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The exotic β-delayed proton emission is calculated in 11Be from first principles using chiral two-
and three-nucleon forces. To investigate the unexpectedly-large branching ratio measured in [PRL
123, 082501 (2019)] we calculate the proposed (1/2+, 1/2) proton resonance in 11B using the no-core
shell model with continuum. This calculation helps to address whether this enhancement is caused
by unknown dark decay modes or an unobserved proton resonance. We report a branching ratio of
bp = (1.3 ± 0.5) × 10−6, suggesting that its unexpectedly-large value is caused by an unobserved
proton resonance in 11B.

I. INTRODUCTION

Nuclear β-decay is well-recognized as a process sensi-
tive to nuclear structure [1] . When considering neutron-
rich nuclei, a particularly interesting β-decay reaction
known as β-delayed particle emission is possible [2].
Specifically, β-delayed proton emission is a rare process
in which the parent nucleus undergoes β-decay into a
proton-unbound state from which the proton is emitted.
Due to energy conservation, this exotic process is forbid-
den unless Sn < (mn − mp − me)c

2 ≈ 782 keV where
Sn is the neutron separation energy and mn, mp, and
me are the neutron, proton, and electron rest masses, re-
spectively [2]. The 11Be nucleus is a halo nucleus with a
neutron separation energy of 0.5016 MeV, making it an
ideal candidate for such a decay. It has been suggested
that this particular process can shed some light on the
neutron lifetime puzzle in that it could reveal an exotic
dark-decay mode [3].

The β decay of the ground state of 11Be into the contin-
uum was originally calculated using a cluster expansion
resulting in a small branching ratio, bp = 3.0× 10−8 [2].
This small branching suggested it was extremely rare
compared to other β-decay branches such as to the
ground state (bp = 0.547) or to one of the many ex-
cited states in 11B (e.g. bp = 0.314 to the 1/2−1 excited
state, bp = 0.0647 to the 1/2+

1 excited state etc.) [4]. To
further investigate this β-delayed proton emission, Ri-
isager et al. indirectly measured the decay of 11Be to
10Be [5]. This experiment revealed a large branching
ratio of bp = 8.3(9) × 10−6, two orders of magnitude
larger than the previous theoretical calculation. Thus,
two possible explanations were proposed for this discrep-
ancy. Either the halo neutron decays to an unobserved
proton resonance in 11B, or there are other unobserved,
exotic neutron decay modes such as dark decay modes [5].
Seven years later, in 2019, Ayyad et al. directly observed
the 11Be β-delayed proton emission in an experiment
performed at TRIUMF. The corresponding experimen-
tal branching ratio of bp = 1.3(3) × 10−5 is consistent
with the large branching ratio observed in the previous
indirect experiment [6]. This branching ratio equates to
B(GT) = 5.5+8.3

−3.3 which falls under the theoretical limit

of 3 for the β-decay of a free neutron within one standard
deviation [7]. Furthermore, because this experiment in-
volved direct detection, the ejected proton distribution
was used to locate the possible proton resonance in 11B.
The resonance was found to have spin 1/2 (or 3/2), pos-
itive parity, and isospin 1/2 with an excitation energy of
197 keV. This measurement supported the first explana-
tion: the existence of an unobserved resonance in 11B.

There have been several theoretical investigations of
the proposed 10Be+p resonance with differing results.
The authors of Ref. [8], using a shell model embedded
in the continuum (SMEC), conclude that the branching
ratio of β-delayed α emission, the predicted resonance
width, and the observed β-delayed proton emission in
Ref. [6] can not be reconciled within their calculations.
Another shell model analysis of this system claims that
the experimentally observed branching ratio is impossi-
ble to explain [3]. The halo effective field theory analysis
in Ref. [9] supports the existence of the proposed proton
resonance.

In this work, we address the β-delayed proton emission
in 11Be from first principles using the no-core shell model
with continuum (NCSMC) [10–13]. First, we carry out
p+10Be scattering calculations to search for the proposed
resonance in 11B. Second, we develop the framework to
consistently compute β-decay matrix elements within the
NCSMC approach and evaluate the β-decay branching
ratio from the ground state of 11Be to the p+10Be chan-
nel. The NCSMC is well-suited to describe this particular
decay since it not only accurately describes the structure
of light nuclei, but properly profiles the continuum in
the low-energy regime. In Sect. II, we briefly introduce
the NCSMC and the microscopic Hamiltonian adopted in
the present study. Main results are presented in Sect. III
and conclusions are given in Sect. IV. Details of the cal-
culation of the NCSMC formalism for the calculation of
β-decay matrix elements are given in Appendix A.

II. THEORY

The β-decay operator of the Jπ=1/2+, T=3/2 ground
state of 11Be to a Jπ=1/2+,T=1/2 proton-unbound
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p+10Be state is purely driven by the (reduced) matrix
elements of the Gamow-Teller (GT) operator due to the
change in isospin [1]:
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Here we consider the leading order GT operator

ĜT =

A∑

i=1

σ̂iτ̂
+
i ,

where σ̂i is the single-particle Pauli operator and τ̂+
i

is the single-particle isospin-raising operator [1]. The
evaluation of Eq. (1) requires a framework such as the
NCSMC where bound and scattering wave functions are
consistently calculated. The ansatz for the NCSMC ini-
tial(final) state is a generalized cluster expansion [13]
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The first term is an expansion over no-core shell model
(NCSM) [14] eigenstates of the aggregate system |AJπT 〉
(either 11Be in the intial state or 11B in the final state)
calculated in a many-body harmonic oscillator basis. The
second term is an expansion over microscopic cluster
channels Âν

∣∣ΦJπTνr

〉
which describe the clusters (either

10Be+n in the initial state or 10Be+p in the final state)
in relative motion:

|ΦJπTνr 〉 =
[(
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π1
1 T1〉 |N 1
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where |10Beα1I
π1
1 T1〉 and |N 1

2

+ 1
2 〉 are the eigenstates

of 10Be and N , respectively, with N representing n for
the initial state (11Be) and p for the final state (11B) .
The cluster channels enable the description of scattering
states as well as weakly bound extended (halo) states in
the NCSMC. The 10Be eigenstate (also calculated within
the NCSM) has angular momentum I1, parity π1, isospin
T1, and energy label α1. Here r denotes the distance
between the clusters and ν is a collective index of the
relevant quantum numbers. The coefficients cJ

πT
λ and

relative-motion amplitudes γJ
πT

ν (r) are found by solving
a two-component, generalized Bloch Schrödinger equa-
tions derived in detail in Ref. [13]. The Âν term is the
inter-cluster antisymmetrizer:

Âν =

√
(A− 1)!

