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Phenomenological amplitudes obtained in partial-wave analyses (PWA) of single-pion photopro-
duction are used to evaluate the contribution of this process to the Gerasimov—-Drell-Hearn (GDH),
Baldin and Gell-Mann—Goldberger—Thirring (GGT) sum rules, by integrating up to 2 GeV in pho-
ton energy. Our study confirms that the single-pion contribution to all these sum rules converges
even before the highest considered photon energy, but the levels of saturation are very different in
the three cases. Single-pion production almost saturates the GDH sum rule for the proton, while a
large fraction is missing in the neutron case. The Baldin integrals for the proton and the neutron
are both saturated to about four fifths of the predicted total strength. For the GGT sum rule, the
wide variability in predictions precludes any definitive statement.

I. INTRODUCTION

The study of polarized lepton scattering off polarized
nucleons provides information on the spin composition
of the nucleon. In the real-photon limit of the lepton-
nucleon interaction, the process can be characterized ei-
ther in terms of static nucleon quantities or in terms of
integrals of cross-sections with various weights, result-
ing in specific “sum rules”. The relevant quantities of
interest are o3/ and oy/2, the photon-nucleon total ab-
sorption cross-sections for circularly polarized photons
on longitudinally polarized nucleons, with total helicity
3/2 and 1/2, respectively, from which either a difference,
Ao = 03/2 — 01/2, or Sum, O¢ot — 03/2 + 01/2, can be
constructed. In this paper, we discuss three sum rules in
which Ao and oy are the crucial quantities entering the
integrals with different weights. Comprehensive reviews
of the status of the Gerasimov—Drell-Hearn (GDH) sum
rule, the first to be discussed in this paper, and related
integrals are given in Refs. [1-3].

II. SUM RULES INVOLVING Ao AND oy

The GDH sum rule, formulated in the 1960s [4, 5], rests
upon fundamental physics principles (Lorentz invariance,
gauge invariance, crossing symmetry, rotational invari-
ance, causality, and unitarity) and unsubtracted disper-
sion relations applied to the forward Compton amplitude
(see also Ref. [6] for an earlier related work). Because of
its fundamental character, the GDH sum rule requires ex-
perimental verification which has been awaiting technical
developments that have only recently been attained.

The GDH integral relates the proton (neutron) anoma-
lous magnetic moments k, = (up, — pn)/pn ~ 1.793
where py is the nuclear magneton (k, = p,/uny =
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—1.913) to the integral of Ao weighted by the photon
energy in the laboratory frame, E.:

< Ao 2m2a
I = _— dE = —F 2 . 1
GDH o E, 7 2 K (1)

Here Efyhr is the photon energy corresponding to the
pion photoproduction threshold, o = €3 /47 is the fine-
structure constant, and M is the nucleon mass.

For the proton and neutron, all static quantities ap-
pearing in Eq. (1) are known very precisely. For in-
stance, the most recent value of the proton magnetic
moment p, = 2.792847350(7)(6) un was obtained by the
BASE Collaboration and outperforms previous Penning
trap measurements in terms of precision by a factor of
about 760 [7]. A similarly precise value for the neutron,
iy, = —1.91304272(45) pun, was obtained by the ISOLDE
Collaboration [8] by measuring the magnetic moment of
1Be and detecting nuclear magnetic resonance signals
in a beryllium crystal lattice. Consequently, the un-
certainties on the nominal value of the GDH integral
are also very small: one expects 204.784482(35) ub and
232.25159(13) pb for the proton and the neutron, re-
spectively, by using the most recent evaluations of the
fine-structure constant, measurements of the proton and
neutron masses, and their magnetic moments [9], with
their uncertainties added quadratically. In contrast, con-
straints of Igpy from photoproduction data are far less
stringent.

The Baldin sum rule [10, 11] relates the sum of the elec-
tric, «, and magnetic, 3, polarizabilities of the nucleon
to the total photoabsorption cross section oo,

IBalgin =

! / Tt 4B, =a+8. 2)
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As pion photoproduction does not allow for a model-
independent separation of electric and magnetic polar-
izabilities, we shall compare our results for the sum of
a + 3, determined from Compton scattering. The PDG



average for a+ 3 is (14.240.5) x 10~* fm?® for the proton
and (15.5 4 1.6) x 10~* fm® for the neutron.

