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Neutrinoless double beta decay (0νββ) nuclear matrix elements (NME) are the object of many
theoretical calculation methods, and are very important for analysis and guidance of a large number
of experimental efforts. However, there are large discrepancies between the NME values provided
by different methods. In this paper we propose a statistical analysis of the 48Ca 0νββ NME using
the interacting shell model, emphasizing the range of the NME probable values and its correlations
with observables that can be obtained from the existing nuclear data. Based on this statistical anal-
ysis with three independent effective Hamiltonians we propose a common probability distribution
function for the 0νββ NME, which has a range of (0.45 - 0.95) at 90% confidence level of, and a
mean value of 0.68.

I. INTRODUCTION

The study of the double-beta decay (DBD) is currently
a hot research topic since it is viewed as one of the most
promising approaches to clarify important, as yet un-
known, properties of neutrinos and to explore physics
beyond the Standard Model (SM) [1, 2]. Two scenarios
are possible for this process to occur: i) two-neutrino
double-beta (2νββ) transitions (with emission of two
electrons/positrons and two anti-neutrinos/neutrinos),
which conserve the lepton number and are allowed by the
SM and ii) double-beta decay transitions without emis-
sion of neutrinos (0νββ), which violate the lepton num-
ber conservation and are only allowed by theories beyond
SM (BSM).

Neutrinoless DBD was not experimentally detected so
far, but its measurement would provide us with impor-
tant information about lepton number violating (LNV)
processes; neutrino properties (neutrino absolute mass
scale and mass hierarchy, neutrino nature as Dirac or
Majorana fermion, number of neutrino flavours); CP
and Lorentz simmetries violation; constraining of differ-
ent BSM mechanisms that may contribute to this decay
mode, etc. The most common mechanism investigated is
the light left-handed (LH) Majorana neutrinos exchange
between two nucleons, but once a LNV operator is intro-
duced in the Lagrangian, several other mechanisms are
also allowed, such as: the exchange of light and heavy
neutrinos in left-right symmetric models, the exchange
of supersymmetric particles, DBD with the emission of
Majorons, etc.

The DBD half-life equations can be expressed, in a
good approximation, as a product of some factors. The
2νββ half-life is a product of a phase space factor (PSF),
which depends on the atomic charge and energy released
in the decay, and a nuclear matrix element (NME) re-
lated to the nuclear structure of the parent and daughter
nuclei. The 0νββ half-life, besides the PSF and NME
factors, also contains a LNV factor, related to the partic-
ular BSM mechanism that may contribute to the decay.
If several mechanisms are considered, the inverse half-life

can be written as a sum of all the individual contribu-
tions and their interference terms [2–8]. Using the ex-
perimental limits of the 0νββ decay half-lives and the
theoretical values of PSF and NME, one can constrain
the LNV parameters and the associated BSM scenarios,
usually under the assumption that only one mechanism
contributes at one time.

There is currently significant progress in the DBD ex-
periments (in terms of the amount of source material,
decreasing background and improvement in the detec-
tion techniques), leading to the expectation that the next
generation of experiments will be able to cover the entire
region of the neutrino inverted mass hierarchy [9]. Con-
currently, the progress of the theoretical methods now
provides us with accurate PSF values for all the double-
beta decay modes and transitions. [10–12]. Thus, at
present, the uncertainty in the DBD calculations remains
mostly the NME evaluation.

There are several nuclear structure methods for the
NME calculation, the most used being: Shell model
methods [13–23], pnQRPA methods [24–30], IBA meth-
ods [31, 32], Energy Density Functional method [33],
PHFB [34], Coupled-Cluster method (CC) [35], in-
medium generator coordinate method (IM-GCM) [36],
and valence-space in-medium similarity renormalization
group method (VS-IMSRG) [37]. Each of these methods
have their strengths and weakness, largely discussed over
time in the literature, and the current situation is that
there are still significant differences between NME values
calculated with different methods, and sometimes, even
between NME values calculated with the same methods
(see for example the review [9]). For the 2νββ decay the
NME are products of two Gamow-Teller (GT) transition
amplitudes, and most of the nuclear methods overesti-
mate them, in comparison with experiment. This draw-
back is often treated by introducing a quenching factor
that multiplies the GT operator and reduces its strength.
This is equivalent to using a quenched axial vector con-
stant, instead of its bare value gA = 1.27.

For the 0νββ decay the NME calculation is more com-
plicated, since besides the GT transitions, other tran-
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sitions may contribute as well. Also, the NME values
calculated by different methods may differ by factors of
3-4 for most relevant isotopes, and up to 7-8 in the case
if 48Ca (see e.g. Fig. 5 of Ref. [9], and Refs. [35, 36]).
Uncertainties in the NME values are further amplified
when predicting half-lives, since they enter at the power
of two in the lifetime formulas. In addition, there is no
measured lifetime for this decay mode to compared with,
and these uncertainties in the NME computation reflect
in the interpretation of the DBD data and planning the
performances of the DBD experiments.

