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We add an ensemble of nuclei to the equation of state for homogeneous nucleonic matter to
generate a new set of models suitable for astrophysical simulations of core-collapse supernovae and
neutron star mergers. We implement empirical constraints from (i) nuclear mass measurements, (ii)
proton-proton scattering phase shifts, and (iii) neutron star observations. Our model is also guided
by microscopic many-body theory calculations based on realistic nuclear forces, including the zero-
temperature neutron matter equation of state from quantum Monte Carlo simulations and thermal
contributions to the free energy from finite-temperature many-body perturbation theory. We ensure
that the parameters of our model can be varied while preserving thermodynamic consistency and the
connection to experimental or observational data, thus providing a probability distribution of the
astrophysical hot and dense matter equation of state. We compare our results with those obtained
from other available equations of state. While our probability distributions indeed represent a
large number of possible equations of state, we cannot yet claim to have fully explored all of the
uncertainties, especially with regard to the structure of nuclei in the hot and dense medium.
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I. INTRODUCTION

The equation of state (EOS) of nuclear matter is a cen-
tral microscopic input for the simulation of core-collapse
supernovae and neutron star mergers. In a supernova,
the nuclear incompressibility generated from Fermi de-
generacy pressure and short-range nuclear forces is es-
sential in providing the pressure support which causes
the infalling shockwave to “bounce” and propel the man-
tle off the protoneutron star underneath [1]. In a neu-
tron star merger, the EOS determines the compactness
of the two stars, which in turn determines the amount
of r-process material ejected in a merger [2], the proper-
ties of the kilonova emission [3], and features of the late-
inspiral gravitational wave emissions (e.g. see Ref. [4]).
The EOS also determines the lifetime and final fate of the
merger remnant [5–10] through the relationship between
the EOS and the neutron star maximum mass.

Since weak equilibrium is not fully achieved in the
short dynamical timescale of either a supernova explosion
or a neutron star merger, there are at least three rele-
vant quantities for describing the composition of dense
matter: the number density of baryons nB , the elec-
tron fraction Ye, and the temperature T . Muons, pions,
and strangeness-containing hadrons may introduce ad-
ditional complexity, but as a minimal model we neglect
these more exotic degrees of freedom in the present work.
Simulations of supernovae or mergers which employ real-
istic EOSs often use tabulations that span baryon num-
ber densities nB ∼ 107 − 1015 g/cm3, electron fractions
Ye ∼ 0.1− 0.6, and temperatures T ∼ 0− 100 MeV.

EOSs for core-collapse supernovae were first developed
by Lattimer and Swesty [11], who employed three differ-
ent non-relativistic Skyrme effective interactions and the

single-nucleus approximation to account for the presence
of heavy nuclei in a gas of unbound nucleons. A second
set of EOS tables was developed H. Shen et al. [12] (also
using the single-nucleus approximation), which was based
on the NL3 relativistic mean-field Lagrangian. While
the single-nucleus approximation is sufficient to describe
the bulk thermodynamics, it does not in general accu-
rately describe the composition [13–18] and the associ-
ated weak reaction rates. G. Shen et al. [19] constructed
the first full table to go beyond the single-nucleus ap-
proximation. Their work was based on a more mod-
ern relativistic mean-field model, “FSUGold” [20], and
goes beyond the single nucleus approximation to include
a full distribution of nuclei in nuclear statistical equilib-
rium (NSE). Alternative formalisms were developed by
Furusawa et al. [21] and Hempel et al. [22, 23], which re-
sulted in EOS tables built upon several nucleon-nucleon
interactions, including FSUGold, DD2 [24], IUFSU [25],
SFHo [26] and SFHx [26]. More recently, several EOSs
have been added to the CompOSE (CompStar Online
Supernovae Equations of State) database [27], including
an EOS with hyperons [28]. Recent EOS tables with a
similar goal of matching observational and experimental
constraints have been released by Schneider et al. [29, 30].

The basic paradigm under which most EOS tables are
constructed is to compute the thermodynamic quantities
based on a single model of the nucleon-nucleon interac-
tion. However, this paradigm fails when one wants to
perform uncertainty quantification. There is currently
no model for the nucleon-nucleon interaction and the
accompanying EOS which (i) faithfully describes mat-
ter in all of the density and temperature regimes which
are relevant for supernovae and mergers and (ii) allows
one to vary a set of parameters in such a way as to
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explore the uncertainties in the EOS without spoiling
agreement with experiments or observations. For ex-
ample, Skyrme [31] models are often used to describe
dense matter for the purposes of EOS tables, but of-
ten fail to describe low-density matter as described by
the virial expansion or nuclear effective field theory [32].
Even when a Skyrme effective interaction does happen
to match model-independent properties of the EOS at
low-densities, it does so at the cost of suppressing the
uncertainties in matter at higher densities and introduc-
ing unphysical correlations between matter in the two
density regimes.