The third sum rule, introduced by Gell-Mann-
Goldberger—Thirring (GGT) [12, 13], again involves Ao
in the integrand, and results in the forward spin polariz-
ability vp:

1 * Ao

LT A% R, = )
47T2 E’tyhr E,?y) v
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The sum rules considered in this paper call for both
Ao and oy, and it is important to note that at energies
far above the nucleon resonance region (not far beyond
invariant masses of several GeV (see Fig. 1 (bottom))
the unpolarized total photoabsorption cross-section, oo,
appears to rise indefinitely; in Regge theory, this rise
can be explained in terms of processes involving pomeron
exchange (see below), but it results in a non-convergent
integral of oo, which puts into question the asymptotic
behavior of Ao as well.

III. PREVIOUS EVALUATIONS

Early estimates of the GDH integral used phe-
nomenological single-pion photoproduction amplitudes
and crude estimates for two-pion production and for pro-
duction of mesons other than pions. Particularly impor-
tant are the two-pion production contributions, as they
dominate the total photoabsorption cross section over
much of the resonance region. To illustrate this point,
the SAID [14] and MAID [15] single-pion contributions
to the total photoabsorption cross section are plotted in
Fig. 1 (top).

Some of the two-pion channels have been measured
separately, and would appear to give a significant contri-
bution to the GDH sum rule over much of the resonance
region [18]. In addition, as mentioned above, oy, begins
to increase at high energies (Fig. 1 (bottom)), and its
energy dependence can be parameterized in Regge for-
malism as [17]

Otor = (67.7sT00808 129 5704545) yypy - (4)

where s = M (M + 2E,), in units of GeV? for the above
formula, which is applicable up to /s ~ 250 GeV. The
first term is associated with gluonic pomeron exchange,
and the second term is associated with the isoscalar w
and isovector p trajectories.

A quite different behavior is observed if the measured
helicity-dependent total cross section Acg is compared to
its single-pion contribution over the resonance region. Di-
rect experimental verification of the GDH sum rule are
difficult because of the need to extend the measurements
to sufficiently high E., in spite of the 1/E, weighting [19],
and to reliably cover not only single- and double-pion
photoproduction but all possible photon-induced pro-
cesses. One should be aware that some photoabsorption
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FIG. 1. Top panel: Single-pion photoproduction contribu-

tions to the total cross section for a proton target, obtained
in the SAID MA19 ([14], red solid line) and MAID2007
([15], blue dash-dotted) analyses. The amplitudes from SAID
(MAID) have been integrated up to Ey = 2 GeV (1.67 GeV).
The proton total photoabsorption data are from Ref. [16].
The total uncertainty is the quadratic sum of the statistical
and systematical uncertainties. Bottom panel: Total pho-
toabsorption cross section off the proton target at high ener-
gies. The cyan solid curve shows the Regge best fit result [17]
(see Eq. (4)).

determinations of the GDH and GGT integrals encom-
passed only a restricted energy range.

Some of the most recent determinations of the GDH
sum rule are compiled in Table I including electropro-
duction data taken at very low photon virtuality, down
to Q> ~ 0.02 GeV? [26, 27]. The data were extrapo-
lated to Q2 = 0 using guidance from chiral effective field
theory. While such an extrapolation increases the sys-
tematic uncertainty, it is mitigated by the fact that the
electroproduction experiments access simpler processes
(inclusive electron scattering that automatically sums all
reaction channels), in contrast to photoproduction exper-
iments in which each final state must be measured, with
additional associated systematics. This results in elec-
troproduction measurements of GDH being competitive
in accuracy with respect to those involving photoproduc-



tion, as can be seen in Table I. Sum rule determinations,
involving integrals weighted by higher powers of £, are
listed for the Baldin sum rule in Table II and the GGT
sum rule in Table ITII. We extrapolated to Q2 = 0 the lat-
est JLab electroproduction data on ~} [27] and 4 (from
3He [44] or deuteron [26] targets) using chiral effective
field theory calculations [48]. The latter include state-
of-the-art A-isobar corrections and agree better with the
lowest @? data on 7o from [26, 27, 44] than other state-
of-the-art calculations [51]. For proton data, we extrap-
olated the weighted averaged of the three lowest-Q? data
points ((Q%) = 0.0145 GeV?). We did likewise for the
deuteron data ((Q?) = 0.025 GeV?) and extracted the
neutron information from the proton and deuteron re-
sults at @? = 0. For the neutron data obtained from
3He [44] we used the lowest Q2 point (Q? = 0.035 GeV?)
for the extrapolation.