The shell model-based methods have some advantages
such as the inclusion of all correlations between nucleons
around the Fermi surface, preserving all symmetries of
the nuclear many-body problem, and the use of widely
tested nucleon-nucleon (NN) interactions. For different
mass regions of nuclei, one uses several different effec-
tive NN effective Hamiltonians that are appropriate for
the corresponding model spaces. These effective Hamil-
tonians are usually obtained by starting with a theoreti-
cal Bruekner G-Matrix Hamiltonian that is further fine-
tuned to describe the experimental energy levels for a
large number of nuclei that can be investigated in the
corresponding model spaces. These effective Hamilto-
nians are described by a small number of single parti-
cle energies and a finite number of two-body matrix ele-
ments. As a by-product, the wave functions produced by
these Hamiltonian can be used to describe and predict
observables, such as the electromagnetic transition prob-
abilities, Gamow-Teller transitions probabilities, nucleon
occupation probabilities, spectroscopic factors, etc, us-
ing relative simple changes of the transition operators in
terms of effective charges and quenching factors. These
effective charges and quenching factors are calibrating to
the existing data. For 0νββ NME such calibrations are
not yet possible due to the lack of data. However, differ-
ent existing effective Hamiltonians for nuclei envolved in
a given 0νββ decay produce smaller ranges of the NME.
In addition, some recent ab-initio methods, such as IM-
SRG [36, 37], build on the modern advances in the shell
model by providing ab-initio derived effective Hamiltoni-
ans and effective transition operators, and they can pro-
vide some guidance for calibrating the shell model 0νββ
NME.

It would be thus interesting to study the robustness
of the 0νββ NME to small changes of the parameters of
different effective shell model Hamiltonians and to ex-
amine how the NME changes are correlated with other
observables. In this work, we propose a statistical analy-
sis of 0νββ NME of 48Ca calculated with the interacting
shell-model using three independent effective Hamiltoni-
ans (FPD6, GXPF1A, KB3G), emphasizing the range
of the NME probable values and their correlations with
several observables that can be compared to existing nu-
clear data. Based on this statistical analysis we propose
a common probability distribution function for the 0νββ
NME. We apply our analysis to 48Ca, which is the light-
est DBD isotope and thus more accessible to ab-initio

calculations. We only consider in this work the standard
light LH neutrino exchange mass mechanism, which is
most likely to contribute to the 0νββ decay process.

The paper is organized as follows. In section II the
calculation methods of the observables and the statisti-
cal model are presented. Then, in section III we present
the results and discussions on their relevance, and in sec-
tion IV we end with conclusions and outlook. Finally we
included an Appendix with a short presentation of the
Gram-Charlier A series that we used in our statistical
model.

II. THE STATISTICAL MODEL

Exp. Error FPD6 GXPF1A KB3G
0νββ NME N/A N/A 0.79 0.559 0.693
2νββ NME 0.035 [38] 0.003 0.062 0.050 0.045
48Ca B(E2)↑ 0.008[39] 0.001 0.007 0.006 0.05

48Ca 2+ 3.832 [40] 0.15 3.658 3.735 4.238
48Ca 4+ 4.503 [40] 0.15 4.134 4.264 4.231
48Ca 6+ 7.953 [40] 0.15 7.396 7.705 7.831

48Ca Occ(Nf5) 0.032∗ 0.395# 0.117 0.032 0.112
48Ca Occ(Nf7) 7.892∗ 0.395# 7.693 7.892 7.795
48Ca Occ(Np1) 0.009∗ 0.395# 0.029 0.009 0.024
48Ca Occ(Np3) 0.067∗ 0.395# 0.161 0.067 0.070

48Ca → 48Sc GT 1.09 [41] 0.28 1.01 1.226 0.510
48Ti B(E2)↑ 0.063[39] 0.003 0.064 0.052 0.052

48Ti 2+ 0.984 [40] 0.150 1.118 1.010 0.985
48Ti 4+ 2.296 [40] 0.150 2.492 2.168 2.214
48Ti 6+ 3.333 [40] 0.150 3.425 2.922 3.046

48Ti Occ(Nf5) 0.168∗ 0.277# 0.310 0.168 0.263
48Ti Occ(Nf7) 5.535∗ 0.277# 5.253 5.535 5.416
48Ti Occ(Np1) 0.048∗ 0.277# 0.068 0.048 0.061
48Ti Occ(Np3) 0.248∗ 0.277# 0.369 0.248 0.260
48Ti Occ(Pf5) 0.032∗ 0.092# 0.101 0.032 0.097
48Ti Occ(Pf7) 1.839∗ 0.092# 1.672 1.839 1.763
48Ti Occ(Pp1) 0.010∗ 0.092# 0.031 0.010 0.021
48Ti Occ(Pp3) 0.119∗ 0.092# 0.196 0.119 0.120

48Ti → 48Sc GT 0.014[41] 0.005 0.050 0.032 0.056

Table I. Experimental data, experimental errors, and the cal-
culated values using 3 effective Hamiltonians for the observ-
ables analyzed. The data for occupation probabilities (∗) is
not available and it was replaced with the GXPF1A results
and errors (#) of 5% of the highest nucleon species occupa-
tion.

