq.(2) is expressed as

K>
α fα =

S5′fα
2Eα

∫ 5′
∏

i=1′

d~pi
(2π~)32Ei

d~pN
(2π~)32EN

|MNα→NNNNN |2gNfN

5′
∏

i=1′

(1 ± fi)(2π)
4δ4(

5′
∑

i=1′

pi − pN − pα)

+
S3′fα
2Eα

∫ 3′
∏

i=1′

d~pi
(2π~)32Ei

d~pN
(2π~)32EN

|MNα→NNt|2gNfN

3′
∏

i=1′

(1± fi)(2π)
4δ4(

3′
∑

i=1′

pi − pN − pα) + t → h

+
S2′fα
2Eα

∫ 2′
∏

i=1′

d~pi
(2π~)32Ei

d~pN
(2π~)32EN

|MNα→dt|2gNfN

2′
∏

i=1′

(1± fi)(2π)
4δ4(

2′
∑

i=1′

pi − pN − pα) + t → h.

(3)

In the above, 1′ - 5′ denote final-state particles, and S5′ ,
S3′ and S2′ are symmetry factors that take into account
possible identical particles in the final state of a reaction.
The transition amplitudes in the kinetic equations

can be deduced from the experimental differential cross
sections and the detailed balance relation. For cat-
alytic reactions, this can be achieved using the impulse
approximation. Under this approximation, the spin-
averaged squared transition matrix element of a catalytic
reaction is decomposed into the product of the inter-
nal momentum-space wave function of the light nucleus
and the spin-averaged squared amplitude of the nucleon-
nucleon elastic scattering amplitude |MNN→NN |2. As
an example, the spin-averaged squared transition ma-
trix element |MNα→NNNNN |2 for the reaction Nα →
NNNNN is approximately written as

|MNα→NNNNN |2

≈ F (
√
s)

∑

spectator

nucleons

|〈~k~kλ~kµ|φα〉|2|MNN→NN |2, (4)

where ~k, ~kλ and ~kµ denote the three relative momenta
between the constituent nucleons of the α-particle. In the
above, the summation runs over all combinations of spec-
tator nucleons. For simplicity, the internal wave func-

tions of light nuclei are chosen to have a Gaussian form
in the present study.

Since the cross section obtained from the factor
∑

spectator

nucleons
|〈~k~kλ~kµ|φα〉|2|MNN→NN |2 in Eq.(4) for the re-

action Nα → NNNNN may not agree with the mea-
sured one because of the neglect of elastic Nα scattering
and the possible inadequacy of the impulse approxima-
tion, a center-of-mass scattering energy

√
s dependent

factor F (
√
s) is introduced in Eq.(4) to account for these

effects. F (
√
s) can be determined from comparing the

nucleon-nucleus scattering cross sections from the im-
pulse approximation with those measured from experi-
ments. Because the nucleon-nucleus scattering at large
incident energies is dominated by inelastic break-up reac-
tion, we also require that the factor F (

√
s), or more gen-

erally, the sum of F (
√
s) when there are many different

outgoing channels, should approach 1.0 as
√
s increases.

We show in Fig. 1 by dashed lines the cross sections
of these break-up reactions used in the present kinetic
approach, obtained by parametrizing the factor F (

√
s)

for different nucleon-nucleus scatterings to reproduce the
corresponding cross sections measured in experiments.
Fig. 1(a) and Fig. 1(b) show, respectively, the break-up
cross section of pd and ph. For the break-up of pα, there
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FIG. 1. Cross sections of inelastic (a) pd, (b) ph, (c) pα → dh,
and (d) pα → ppt(pnh) and pα → pppnn from the impulse
approximation (dashed lines) used in the present kinetic ap-
proach (KA). The measured cross sections (open circles) are
taken from Refs. [23, 24] and references therein, with σIE

pα in
(c) being the measured inelastic pα cross section and after
being subtracted by σpα→dh in (d). The arrows denote the
threshold of these reactions.

are three different final-state channels of dh, ppt(pnh)
and pppnn. The pα → dh channel is included to account
for the cross section below the pα → ppt(pnh) threshold,
whose cross section is shown in Fig. 1(c). The cross sec-
tion σpα→dh is deduced from the measured cross section
of the reaction dt → nα [25] using the detailed balance
relation. Apart from pα→ dh, the total inelastic pα cross
section is largely exhausted by pα → ppt(pnh) at small√
spα [red line in Fig. 1(d)] and by pα → pppnn at large√
spα [olive line in Fig. 1(d)]. The above assumption for

the branching ratios of inelastic pα scattering is based on
the argument that a proton with higher incident energy
makes it easier for the α particle to fully breakup.