A!


1 +

∑

P 6=id

(−1)pP


 ,

where the sum runs over all possible permutations of nu-
cleons P (different from the identical one) that can be
carried out between the target cluster and projectile, and
p is the number of interchanges characterizing them. The
resulting NCSMC equations are solved using the coupled-
channel R-matrix method on a Lagrange mesh [11, 15].

We start from a microscopic Hamiltonian including
the nucleon-nucleon (NN) chiral interaction at next-to-
next-to-next-to-next-to leading order (N4LO) with a cut-
off Λ=500 MeV developed by Entem et al [16, 17], de-
noted as NN -N4LO(500). In addition to the two-body
interaction, we include a three-body (3N) interaction at
next-to-next-to leading order (N2LO) with simultaneous
local and nonlocal regularization [18–21]. The whole
interaction (two- and three-body) will be referred to as
NN -N4LO(500)+3Nlnl. A faster convergence of our NC-
SMC calculations is obtained by softening the Hamilto-
nian through the similarity renormalization group (SRG)
technique [22–25]. The SRG unitary transformation in-
duces many-body forces that we include up to the three-
body level. Four- and higher-body induced terms are
small at the λSRG=1.8 fm−1 resolution scale used in the
present calculations [26]. Concerning the frequency of
the underlying HO basis, we choose ~Ω = 18 MeV for
which the ground state energies of the investigated nuclei
present minimum. For technical reasons, we are not able
to reach basis sizes beyond Nmax=7 for 11B and 11Be.

We note that the present calculations are the first ap-
plication of the NCSMC approach to the description of
β-decay transitions. While the present calculation is im-
plemented solely for the GT operator, the formalism is
also valid for the Fermi (as well as the spin part of M1)
one-body operator. We are able to calculate the relevant
matrix elements without approximations (as opposed to
the radiative capture calculations in, e.g., Ref. [26]) and
evaluate the transition kernels (i.e., matrix elements en-
tering the integrals in Eq. (A1)) using a similar tech-
nique applied to calculate Hamiltonian interaction/norm
kernels. See Appendix A for the full derivation of the
NCSMC GT matrix element utilizing second quantiza-
tion.

III. RESULTS

A. NCSMC calculations for 11Be and 11B

We start by performing NCSM calculations for 10,11Be
and 11B. The obtained eigenvalues and eigenvectors serve
as input for the NCSMC. For the expansion in Eq. (2),
we used the 10Be 0+ ground state and the first excited 2+

state, the lowest 12 (10) positive (negative) parity eigen-
states for 11Be, and 20 (12) positive (negative) eigen-
states for 11B with J ranging from 1/2 to 11/2. We chose
to include only the first 0+ and 2+ states of 10Be since a
previous calculation of 11Be showed that the inclusion of
more 10Be had little impact on the NCSMC results [28].
The number of 11Be NCSM states included were chosen
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such that multiple 1/2+ and 1/2− states could contribute
to the ground and first-excited states in the NCSMC cal-
culation. As for the number of 11B NCSM states included
in the calculation, we wanted to calculate all three 1/2+

states in the NCSMC to investigate the proposed 1/2+

resonance. Furthermore, since we are looking for a reso-
nance, we included enough 11B states such that the ex-
citation energies ranged up to about 7 MeV above the
p+10Be threshold. The resulting NCSMC energy spectra
of 11Be and 11B are shown in Figs. 1 and 2, respectively.
We present only states corresponding to experimentally
bound states with respect to the 10Be+p (for 11B) and
10Be+n (for 11Be) threshold.
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FIG. 1. Calculated and experimental levels of 11Be. Only
states corresponding to experimentally bound states with re-
spect to the 10Be+n threshold (horizontal red dashed line) are
shown. The left column shows the original ab initio NCSMC
calculation in Nmax=7 space. The phenomenological adjusted
calculation is presented in the middle column. See the text
for details.

The low-lying level ordering in 11Be is important be-
cause the energies of the 1/2+ and 1/2− states are in-
verted compared to what would be expected from a stan-
dard shell-model picture. Our chosen interaction repro-
duces this parity inversion in the resulting NCSMC levels,
as can be seen in Fig. 1. In previous NCSMC calculations
using different interactions, the parity inversion could be
reproduced with the non-local N2LOsat interaction [27]
but not using interactions with local 3N [28]. Since the
NN -N4LO(500)+3Nlnl interaction reproduces this pecu-
liarity of 11Be, we feel that (i) the non-locality of the
3N interaction is an important feature for the descrip-
tion of exotic nuclei (i.e. it leads to a better reproduc-
tion of the extended nuclear density) and (ii) the selected
interaction is appropriate for calculating the 11Be β de-
cay. The present description is still showing discrepancies
with data as the 1/2+ state is less bound than in exper-
iment and the experimentally very weakly bound 1/2−

state is obtained just above the 10Be+n threshold.
The lowest negative-parity 11B levels are well repro-

duced in our calculations with an under-prediction of the
splitting between the 3/2− ground state and the 1/2−

first excited state, indicating a weaker spin-orbit strength
of the employed interaction. The lowest 5/2− and 7/2−
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FIG. 2. Calculated and experimental levels in 11B. Selected
states corresponding to experimentally bound states with re-
spect to the 10Be+p threshold (horizontal red dashed line) are
shown. The SRG evolved NN -N4LO(500)+3Nlnl interaction
was used. The left column shows the original ab initio NC-
SMC calculation in Nmax=7 space. The phenomenolgically
adjusted calculation is presented in the middle column. See
the text for details. The isospin of all shown states is T=1/2.

as well as 3/2−2 and 5/2−2 states match well the exper-
imental energies. The experimental 3/2−3 state at 8.56
MeV (not shown in Fig. 2) with a pronounced α-cluster
structure is, however, overpredicted in the present NC-
SMC calculations [29]. Similarly, the lowest positive par-
ity states appear more than 2.5 MeV too high. This is in
part a consequence of the missing 7Li+α mass partition
in the calculations that we were not able to include for
technical reasons. The 7Li+α threshold appears exper-
imentally 2.56 MeV below the 10Be+p threshold. The
focus of this work is in particular on the T=1/2 1/2+

and 3/2+ states in 11B. As seen in Fig. 2, we obtain one
T=1/2 1/2+ bound state and the lowest 3/2+ state is
just above the 10Be+p threshold.