We plan to investigate the effect of small, random vari-
ation of the shell model effective Hamiltonian on the neu-
trinoless double beta decay NME of 48Ca, and the NME
correlations with other calculated observables, such as 2+

energies, B(E2)↑ values, 2νββ matrix elements, Gamow-
Teller transition probabilities, neutron and proton occu-
pation probabilities, etc.

To achieve that goal we selected a number of of-
ten used effective Hamiltonians describing nuclei around
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48Ca in the fp-shell (0f7/2, 0f5/2, 1p3/2, and 1p1/2
orbitals for both protons and neutrons), and added
small random contributions to their two-body matrix
elements (TBME). For this project we only considered
the FPD6 Hamiltonian [42], the KB3G Hamiltonian [15],
and GXPF1A Hamiltonian [43, 44] as starting effective
Hamiltonians. In order to maintain the magicity of 48Ca
we decided to keep the single particle (s.p.) energies
in the perturbed effective Hamiltonians the same as in
the starting Hamiltonians. Certainly, this choice is limit-
ing our analysis to shell model techniques, the fp model
space, and only three effective Hamiltonians that al-
though widely used have their limitations. One could,
in principle use a larger model space, such as sd-pf , or
consider ab-initio derived effective Hamiltonians, such as
those proposed in [36, 37, 45]. However, this would be
beyond the limited purpose of this paper.

One important decision to be made about the random
contributions to the starting Hamiltonians is the choice
of their maximum amplitude (range). In this work we
were guided by the analysis of the USDA/USDB effec-
tive Hamiltonians [46] where one starts with an under-
lying G-matrix and modifies linear combinations of two-
body matrix elements in a fine-tuning procedure [46] until
the root mean square (RMS) deviation of the calculated
energies vs the experimental ones shows some signs of
convergence. In this fine-tuning process one would not
want to change the TBME too much from the original
G-matrix values, because the over-fitted TBME could re-
sult in unitary changes of the s.p. wave functions that
may produce slightly better energies, but incorrect ob-
servables. For USDA, for example, the RMS deviation
of the TBME was about 300 keV, while a small improve-
ment in the overall energies given by USDB resulted in
an additional change of 100 keV if the RMS deviation
of the TBME. This analysis suggests that an additional
RMS of about 100 keV would not dramatically change
the quality of the TBME in the sd-shell and we extended
this choice to the fp-shell. An analysis of the TBME
for all three starting Hamiltonians listed above indicates
that a ±10% range for the random contributions would
suffice. Another interesting study would be to consider
selectively modifying only specific parts of the effective
Hamiltonian that would correspond to certain proper-
ties, such as pairing, deformation, or the ones that affect
the rotational properties of the daughter nucleus. This
would imply a different analysis that could relate changes
in the values of the observables to changes of the matrix
elements of the effective Hamiltonian with specific spin
and isospin, and we plan to do such investigations in a
future paper.

In the analysis we included as observables the 0νββ
NME, the 2νββ NME, the Gamow-Teller probability to
reach the first 1+ state in 48Sc from the ground states
(g.s.) of the parent, 48Ca, and of the daughter, 48Ti, the
energies of the 2+, 4+ and 6+ states of the parent and
daughter, the B(E2)↑ transition probabilities to the first
2+ state of parent and daughter, the neutron occupa-

tion probabilities of the pf states of the parent, and neu-
tron and proton occupation probabilities of the pf states
of the daughter nucleus. The experimental occupation
probabilities for the nuclei relevant for the 48Ca 0νββ
decay are not available, but we include synthetic (calcu-
lated) values in the analysis because the corresponding
occupation probabilities are available for other nuclei of
interest for 0νββ decay [47–49], and it might be inter-
esting to see if they have any correlations with the 0νββ
NME. All in all, there are 24 observables included in our
statistical analysis. Some studies also look at other ob-
servables that could be of relevance to the double-beta
decay analysis, such as the related one muon capture
(OMC) rates [50]. Recent references for the OMC data
are [51] and [52]. However, one muon capture rate calcu-
lations are very complex, depending on interfering con-
tributions to the decay amplitude (see e.g. Ref. [50]),
and are very sensitive to the effective Hamiltonian used
(see e.g. Ref. [53]). Given this complexity we decided to
postpone the inclusion of the OMC rates in our observ-
ables list.