One of the important features of light nuclei in a nu-
clear medium is the Mott effect on their binding ener-
gies, i.e., they would no longer be bound if the phase-
space density their surrounding nucleons is too large. To
include the Mott effect on a light nucleus, one should
in principle solve an in-medium Schrödinger equation,
which takes into account the Pauli-blocking effect, for

the light nucleus moving with a momentum ~P in the nu-
clear medium. Because of the Pauli blocking of the con-
stituent nucleons in a light nucleus due to the nucleons

in nuclear medium, the resulting binding energy EB(~P )
is expected to decrease with increasing nucleon phase-
space density in the nuclear medium. For a sufficiently
large nucleon phase-space density around the light nu-

cleus in the nuclear medium, EB(~P ) would vanish, and

the light nucleus would no longer be bound. This cri-
terion for the existence of light nuclei can be effectively
implemented in the kinetic approach by introducing a
phase-space cutoff in the collision integral for their pro-
duction. Specifically, A free nucleons of total momentum
~P in a nuclear medium are allowed to form a nucleus of
mass number A only if the average nucleon phase-space
density of the medium around the light nucleus is less
than a cutoff value f cut

A [13], i.e.,

〈fN 〉A ≡
∫

fN

( ~P

A
+ ~p

)

ρA(~p)d~p 6 f cut
A , (5)

where ρA(~p) denotes the nucleon momentum distribution
inside the light nucleus (related to its internal wave func-
tion), and fN is the nucleon phase-space distribution in
the medium.

T = 30 MeV

Bound

Dissolved

FIG. 2. Density dependence of the Mott momentum of α-
particle in nuclear matter at temperature T = 30 MeV, with
ρ0 = 0.16 fm−3 denoting the normal nuclear matter density.
The arrows represent their corresponding Mott densities. The
results are obtained with fcut

A=4 = 0.25 or 0.15.

For nuclear matter in thermal equilibrium with fN
given by the Fermi distribution, EB(~P ) decreases with
decreasing |P | and vanishes below a critical momentum
called the Mott momentum PMott. It has been shown
that the density dependence of PMott obtained from
Eq. (5) at a given temperature T for deuteron and triton
are consistent with those from the t-matrix approach [15],
and the preferred value of f cut

A shows little temperature
dependence [15]. In Fig. 2, we show the density depen-
dence of the Mott momentum of α-particle obtained for
two different values of 0.25 and 0.15 for f cut

A=4 in nuclear
matter at T = 30 MeV, which is the typical tempera-
ture reached in intermediate-energy heavy-ion collisions.
The Mott density of a light nucleus is then given by the
maximum density at which a light nucleus of zero mo-
mentum can still be bound, as indicated by the arrows in
the figure for the α-particle. Its value for f cut

A=4 = 0.25 is
around 0.4ρ0, which is significantly larger than that ob-
tained in Refs. [26–28]. However, since most light nuclei
in intermediate-energy heavy-ion collisions are produced
and freeze-out chemically at high densities, only the Mott
momentum for high density nuclear matter is relevant in
our study. The Mott density shown in Fig. 2 is an extrap-
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olation of the criterion in Eq. (5) to low densities and thus
may not be directly compared to those given in Refs. [26–
28]. Our obtained larger Mott density compared with
previous theoretical calculations calls for further studies
on the density dependence of the Mott momentum. We
further note that the cut-off parameters f cut

A=2, f
cut
A=3 and

f cut
A=4 can be considered as a surrogate for the strength
of the Mott effects on deuteron, triton or helium-3, and
α-particle, respectively. A smaller f cut