In addition to bound-state energy spectra, the NC-
SMC provides the low-energy phase shifts and eigenphase
shifts for the 10Be+p channel, see Figs. 3 and 4, respec-
tively. To show the effect of increasing the basis size,
both the Nmax=5 and Nmax=7 results are presented in
Fig. 3(a) and Fig. 3(b), respectively, and similarly for
the eigenphase shifts in Fig. 4. The (1/2−, 3/2) and
(1/2+, 3/2) phase shifts, isobaric analogues of the two
bound states in 11Be, are plotted to emphasize the par-
ity inversion discussed in the previous paragraph. Both
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FIG. 3. NCSMC-calculated 10Be+p diagonal phase shifts.
The solid lines correspond to the 2S1/2 (or 2P1/2) chan-
nels while the dashed and dotted curves correspond to the
4D1/2 and 6D1/2 channels, respectively. The vertical dashed
line indicates the experimentally-predicted location of the
(1/2+, 1/2) resonance at 197 keV. (a) NCSMC-calculated
phase shifts using Nmax=5 basis size. (b) NCSMC-calculated
phase shifts using Nmax=7 basis size. (c) Phenomenologically
adjusted, NCSMCpheno, phase shifts such that the (1/2+, 1/2)
resonance coincides with the experimentally-predicted reso-
nance at 197 keV. The (3/2+, 1/2) resonance is the result of
shifting the degenerate states to the corresponding experi-
mental levels (see Fig. 2). See the text for details. Ec.m. is
the kinetic energy of 10Be+p in the center-of-mass frame.

the Nmax=5 and Nmax=7 calculations reproduce the par-
ity inversion in that the (1/2+, 3/2) resonance is lower in
energy than the (1/2−, 3/2) resonance. The separation
between these two resonances is more pronounced in the
more converged result of Nmax=7 (see Fig. 3(b)).

Shifting focus to the (1/2+, 1/2) phase shifts, two res-
onances are present - one broad and one sharp. Thus,
the NCSMC supports the existence of a (1/2+, 1/2) res-
onance in the 10Be+p system. However, the energy of
either resonance is higher than the experimental predic-
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FIG. 4. NCSMC-calculated 10Be+p eigenphase shifts. The
vertical dashed line indicates the experimentally-predicted lo-
cation of the (1/2+, 1/2) resonance at 197 keV. (a) NCSMC-
calculated phase shifts using Nmax = 5 basis size. (b)
NCSMC-calculated phase shifts using Nmax=7 basis size. The
solid lines correspond to the first while the dashed and dot-
ted curves correspond to the second and the third eigenphase
shift, respectively. The sharp resonance in the (1/2+, 1/2)
solid line in (b) is not shifted by π for clarity. Ec.m. is the
kinetic energy of 10Be+p in the center-of-mass frame.

tion of 197 keV. Furthermore, it is unclear which reso-
nance should correspond to the experimental prediction.
To gain insight in the structure of the 1/2+ states, we
follow Ref. [30] to calculate the overlap between the cor-
responding NCSM 11B states and the 10Be ground state,
10B (1+, 0) excited states, and the 7Li ground state (see
Table I). The first 1/2+ state with the largest overlap
with the 10Be ground state corresponds to the bound
state shown in Fig. 2 while the second and third 1/2+

states, corresponding to the two (1/2+, 1/2) resonances
in Fig. 3, have comparably low overlaps. While these
proton spectroscopic factors do not distinguish between
the two resonances, the large 1/2+

2
10B overlap indicates

that its corresponding NCSMC resonance contains sig-
nificant single-neutron content. From this, it is clear
that the sharp resonance is caused by the lack of 10B
1+ channels and would be broadened by their inclusion
in the NCSMC calculation. With the sharp resonance
classified, the broad resonance must therefore correspond
to the 1/2+

3 NCSM state and be the candidate for the
experimentally-measured proton resonance.



5

Jπ
S(11B→10Be) S(11B→10B) S(11B→7Li)

(0+, 1) (1+
1 , 0) (1+

2 , 0) (3/2+, 1/2)

1/2+
1 0.276 0.250 2× 10−4 0.218

1/2+
2 0.0525 0.171 0.562 0.002

1/2+
3 0.067 0.231 0.188 0.011

3/2+
1 0.079 6× 10−4 0.215 0.009

3/2+
2 4× 10−4 0.581 0.002 0.012

3/2+
3 6× 10−4 0.011 0.006 0.021

3/2+
4 0.067 0.034 0.35 0.006

TABLE I. NCSM spectroscopic factors calculated from the
overlap between select 11B states and 10Be, 10B, and 7Li
states. The first column displays the Jπ of each considered
T = 1/2 11B state. Spectroscopic factors of the ground states
of 10B and 10Be and the first two (1+, 0) excited states of 10B
are presented.