The main goals are: (i) for each starting effective
Hamiltonian find correlations between 0νββ NME and
the other observables that are accessible experimentally;
(ii) find theoretical ranges for each observables; (iii) es-
tablish the shape of different distributions for each ob-
servables and starting Hamiltonians; (iv) use this infor-
mation to find weights of contributions from different
starting Hamiltonians to the ”optimal” distribution of
the 0νββ NME; (v) find an ”optimal” value of the 0νββ
NME and its predicted probable range (theoretical er-
ror). One should mention that similar studies for other
observables were recently proposed [54].

The 0νββ NME is related to the half-life of the respec-
tive process [17] by

(
T 0ν
1/2

)−1

= G0ν(E0, Z)g4A |M0ν |2|< ηl >|2 , (1)

where G0ν and M0ν are the PSF and nuclear matrix el-
ements for the 0ν decay, gA is the axial vector coupling
constant, and < ηl >≡< mββ > /mec

2 is a BSM param-
eter associated with the light neutrino exchange mecha-
nisms. Here we only consider the contribution from the
light LH neutrino exchange mechanism, which is likely
to contribute to the 0νββ decay. The methodology of
calculating the 0νββ NME, M0ν , within the shell model
was extensively described elsewhere [17, 18, 23] and it
will not be repeated here. Suffices to say that it includes
a short range correlation function that can be viewed as
an effective modification of the bare operator (see below).
We should mention that we do not include the recently
proposed contact term contribution to the 0νββ opera-
tor [55–57], which we believe that’s more appropriate for
a chiral EFT approach to the short-range correlations in
nuclei. In addition, its associated weak coupling strength
is somewhat uncertain and needs to be obtained consis-
tently from the data (see e.g. [45]). However, we ”cali-



4

brate” our short-range correlator to the ab-initio results
[37, 45].

The 2νββ NME is related to the half-life of the respec-
tive process [16] by

(
T 2ν
1/2

)−1

= G2ν(E0, Z)g4A | mec
2M2ν |2 . (2)

Here, G2ν is the appropriate PSF, and M2ν can be cal-
culated with

M2ν =
∑
k

q2
〈

0+f | στ− | 1
+
k

〉 〈
1+k | στ− | 0

+
i

〉
Ek − E0

, (3)

where the summation is on the 1+k states in 48Sc and
E0 = Qββ/2 + ∆M(48Sc−48 Ca)

Often, the shell model calculations of the 0νββ NME
are described as using the ”bare” transition operator.
This characterization is unfortunate, while the transition
operator (see e.g. Eq. (7-12) of Ref. [17]) contains the
bare operator from the underlying theory of 0νββ decay,
modified by a phenomenological effective short-range cor-
relation function, 1 + f(r), which is quenching the 0νββ
NME. Therefore, the short-range modification of the bare
operator acts as an effective operator. In practice the
parameters of an effective operator need to be calibrated
to the data. Given that the short-range correlator has

radial dependence, its calibration has been only done
relative to some ab-initio results. The standard Miller-
Spencer short-range correlator [17, 58] produces the high-
est quenching of the NME, while the CD-Bonn parame-
terization of the short-range correlator [59] produces little
to no quenching. A direct renormalization of the 0νββ
NME by a similarity renormalization group (SRG) evo-
lution of the NME of the bare operator from 200 to 10
major harmonic oscillator shells using CDBonn two body
wave functions, indicates that using a phenomenological
CDBonn parametrization of the short-range correlator is
a reasonable approach [60]. More recent ab-initio calcu-
lations of the 0νββ NME using the N3LO Hamiltonian
provides more quenched values, more consistent with the
shell model results base on Miller-Spencer parametriza-
tion of the short-range correlator. In an effort to calibrate
the effective operator used in shell model calculations to
the latest ab-initio results we used the Miller-Spencer
correlator in this study.

The other observables used in this study including the
excited state energies, the GT strengths to the first 1+

state 48Sc, the B(E2)↑ to the first 2+ state in the parent
and daughter, as well as the s.p. occupation probabilities,
are calculated in the standard way. Here we use in all
cases the same effective charges (ep = 1.5 and en = 0.5))
for the B(E2)↑, and the same quenching factor (q = 0.74)
for the the GT strengths and M2ν .

III. RESULTS

The experimental data used in this study listed in Ta-
ble I and in the legends of the rightmost column in Fig-
ures 1/2 - 5/6 are taken from Ref. [40] (excitation en-
ergies of the 2+, 4+ and 6+ states of 48Ca and 48Ti in
MeV), Ref. [38] (2νββ NME in MeV−1), Ref. [39] (
B(E2)↑ in e2b2), and Ref. [41] for the GT transition
probabilities to the first excited 1+ state in 48Sc. The
experimental errors for the excitation energies are very
small, and for the calculation the χ2 we use the typical
theoretical RMS value of 150 keV [43]. The experimental
occupation probabilities are not available, and we took
as reference the GXPF1A results assuming an uniform
error that we choose to be 5% of the highest occupation
for a each nucleon species in the fp-shell. In the Figures
Occ (Nf7) designates the neutron occupation probability
of the f7/2 s.p. orbital, Occ (Pf3) designates the proton
occupation probability of the p3/2 s.p. orbital, etc.