A corresponds to a
stronger Mott effect and a larger PMott. For the implica-
tions of the values of f cut

A on the in-medium properties
of light nuclei in nuclear matter, we leave it to a future
study, and in the present study we treat them only as pa-
rameters for reproducing measured yields of light nuclei
in intermediate-energy heavy-ion collisions.
We solve the kinetic equations by employing the

test particle ansatz [29], which approximates fτ in
terms of a large number of δ-functions, i.e., fτ (~r, ~p) ≈
(2π~)3

gτNE

∑NτNE

i=1 δ(~ri − ~r)δ(~pi − ~p), where gτ and NE de-

note, respectively, the spin degeneracy of particle species
τ and the number of test particle or ensemble used in
solving the kinetic equations. To ensure the convergence
of numerical results, a sufficiently large NE is used. To
improve the numerical accuracy, we further adopt the lat-
tice Hamiltonian method [30, 31] to treat the drift terms
on the left-hand side of Eq. (1). As to the single-particle
energy ǫτ in Eq.(1), we use the one derived from the
Skyrme pseudo-potential [32, 33]. For the collision inte-
gral on the right-hand side of Eq. (1), it is treated by the
stochastic method [13, 34], in which the scattering prob-
ability of initial-state particles within a time interval is
calculated directly from the loss term K>

τ fτ .
In the present study, we apply the above kinetic ap-

proach to central Au+Au collisions at the incident en-
ergy from Ebeam = 0.25A GeV to 1.0A GeV. Besides
elastic scatterings and the many-body scatterings related
to light-nuclei production and dissociation, we include
in the kinetic approach also scatterings related to ∆-
resonances and pions, i.e. NN ↔ N∆ and ∆ ↔ Nπ [35].
Since in heavy-ion collisions in this energy region, nucle-
ons still dominate over pions, we neglect the production
and dissociate of light nuclei with the pion as the cat-
alyzer [36, 37].
We first show in Fig. 3 the time evolution of light-nuclei

yields in central Au+Au collision at 0.4A GeV from our
kinetic approach, with f cut

A=2 = 0.11 for deuteron, f cut
A=3

= 0.16 for triton and helium-3, and two different f cut
A=4

= 0.25 and 0.15 for α-particle. It is seen that decreas-
ing f cut

A=4 significantly reduces the α-particle yield. We
also notice from the figure that the number of light nu-
clei increased significantly in the early phase of the time
evolution, which corresponds to the compressing stage
of the collision, because of the enhanced production rate
of light nuclei in dense nuclear matter. Since light nu-
clei have been already abundantly produced during the
early compression stage of intermediate-energy heavy ion
collisions, it is important to include them dynamically
throughout the collisions, rather than to introduce them

d

t
a
h

FIG. 3. Light-nuclei yields as functions of elapsed collision
time in central Au+Au collision at 0.4A GeV from the kinetic
approach with fcut

A=2 = 0.11, fcut

A=3 = 0.16, and two different
fcut

A=4 = 0.25 and 0.15. The shaded areas represent the data
measured by the FOPI Collaboration [16].

merely at the kinetic freeze-out of the collisions like in
the coalescence model.

In Fig. 4, we show the beam-energy dependence of
light-nuclei yields in central Au+Au collisions from the
kinetic approach. They are obtained with the Mott effect
of light nuclei properly incorporated by choosing appro-
priate values for the cutoff parameters f cut

A . Due to the
tight binding of α-particle in free space, it is more dif-
ficult for α-particle to dissolve in nuclear medium than
deuteron, triton and helium-3, resulting in a weaker Mott
effect and a smaller PMott/A for α-particles in nuclear
medium. This is the same argument used in the calcula-
tion of the properties of nuclear matter with light nuclei
from the quantum statistical approach and the general-
ized relativistic mean-field model [28, 38]. It is also con-
sistent with the larger Mott density of α-particle than
that of the deuteron, triton and helium-3 deduced from
experiments [9]. This explains the larger value we have
used for f cut

A=4 than those for f cut
A=2 and f cut

A=3.

