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Neutron-rich carbon isotopes have been investigated within the Gamow shell model (GSM) based
on a realistic nuclear force. *C was chosen as the core in the shell-model calculations of the neutron-
rich carbon isotopes. The effect from the coupling to the continuum is well considered by using the
complex-momentum Berggren representation which treats bound, resonant and continuum states
on an equal footing. Using the many-body perturbation theory named the @-box folded-diagram
method, the complex GSM effective interaction was derived from the CD-Bonn interaction. We find
that the inclusion of the continuum coupling in the calculation is important in the description of
neutron-rich carbon isotopes, especially in reproducing the experimental 1/2% ground states of °C
and 2'C. Our calculation indicates a shell closure at N = 16 in the carbon chain, while the N = 14
shell disappears which exists in the next even-Z chain of oxygen isotopes. The calculation suggests
that 22C is the heaviest bound carbon isotope, i.e., the neutron drip line.

I. INTRODUCTION

Neutron-rich carbon isotopes provide an intriguing lab-
oratory for the studies of intricate effects in the exotic
nuclei of dripline regions, e.g., nuclear forces and con-
tinuum effect. Compared with the next even-Z chain of
oxygen isotopes, the carbon chain has more isotopes with
halo structure observed experimentally, such as 1°C [1-3],
9C [3-6] and 22C [7, 8], and the N = 14 neutron shell dis-
appears [9, 10] which exists in the oxygen chain [11, 12].
Experiments have provided rich and interesting data on
carbon excited states with particle-unstable resonances
observed [13-16] which are still challenging theoretical
calculations.

19C is the last bound odd-A carbon isotope with a
small one-neutron separation energy. Shell models with
phenomenological interactions such as WBP [16-18],
WBT [16], YSOX [18] and SFO [16, 18, 19] have been ap-
plied to carbon isotopes. However, the calculations can-
not well describe the excitation spectra of odd-A carbon
isotopes. In 'C, for instance, only the SFO interaction
can reproduce the correct order of the levels [18]. Cal-
culations based on realistic nuclear forces have also been
performed for carbon nuclei, e.g., the realistic-interaction
shell model (RSM) [20], coupled-cluster effective interac-
tion (CCEI) [17] and valence-space in-medium similarity
renormalization group (VS-IMSRG) [21]. The CCEI cal-
culations [17] cannot reproduce the experimental 1/2F
ground states of '2'C, while no J™ information had
been provided in the literature of the VS-IMSRG cal-
culations [21]. We found that all the calculations men-
tioned above did not consider the continuum effect which
can be significant in weakly-bound nuclei. In contrast to
the isotone 2'O in which the Ods /2 orbital is occupied,
the last neutron in the weakly-bound 'C fills the 1s;
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orbital. The neutron 1s;,, orbital which is a weakly-
bound level in neutron-rich carbon isotopes plays an im-
portant role in the formation of the one-neutron halo
in 19C [4, 25, 26]. It was commented that the contin-
uum effect should be important in reproducing the low-
lying states of °C [16, 17]. The complicated coupling
to the continuum states in neutron-rich carbon isotopes
remains a challenge to current theoretical calculations.
In the present work, one of our main motivations is to
investigate the continuum effect in the ground states and
low-lying excited states of neutron-rich carbon isotopes.

The continuum effect was considered in the important-
truncated no-core shell model with continuum (IT-
NCSMC) [23] in which 7C was calculated, showing that
the lowest 1/2% state becomes more bound due to the
continuum coupling. However, the IT-NCSMC calcu-
lation in Ref. [23] can only handle a basis size up to
Numax = 6 which is insufficient for carbon isotopes. The
Gamow IMSRG [22] was applied to the closed-shell 22C,
showing the importance of the inclusion of the s-wave
continuum in reproducing the extended halo density dis-
tribution. However, the Gamow IMSRG only works for
closed-shell nuclei. In the present work, we investigate
neutron-rich carbon isotopes with focusing on the con-
tinuum effect.