Figures 1/2 - 5/6 show the main results of this study.
The leftmost columns indicates the 24 observables dis-
cussed in section II, including the 0νββ NME. The mid-
dle column shows the scatter plots of the correlation of
each variable with the 0νββ NME, and the last column

shows the distribution of each observable when the ran-
dom term is added to the respective effective Hamilto-
nian. The legends in column with correlations show the
standard Pearson correlator R, and in the last columns
the legends include the mean, standard deviations, and
the skewness (normalized 3rd moment) of the distribu-
tions, as well as the result for the starting interactions
(FPD6, GXPF1A, and KB3G) and the experimental val-
ues when available. Figures 1/2 present the results for
the FPD6 effective Hamiltonian, Figures 3/4 show the re-
sults for the GXPF1A effective Hamiltonian, and Figures
5/6 present the results for the KB3G effective Hamil-
tonian. For each starting effective Hamiltonian we use
20,000 random Hamiltonians produced by the procedure
described in section II.

The results in Figures 1/2 - 5/6 indicate strong corre-
lations between the 0νββ NME and the 2νββ NME. This
behavior is expected due to the GT transition operator
that dominates the results for both NME. Alternative
approaches of obtaining these NME, e.g. QRPA calcula-
tions, are calibrating parts of their nuclear Hamiltonian,
such as the isoscalar particle-particle interaction gpp, to
describe the experimental value of the 2νββ NME and to
approximately restore the isospin symmetry, thus induc-
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0νββ 2νββ 48Ca 48Ca 48Ca 48Ca 48Ca Occ 48Ca Occ 48Ca Occ 48Ca Occ 48Ca → 48Ti
NME NME B(E2)↑ 2+ 4+ 6+ (Nf5) (Nf7) (Np1) (Np3) 48Sc GT B(E2)↑

0νββ NME 1.00 0.90 0.43 0.22 0.24 0.18 0.62 -0.58 0.30 0.41 0.12 -0.06
2νββ NME 0.90 1.00 0.38 0.28 0.30 0.17 0.44 -0.47 0.25 0.37 0.10 -0.18
48Ca B(E2)↑ 0.43 0.38 1.00 -0.35 -0.27 -0.31 0.55 -0.91 0.53 0.92 -0.17 0.32

48Ca 2+ 0.23 0.28 -0.35 1.00 0.96 0.49 -0.06 0.32 -0.23 -0.42 0.51 -0.38
48Ca 4+ 0.24 0.30 -0.27 0.96 1.00 0.44 -0.01 0.26 -0.17 -0.36 0.54 -0.33
48Ca 6+ 0.18 0.17 -0.31 0.49 0.44 1.00 -0.22 0.25 -0.19 -0.20 0.26 -0.22

48Ca Occ(Nf5) 0.62 0.44 0.55 -0.06 -0.01 -0.22 1.00 -0.77 0.38 0.42 -0.04 0.12
48Ca Occ(Nf7) -0.58 -0.47 -0.91 0.32 0.26 0.25 -0.77 1.00 -0.58 -0.90 0.17 -0.30
48Ca Occ(Np1) 0.30 0.25 0.53 -0.23 -0.17 -0.19 0.38 -0.58 1.00 0.48 -0.11 0.19
48Ca Occ(Np3) 0.41 0.37 0.92 -0.42 -0.36 -0.20 0.42 -0.90 0.48 1.00 -0.22 0.34

48Ca → 48Sc GT 0.12 0.10 -0.17 0.51 0.54 0.26 -0.04 0.17 -0.11 -0.22 1.00 -0.27
48Ti B(E2)↑ -0.06 -0.18 0.32 -0.38 -0.34 -0.22 0.12 -0.30 0.19 0.34 -0.27 1.00

48Ti 2+ 0.80 0.89 0.37 0.32 0.32 0.20 0.47 -0.47 0.24 0.35 0.23 -0.24
48Ti 4+ 0.78 0.85 0.35 0.35 0.35 0.25 0.45 -0.45 0.23 0.34 0.22 -0.19
48Ti 6+ 0.75 0.80 0.42 0.28 0.28 0.24 0.48 -0.52 0.26 0.42 0.03 0.13