Future work on the nucleon-nucleon interaction and
the equation of state may eventually resolve some of these
issues. In the meantime, a different approach is required
to ensure that simulations can quantify the uncertainties
in the EOS without over- or underconstraining the EOS.
Based on our previous work in Ref. [33], we construct a
phenomenological description of the free energy for hot
and dense stellar matter which is able to (i) faithfully de-
scribe nuclear matter under conditions that are probed
by nuclear experiments and observations of neutron stars
and (ii) provides parameters which allow one to (at least
partially) quantify the uncertainties which result from
our imperfect knowledge of the nucleon-nucleon interac-
tion. We add nuclei to the EOS of homogeneous nuclear
matter described in Ref. [33] and show that our results
compare well with other EOS tables which are available.

II. METHOD

A. Basic Formalism

We use the formalism developed in Ref. [22] to describe
nucleons in thermodynamic equilbrium with a distribu-
tion of nuclei. Neutrons, protons, α particles, deuterons,
tritons, 4Li, and 3He are treated separately to more
easily describe the neutrino opacities near the neutri-
nosphere [34]. The Helmholtz free energy density can
be written as

f(nn, np, {ni}, T ) = fnp +
∑

i

fi + fCoul + fe, (1)

where nn and np are the free neutron and proton num-
ber densities, ni is the number density of nucleus i, and
fCoul denotes the Coulomb free energy described in more
detail below. We take ~ = c = kB = 1. Baryon num-
ber conservation and global charge neutrality imply two
constraints, which we write as

nB = nn + np +
∑

i

niAi

nBYe = ne = np +
∑

i

niZi . (2)

The free energy density of nucleons outside the nu-
cleus, denoted fHom, is based on the homogenous nucle-
onic matter EOS from Ref. [33] (see discussion below).

(See also Ref. [35] for an alternative EOS for homoge-
neous nucleonic matter.) We include an excluded volume
correction (which is only turned on between nucleons and
nuclei), to correct for the fact that the volume available
to the nucleons is reduced by the nuclei. We denote the
volume available to nucleons as V ′ ≡ V −∑iNiVi, where
Ni ≡ niV is the number of nuclei of type i in the volume
V , Vi ≡ Ai/n0 is the volume occupied by one nucleus
of type i, and n0 is the saturation density of symmetric
nuclear matter, 0.16 fm−3. The volume fraction that free
nucleons explore is ξ ≡ V ′/V = 1−∑iAini/n0. Thus,

fnp = ξfHom(n′n, n
′
p, T ) . (3)

The n′n and n′p are local densities and are defined by
n′n ≡ Nn/V

′ = nn/ξ, n
′
p ≡ Np/V

′ = np/ξ separately.
We ignore rest mass contribution here and put a tilde on
top when it is added back.

The free energy density of the light nuclei and heavy
nucleus are treated as classical Boltzmann particles:

fi = −niT
[
ln

(
ΩiV̄

Niλ3i

)
+ 1

]
, (4)

where λi is the thermal wavelength

λi =

(
2π

miT

)1/2

(5)

and V̄ ≡ κV is the volume fraction explorable to the
nucleus of type i, with κ ≡ 1 − nB/n0. The quantity
Ωi is the temperature-dependent partition function. The
prescription we use follows from Refs. [19, 36] and will
be addressed in the next section. Using these definitions

fi = −niT
[
ln

(
Ωi
niλ3i

)
+ 1

]
− niT lnκ. (6)

One can also rewrite ξ in terms of κ and the nucleon
densities

ξ = κ+ (nn + np)/n0 = κ

(
1− n′n

n0
− n′p
n0

)−1
. (7)

The Coulomb energy in the Wigner-Seitz cell is [37]

ECoul
i = −3

5

Z2
i α

Ri

(
3

2
xi −

1

2
x3i

)
, (8)

where

xi ≡
(
nBYe
n0

Ai
Zi

)1/3

=
Ri

RWS,i
, (9)

where R3
i = (3Ai)/(4πn0) is the nuclear radius and the

size of the Wigner-Seitz cell, RWS, is given by

Zi =
4π

3
R3

WS,inBYe . (10)
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The radius of nuclei is constrained by Ri ≤ Rws,i which
limits xi ≤ 1.