TABLE I. Compilation of GDH sum rule determinations for
proton and neutron targets, in units of pb, in order of pub-
lication year (older to newer, post-2000 results only). The
top part of the table gives experimental or phenomenological
results, the middle part presents the Regge theoretical predic-
tion, and the lower part presents results for the right hand side
of the sum rule’s definition (Eq. (1)), based on the anomalous
magnetic moment. The CLAS EG4 data [26, 27] were taken
at very low pion electroproduction @2, down to ~ 0.01 GeV?,
and were extrapolated using the guidance of chiral effective
field theory to Q% = 0 as described in Refs. [26, 27].

Proton Neutron Lab/Ref

168 120 MATID [20]
176 £ 8 GDH/A2 [21]
226 +54+12 |187+8+10 |GDH/A2 [22]
187 137 SAID [23]
212+ 6+ 16 Review [3]
254 + 5+ 12 GDH [24]
168.8 133.1 MATID [15]
204.5 +£21.4 Phenom [25]
203 + 11 235 + 18 CLAS [26, 27]
211+ 13 Regge [17]
204.784482(35) | 232.25159(13) | PDG [9]

IV. EVALUATIONS IN THE SAID
FRAMEWORK

In this study, we consider experimental input restricted
to single-pion photoproduction. Although clearly incom-
plete, this contribution is expected to give a dominant
contribution to the GDH, Baldin, and GGT sum rules.
To evaluate this single-pion component (see Ref. [52] for
our earlier attempt), phenomenological amplitudes ob-
tained in PWAs of the SAID and MAID groups have
been used. Amplitudes from SAID (MAID) have been

TABLE II. Compilation of Baldin sum rule determinations
for proton and neutron targets, in units of 10™* fm3. The
top section shows experimental and phenomenological deter-
minations of the integral of Eq. (2), the middle section shows
determinations of « + 3, while the bottom shows the PDG’s
evaluation of o + 8 to which we make comparisons.

Proton Neutron Lab/Ref
11.6 13.5 MAID [20]
13.25 4 0.8670 23 LEGS [28]
11.5 12.9 SAID [23]
15.2£3.9 A2 [29]
11.53 13.18 MAID [15]
14.0+0.3 15.2+0.5 Phenom [30]
15.2 SAL [31]
13.1£0.9+1.0 A2 [32]
14.0£1.3£0.6 FIAN [33]
16.4+ 3.6 15.3 + 5.4 MAX-lab [34]
15.50 £ 1.64 HBChPT [35]
16.0 + 2.8 HBChPT [36]
13.9+0.8 15.2+2.5 Review [2]
15.1 £ 1.0 18.3+£3.1 N3LO-BChPT [37]
15.5+£1.0£0.8 EFT [38]
13.3+2.8 £ 1.6 EFT [39]
15.2 £ 2.1 MAX-Lab [40]
14.0£0.2 Phenom [41]
134414 DR [42]
14.13 £ 0.26 + 0.76 A2 [43]
14.2+0.5 155+ 1.6 PDG [9]

integrated up to E, = 2 GeV (1.67 GeV) in the labora-
tory photon energy.

In Fig. 2, the available data for E from the four possible
pion photoproduction reactions (5 — 7°p, ¥p — 7tn,
yit — 7n and Y7 — 7~ p) are compared over the photon
energy range I, = 700—1450 MeV. Here we also display
an updated version of the Bonn-Gatchina analysis [53] to
show the overall consistency of the most recent fits.