The standard shell model using the harmonic oscillator
(HO) basis cannot describe the continuum feature due to
the strong locality of wave functions. In the present work,
we choose the Gamow shell model (GSM) [27] with a re-
alistic interaction used to investigate neutron-rich carbon
isotopes. The continuum effect is taken into account by
employing the Berggren basis [28] in which, by extending
to the complex-momentum plane, the bound, resonance,
and continuum states are treated on an equal footing.



II. OUTLINE OF GAMOW SHELL MODEL
WITH A REALISTIC INTERACTION

The translationally-invariant intrinsic Hamiltonian of
the A-nucleon system used in this work reads [27, 29]

A

H=Y(1- pZ+ZVNN B2,

=1 1<j

where p; is the nucleon momentum in the laboratory sys-
tem, and m is the nucleon mass. V;IJ\IN is the nucleon-
nucleon (NN) interaction. In the present work, we
choose the CD-Bonn NN interaction [30]. As in the
standard shell model, the A-body Hamiltonian is sepa-
rated into a one-body part and a residual two-body part

[27, 29, 31, 32] as
2 p? p;  Ppi-Dpj
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where Hy = Zf‘:l(;i + U;) has a form of independent-
particle motions in the one-body potential U; for which
we choose the Woods-Saxon (WS) potential. H; is the
residual two-body interaction with the correction from
the center-of-mass (CoM) motion.

The closed-shell *C is chosen as the inert core of the
GSM calculation for neutron-rich carbon isotopes. The
4C WS potential is used to generate the Berggren ba-
sis [27], and mimics the one-body potential U; produced
by the core. The WS parameter values are determined
by fitting experimental neutron single-particle energies
of the " C + n system, which are obtained in fact by the
15C data. If the single-particle state is unbound, the res-
onance width of the state also needs to be considered in
the fitting. The chosen parameters are V) = 60.0 MeV for
the potential depth, V;, = 10.6 MeV for the spin-orbital
coupling strength, ro = 1.13 fm for the radius parameter,
and a = 0.60 fm for the diffuseness. Table I summarizes
the experimental and calculated neutron single-particle
energies, in which the resonance width of the 0dsz,, or-
bital is also reproduced. In fact, we mainly adjust the
values of parameters V) and Vg, while rg = 1.13 fm and
a = 0.60 fm are around the common values used in WS
nuclear structure calculations [33].

The Berggren completeness relation [28] covers bound,
resonance and continuum states, presented with a con-
tour in a complex-momentum plane [27]. Continuum par-
tial waves are discretized by the Gauss-Legendre quadra-
ture method in practical computations [27, 36-38]. The
Ods/o orbital is a resonance with a negative imaginary
part of the energy, located in the fourth quadrant of the
complex-momentum coordinate system [27]. For the ds 5
channel, the contour is chosen as LT = {0 — (4 — 2i) —
8 — 100} (in MeV) to enclose the 0ds/, resonance. Each
continuum contour is discretized with 34 discretization
points. We have well tested that such discretization is

TABLE I. Neutron single-particle energies (in MeV) calcu-
lated by the WS potential, compared with data [34, 35]. The
resonance orbital Ods/, is indicated by a complex energy of
E —iI'/2 with T" being the resonance width.

nljy Calculated Experimental
0d3 /2 3.59—140.90 3.56—10.87
0ds /2 —0.47 —0.48
1sy/2 —1.21 —1.22

sufficient to get converged result [27, 29, 39-41]. The
1s1/7 orbital is bound in neutron-rich sd-shell nuclei.
There is no neutron s-wave resonance due to the absence
of a centrifugal barrier. The inclusion of the s-wave con-
tinuum could be important in the description of loosely-
bound and resonance states in which the wave functions
have large spatial spreads [22]. In the present calcula-
tions, the s1 /5 continuum is included in the model space
of valence particles, with the same contour chosen as for
the d3/o partial wave.