We take into account all charged particles here except
protons, the advantage is the Coulomb energy is merely a
function of charge and atomic number given nB and Ye.
After applying charge neutrality, the total free energy
density becomes

f(nn, np, {ni}, T ) = ξfHom(n′n, n
′
p, T )

−
∑

i

niT

{[
ln

(
Ωi
niλ3i

)
+ 1

]
+ lnκ

}

+
∑

i

niE
Coul
i + fe(nBYe). (11)

B. Homogeneous matter

We slightly modify the EOS of homogeneous matter
from Ref. [33] to no longer enforce a quadratic expan-
sion for the isospin-asymmetry dependence of the finite-
temperature contributions. The free energy is separated
into a contribution from the virial expansion and a con-
tribution from degenerate matter:

fHom(nB , xp, T ) = fvirial(nB , xp, T )g

+fdeg(nB , xp, T )(1− g) . (12)

The free energy density for degenerate matter is

fdeg(nB , xp, T ) = fSkyrme(nB , xp = 1/2, T = 0)

+δ2εsym(nB) + ∆fhot(nB , xp, T ). (13)

Based on the work in Ref. [38], most of our tables use
the Skyrme model labeled SKχm∗ to compute ∆fhot.
This Skyrme model was fitted to the equation of state of
asymmetric nuclear matter [39, 40] calculated from sev-
eral realistic chiral two- and three-body forces as well as
consistent nucleon isoscalar and isovector effective masses
derived from the nucleon self energy [41, 42]. In particu-
lar, the description of nuclear matter thermal properties
relies on accurately modeling the nucleon effective mass,
which is proportional to the density of states near the
Fermi surface and hence the temperature dependence of
the entropy [43, 44]. We also construct two tables with
alternative models for ∆fhot, Skχ414 and Skχ450 from
Ref. [45]. The derivatives of the degenerate free energy
density are

∂fdeg
∂nn

=
1

2
µn,Skyrme(nB , xp = 1/2, T = 0)

+
1

2
µp,Skyrme(nB , xp = 1/2, T = 0)

+δ2
∂εsym
∂nB

+
2δ(1− δ)

nB
εsym

+∆µn,hot(nB , xp, T ), (14)

∂fdeg
∂np

=
1

2
µp,Skyrme(nB , xp = 1/2, T = 0)

+
1

2
µn,Skyrme(nB , xp = 1/2, T = 0)

+δ2
∂εsym
∂nB

− 2δ (1 + δ)

nB
εsym

+∆µp,hot(nB , xp, T ), (15)

and

∂fdeg
∂T

= −shot (nB , xp, T ) (16)

where
∂εsym
∂nB

= h′(nB)εQMC(nB) + h(nB)ε′QMC(nB)

−h′(nB)εNS(nB) + [1− h(nB)] ε′NS(nB) +

−1

2
[µn,Skyrme(nB , xp = 1/2, T = 0)

+ µp,Skyrme(nB , xp = 1/2, T = 0)] . (17)

In Eq. (17), the auxiliary function h′ is used to interpo-
late between the pure neutron matter equation of state
εQMC valid around normal nuclear densities and the high-
density equation of state εNS that may be constrained by
neutron star observations. Note that εQMC is given by
the quantum Monte Carlo-inspired form

εQMC = nB

[
a

(
nB
n0

)α
+ b

(
nB
n0

)β]
. (18)

C. The Saha equations

In order to fix the densities of the nuclei, we solve the
equations

(
∂f

∂ni

)

nB ,Ye

= 0 . (19)

Before we begin, it is useful to define

fi,Cl = −niT
[
ln

(
Ωi
niλ3i

)
+ 1

]
(20)

as the classical part of the nuclear free energy.
We can rewrite the full free energy from Eq. (11) in

terms of nB and Ye

f [nn(nB , Ye, T ), np(nB , Ye, T ), {ni}, T ] , (21)

to re-express the derivative (T is implicitly held constant)
(
∂f

∂ni

)

nB ,Ye

=

(
∂f

∂ni

)

np,nn

+

(
∂f

∂nn

)

np,{ni}

(
∂nn
∂ni

)

nB ,Ye

+

(
∂f

∂np

)

nn,{ni}

(
∂np
∂ni

)

nB ,Ye

=

(
∂f

∂ni

)

np,nn

−
(
∂f

∂nn

)

np,{ni}
Ni

−
(
∂f

∂np

)

nn,{ni}
Zi . (22)
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Thus, we obtain the Saha equations

µi = µnNi + µpZi , (23)

with the chemical potentials denoted by

µi ≡
(
∂f

∂ni

)

np,nn,T

, µn ≡
(
∂f

∂nn

)

np,{ni},T
, and

µp ≡
(
∂f

∂np

)

nn,{ni},T
. (24)

We also define µe ≡ (∂fe)/(∂ne). Note that our for-
malism naturally implies that the chemical potential of
the neutrons and protons inside nuclei is the same as
that outside nuclei (i.e. the neutrons and protons are
in chemical equilibrium). To see this how this works for
neutrons, use Eq. 23 for i = (Z,N + 1) and i = (Z,N)
and then subtract, giving

µ(Z,N+1) − µ(Z,N) = (N + 1)µn −Nµn = µn . (25)

In particular, the reaction (Z,N + 1)↔ (Z,N) + n is in
equilibrium. The same reasoning applies equally well to
protons.