48Ti Occ(Nf5) 0.14 -0.03 0.39 -0.16 -0.11 -0.36 0.75 -0.53 0.25 0.24 -0.00 0.27
48Ti Occ(Nf7) 0.12 0.32 -0.51 0.47 0.42 0.37 -0.37 0.53 -0.33 -0.49 0.20 -0.82
48Ti Occ(Np1) -0.13 -0.29 0.27 -0.34 -0.29 -0.24 0.10 -0.26 0.56 0.25 -0.02 0.65
48Ti Occ(Np3) -0.25 -0.38 0.43 -0.51 -0.47 -0.26 0.03 -0.37 0.21 0.50 -0.28 0.88
48Ti Occ(Pf5) 0.22 0.01 0.20 0.00 0.03 -0.08 0.56 -0.35 0.15 0.12 0.21 0.27
48Ti Occ(Pf7) 0.21 0.41 -0.16 0.24 0.20 0.16 -0.10 0.16 -0.11 -0.16 -0.01 -0.85
48Ti Occ(Pp1) -0.11 -0.29 0.13 -0.19 -0.16 -0.14 0.06 -0.13 0.30 0.12 0.16 0.60
48Ti Occ(Pp3) -0.33 -0.49 0.11 -0.28 -0.25 -0.16 -0.09 -0.06 0.05 0.14 -0.09 0.89

48Ti → 48Sc GT 0.15 0.40 0.23 -0.03 -0.02 -0.24 0.15 -0.20 0.13 0.19 -0.55 0.03

Table II. Correlation matrix for the 24 observables described in the text using the FPD6 starting Hamiltonian (continues in
Table III).

48Ti 48Ti 48Ti 48Ti Occ 48Ti Occ 48Ti Occ 48Ti Occ 48Ti Occ 48Ti Occ 48Ti Occ 48Ti Occ 48Ti →
2+ 4+ 6+ (Nf5) (Nf7) (Np1) (Np3) (Pf5) (Pf7) (Pp1) (Pp3) 48Sc GT

0νββ NME 0.80 0.78 0.75 0.14 0.12 -0.13 -0.25 0.22 0.21 -0.11 -0.33 0.15
2νββ NME 0.89 0.85 0.80 -0.03 0.32 -0.29 -0.38 0.01 0.41 -0.28 -0.48 0.39
48Ca B(E2)↑ 0.37 0.35 0.42 0.39 -0.51 0.27 0.43 0.19 -0.16 0.13 0.11 0.23

48Ca 2+ 0.32 0.35 0.27 -0.16 0.47 -0.34 -0.51 0.00 0.24 -0.19 -0.28 -0.03
48Ca 4+ 0.32 0.35 0.28 -0.11 0.42 -0.29 -0.47 0.03 0.20 -0.16 -0.25 -0.02
48Ca 6+ 0.20 0.25 0.24 -0.36 0.37 -0.24 -0.26 -0.07 0.16 -0.14 -0.16 -0.24

48Ca Occ(Nf5) 0.47 0.45 0.48 0.75 -0.37 0.10 0.03 0.56 -0.10 0.06 -0.09 0.15
48Ca Occ(Nf7) -0.47 -0.45 -0.52 -0.53 0.53 -0.26 -0.37 -0.35 0.16 -0.13 -0.06 -0.20
48Ca Occ(Np1) 0.24 0.23 0.26 0.25 -0.33 0.56 0.21 0.15 -0.11 0.30 0.05 0.13
48Ca Occ(Np3) 0.35 0.34 0.42 0.24 -0.49 0.25 0.50 0.12 -0.16 0.12 0.14 0.19

48Ca → 48Sc GT 0.23 0.22 0.03 0.00 0.20 -0.02 -0.28 0.21 -0.01 0.16 -0.09 -0.55
48Ti B(E2)↑ -0.24 -0.19 0.13 0.27 -0.82 0.65 0.88 0.27 -0.85 0.60 0.89 0.03

48Ti 2+ 1.00 0.96 0.85 0.16 0.25 -0.24 -0.42 0.20 0.36 -0.19 -0.51 0.28
48Ti 4+ 0.96 1.00 0.89 0.16 0.21 -0.21 -0.36 0.22 0.29 -0.15 -0.44 0.24
48Ti 6+ 0.85 0.89 1.00 0.20 -0.01 -0.09 -0.09 0.22 0.08 -0.07 -0.18 0.35

48Ti Occ(Nf5) 0.16 0.16 0.20 1.00 -0.64 0.34 0.22 0.81 -0.42 0.35 0.18 -0.05
48Ti Occ(Nf7) 0.25 0.21 -0.01 -0.64 1.00 -0.74 -0.88 -0.55 0.86 -0.66 -0.80 0.12
48Ti Occ(Np1) -0.24 -0.21 -0.09 0.34 -0.74 1.00 0.66 0.41 -0.75 0.88 0.67 -0.22
48Ti Occ(Np3) -0.42 -0.36 -0.09 0.22 -0.88 0.66 1.00 0.19 -0.82 0.56 0.90 -0.10
48Ti Occ(Pf5) 0.20 0.22 0.22 0.81 -0.55 0.41 0.19 1.00 -0.57 0.56 0.26 -0.30
48Ti Occ(Pf7) 0.36 0.29 0.08 -0.42 0.86 -0.75 -0.82 -0.57 1.00 -0.81 -0.94 0.31
48Ti Occ(Pp1) -0.19 -0.15 -0.07 0.35 -0.66 0.88 0.56 0.56 -0.81 1.00 0.67 -0.35
48Ti Occ(Pp3) -0.51 -0.44 -0.18 0.18 -0.80 0.67 0.90 0.26 -0.94 0.67 1.00 -0.23

48Ti → 48Sc GT 0.28 0.24 0.35 -0.05 0.12 -0.22 -0.10 -0.30 0.31 -0.35 -0.23 1.00

Table III. Correlation matrix: continuation of Table II.

ing correlation with the 2νββ NME. In the shell model approach, the Hamiltonian remains unchanged, and all



6

symmetries are enforced. Therefore, we conclude that
the strong correlations between the 0νββ NME and the
2νββ NME are genuine.