B. Phenomenologically adjusted NCSMC

With the resonance identified, the next step is to cal-
culate the branching ratio for the β-decay from the 11Be
ground state to the 11B proton resonance. In order to
better evaluate how well this resonance explains the ex-
perimentally observed branching ratio, we introduce a
phenomenological shift to the NCSMC calculation (see,
e.g., Ref. [28]) resulting in the calculated resonance ly-
ing at 197 keV, see Fig. 3(c). This approach, dubbed
NCSMCpheno, proceeds by using the 10Be, 11B, and 11Be
NCSM eigenenergies as adjustable parameters in the NC-
SMC equations. First, the 10Be 2+ excitation energy is
set to its experimental value (a change from NCSM cal-
culated 3.48 MeV to experimental 3.37 MeV). We then
adjust only the 1/2+ and 3/2+ channels relevant for the
β decay calculations. Consequently, there is almost no
change in energies of negative parity states and the 5/2+

state in Figs. 1 and 2, and in the T=3/2 phase shift
in Fig. 3(c). The fact that the (1/2+, 1/2) resonances
shift slightly more than 1 MeV lower in energy when
increasing the basis size from Nmax=5 to the Nmax=7
(compare Figs. 3(a), 4(a) and 3(b), 4(b)) implies that
a larger model space can bring the resonance down fur-
ther. Thus, this phenomenological shift is emulating the
effect of including more channels. In addition to shift-
ing the (1/2+, 1/2) resonance to 197 keV, we shift the
11B (3/2+, 1/2) levels as well as the 11Be ground state
to its experimental value, see Figs. 1 and 2. These phe-
nomenological shifts bring the NCSMC major shell split-
tings closer to experimental values. A consequence of
shifting the first two (3/2+, 1/2) 11B levels is the emer-
gence of a sharp resonance (previously broad and higher
in energy) just 573 keV above threshold in Fig. 3. The
location of this resonance is similar to the predicted res-
onance at 262 keV in Ref. [31]. The authors of Ref. [31]
suggest that this could be the unassigned resonance ob-
served in Ref. [32].

C. 11Be β decay

We first calculate B(GT) for the β-decay from the 11Be
ground state to the first bound (1/2+, 1/2) state in 11B.
This level is shifted to its experimental value as well, see
Fig. 2. The results are shown in Table II. Also shown
in Table II is the B(GT) calculated for the β-decay to
the three bound (3/2+, 1/2) states. The third bound
(3/2+, 1/2) state is a result of phenomenologically shift-
ing the first two levels to their corresponding experimen-
tal values. To determine the half-life from B(GT), we
use [1]:

fT p1/2 =
6141

g2
AB(GT)

, (4)

where gA= − 1.27 is the GT coupling constant, f is
a phase-space factor determined by the Q-value of the
decay, and T p1/2 is the half-life of the decay. The half-life

of the decay can be used to calculate the corresponding
branching ratio using the following expression:

bp =
T

11Be
1/2

T p1/2
, (5)

where T
11Be
1/2 = 13.8 s is the half-life of the 11Be nucleus.

Using Eqs. (4) and (5), the experimental branching ra-
tios (see Ref. [4]) were converted to the B(GT) values
in Table II. It is clear from Table. II that the inclusion
of the proton and neutron channels in the NCSMC im-
proves the calculated B(GT) values over the NCSM re-
sults. The transition strength to the 1/2+

1 state is un-

B(GT) NCSM NCSMCpheno Expt.

1/2+
1 0.341 0.277 0.004

3/2+
1 0.023 0.002 0.010

3/2+
2 2.92 0.286 0.228

3/2+
3 0.011 7× 10−5 -

TABLE II. B(GT) values from the ground state of 11Be to the
specified bound states of 11B. The first column displays the Jπ

of each considered T = 1/2 11B state. The NCSMCpheno ap-
proach was applied. Both the NCSM and NCSMCpheno values
were obtained at Nmax = 7. Experimental values obtained as
branching ratios from Ref. [4] and converted to B(GT) values
(see text).

expectedly large compared to the experimental strength.
This is indicative of the mixing of strength between the
bound 1/2+

1 state and the resonance in question. It is also
worth noting that the overlap between the 1/2+

1 state
and both the 7Li+α ground and 10B+n (1+

1 , 0) states
is significant (see Table I). Thus, the inclusion of these
channels in the NCSMC calculation could address this
discrepancy. The NCSMCpheno calculations of the exper-
imentally strong transition to the 3/2+

2 state show great
improvement over the NCSM calculations. The cause of
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the enhanced NCSM B(GT) value can be attributed to
the large overlap with the 10B+n (11, 0) state (see Ta-
ble. I). With the inclusion of the 10Be+n channel in the
NCSMC calculation, the halo structure of 11Be is repro-
duced which has a small overlap with the 11B 3/2+

2 state
thus suppressing the NCSMC B(GT).
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FIG. 5. Energy-dependent BGT(E) calculated from the
ground state of 11Be to the (1/2+, 1/2) proton continuum
of 11B using the NCSMC.

The calculation of the branching ratio for the β-decay
to the (1/2+, 1/2) resonance is more involved since the
final state in Eq. (1) is an energy-dependent scattering
wave function. The scattering wave function is calcu-
lated in k-space (using the same same convention from
Ref. [13]), thus the matrix element in Eq. (1) must be

evaluated with a volume integral in k-space,

B(GT) = 4π

∫ kmax

kmin

dkk2BGT(k), (6)

where kmin and kmax are chosen to isolate the location of
the resonance. In order to calculate the branching ratio
for this process, BGT(k) must be folded with the energy-
dependent phase-space factor f . Thus, we first transform
Eq. (6) to energy-space such that

B(GT ) =

∫ Emax

Emin

dEBGT(E), (7)

where

BGT(E) :=
4πµk

~2
BGT(k)

and k =
√

2µE
~ with µ the reduced mass. The energy-

dependent BGT(E) is shown in Fig. 5, where it displays
a prominent peak at the resonance energy of 197 keV.
The sharp peak in BGT(E) is a visual representation of
how a resonance can enhance the β-decay transition rate
to the continuum. The Q-value at a given energy can be
expressed as Q = Q0−E where Q0 = 0.281 MeV is the Q-
value evaluated at the p+10Be threshold. The branching
ratio of the β-decay to the resonance can be calculated
by combining Eqs. (4), (5), and (7) in the following way:

bp =
T

11Be
1/2 g2

A

6141

∫ Emax

Emin

dEBGT(E)f(Q0 − E). (8)

(1/2+, 1/2)
Nmax = 5 Nmax = 7

Expt.
NCSM NCSMCpheno NCSM NCSMCpheno

B(GT) 1.95 0.325 1.39 0.565 5.58.3
3.3

bp - 7.4× 10−7 - 1.3× 10−6 1.3(3)× 10−5

TABLE III. B(GT) β-decay values for the transition from the ground state of 11Be to the p+10Be resonance. The NCSM
results correspond to the (1/2+

3 , 1/2) state. The experimental values are those presented in Ref. [6]