These chemical potentials can be written analytically.
For the nuclei, we define

PCoul
i ≡ −ni

3

5

Z2
i α

Ri

(
1

2
xi −

1

2
x3i

)
. (26)

as in Ref. [22] and this definition implies

ni

(
∂ECoul

i

∂ni

)

nn,np

=
PCoul
i Zi
ne

. (27)

For the nuclei, this definition gives

µi = −
(
Ai
n0

)
fHom + µn,Hom

(
Ainn
ξn0

)
+ µp,Hom

(
Ainp
ξn0

)

+µi,cl − T lnκ+
TniAi
κn0

+ ECoul
i

+
ZiP

Coul
i

ne
+ Ziµe , (28)

where µi,cl ≡ (∂fi,cl)/(∂ni). For the nucleons

µn = µn,Hom +
Tni
κn0

(29)

and

µp = µp,Hom +
Tni
κn0

+ µe +
PCoul

ne
, (30)

where µx,Hom ≡ (∂fHom)/(∂nx) and PCoul ≡ ∑i P
Coul
i .

Note that because we have not included electrons as sepa-
rate degrees of freedom in Eq. (11), the electron chemical

potential appears in Eq. (30). Thus, our chemical poten-
tials above match those in Ref. [22]. Using the Saha
equation, we find

µi,cl =

(
Ai
n0

)
fHom + µn,Hom

[
Ni −

(
Ainn
ξn0

)]

+µp,Hom

[
Zi −

(
Ainp
ξn0

)]
+ T lnκ− ECoul

i , (31)

which gives us a recipe for computing the free energy
for each nucleus. Using PHom ≡ −fHom + µn,Homn

′
n +

µp,Homn
′
p, we can rewrite this result slightly

µi,cl = −ViPHom+Niµn,Hom+Ziµp,Hom+T lnκ−ECoul
i .
(32)

The excluded volume effect reflected in the T lnκ and
−PHomVi terms suppresses the number density of nuclei
near saturation densities. Note that, because we are
able to compute the chemical potentials in Eqs. 28, 29,
and 30 analytically, our derivation of the Saha equations
includes the rearrangement terms described in Ref. [46]. Of
course, this simple excluded volume approximation which
we use is not sufficient for accurately mimicking the mul-
ticomponent plasma at low-temperature (for example, we
cannot use this model to accurately measure the crystalliza-
tion temperature) but is a reasonable approximation for the
high-temperature environment encountered in supernovae
and neutron star mergers.

At a fixed grid point in (nB , Ye, T ) space, given nn and
np, we can compute κ and ξ using their definitions above,
compute the homogeneous matter EOS and ECoul

i and
thus use Eq. (32) to compute µi,cl. This is then used to
compute ni and then we can solve Eqs. (2) to obtain the
correct value of nn and np. Internally, our code defines
xn ≡ n′n/n0 and xp ≡ n′p/n0 and then solves Eqs. (2) in
terms of the variables log10 xn and log10 xp.

The solution of Eqs. (2) is not unique because of the
liquid-gas phase transition and the discrete nature of the
nuclei in the distribution, so we often use neighboring
points as initial guesses and choose the solution that
minimizes the free energy. Our solver automatically de-
creases the step size when unphysical configurations are
encountered, but occasionally it does not converge, espe-
cially just below the nuclear saturation density. Note
that our method implies a small discontinuity in the free
energy at the liquid-gas phase transition, but our previous
experience in simulations based on SFHo and SHFx [26]
shows that this small discontinuity is not typically an issue
in core-collapse and merger simulations.