It is seen in Fig. 4 that the present kinetic approach
with f cut

A=2 = 0.11, f cut
A=3 = 0.16 and f cut

A=4 = 0.25 re-
produces reasonably the measured light-nuclei yields in
central Au+Au collisions [16] for a wide range of incident
energies, especially for the large α-particle yield at lower
incident energies. As shown in Fig. 4, the measured yield
of α-particles at low incident energies surpasses that of
helium-3, which is in sharp contrast to the prediction
from the thermal model, which gives a decreasing yield
with increasing mass number of light nuclei. If we had
used a smaller f cut

A=4 = 0.15 (while fixing f cut
A=2 and f cut

A=3),
which corresponds to a stronger Mott effect and a larger
Mott momentum for the α-particle, the α-particle yield
would significantly reduced as shown in Fig. 4(d). Our
result thus indicates that the observed enhancement of
the α-particle yield in lower-energy collisions can be at-
tributed to the weaker Mott effect on α-particle than that
on deuteron, triton and helium-3, as a result of its much
larger binding energy.

In summary, to provide a dynamical description of
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FIG. 4. Incident-energy dependence of light-nuclei yields from
the kinetic approach with fcut
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= 0.25. The results for a smaller fcut

A=4 = 0.15 are also included
for comparison. The experimental data are from the FOPI
Collaboration [16].

light-nuclei production in intermediate-energy heavy-ion
collisions, we have included the light-nuclei degrees of
freedom with A 6 4 into the kinetic approach. The
breakup of light nuclei by nucleons and their inverse re-
actions are included to account for the conversion be-
tween nucleons and light-nuclei during the collisions. The
Mott effects of light nuclei are also included by consider-
ing the nucleon phase-space density 〈fN 〉 around them,
and a light nucleus can exist only if 〈fN 〉 is less than
a cutoff value f cut

A . With appropriate values of f cut
A

for different species of light nuclei, the present kinetic
approach has reasonably reproduced the yields of light
nuclei in central Au+Au collisions at incident energies
from 0.25A GeV to 1.0A GeV measured by the FOPI
Collaboration. Our study clearly demonstrated that the

observed enhancement of the α-particle yield compared
with that of helium-3 at low incident energies is a con-
sequence of the Mott effect of light nuclei. Therefore,
studying the light-nuclei yields in intermediate-energy
heavy-ion collisions allows one to determine the cutoff pa-
rameters f cut

A and thus the strength of their Mott effect.
The implications of the preferred values of f cut obtained
in this work on the medium properties of light nuclei in
warm nuclear matter will be reported in a forthcoming
study.

The present kinetic approach can be further used to
study phenomena related to light nuclei in nuclear re-
actions, such as the iso-scaling in intermediate-energy
heavy-ion collisions [39] and the effect of the α-clusters
formed on the surface of heavy nuclei [40], as well as the
role of light nuclei in core-collapse supernovae, compact
stars and their merger [11, 12]. Since the nuclear mat-
ter produced in heavy-ion collisions around the Fermi en-
ergy could undergo the spinodal transition [41–45], which
would lead to the production of heavy fragments with
mass number A > 5. To describe the dynamics of these
heavy fragments requires the extension of the standard
kinetic approach, as used in the present study, to include
the fluctuations of nucleon phase-space distributions or
Wigner functions [46]. A possible and worthwhile further
development of the present approach is to include such
fluctuations in the kinetic approach, so that low-energy
nuclear reactions can also be properly described. These
studies will be pursued in the future.
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A. Bonasera, G. Röpke, S. Typel, Z. Chen, M. Huang,
J. Wang, H. Zheng, S. Kowalski, M. Barbui, M. R. D.
Rodrigues, K. Schmidt, D. Fabris, M. Lunardon,
S. Moretto, G. Nebbia, S. Pesente, V. Rizzi, G. Vi-
esti, M. Cinausero, G. Prete, T. Keutgen, Y. El Masri,
Z. Majka, and Y. G. Ma, Laboratory Tests of Low
Density Astrophysical Nuclear Equations of State,
Phys. Rev. Lett. 108, 172701 (2012).

[9] K. Hagel, R. Wada, L. Qin, J. B. Natowitz, S. Shlomo,
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