The difference of cross-sections for helicity states 3/2
and 1/2, that is, A(do/dSY) = (dos/o/dY — doy /o /dSY),

for ’y’]\_/: — wN, is given in terms of helicity amplitudes

dog2 g 2 2
dov2 g 2 2
0 "% (|Ha|* + [Hal?)

where ¢ and k are the pion and photon center-of-mass
momenta, respectively. Their sum and difference can
then be used to construct the beam-target polarization
quantity E [54, 55| as

_ |[Ha? 4 [Hy|? — |H, ? — |Hs|?
|Ha|? + [Ha|? + [H1|? + [H3[?

(5)



TABLE III. Compilation of GGT sum rule estimates for proton and neutron targets, in units of 10™* fm*. The top section lists

experimental and phenomenological determinations, the middle

section lists theoretical predictions, while the bottom shows

the experimental average to which we compare. The latest data on o for the proton [27] and the neutron (using *He [44] and
deuteron [27] targets) have been obtained in electroproduction experiments at JLab. The data presented here are extrapolated
to Q2 = 0 using chiral effective field theory; see main text for details. For these data, the first listed uncertainty is statistical,
the second is the experimental systematics, and the third is the extrapolation uncertainty.

Proton Neutron Lab/Ref
—1.68 +0.10 GDH/A2 [21]
—0.68 —0.14 MAID [20]
—1.5540.15 + 0.03 LEGS [28]
—1.87+0.08 +0.10 GDH/A2 [22]
—0.85 —0.08 SAID [23]
—0.72 —0.14 MAID [15]
—0.929 £+ 0.105 Phenom [25]

—1.404 +0.131 +0.169 + 0.401|—1.21 + 0.74 + 0.77 £ 0.40 | CLAS [26, 27]
—2.04 +0.13 + 0.37 + 0.40|JLab Hall A [44]

—0.90 K-matrix [45]
26419 105+ 1.0 HBCHPT [46, 47]
—1.74 +£0.40 —0.77 £ 0.40 BChPT [48]

0.9+ 1.4 +0.03+ 1.4 N3LO-BChPT [49]
—25+04+0.3 ~1.94+0.4+04 BChPT(+A) [50]
—1.40 4 0.45 —1.8840.50 Expt. avg. [26, 27, 44]

The recent SAID PWA solution MA19 [14] uses all avail-
able E measurements [56-59] in the fit.

The existing data on Ao are shown in Fig. 3 along with
the SAID and MAID phenomenological (single-pion) es-
timates. In both of these PWAs, the second (and 7
threshold) as well as the third resonance regions around
700 MeV and 1 GeV, respectively, are very pronounced
for charged pions in the final state, whereas they are weak
in the case of neutral pions. In the A-isobar region, the
predictions for both cases are the same. The Ao for
55 — 7% and ¥p' — mn, measured by the A2 Collab-
oration at MAMI and GDH Collaboration [21, 60, 61],
is well described by both SAID MA19 and MAID2007
solutions. The CBELSA [22, 62] and MAMI [21, 60, 61]
experimental data for Yp'— X are in good agreement but
disagree with PWA predictions for yp' — wN. Around
the n-threshold, the deviation becomes more apparent.
This is because the contributions of the double-pion and
n-meson production are missing here.

The running GDH integrals,

/E~ Ao(E)

/
g B

dE! (6)

v

for the proton and neutron are shown in Fig. 4, where
a comparison of the SAID with MAID single pion pho-
toproduction results is also given. Both the proton and
neutron running integrals corresponding to single-pion
photoproduction (bottom left and right panels, respec-
tively) indicate convergence but remain lower than the
predicted values (thick yellow lines in the bottom panels

of Fig. 4). In the proton case (Igpn = 183.4 ub), approx-
imately 21 pb strength (which is about 10% of the right-
hand-side of Eq. (1)) is missing and can be attributed to
non-single-pion processes, while the gap is much larger
in the neutron case (Igpn = 129.5 pb), where 104 b are
missing (about 44% of the right-hand-side of Eq. (1)).
In the bottom panels of Fig. 4, we also show the con-
tributions to the GDH running integral evaluated in the
Regge approach (see Sec. V). These contributions (cyan
bands) are not evaluated from threshold to the current
energy, but rather from the current photon energy to in-
finity, and hence should be added to the respective SAID
and MAID curves. Since Regge theory only becomes ap-
plicable at energies far above the resonance region, their
dependence is shown only above E, =1 GeV.