We approach this with a combination of techniques,
all of which are automatically applied until a solution is
found: (i) iteratively solving for neutron and proton con-
servation separately using a bracketing method (ii) using
a minimizer instead of a solver and (iii) restarting the
solver with random initial points near the initial guess.
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D. First derivatives

After having solved the Saha equations for ni(nn, np),
it is useful to define new “effective” chemical potentials
for the nucleons which include the nucleons both inside
and outside nuclei

νn ≡
(
∂f

∂nn

)

np,T

and νp ≡
(
∂f

∂np

)

nn,T

(33)

(note that these differ from Eq. (24) in that they no
longer hold ni constant) which gives a new thermody-
namic identity

f(nn, np, T ) = −P (nn, np, T ) + νnnn + νpnp . (34)

Rewriting the free energy again

f [nn, np, {ni(nn, np, T )}, T ] , (35)

which implies that the effective chemical potentials can
be computed in terms of the definitions above

νx = µx +
∑

i

µi

(
∂ni
∂nx

)

nx̂

(36)

for both {x, x̂} = {n, p} and {x, x̂} = {p, n}. Defining

gj ≡ µj − µnNj − µpZj (37)

we can take advantage of the fact that all the gj are
constant to write

(
∂ni
∂nx

)

nx̂,gj

= −
(
∂gi
∂nx

)

ni,nx̂,gj 6=i

(
∂ni
∂gi

)

nx,nx̂,gj 6=i

.

(38)
The first derivative on the RHS can be obtained directly
from Eqs. (28), (29), and (30). The second derivative is
just an element along the diagonal of the inverse of the
matrix

Mij ≡
(
∂gi
∂nj

)

nx,nx̂,nk 6=j

. (39)

The numerical errors associated with inverting this large
matrix decreases the benefit of the analytical formalism.
Thus we compute νn and νp numerically for now. The
entropy is easier to compute

s = −
(
∂f

∂T

)

nn,np,{ni}
= se+

∑

i

si+
∑

i

ni lnκ+ ξsHom

(40)
where se = ∂fe/∂T and

si = ni

(
ln

Ωi
niλ3i

)
+

5

2
+
T

Ωi

dΩi
dT

. (41)

E. Nuclei

We use the nuclear masses from experiment [47] wher-
ever they are available. The atomic mass tables usu-
ally include an empirical bounded electron contribution
term aelZ

2.39, which is subtracted before the binding en-
ergy is calculated. We use the theoretical masses from
Ref. [48] for nuclei which do not have experimental mass
measurements up to the neutron and proton drip lines.
We use the experimental or theoretical spins tabulated in
Ref. [49]. Finally, we limit Z < 7N and N < 7Z in order
to avoid extreme nuclei which our model likely does not
describe well.

F. Partition function

The partition function we use for light nuclei and the
representative heavy nucleus follows from Ref. [19]. The
nuclear partition function can be expressed as a sum of
discrete states and an integral of the level density

Ωi = (2J + 1) +

∫ Et

Ed

ρ(E) exp(−E/T ) , (42)

where the level density ρ(E) is the backshifted Fermi-gas
formula given below. The limits on the integral in the
partition function are determined from

Ed =
1

2
min(Sn, Sp) and (43)

Et = min(Sn + ER, Sp + ER +
1

2
Ec) , (44)

where Sn and Sp are the neutron and proton separation
energies. The quantity ER ≡ 1/(2MiR

2) is the zero-
point energy and with the nuclear radius approximated
by R = 1.25 fm (A − 1)1/3. The Coulomb barrier is
Ec ≡ (Z − 1)α/R. When either Sn or Sp is negative, the
contribution of the level density to the partition function
is neglected.

The expression for the level density begins by defining
a backshift parameter δ for each nucleus. The prescrip-
tion from Ref. [36] is

Z 6 30 : δ = δp − 80/A (45)

Z > 30 : δ = δp − 80/A− 0.5 (46)

with δp = (11A−1/2 MeV)[1 + (1/2)(−1)Z + 1/2(−1)N ].
We will also need the level density parameter, a, for which
an approximate model is

Z 6 30 : a = 0.052 MeV−1 A1.2 (47)

Z > 30 : a = 0.125 MeV−1 A . (48)

Finally, different expressions are used for the level density
depending on the relative size of δ and Ed. When δ is
smaller than Ed, the level density has the expression

ρ(E) =
π

12

exp(2
√
aU)

a1/4U5/4
, (49)
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where U = E − δ.
When δ is larger than Ed, δ is set to Ed (so that U =

E − Ed) and the level density is

ρ(E) = C exp(U/Tc), (50)

where

1

Tc
=

5

4

1

δ
+

√
a√
δ
, and (51)

C =

√
π

12
a−1/4δ−5/4 exp

(
5

4
+
√
aδ

)
.

The derivative of the partition function with respect to
the temperature is required for computing the entropy
(see Eq. (41)), and this is straightforward to compute
analytically.

This recipe for the partition function is only approx-
imate and underestimates the contribution from excited
states [50, 51]. Ref. [19] found that this approximation did
not adversely impact the thermodynamics of dense matter,
but a more systematic and quantitative exploration of these
uncertainties is an important avenue for future work.