Using Eq. (8), we integrate BGT(E) over the energy-
range shown in Fig. 5 resulting in the values shown in Ta-
ble III. The NCSMC B(GT) value reported in Table III is
calculated as B(GT) =

∫
dEBGT(E). Although the cal-

culated branching ratio, bp = (1.3± 0.5)× 10−6, is lower
than the two experimental observations [5, 6], it is con-
sistent when taking into account that the non-resonant
decay branching ratio calculated in Ref. [2] is two orders
of magnitude smaller. The uncertainty is estimated by
comparing the NCSMCpheno results using Nmax = 5 and
Nmax = 7. To verify that we shifted the correct reso-
nance, we also calculated B(GT) = 0.0483 for the transi-

tion to the (1/2+, 1/2) resonance located around 1 MeV
in Fig. 3(c). This weak transition strength confirms that
we have chosen the correct candidate. We also investi-
gate the sharp (3/2+, 1/2) resonance in Fig. 3(c) as it was
suggested as a candidate for the large branching ratio [6].
While there is a non-negligible overlap between 3/2+

4 and
10Be+p (see Table I), we calculate that B(GT) = 0.00131
for this particular resonance. This is contrary to the
large B(GT) empirically calculated for this resonance in
Ref [31]. It is also worth nothing that the α spectroscopic
factors for the 1/22 and 1/23 states in Table I are signif-
icantly smaller than those calculated in the shell model
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calculations in Ref. [3]. The smaller spectroscopic factors
indicate that the proton decay channel will not have as
much competition with the α decay channel as was indi-
cated of Ref. [3]. With these considerations, we conclude
that the large observed branching is due to the existence
of this (1/2+, 1/2) p+10Be resonance.

IV. CONCLUSIONS

Using the ab initio NCSMC, we investigated the bound
energy-levels and low-lying resonances in both 11Be
and 11B. The two- and three-body interactions, NN -
N4LO(500)+3Nlnl, produce realistic energy spectra in
both 11Be and 11B. The experimentally-observed par-
ity inversion in 11Be is reproduced. We identified two
(1/2+, 1/2) resonances in the p+10Be continuum and de-
termined that the broad resonance dominated by the
1/2+

3 NCSM state is the candidate resonance. The lo-
cation of the resonance is several MeV higher than the
experimentally predicted location of 197 keV although
its position decreases dramatically with the increasing
basis size. In order to determine if this resonance can ex-
plain the large branching ratio observed by experiment,
we phenomenologically shifted the NCSMC resonance to
197 keV.

With the resonance determined, we developed the pro-
cedure to calculate B(GT) fully within the NCSMC. Ap-
pendix A contains the relevant derivations. We then
extended the calculation to the continuum by deriv-
ing the necessary expressions to calculate the branch-
ing ratio for the decay to a resonance state (in the
p+10Be continuum). The resulting branching ratio for
the β-decay to the candidate (1/2+, 1/2) resonance is
bp = (1.3 ± 0.5) × 10−6. This calculated branching ra-
tio is consistent with both experimental branching ratios
reported Ref. [5] and Ref. [6] taking into account that
the non-resonant decay branching ratio is two orders of
magnitude smaller. Furthermore, we calculate a small
B(GT) for the nearby (3/2+, 1/2) resonance which fur-
ther reinforces our conclusions.

The present calculations can be further improved by
including the 7Li+α and 10B+n mass partitions. The
former would particularly impact the description of the
1/2+

1 bound state and presumably redistribute some
of the B(GT) strength from the bound state to the
(1/2+, 1/2) resonance. Work in this direction is under
way, see Ref. [33] for the latest developments regarding
the inclusion of α clustering in the NCSMC.
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Appendix A: Derivation of B(GT) in the NCSMC

To calculate B(GT), the reduced matrix element of the
GT operator is calculated with NCSMC initial and final
states. We derive this reduced matrix element for a gen-

eral coordinate-independent one-body operator, O(κτ)
µτ

with κ and τ the spin and isospin rank, respectively, and
µτ the isospin projection, e.g., GT, Fermi, spin part of
the M1 operator. The GT operator corresponds to the
case where κ=1, τ=1, and µτ=+1. Inserting the form of
the NCSMC wave function (Eqs.(2) and (3)) in Eq. (1)
leads to four contributions:

〈
Ψ
J
πf
f Tf

f MTf

∥∥∥∥ Ô(κτ)
µτ

∥∥∥∥Ψ
J
πi
i Ti
i MTi

〉
=

∑

λiλf

c̃∗λf c̃λi

〈
AλfJfTfMTf

∥∥∥ Ô(κτ)
µτ

∥∥∥AλiJiTiMTi

〉

+
∑

λfνi

c̃∗λf

∫ ∞

0

drr2χ̃νi(r)
1
r

×
〈
AλfJfTfMTf

∥∥∥ Ô(κτ)
µτ Âνi

∥∥∥Φ
JiTiMTi
νir

〉

+
∑

λiνf

c̃λi

∫ ∞

0

drr2χ̃∗νf (r) 1
r

×
〈

Φ
JfTfMTf
νfr

∥∥∥ Âνf Ô(κτ)
µτ

∥∥∥AλiJiTiMTi

〉

+
∑

νfνi

∫ ∞

0

dr′r′2χ̃∗νf (r′) 1
r′
∫∞

0
drr2χ̃νi(r)

1
r

×
〈

Φ
JfTfMTf

νfr′

∥∥∥ Âνf Ô(κτ)
µτ Âνi

∥∥∥Φ
JiTiMTi
νir

〉
. (A1)

The expansion coefficients c̃ and χ̃(r) can be related to
the expansion (2) and NCSMC norm kernels according
to Eqs. (20), (32) and (33) in Ref. [11]. We note that
the JπTMT quantum number dependence of these coef-
ficients is not displayed to simplify the notation. Simi-
larly, we omit the parity quantum number in most of the
states. In the present case, A=11. We also note that
matrix element (A1) is reduced only in spin-space, not
isospin-space.