The running Baldin integrals for the proton and neu-
tron are shown in Fig. 5, where a comparison of the SAID
and MAID results is also given. In the proton case, the
single-pion part gives Ipadin = 11.47 x 1074 fmg, hence
the contribution from processes other than single-pion
production (comparing Compton scattering results [9]
and the phenomenological SATD PWA) is 2.7 x 10~* fm?,
which is about 19% of the right-hand-side of Eq. (2)). In
contrast to the GDH running integral, the gap in the
neutron case is consistent with the one found in the pro-
ton: the single-pion part for the neutron target gives
Igalgin = 13.01 x 1074 fmg, leaving us with a missing
strength of 2.5 x 10~* fm?®, which is about 16% of the
right-hand-side of Eq. (2).

Additionally, Fig. 5 (bottom left) shows the running
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FIG. 2. Samples of double-polarized observable E for ﬁ’]\_f — 7N in the range of E, = 700 — 1450 MeV. The red solid (blue
dash-dotted) lines show the SAID MA19 [14] (MAID2007 [15]) solution, while the Bonn-Gatchina solution BG2019 (which is
an ongoing effort and represents an upgrade of the BG2014 solution reported in Ref. [53]) is shown by black dotted lines. The
experimental data for ¥ — 7% are from CBELSA/TAPS [56]; for 45 — 1 n they are from CLAS/FROST [57]; for ¥ — 7~ p
they are from A2 [58], and for ¥ii — 7°n from CLAS/HD-Ice [59].
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Baldin integral evaluated from total photoabsorption
data on the proton target presented in Fig. 1. We fitted
the data [16] that spans photon energies from 188 MeV to
23.3 TeV. The evaluation yields (13.1+1.4) x 10~% fm?,
which agrees well with the Compton estimate of (14.2 +
0.5) x 10=* fm3 [9].

The running integrals for the GGT sum rule for the
proton and neutron are shown in Fig. 6, where a compar-

ison of the SAID and MAID results is also given. In the
SAID single-pion PWA, we obtain 7o = —1.00x 10~% fm*
(yo = —0.04 x 10~* fm*) for the proton (neutron). While
in the proton case the single-pion contribution of about
—1 x 10~*fm? seems to point in the right direction, it
is consistent with zero in the neutron case. Also shown
in Fig. 6 are the latest measured values of 7y in pion
electroproduction from JLab [26, 27, 44] extrapolated to
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Q? = 0 (Table III). The width of the bands represents
the uncertainties combined quadratically. The band for
the neutron represents the weighted average of CLAS and
JLab Hall A E97-110 results. According to the experi-
mental values of the GGT integrals, the SAID single-pion
production analysis yields conclusions similar to those for
GDH: for the proton the SAID integral saturates near the
value expected from the sum rule, while for the neutron,
it misses a noticeable integral-strength. This is not sur-
prising since the GDH and GGT integrands differ only
by 1/E2.

V. THE GDH INTEGRAND IN THE REGGE
FRAMEWORK

As demonstrated above, the contributions to the GDH
integral of processes beyond single-pion photoproduction
are much smaller for the proton (where about 10 % are
missing) than for the neutron (about 44 %). There is
no simple explanation of such a large discrepancy, but it
certainly calls for further measurements of A and cor-
responding phenomenological studies in the region of E,
beyond the one covered by existing data — in particu-
lar because of the apparently divergent behavior of oot
beyond /s of a few times 10 GeV. In this energy do-
main, processes can be studied in a Regge approach, in
which the s-dependence of Ao for either real or virtual
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FIG. 5. Running Baldin integral for proton (left) and neutron (right) targets. The red solid (blue dash-dotted) lines represent
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polarized photoabsorption is of the form [64]

1
Ao = |Te1s% ™1 4 cps0n ™1 4 g 08 S + cé F(s,Q%),
S log” s
(7)
where I = 41 is the isospin factor corresponding to

the proton or neutron, respectively, a,, and ay, are the
Regge intercepts of the a; and f; Regge trajectories, and
Q? is the negative square of the virtual photon four-
momentum. For photoproduction (real photons) Q2 = 0,
the logarithmic terms are negligible and F(s, Q?) simpli-
fies to a constant that can be absorbed in the ¢; and
co coefficients. The Regge parameterization of Ao then
becomes

Ao = Tcys®1 7t 4 eps®n™t (8)

A commonly accepted set of parameters is ¢; = (—34.1+
5.7) ub, aq, = 0.42 £0.23, co = (209.4 &+ 29.0) ub and
ayp, = (—0.66 £0.22) [3].