III. RESULTS

While our EOS formalism is designed to be used for any
physical values of the parameters, we precompute 9 tables
and present results based on those parameterizations.
The parameters {iNS , iSkyrme, α, a, L (MeV), S (MeV), φ}
are (i) the choice of high-density EOS parameterization
selected from a discrete set of Markov-chain samples con-
structed in Ref. [52], (ii) the choice of Skyrme effective
interaction selected from 1000 samples generated from
the posterior probability distribution in Ref. [53], (iii
and iv) the power and prefactor in Eq. (18) for the neu-
tron matter equation of state, (v and vi) the symme-
try energy slope parameter, the symmetry energy, and
(vii) the speed of sound at the largest density we con-
sider, nB = 2 fm−3. Ref. [33] uses the Skyrme EOS for
isospin-symmetry matter, but has a separate parameters for
the symmetry energy parameters S and L to describe neu-
tron matter. The Skyrme models are calibrated to exper-
imental nuclear properties which constrain nuclear isospin-
symmetric matter well but do not accurately constrain neu-
tron matter. For this reason, Ref. [33] uses quantum Monte
Carlo calculations from Ref. [54] to constrain neutron mat-
ter and thus the values of S and L. The parameters of
the nine equation of state tables are listed in Table I.
The finite temperature corrections are determined by a sepa-
rate Skyrme model which is calibrated to finite-temperature
many-body calculations from Ref. [45]. The principal uncer-
tainty in these calculations is the choice of the momentum
cutoff, so we choose a range of values, from 414 MeV to
450 MeV Ref. [45] to quantify this uncertainty. The fidu-
cial EOS is consistent with the most probable neutron
star mass and radius while having moderate S and L
(see details in Ref. [33]). The Skyrme parameters for our

iNS iSkyrme α a L (MeV) S (MeV) φ

fiducial 470 738 0.5 13.0 62.4 32.8 0.9

largeMmax 783 738 0.5 13.0 62.4 32.8 0.9

smallR 214 738 0.5 13.0 62.4 32.8 0.9

smallerR 256 738 0.5 13.0 62.4 32.8 0.9

largeR 0 738 0.5 13.0 62.4 32.8 0.9

smallSL 470 738 0.5 13.0 23.7 29.5 0.9

largeSL 470 738 0.5 13.0 100.0 36.0 0.9

fiducial1 470 738 0.5 13.0 62.4 32.8 0.9

fiducial2 470 738 0.5 13.0 62.4 32.8 0.9

TABLE I. Parameters for the EOS tables generated for this
work.. The model with note 1 was constructed with the
Skχ414 model for ∆fhot from Ref. [45], and the model with
note 2 was constructed with the Skχ450 model for ∆fhot from
Ref. [45].

t0 −2719.7 MeV fm3

t1 417.64 MeV fm5

t2 −66.687 MeV fm5

t3 15042 MeV fm3(1+ε)

x0 0.16154

x1 −0.047986

x2 0.027170

x3 0.13611

ε 0.14416

TABLE II. Parameters for Skyrme Hamiltonian iSkyrme = 738

fiducial EOS are listed in Table II. In the following, the
figures are demonstrated for our fiducial EOS.

A. Composition of Hot and Dense Matter

In Fig. 1, the baryon number fraction of free neutrons,
protons, light nuclei and heavy nuclei are plotted as a
function of baryon density for Ye = 0.1 and Ye = 0.5.
The baryon number fraction of species i is

Xi ≡ niAi/nB , (52)

where ni is the number per unit volume for species i and
Ai is the number of baryons in species i. Eq. (2) ensures∑
iXi = 1. The quantity Xnuclei is defined by

Xnuclei ≡ 1−Xn−Xp−Xd−Xt−Xα−X3He−X4Li. (53)

At low densities, the system consists of only protons and
neutrons. For Ye = 0.1 and T = 1.0 MeV, as density
increases, the mass fraction of alpha partices rises to
around 0.2 for nB between 10−7 and 10−6 fm−3. Above
10−6 fm−3, the light nuclei are gradually replaced by
heavy nuclei. The transition density from light to heavy
nuclei increases as temperature increases. For Ye = 0.5,
alpha particles are even more prominent at lower densi-
ties and heavier nuclei dominate more strongly near the
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FIG. 1. Baryon number fractions Xi for protons, light nuclei,
and a sum over heavy nuclei, as a function of density for
Ye = 0.1 and Ye = 0.5 for four temperatures. In the top four
panels, the neutron baryon number fraction is omitted to help
make the heavy nuclei more visible. In the bottom four panels,
the neutron mass fraction is hidden behind the proton mass
fraction at low densities where these two quantities coincide.
The right edge of the plots is chosen to be nB = n0 and nuclei
always disappear at a baryon density below n0 (independent
of electron fraction or temperature).

transition to nucleonic matter. For higher temperature
(but independent of electron fraction), the region of light
and heavy nuclei gradually merge to a single peak.