In order to proceed with the derivation, all contribu-
tions from localized terms are calculated in a HO basis
and then converted to coordinate space with the follow-
ing relation [34]:

∣∣ΦJTMT
νr

〉
=
∑

n

∣∣ΦJTMT
νn

〉
Rn`(r), (A2)
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where Rnl(r) are radial HO functions and

|ΦJTMT
νn 〉 =

[(
|10Beα1I

π1
1 T1〉 |N 1

2

+ 1
2 〉
)(sT )

× Y`(r̂10,1)
](JπT )

MT

Rn`(r10,1) , (A3)

with N representing p for 11B and n for 11Be. See also
the discussion in Sect. II.C.1 in Ref. [34].

The process to calculate each of the terms in Eq. (A1)
is analogous to the procedure for calculating the norm
and Hamiltonian kernels for the NCSMC [13]. The
first term in Eq. (A1) involves NCSM matrix elements

of Ô(κτ)
µτ calculated using standard second-quantization

techniques. The second and third terms are analogous to
the coupling kernels when solving the NCSMC Hamilto-
nian equations [13]. In order to continue, we represent
the operator in a second-quantized form:

Ô(κτ)
µκµτ =

(−1

κ̂

)∑〈
ja

1
2mta

∥∥∥ Ô(κτ)
µτ

∥∥∥ jb 1
2mtb

〉

×â†
jama

1
2mta

ã
jbmb

1
2mtb

〈jamajbmb |κµκ〉 ,

with ã
jm

1
2mt

=(−1)j−ma
j −m 1

2mt
. To expand this term,

we also represent the cluster wave function in a second-

quantized form (see Sect. II.D.2 of Ref. [34] and Sect.
II.A of Ref. [35]):

Âν |ΦJiMiTiMTi
νn 〉SD =

∑
(−1)I1+Ji+j ŝĵ

{
I1

1
2 s

` Ji j

}

× 〈I1M1jm | JiMi〉
〈
T1MT1

1
2mt

∣∣TiMTi

〉

× â†
n`jm

1
2mt
|10Beα1I1M1T1MT1

〉SD , (A4)

where |10Beα1I1M1T1MT1
〉SD is an NCSM state of the

(A−1) system 10Be expanded in the HO Slater Deter-

minant (SD) basis,

{
I1 I2 s
` Ji j

}
is the standard Wigner

6j-symbol [36], and x̂ denotes
√

2x+ 1. The nl HO quan-
tum numbers in the nlj single-particle states are omitted
from now on for simplicity. The relationship between the
SD eigenstates entering Eq. (A4) and the relative coor-
dinate eigenstates in Eqs. (3) and (A3) is given by

|10Beα1I1M1T1MT1
〉SD = |10Beα1I1M1T1MT1

〉
× ϕ00(~R(10)

c.m.) , (A5)

with ~R
(10)
c.m. the c.m. coordinate of 10Be and ϕ00 the HO

wave function of the c.m. motion. Using Eq. (A4), the
coupling term becomes:

SD

〈
AλJfTfMTf

∥∥∥ Ô(κτ)
µτ Âν

∥∥∥Φ
JiTiMTi
νn

〉
SD

=
∑

(−1)1+κ+Jf−Ji Ĵiŝĵ

{
I1 j Ji
κ Jf ja

}{
I1

1
2 s

` Ji j

}〈
T1MT1

1
2mt

∣∣TiMTi

〉

×
〈
ja

1
2mta

∥∥∥ Ô(κτ)
µτ

∥∥∥ j 1
2mt

〉
SD

〈
AλJfTfMTf

∥∥∥∥ â
†
ja

1
2mta

∥∥∥∥A−1α1I1T1MT1

〉

SD

+
∑

(−1)Jf−J1+J2+jb+κ−Ji ŝĵĴiĴ1Ĵ2

{
ja jb κ
J1 j J2

}{
I1 j Ji
κ Jf J1

}{
I1

1
2 s

` Ji j

}〈
T1MT1

1
2mt

∣∣TiMTi

〉

×
〈
ja

1
2mta

∥∥∥ Ô(κτ)
µτ

∥∥∥ jb 1
2mtb

〉
SD

〈
AλJfTfMTf

∥∥∥∥∥

[
(â†
ja

1
2mta

â†
j

1
2mt

)(J2)ã
jb

1
2mtb

](J1)
∥∥∥∥∥A−1α1I1T1MT1

〉

SD

, (A6)

where

〈
â†
ja

1
2mta

〉
and

〈[(
â†
ja

1
2mta

â†
j

1
2mt

)(J2)

ã
jb

1
2mtb

](J1)〉
are 1-particle and 2-particle-1-hole transition matrices

between the composite and the target (here 11B and 10Be) NCSM wave functions. Similarly as for the target eigenstates
(A5), the composite system (11Be or 11B) eigenstates expanded in the HO SD basis are related to the relative
coordinate eigenstates appearing in Eq. (A1) by

|AλJTMT 〉SD = |AλJTMT 〉ϕ00(~ξ0) ,

with ~ξ0 the c.m. coordinate of the composite A-nucleon system and ϕ00 the HO wave function of the c.m. motion.
See also the appendix of Ref. [11] and Ref. [35]. The third term in Eq. (A1) is calculated by taking advantage of the
following relation:

SD

〈
AλfJfTfMTf

∥∥∥ Ô(κτ)
µτ Âν

∥∥∥Φ
JiTiMTi
νn

〉
SD

= (−1)Jf−Ji SD

〈
Φ
JiTiMTi
νn

∥∥∥∥
[
Ô(κτ)
µτ Âν

]† ∥∥∥∥AλfJfTfMTf

〉

SD

. (A7)

Thus, Eq. (A6) is sufficient for both coupling terms in Eq. (A1).
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The last term in Eq. (A1) is derived using a similar procedure:

SD

〈
Φ
JfTfMTf

ν′n′

∥∥∥ Âν′Ô(κτ)
µτ Âν

∥∥∥Φ
JiTiMTi
νn

〉
SD

= δα1α′1δI1I′1δT1T ′1δMT1
M ′T1

Ĵf Ĵiŝŝ
′

×
∑

ĵĵ′(−1)I1+κ+Ji+j
′
{
I1 j Ji
κ Jf j′

}{
I1

1
2 s

` Ji j

}{
I1

1
2 s′

`′ Jf j′

}

×
〈
j′ 12m

′
t

∥∥∥ Ô(κτ)
µτ

∥∥∥ j 1
2mt

〉 〈
T1MT1

1
2mt

∣∣TiMTi

〉 〈
T1MT1

1
2m
′
t

∣∣TfMTf

〉

−
∑

ŝŝ′ĵĵ′Ĵf ĴiĴ2Ĵ3Ĵ4(−1)j
′+ja+κ+J3+jb+I1−Jf

{
I1

1
2 s

` Ji j

}{
I ′1

1
2 s′

`′ Jf j′

}




− j I1 Ji
j′ − I ′1 Jf
jb ja − κ
J4 J2 J3 −





×SD

〈
A−1α′1I

′
1T
′
1M
′
T1

∥∥∥∥∥∥

[(
â†
ja

1
2mta

â†
j

1
2mt

)(J2)(
ã
j′ 12m

′
t
ã
jb

1
2mtb

)(J4)
](J3)

∥∥∥∥∥∥
A−1α1I1T1MT1

〉

SD

×
〈
ja

1
2mta

∥∥∥ Ô(κτ)
µτ

∥∥∥ jb 1
2mtb

〉 〈
T ′1M

′
T1

1
2m
′
t

∣∣TfMTf

〉 〈
T1MT1

1
2mt

∣∣TiMTi

〉

−
∑

ŝŝ′ĵĵ′Ĵf ĴiĴ2(−1)ja+j′+I1+I′1+κ+Ji+Jf

{
I1

1
2 s

` Ji j

}{
I ′1

1
2 s′

`′ Jf j′

}{
ja j κ
Ji Jf I1

}{
I1 ja Jf
j′ I ′1 J2

}

×
〈
ja

1
2mta

∥∥∥ Ô(κτ)
µτ

∥∥∥ j 1
2mt

〉
SD

〈
A−1α′1I

′
1T
′
1M
′
T1

∥∥∥∥∥

(
â†
ja

1
2mta

ã
j′ 12m

′
t

)(J2)
∥∥∥∥∥A−1α1I1T1MT1

〉

SD

× 〈T1MT1
tm |TiMTi〉

〈
T ′1M

′
T1

1
2m
′
t

∣∣TfMTf

〉

−
∑

ĵĵ′ŝŝ′Ĵf ĴiĴ1(−1)jb−j
′−κ+1

{
I1

1
2 s

` Ji j

}{
I ′1

1
2 s′

`′ Jf j′

}{
I1 j Ji
jb I ′1 J1

}{
j′ jb κ
Ji Jf I ′1

}

×
〈
j′ 12mt′

∥∥∥ Ô(κτ)
µτ

∥∥∥ jb 1
2mtb

〉
SD

〈
A−1α′1I

′
1T
′
1M
′
T1

∥∥∥∥∥

(
â†
j

1
2mt

ã
jb

1
2mtb

)(J1)
∥∥∥∥∥A−1α1I1T1MT1

〉

SD

×
〈
T1MT1

1
2mt

∣∣TiMTi

〉 〈
T ′1M

′
T1

1
2m
′
t

∣∣TfMTf

〉

+ δnn′δ``′
ŝŝ′Ĵf Ĵi
κ̂

(−1)I
′
1+l− 1

2 +Ji+s+s
′
{
s′ s κ
I1 I ′1

1
2

}{
s′ s κ
Ji Jf `

}∑〈
ja

1
2mta

∥∥∥ Ô(κτ)
µτ

∥∥∥ jb 1
2mtb

〉

×SD

〈
A−1α′1I

′
1T
′
1M
′
T1

∥∥∥∥∥

[
â†
ja

1
2mta

ã
jb

1
2mtb

](κ)
∥∥∥∥∥A−1α1I1T1MT1

〉

SD

×
〈
T1MT1

1
2mt

∣∣TiMTi

〉 〈
T ′1M

′
T1

1
2mt

∣∣TfMTf

〉
(A8)

where

〈[(
â†
ja

1
2mta

â†
j

1
2mt

)(J2)(
ã
j′ 12m

′
t
ã
jb

1
2mtb

)(J4)
](J3)〉

,

〈(
â†
ja

1
2mta

ã
j′ 12m

′
t

)(J2)
〉

,

〈(
â†
j

1
2mt

ã
jb

1
2mtb

)(J1)
〉

,

and

〈(
â†
ja

1
2mta

ã
jb

1
2mtb

)(κ)
〉

are two- and one-body density matrices between the target (here 10Be) NCSM wave

functions. The 12j symbol is the 12j(II) definition in Ref. [37].

The reduced matrix elements in Eqs. (A6), (A7), (A8) are in the SD basis, thus they are not translationally invariant
since they contain the spurious motion of the (A−1)-nucleon cluster center of mass. Before transforming from the
SD-space to coordinate space, these matrix elements must be made translationally invariant. The procedure to remove
this spurious motion in Ref. [34] is generalized here to be applicable to operators of non-zero order. The SD cluster
wavefunction is related to the invariant cluster wavefunction in the following way:

∣∣∣ΦJπTνn

〉
SD

=
∑

nr`rNLJr

ˆ̀Ĵr(−1)s+`r+L+J

{
s `r Jr
L J `

}
〈nr`rNL`|00n``〉 a

A−a

[∣∣∣ΦJ
πr
r T
νrnr

〉
φNL(~ξ0)

](JπT )

, (A9)

where 〈nr`rNL`|00n``〉 a
A−a

is a generalized HO bracket for two particles with mass ratio d = a
A−a [38]. In the present

case of a single-nucleon projectile a=1. Using Eq. (A9), the translationally-invariant reduced matrix element can be
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extracted by inverting the following expression:

SD

〈
Φ
J′πT ′M ′T
ν′n′

∥∥∥ Âν′Ô(κτ)
µτ Âν

∥∥∥ΦJ
πTMT
νn

〉
SD

=
∑

NLnr`rJrn′r`
′
rJ
′
r

(−1)s+`r+s′+`′r+J′−J′r+κ+LĴ Ĵ ′ ˆ̀ˆ̀′ĴrĴ ′r

{
κ Jr J ′r
L J ′ J

}

×
{
s `r Jr
L J `

}{
s′ `′r J ′r
L J ′ `′

}
〈nr`rNL`|00n``〉 a

A−a
〈n′r`′rNL`′|00n′`′`′〉 a

A−a

×
〈

Φ
J′πrr T ′M ′T
ν′rn
′
r

∥∥∥ Âν′rÔ(κτ)
µτ Âνr

∥∥∥Φ
Jπrr TMT
νrnr

〉
. (A10)