The realistic nuclear force has a strong short-range re-
pulsive core, which makes the numerical calculation dif-
ficult. We renormalize the bare force using the Vigw-x
method [42] with a cutoff at A = 2.6 fm™!, and the
calculations of low-lying states are not sensitive to the
cutoff [27]. The renormalized CD-Bonn interaction is
first calculated in the laboratory HO basis using the
Brody-Moshinsky brackets [43], and then converted to
the Berggren basis by computing overlaps between the
HO and Berggren basis wave functions [31]. With the
M core, we choose neutron {Od5/2, 1s1/2 plus s-wave
continuum, 0ds,, resonance plus ds/;-wave continuum }

as the GSM model space. We use the full Q—box folded
diagrams [31] to construct the realistic effective interac-
tion for valence neutrons within the complex Berggren
basis. The model space spanned with continuum partial
waves is nondegenerate, and may break the order-by-
order perturbation due to the vanished energy denom-
inator. We use the extended Kuo-Krenciglowa (EKK)
method [31, 44] to derive the effective interaction. When
the continuum is included, the dimension of the model
is huge. Therefore, we calculate the -box diagrams up
to the second order of the perturbation. In the follow-
ing GSM many-body calculation, we restrict to a max-
imum of two valence neutrons in the continuum. We
have tested that the change in the excitation energy of a
state is less than 1 keV if a third valence neutron is al-
lowed in the continuum in the ?C GSM calculation. The
complex-symmetric GSM Hamiltonian obtained thus is
diagonalized in the model space specified above, using
the m-scheme Jacobi-Davidson method [46, 47].



IIT. CALCULATIONS AND DISCUSSIONS

We have applied the CD-Bonn GSM to the heavy
neutron-rich carbon isotopes. Figure 1 shows calculated
excitation levels for 19C, compared with the data [14-
16]. We see that the order of the ?C low-lying levels
is reproduced by the CD-Bonn GSM calculation. To in-
vestigate the continuum effect, we have also performed a
conventional SM calculation within a HO basis with the
same Viow.x CD-Bonn interaction. The infinitely-deep
HO potential isolates the coupling to the continuum. The
SM Hamiltonian solved in the HO basis gives real-energy
eigenvalues. We refer to this as the real-energy SM cal-
culation to distinguish it from the complex-energy GSM
calculation. In the real-energy SM, we take the model
space v{1sy /2, 0ds /2, Od3/2 } similar to that in GSM, but
without the continuum. The single-particle energies of
the neutron 1sy 5, 0ds /2 and 0ds3,, orbitals are chosen to

be the same as in the GSM. The same order of the Q—box
perturbation as in the GSM is used, i.e., up to the sec-
ond order of the perturbation. In Fig. 1, we see that the
real-energy SM calculation without the continuum effect
gives a 5/2% configuration rather than the experimen-
tal 1/2% state for the ground state. By calculating the
spectroscopic factor of the '2C ground state with respect
to the 18C + n structure, we find that the lowest 1/2%F
state in the GSM calculation has a dominant configura-
tion with the last neutron occupying the 1s;,o orbital,
while the lowest 5/2% state in the real-energy SM calcu-
lation has a dominant component with the last neutron
filling the Ods /5 orbital. The weakly-bound 1s; /5 neutron
orbital with a zero centrifugal barrier (I = 0) has a strong
coupling to the continuum, which significantly lowers the
energy of the 1/27 state, and leads to the correct 1/27
ground state in the GSM calculation. In Ref. [48], it has
also been found that the neutron s-wave is important in
determining the relative position between the 1/2% and
5/27 states in weakly-bound light nuclei.