Fig. 2 shows baryon number fractions Xn, Xp and
Fig. 3 shows baryon number fractions Xα, Xnuclei as
a function of baryon density and temperature. Near
Ye = 0.5 and at low temperatures, the system consists
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FIG. 2. Baryon number fractions Xn and Xp as a function
of baryon density and temperature for Ye = 0.01, 0.1, 0.3,
0.5, respectively. The right edge of the plots is chosen to
be nB = n0 where nuclei disappear (independent of electron
fraction or temperature).

almost entirely of heavy nuclei. As the temperature in-
creases, the non-uniform clusters transform to uniform
matter. On the other hand, as Ye decreases, nuclei are
replaced by free neutrons. The critical temperature of
the gas-liquid phase transition is around several to tens
of MeV depending on the proton fraction.

To compute the average proton and neutron number
of nuclei, we define

Z̄ =

(∑

i

Zini

)(∑

i

ni

)−1
, (54)
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FIG. 3. Baryon number fractions Xα and Xnuclei as a function
of baryon density and temperature for Ye = 0.01, 0.1, 0.3,
0.5, respectively. The right edge of the plots is chosen to
be nB = n0 where nuclei disappear (independent of electron
fraction or temperature).

where this sum includes the light nuclei d, t, α, 3He and
4Li. We define a similar quantity N̄ , and the average
nuclear mass number is then Ā ≡ N̄ + Z̄. Fig. 4 shows
Ā and Z̄ as a function of baryon density and tempera-
ture. The maximum A for our EOS is limited to about
340. For symmetric nuclear matter, Ā reaches the upper
limit we set. For smaller electron fractions, the maximum
mass number decreases to 120 as neutrons leave nuclei to
form a gas. The shell structure of nuclei is evident in
the figures as rapid color changes. As baryon density
increases, Ā rises to several plateaus. Fig. 5 shows the
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FIG. 4. Average mass(top)/proton(bottom) number for
Ye=0.01, 0.1, 0.3, 0.5, respectively.

charge and mass number of nuclei as a function of den-
sity and electron fraction at four fixed temperatures. The
transition density from inhomogeneous matter to homo-
geneous matter is not independent of proton fraction,
as observed in microscopic calculations of the equation
of state [40, 55]. The transition density is largest near
Ye ≈ 0.4, which is to be expected since heavy laboratory
nuclei have a similar proton fraction. At higher tem-
peratures nuclei disappear as we approach the liquid gas
transition.
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FIG. 5. Average mass (top four panels) and proton (bottom
four panels) number for T=1, 3, 5, 7 MeV, respectively.

B. Comparison with other EOSs

Fig. 6 shows the average mass number A as a func-
tion of baryon density and temperature for several other
EOSs: LS220 [11], SFHO [26], FSU21 [56], NRAPR [29],
STOS [12], and FYSS [21]. Note that these results were
interpolated from the files created by Ref. [57] (and stored
at stellarcollapse.org), and thus details may differ
slightly from the original files. Significant differences can
be found among these plots for the predictions of mass
number in inhomogeneous phase. The plots fall into two
categories. STOS, FSU21 and FYSS allow nuclei with
maximum mass number around several thousand, while
LS220, NRAPR and SFHo limit A below several hun-

dred. There is also some variation between models in
the Ye dependence of the phase transition between nu-
clei and nuclear matter. In FSU21 and FYSS, the phase
transition is nearly Ye-independent. Note that different
panels have different maximum values of Ye, and this im-
pacts the apparent shape of the transition to nucleonic
matter. The STOS, FSU21, and FYSS tables all include
a pasta phase before transitioning to homogeneous mat-
ter, and this also complicates the comparison. The in-
clusion of the pasta phase, in general, decreases binding
energy and therefore favors a late transition to homoge-
neous matter. Note however that the difference of the
mass number between EOS tables does not strongly im-
pact the thermodynamic quantities such as the pressure
and entropy [13].

C. Nuclear distribution

Fig. 7 shows the nuclear distribution for selected points
in the EOS as in [19]. Our results are similar, and our
restriction of Z < 7N and N < 7Z is evident in the lin-
ear cutoff in the distribution near the lower-left corner in
each panel. A significant number of nuclei participate in
the EOS at each point. Even though we do not fully ex-
plore this uncertainty in this work, we find that changing
the distribution can significantly change the transition
to nucleonic matter. This variation may impact core-
collapse supernovae and protoneutron star evolution, as
implied by the recent discussion in Ref. [58]. Fig. 8 shows
the isotopic distribution for the same four points in the
(nB , Ye, T ) space. The distribution shows a structure cre-
ated by the magic numbers (peaks near Z=28 and Z=50
are evident), as well as a peak at low Z as found earlier
in Ref. [18].