Equation (A10) is a generalization of Eq. (32) in Ref. [34].
The removal of the spurious c.m. motion from the coupling matrix elements is still more straightforward. Following

Refs. [11] and [30], we find

SD

〈
AλJfTfMTf

∥∥∥ Ô(κτ)
µτ Âν

∥∥∥Φ
JiTiMTi
νn

〉
SD

= 〈n`00`|00n``〉 a
A−a

〈
AλJfTfMTf

∥∥∥ Ô(κτ)
µτ Âν

∥∥∥Φ
JiTiMTi
νn

〉
(A11)

with a generalized HO bracket due to the c.m. motion, which value is simply given by

〈n``00`|00n``〉 a
A−a = (−1)`

(
A− a
A

) 2n+`
2

.

After removing the spurious c.m. motion using either Eq. (A10) or (A11), the conversion of the matrix elements to
coordinate space using Eq. (A2) is straight-forward with the exception of the first term in Eq. (A8). The first term in
Eq. (A8) is completely contracted, thus it contains the Kronecker delta δnn′ . The Kronecker delta would analytically
convert to a Dirac-delta δ(r − r′) using Eq. (A2) assuming an infinitely large basis size. Of course, in practice the
HO basis is finite, so Eq. (A2) will not properly transform the Kronecker delta from the first term in Eq. (A8). To
account for this, we first split the operator between the target and projectile:

ÔA = Ô(A−1) + Ô1.

By splitting the operator, we can insert complete sets over the target and projectile NCSM states (note that in the
rest of this section we omit isospin quantum numbers for simplicity):

〈
Φ
Jf
ν′r′

∣∣∣ Âν′Ô(κ)Âν

∣∣∣ΦJiνr
〉

=
∑〈

Φ
Jf
ν′r′

∣∣∣ Âν′Âν
∣∣∣A−1α1I1

〉

×
〈
A−1α1I1

∣∣∣ Ô(κ)
(A−1)

∣∣∣ΦJiνr
〉

+
∑〈

Φ
Jf
ν′r′

∣∣∣ Âν′Âν
∣∣∣α2I2

〉〈
α2I2

∣∣∣ Ô(κ)
(1)

∣∣∣ΦJiνr
〉
.

After substituting Eq. (A4) and performing some angular momentum recoupling, the expression becomes:

〈
Φ
Jf
ν′r′

∥∥∥ Âν′Ô(κ)Âν

∥∥∥ΦJiνr

〉
= ĴiĴf

∑
ŝŝ′
{
κ I ′1 I1
I2 s s′

}{
κ s′ s
` Ji Jf

}
(−1)Ji+`+s

′−s−I2−I′1

×
〈

Φ
Jf
ν′r′

∣∣∣ Âν′Âν̄
∣∣∣ΦJfν̄r

〉〈
A−1α′1I

′
1

∥∥∥ Ô(κ
(A−1)

∥∥∥A−1α1I1

〉

+ ĴiĴf
∑

ŝŝ′
{
κ I ′2 I2
I1 s s′

}{
κ s′ s
` Ji Jf

}
(−1)Ji+`−I2−I1

×
〈

Φ
Jf
ν′r′

∣∣∣ Âν′Âν̃
∣∣∣ΦJfν̃r

〉〈
α′2I

′
2

∥∥∥ Ô(κτ)
(1)

∥∥∥α2I2

〉
, (A12)

with the projectile states |α2I2T2MT2〉 representing either a proton or a neutron with α2≡1, I2=1/2. The cumulative
quantum numbers ν̄ and ν̃ represent (A−1α′1I

′
1α2I2s

′`) and (A−1α1I1α
′
2I
′
2s
′`), respectively. The matrix elements of

Âν′Âν̄ are defined as the norm kernels in Ref. [13]:

N Jf
ν′ν̄(r′, r) =

〈
Φ
Jf
ν′r′

∣∣∣ Âν′Âν̄
∣∣∣ΦJfν̄r

〉

= δν′ν̄
δ(r′ − r)
r′r

+
∑

nn′

Rn′`′(r
′)
[
N
Jf
ν′n′ν̄n − δν′ν̄δn′n

]
Rn`(r), (A13)
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where N
Jf
ν′n′ν̄n =

〈
Φ
Jf
ν′n′

∣∣∣ Âν′Âν̄
∣∣∣ΦJfν̄n

〉
is the norm kernel in HO space. The coordinate-space norm kernel defined in

Eq. (A13) is written to explicitly treat the δ-term in coordinate space and subtracting the completely contracted part
from the HO-space norm kernel. Using this expression, Eq. (A12) becomes:

〈
Φ
Jf
ν′r′

∥∥∥ Âν′Ô(κ)Âν
∥∥∥ΦJiνr

〉
= ĴiĴf

∑
ŝŝ′
{
κ I ′1 I1
I2 s s′

}{
κ s′ s
` Ji Jf

}
(−1)Ji+`+s

′−s−I2−I′1

× δν′ν̄
δ(r′ − r)
r′r

〈
A−1α′1I

′
1

∥∥∥ Ô(κ)
(A−1)

∥∥∥A−1α1I1

〉

+ ĴiĴf
∑

ŝŝ′
{
κ I ′2 I2
I1 s s′

}{
κ s′ s
` Ji Jf

}
(−1)Ji+`−I2−I1

× δν′ν̃
δ(r′ − r)
r′r

〈
α′2I

′
2

∥∥∥ Ô(κ)
(1)

∥∥∥α2I2

〉

+
∑

nn′

Rn′`′(r
′)
〈

Φ
Jf
ν′n′

∥∥∥ Âν′
[
Ô(κ) − 1

]
Âν
∥∥∥ΦJiνn

〉
Rn`(r). (A14)

The HO matrix element in the last line of Eq. (A14),
〈

Φ
Jf
ν′n′

∥∥∥ Âν′
[
Ô(κ) − 1

]
Âν
∥∥∥ΦJiνn

〉
, corresponds to

Eq. (A8) (after removing the c.m. motion) with the
completely-contracted term omitted.
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