Interestingly, the correlations between the 0νββ NME
and the Gamow-Teller (GT) transitions probabilities to
the first 1+ state in 48Sc are much reduced. One explana-
tion of this phenomena is based on the fact the distribu-
tions of the GT strength from the parent and daughter
(see last column in Figures 1/2 - 5/6) are asymmetric
in opposite direction, thus diminishing the correlation
effects. A quick look to the full correlation matrix in Ta-
ble II shows that the GT strengths to the first 1+ state
in 48Sc from 48Ca and 48Ti are anti-correlated with a
correlation coefficient of about -0.5.

Other observables that have relatively high
(anti)correlations with the 0νββ NME are the en-

ergies of the 2+, 4+ and 6+ states in 48Ti, and the
neutron occupation probabilities in 48Ca. Overall, the
correlators R with the 2νββ NME are around 0.9, the
ones with the energies of the 2+, 4+ and 6+ states
in 48Ti are about 0.77, and correlators with the 0f5/2
occupation probability is about 0.6, while the occupation
probability of the 0f7/2 is anti-correlated with the 0νββ
NME, R ≈ −0.6.

The correlations between 0νββ NME and the energies
of the 2+, 4+ and 6+ states in the daughter could be
related to the mismatch of the pairing effects between
the parent and daughter, given that the correlations with
the B(E2) values are weak. This conclusion could be
strengthened when one studies the effects of selectively
changing the pairing two body matrix elements of the
effective Hamiltonian.

Additional interesting information can be extracted
from the full correlation matrix for all 24 observables.
Tables II - III show the full correlation matrix evalu-
ated for the FPD6 starting Hamiltonian. It is interesting
to analyze which other observables are correlated with
those that are directly correlated with the 0νββ NME.
We already discussed the correlations between the GT
strengths and the 2νββ NME. In addition, one can ob-
serve that the 2+, 4+ and 6+ in 48Ti are correlated with
the neutron f and p states occupancies in 48Ca, which in
their turn are correlated with some of the neutron states
occupancies in 48Ti. Also, some of the neutron occu-
pation probabilities in 48Ti are correlated to the B(E2)↑
values. It is also observed that three of the neutron occu-
pancies in 48Ca correlate with the 0νββ and 2νββ NME,
while the fourth anti-correlates. One could understand
the (anti)correlation occupancies of the four orbitals be-
cause three of them constrain the 4th as the number of
particles is fixed. These observations highlight the im-
portance of a reliable experimental investigation of the
occupation probabilities for these nuclei. In some cases,
most noticeably the B(E2)↑ PDF plots shown in Figures
1 - 6, there appears to be some significant fluctuations
in the density and height of the bars. This is simply a
plotting artifact due to rounding errors when displaying
a very narrow range of small values that are mapped on
a small number of bins.

It would be interesting to extract some information
about possible range and mean value of the 0νββ NME
based on this statistical analysis. First, it is clear that
the value of all observables are quite stable to reasonably
small changes of the effective Hamiltonian. No hints of
any wild departure from the main values that would indi-
cate some phase transitions are found. This seems to be
a consequence of the preservation of nuclear many-body
symmetries in the shell model. One can further try using

the distributions of all available effective Hamiltonians
to draw conclusions on some optimal values for the 0νββ
NME and its range (error). One direct approach would
be to superpose the distributions of the NME produced
in Figures 1/2 - 5/6 withe some weighting factors WH ,

P (x) = WFPD6PFPD6(x) +WGXPF1APGXPF1A(x)

+WKB3GPKB3G(x) ,

(4)