In the 19C experimental spectrum, the first 5/2% level
at E, = 0.62(9) MeV is slightly higher than the one-
neutron emission threshold [S, = 0.58(9) MeV] of the
nucleus [16]. The experiment suggests a narrow reso-
nance for this 5/2% state with an estimated resonance
width of I' < 0.015 MeV [16]. The second 5/2F state
has a resonance width of 0.29 MeV [14]. However, the
present calculation does not give the resonance at low ex-
citation energy in '*C. The calculated one-neutron sepa-
ration energy is S, = 1.16 MeV, which is larger than the
experimental S,, = 0.58(9) MeV.

Figure 2 shows the GSM results for 2%22C. For 22C,
only the ground state has been produced in experiment.
Our GSM calculation predicts resonant excited states for
22C. The calculated first 27 state in 22C is at an exci-
tation energy of F, = 4.24 MeV, which agrees with the
RSM [20], CCEI [17] and IMSRG [22] calculations. The
large 27 excitation energy indicates a neutron shell gap
at N = 16. This neutron shell closure also exists in the
next even-Z oxygen chain, which has been confirmed ex-
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FIG. 1. 'C experimental [14-16] and calculated levels by the
GSM and the real-energy SM (indicated by SM) using the
same CD-Bonn interaction. The resonance state is marked
by shadowing with the resonance width (in MeV) given above
the level.
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FIG. 2. Similar to Fig. 1 but for ?>?2C. The data are from [34,
49).

perimentally [12]. For 2°C, the GSM calculation presents
a low 27 state at E, = 1.37 MeV, which agrees with the
datum, RSM [20] and CCEI calculations [17]. The low 2+
excitation implies a disappearance of the N = 14 neutron
shell closure in the carbon chain. This N = 14 neutron
shell closure exists in the oxygen chain. It should be men-
tioned that in Ref. [22] the Gamow IMSRG gives a lower
27 state in 22C between 1.0 MeV and 2.0 MeV depend-
ing on interactions used. However, this lower 27 state is
caused by the proton excitation instead of the neutron
excitation [22]. Similar to the RSM [20] and CCEI [17],
in the present CD-Bonn GSM calculation, we chose '*C
as the inert core, and hence only the neutron excitation
is considered.

The GSM calculations shows that the °C ground state
has a configuration of 85% (151/2)1 ® (Od5/2)4, and 22C

has a ground state with 81% (151/2)2 ® (Od5/2)6. The s
wave plays an important role in halo structures [8, 26].
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FIG. 3. Similar to Fig. 1 but for ?*C. There is no excited state
observed experimentally except the (1/2%) ground state [51].

From the experiment, 2'C is a weakly-unbound nu-
cleus with T3/, < 30 ns, and decays by the one-neutron
emission [50]. The ground state is assumed to have the
spin and parity of 1/2% [51]. As shown in Fig. 3, the
CD-Bonn GSM calculation with the continuum coupling
considered reproduces the 1/2% ground state, while the
real-energy SM without the continuum effect considered
gives a 5/27 ground state. The 1/2" state is dominated
by the 1s; /, component, and has a strong coupling to the
continuum, which inverts the order between the 1/2% and
5/2% levels. However, the GSM calculation gives that
the 1/2% ground state and the first 5/2% excited state
are weakly bound, with the one-neutron separation ener-
gies of S,, = 0.96 MeV and 0.83 MeV, respectively. The
3/2%, 5/25 and 7/2% excited states are calculated to be
unbound resonances.

To further understand the neutron shell evolution,
we have calculated effective single-particle energies (ES-
PEs) [52, 53], shown in Fig. 4 as a function of the neutron
number N. We see that there is a large N = 16 shell
gap between the 0ds/, and Ods/p/1s1/9 orbitals. In the
neighboring chain of oxygen isotopes, the 1s;/, orbital
is located halfway between 0ds/, and 0ds/, [39], which
gives neutron shell closures at both NV = 16 and 14. The
situation is different in the carbon chain where the 1s; /o
orbital is lower than the Ods/, orbital (see Fig. 4), and
no shell gap exists between 0ds/o and 1s1/5. This leads
to the disappearance of the N = 14 shell closure in the
carbon chain and an enhanced N = 16 shell, which is
consistent with the experiment [9, 10].