D. Monte Carlo results

Fig. 9 shows four Monte Carlo plots of the average
mass number for some selected points when the seven
parameters in our EOS are randomly selected. The dis-
tribution gives uncertainty of the EOS in subnuclear den-
sity at low temperature at four points where the distri-
bution is nearly maximal. The distribution of A is wider
at extreme values of Ye, the top panels show results for
Ye = 0.05 and Ye = 0.65. The bottom-left panel shows
that the probability distribution is particularly wide for
larger densities near the transition to nucleonic matter in
large part because heavy nuclei are present in some mod-
els but not others. This effect persists even up to large
densities, as shown in the lower-right panel, where nu-
clei are present for some models but not others. At the
large proton fractions represented by the lower-right panel,
large nuclei are excluded from being present due to the
small inter-nuclear spacing. The uncertainty in the nucleon-
nucleon interaction then leads to some models with a signif-
icant number of alpha particles and other light nuclei (right
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FIG. 8. Isotopic distribution for the same four points shown
in Fig. 7.

peak) and a few models with no nuclei at all (left peak).

At some points in the (nB , Ye, T ) space, the variation
shown in Fig. 9 is much smaller than the variation be-
tween other EOS tables. At nB = 0.03 fm−3, Ye = 0.05,
and T = 5 MeV (corresponding to the upper-left panel
of Fig. 9), LS220 gives A = 9 but STOS gives A = 204
whereas our result is 19.5±3.5. Our variation in some re-
gions, however, is larger than the variation between EOS
tables. At nB = 0.08 fm−3, Ye = 0.05, and T = 1 MeV
(corresponding to the lower-left panel of Fig. 9), NRAPR

gives A = 1, FSU21 gives A = 0, FYSS gives A = 12,
LS220 gives A = 4, SFHO gives A = 1, and STOS gives
A = 0.15, while our result is as large as A = 45 for some
parameterizations.

IV. DISCUSSION

While we have created a code which can propagate the
uncertainties in the nucleon-nucleon interaction to the re-
sulting equation of state, we have not yet fully included
all of the uncertainties. In particular, in addition to the
several uncertainties which are involved in the calculation
of homogeneous nucleonic matter (discussed in Ref. [33]),
there are several additional uncertainties involving nuclei
which we have not included. Pasta structures, which are
present to surprisingly large temperatures [58, 59], are
not included in the present work. In addition, the modi-
fication of the nuclear surface energy due to the presence
of nucleons outside nuclei (see, e.g., Refs. [60, 61] has
not been included in this work. While these corrections
are principally important at lower temperatures, and are
thus subleading, they may impact the resulting nuclear
distribution, particularly in core-collapse supernovae.

We also do not include all of the possible nuclear many-
body effects. For example, we do not yet include nuclei
beyond the driplines, as it would significantly increase the
size of the distribution of nuclei which we have to consider at
every point in the (nB , Ye, T ) space. However, these nuclei
can impact the final composition [62, 63]. In addition, we do
not yet use the same underlying nucleon-nucleon interaction
for both homogeneous matter and nuclei, and Ref. [64] has
shown that this inconsistency may result in spurious effects
in the composition. We have not found an impact on the
composition in the tables which we have generated, but we
cannot yet fully rule this out.

One important consideration is the recent experimen-
tal measurement of a large value for L, as measured in
PREX-II [65, 66]. While our fiducial model has a smaller
value of L one of our alternate parameterizations has a
value of L = 100 MeV, only 6 MeV away from the central
value suggested in Ref. [66].

The nucleon effective mass has been recently shown
to be particularly important for both core-collapse su-
pernovae and mergers [67, 68]. While the parameteriza-
tions tabulated in Table I all use the same Skryme model
(which has a reduced effective mass of 0.904), the zero
temperature effective masses are indeed modified in our
full Monte Carlo results presented in Figure 9. We do
not vary the finite-temperature effective mass from our
Skyrme model, SKχm∗, because we do not yet have a
probability distribution for the finite temperature part of
the EOS, but this work is in progress. The effective mass,
unlike the equation of state, is not a quantum mechani-
cal observable (it depends, for example, on the arbitrary
demarcation between the kinetic and potential energy).
Thus it only has a unique specification in the context of
a particular model or class of models. However, the effec-
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tive mass is important for computing the neutrino mean
free path, which is well-defined, and clearly relevant for
simulations of supernovae and mergers. Thus the best
way to properly assess the impact of the effective mass is
construct a probability distribution of both the equation
of state and the neutrino opacities together. Work on
this direction is also in progress.
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