where x is the value of the 0νββ NME. The normalized
weights WH can be inferred using, for example, the likeli-
hood probability ∝ exp(−χ2/2) for independent observ-
ables, and the Bayesian Model Averaging for the cor-
related observables that dominate the contributions to
the weights (see e.g. section 4 of [61]). Based on the
data we show in Table II, we get the following χ2 for
each starting effective Hamiltonian: 7.9 for FPD6, 4.8 for
GXPF1A, and 7.3 for KB3G. Unfortunately, there is no
experimental data for the occupation probabilities that
seem to correlate directly and indirectly with the 0νββ
NME. Therefore, here we present the results of a ”demo-
cratic” approach in which all WH are 0.33. Fig. 7 shows
the probability distribution functions (PDF) for the three
starting effective Hamiltonians and their weighted sum.
To calculate each PDF we use the Gram-Charlier A series
expansion [62] (see Appendix for detail), based on the
first four normalized moments of the distributions pre-
sented in Figures 1/2 - 5/6. Based on the results of our
statistical analysis summarized in Fig. 7 (see ”weighted
sum” curve) one can infer that with 90% confidence the
0νββ NME lies in the range between 0.45 and 0.95, with
a mean value of about 0.68.
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Figure 1. (Color online) Correlations scattered plots and PDFs for the FPD6 starting Hamiltonian.
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Figure 2. (Color online) Continuation of Figure 1.
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Figure 3. (Color online) Correlations scattered plots and PDFs for the GXPF1A starting Hamiltonian.
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Figure 4. (Color online) Continuation of Figure 3.
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Figure 5. (Color online) Correlations scattered plots and PDFs for the KB3G starting Hamiltonian.
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Figure 6. (Color online) Continuation of Figure 5.
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Figure 7. PDF of the 0νββ NME distributions for the FPD6,
GXPF1A and KB3G Hamiltonians and their weighted sum
(see text for details).

IV. CONCLUSION AND OUTLOOK

In conclusion, we developed a statistical model for an-
alyzing the distribution of the 0νββ NME of 48Ca using
the interactive shell model in the fp-shell model space.
In the analysis we started from three widely used effec-
tive Hamiltonians for the low part of the fp-shell, FPD6,
GXPF1A and KB3G, to which we added a random con-
tributions to the TBME of ±10%. Using sample sizes
of 20,000 points we analyzed for each starting effective
Hamiltonian: (i) the correlations between 0νββ NME
and the other observables that are accessible experimen-
tally; (ii) the theoretical ranges for each observables; (iii)
the shape of different distributions for each observables
and starting Hamiltonians; (iv) the weighted contribu-
tions from different starting Hamiltonians to the ”opti-
mal” distribution of the 0νββ NME; (v) an ”optimal”
value of the 0νββ NME and its predicted probable range
(theoretical error).

We found that the 0νββ NME correlates strongly with
the 2νββ NME, but much less with the Gamow-Teller
strengths to the first 1+ state in 48Sc. We also found
that the 0νββ NME exhibits reasonably strong correla-
tions with the energies of the 2+, 4+ and 6+ states in
48Ti, and with the neutron occupation probabilities in
48Ca. We also found that there are additional correla-
tions between observables, such as the energies of the
2+, 4+ and 6+ states in 48Ti and the neutron occupation
probabilities, as well as between B(E2)↑ values in 48Ti
and proton and neutron occupation probabilities, which
can indirectly influence the 0νββ NME. Therefore, we
conclude that reliable experimental values of the occupa-

tion probabilities in 48Ti and 48Ca would be useful for
this analysis, potentially helpful to reduce the uncertain-
ties of the 0νββ NME.

Based on this statistical analysis with three indepen-
dent effective Hamiltonians we propose a common proba-
bility distribution function for the 0νββ NME, which has
a range (theoretical error) of (0.45 - 0.95) at 90% confi-
dence level, and a mean value of 0.68. We also hope that
the present analysis will help ab-initio studies, such as
[35–37] to better identify correlations and further reduce
the uncertainties of the 0νββ NME

Acknowledgements. MH acknowledges support from
the US Department of Energy grant DE-SC0022538
”Nuclear Astrophysics and Fundamental Symmetries”.
SS and AN acknowledge support by grants of Roma-
nian Ministry of Research, Innovation and Digitaliza-
tion through the projects CNCS – UEFISCDI number
99/2021 within PN-III-P4-ID-PCE-2020-2374 and CNCS
– UEFISCDI number TE 12/2022 within PN-III-P1-1.1-
TE-2021-0343.

Appendix: Gram-Charlier A series

In order to have a good representation for the PDF of
the 0νββ NME, we consider small deviation from normal
distribution via the Gram-Charlier A series [62]. This is
given by:

P (x) ≈ 1√
2πσ

exp

[
− (x− µ)

2

2σ2

]

·
[
1 +

µ3

3!
He3((x− µ)/σ) +

µ4 − 3

4!
He4((x− µ)/σ)

]
(A.1)

where Hek(y) are the Chebyshev-Hermite polynomi-
als, He3(y) = y3 − 3y and He3(y) = y4 − 6y2 + 3, µ
and σ are the mean and variance of a probability density
function (PDF), and µk, with k = 3, 4 are normalized
moments of the same PDF, P (x):

µk =

∫ (
x− µ
σ

)k
P (x)dx, (A.2)

In practice, we use the sample moments, µ3 (skewnes)
and µ4−3 (kurtosis), which in the limit of very large sam-
ple sizes become very close to the underlying moments.
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[59] F. Šimkovic, A. Faessler, H. Müther, V. Rodin, and
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