Figure 5 gives the ground-state energies of carbon iso-
topes. The CD-Bonn GSM calculations with the contin-
uum effect considered reproduce reasonably the ground-
state energies, and suggest the neutron drip line at 22C.
The calculated ground-state energies of 2224C are over-
bound by about 4 MeV, compared with the data. It
was found that the three-nucleon force (3NF) supplies
a significant repulsive contribution to the ground-state
energies of the N = 16 oxygen dripline nucleus 240
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FIG. 4. Calculated effective single-particle energies for the

neutron 1s;,2, 0ds/2, Od3 /o orbitals.

and its heavier isotopes [39]. The 3NF repulsive effect
should be expected in the N = 16 carbon dripline nu-
cleus 22C and its heavier isotopes. In Fig. 5, we also
show other calculations by the real-energy RSM based on
the chiral two-nucleon N3LOW interaction [20] and the
real-energy VS-IMSRG using the chiral two- and three-
nucleon interactions [21]. In the RSM calculations [20],
only even-carbon ground-state energies were given. The
RSM single-particle energies were obtained by the so-
called S box [20], which was found to underestimate the
ground-state energies compared with the data, as shown
in Fig. 5. By shifting the single-particle spectrum by
—427 keV [20], the RSM calculations are improved sig-
nificantly. It should be mentioned that in the RSM cal-
culation [20] the @-box diagrams were calculated up to
the third order of the perturbation. In the present GSM
calculation, the inclusion of continuum channels makes
it infeasible to include third-order @-box diagrams due
to computing power limitations. The third-order Q-box
diagrams may capture more dynamic correlations, and
produce a visible effect on the energy of the ground state.
However, the effect of third-order Q-box diagrams on the
excitation energy spectrum is small [29, 45].

IV. SUMMARY

The descriptions of excitation spectra of neutron-rich
carbon isotopes, especially for odd-mass isotopes, remain
a theoretical challenge. In this paper, we have investi-
gated the effect from the continuum coupling within the
Gamow shell model based on a realistic nuclear force of
the CD-Bonn potential. *C was chosen as the core of the
Gamow shell-model calculation. In this model, the con-
tinuum effect is taken into account at the basis level by
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FIG. 5. Experimental [34] and calculated ground-state en-
ergies with respect to the '*C core. The RSM calculations
without and with the single-particle energy (s.p.e.) shift are
from Ref. [20]. The VS-IMSRG results are from [21]. Data
shown with open circles are evaluations taken from [34].

using the Berggren ensemble in which bound, resonance
and scattering continuum states are treated on the same
footing. We find that the continuum coupling plays an
important role in reproducing the correct order of the
levels in the heaviest odd-mass carbon isotopes of 19:21C.

However, the level spacing calculated between the first
excited state and the ground state is small (< 300 keV) in
19:21C. Other factors may also affect the final numerical
result, for instance, the three-nucleon force, higher-order
diagrams in the Q-box expansion, and the choice of the
cutoff value in the Vjgw.x renormalization of the interac-

tion. The neutron-rich carbon isotopes are deformed, for
instance, in the mean-field calculation [54]. Though the
shell model can treat deformed nuclei through configu-
ration mixing, the calculation truncated with the use of
a spherical basis may still miss some non-negligible con-
figurations, and consequently the final numerical results
of excitation energies may be affected. In this work, we
focus on the effect from the continuum coupling.

The present calculations show that the neutron N = 14
sub-shell disappears, while the N = 16 shell closure is
enhanced, compared with those in the next even-Z chain
of oxygen isotopes. The neutron dripline position of the
carbon chain is reproduced, which is at 22C.
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