Since the proton and neutron anomalous magnetic mo-
ments, k£, and x,, can be decomposed into their isovec-
tor and isoscalar components, k, = (ks + Kky)/2 and

Kn = (ks — Kyv)/2, hence

HZ

_ 1,21 1,2
pm = 1hs E ghvhs + ghy

(9)

the GDH sum rule can accordingly be split into its
“scalar-scalar”, “vector-vector” and “vector-scalar” parts
(I&pm> I8, and IEy, respectively) [65]. In particular,

I&on = / _ (‘7572 - ‘71/72)

thr
E’Y

22«

dE’Y 1
= afvRsTy e

B (10)

Since k2 —k2 = Fyks, the isovector GDH sum rule involv-

ing the difference of Ao for proton and neutron targets,
Aop_n, = Aoy — Aoy, predicts

/
thr
E’Y

Eq. (11) should also provide the Q2-derivative of the fa-
mous generalized Bjorken sum rule [66] in the Q% — 0
limit [67]. This is borne out by the low-Q? measurements
of the Bjorken sum rule performed at JLab [68]. The
Q? = 0 result for the latter is obtained from a fit of the

Aop_p

Ly

dE, = 2[5y ~ —27.5pub. (1)
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data that is extrapolated to @Q? = 0 without constraint
from chiral effective field theory.

In Regge theory, Ac,_,, is driven by the a; trajectory
alone,

Aa?fige =2¢y5% (12)
and one can visualize its contribution by evaluating the
running integral of (12) divided by E, from a chosen
lower integration limit to infinity. The Regge contribu-
tions to the running isovector GDH integrals are shown
by cyan bands in Fig. 7. As in Fig. 4, these (negative)
running values need to be added to the (positive) SAID
and MAID curves, apparently bringing the totals closer
to the predicted value.

The energy dependence of Ac,_, in Regge theory is
also interesting by itself. If one makes the usual assump-
tion that the a; trajectories are straight lines parallel to

the p and w trajectories, one finds «a,; ~ —0.4 for the
leading trajectory, with the sign opposite to the one ob-
tained by analyzing deeply inelastic scattering, photo-
and electroproduction data. Understanding the sign and
the magnitude of the Regge intercept a1 is important,
as this parameter is intimately connected to the quark
string tension of QCD: if o’ is the corresponding reggeon
slope, the intercept is given by a,; = 1 — a'm?;, and
o' =1/(2moy), where o, is the string tension [69]. A new
determination of these parameters by extending the Ao
measurements both on proton and neutron (deuteron)
targets to £, ~ 12 GeV is one of the aims of the re-
cently approved REGGE Experiment in Hall D of Jeffer-
son Lab [70].
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VI. CONCLUSION

The evaluation of three sum rules (GDH, Baldin, and
GGT) involving the difference of helicity-dependent total
photoabsorption cross-sections, Ao, shows that single-
pion photoproduction off the nucleon is the dominant
contribution to these sum rules. In all cases, the single-
pion contribution converges above E, =~ 1.7 GeV. The
situation is the most favorable for the Baldin sum rule
where — to the attainable levels of precision — the
single-pion photoproduction off the nucleon comes clos-
est to agreeing with Compton scattering and Effective
Field Theory calculations, in particular in the neutron
case. In the GDH sum rule for the proton, the single-
pion contribution saturates the sum rule to about 90%,
while in the neutron case, the missing strength amounts
to about 44%. In the case of the GGT sum rule, the
lack of precise calculations and the size of experimental
uncertainties preclude a clear statement of agreement.
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