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We use one- and two-level R-matrix approximations to analyze data on the cross section for
this reaction at center-of-mass energies below 215 keV. We critically examine the data sets using
a Bayesian statistical model that allows for both common-mode and additional point-to-point un-
certainties. We use Markov Chain Monte Carlo sampling to evaluate this R-matrix-plus-statistical
model and find two-level R-matrix results that are stable with respect to variations in the channel
radii. The S factor at 40 keV evaluates to 25.36(19) MeV b (68% credibility interval). We discuss
our Bayesian analysis in detail and provide guidance for future applications of Bayesian methods to
R-matrix analyses. We also discuss possible paths to further reduction of the S-factor uncertainty.

I. INTRODUCTION

The 3H(d, n)*He reaction is of significant interest in nu-
clear astrophysics and nuclear applications. Accordingly,
a number of measurements at low energies have been
taken. Data sets with small statistical error bars exist
that, taken together, cover the energy range 5-250 keV'!
including the broad resonance feature at E ~ 60 keV [1-
5].

Accurate knowledge of this resonance is important be-
cause the large, low-energy cross section associated with
it, together with the reaction @) value of 17.6 MeV, mean
the dt reaction is an efficient approach for energy gener-
ation from nuclear fusion. For commercial fusion reactor
purposes this knowledge is needed at energies below 100
keV. The 3H(d,n)*He reaction also plays a role in Big
Bang Nucleosynthesis. In that case the relevant energy
range is a bit larger [6], extending to the upper end of
the domain covered by the experiments listed above.

A recent ab initio calculation provides a good descrip-
tion of the data in the energy region of interest [7]. But
even this calculation requires phenomenological adjust-
ment if it is to provide an accurate description of the
low-energy dt data. The presence of a single, broad reso-
nance in this kinematic domain has made R-matrix meth-
ods the tool of choice for evaluation and extrapolation of
the 3H(d,n)*He cross section—although Effective Field
Theory also provides a simple parameterization that can
accommodate these data [8]. The most sophisticated R-
matrix analyses of this reaction are by Hale et al. [9] and
Bosch and Hale [10, 11]. They yield a value for the S
factor of the reaction at the canonical £ = 40 keV eval-
uation point of 25.87 &+ 0.49 MeV b [11]. More recently
de Souza et al. [12] employed a Bayesian methodology
and a one-level R-matrix approximation to study the dt
reaction in the 5-250 keV energy range. Ref. [12] used
the R-matrix parameterization of Lane and Thomas [13]
and computed the posterior probability density (pdf) of

1 All energies in this paper refer to the c.m. system, unless other-
wise indicated.

the R-matrix parameters in a seven-dimensional param-
eter space. This allowed de Souza et al. to straight-
forwardly propagate the uncertainties in parameters to
final results for the S factor. It also made it straight-
forward for them to introduce what we shall refer to as
a “statistical model” to go along with their one-level R-
matrix physics model. That statistical model accounted
for imperfections in the experiment by introducing “nui-
sance” parameters associated with the normalization er-
ror in a particular data set, systematic shifts in the actual
energies compared to those quoted, additional point-to-
point errors beyond those quoted in the original papers,
etc. In a Bayesian framework the (several) additional
parameters introduced to account for the possibility that
such effects are present can be marginalized over, mean-
ing that the corresponding uncertainty is included in the
final error bar for S(40 keV). Of particular note is de
Souza et al.’s finding that the data sets referenced in the
first paragraph should have their point-to-point S-factor
errors enhanced by as much as 0.5 MeV b if they are to
be statistically consistent with one another.

In this work we adopt a similar strategy to de Souza
et al., using Markov Chain Monte Carlo (MCMC) sam-
pling to explore the posterior pdf of the combination of
R-matrix and statistical parameters. We were unable to
reproduce the S factor results of [12], consistently ob-
serving S(40keV) uncertainties that are approximately
twice those reported in [14]. We validated our results by
checking that our posterior probability density encodes
relationships and correlations between R-matrix param-
eters that can be derived analytically. Those correlations
were not observed by de Souza et al.. We conclude that
their MCMC sampling failed to explore all of the nec-
essary regions of the posterior, and the error bar they
quote is artificially reduced by this failure.

This is the main difference between our work and that
of Ref. [12]. We also improve upon their study in several
other ways—albeit these do not have as large an impact
on the final result.

First, we point out that two of the R-matrix param-
eters de Souza et al. sampled are degenerate with re-
gard to their impact on the reaction cross section. We
therefore eliminate one. Second, we show that includ-



ing the channel radii as parameters results in extended
non-linear correlations in parameter space. This makes
MCMC sampling slow to converge. Our sampling un-
covers these structures, which, notably, are not present
in the posteriors of de Souza et al. [12]. Third, we in-
vestigate the limitations of de Souza et al.’s assumption
that this reaction can be described by a single R-matrix
level. We include an angular-momentum channel other
than the one in which the resonance lies, the 3/2%, and
also examine whether a second, background, level in the
3/2% channel improves the R-matrix result. Fourth, we
note that de Souza et al.’s additional point-to-point er-
rors were absolute in the S factor, i.e. they are given as
additions (or subtractions) to S. We suggest an alter-
native statistical model, in which the additional error is
fractional in the dt cross section. And we test this model,
and our eventual fit to the data, by examining the resid-
uals of that fit and seeing if they are consistent with the
statistical assumptions underlying our treatment of the
experimental errors.

The paper is structured as follows. In Section II we
describe the aspects of R-matrix theory pertinent to this
study. Section III reviews Bayes’ theorem, discusses the
likelihood employed to connect data to the R-matrix
model, and lists and explains the priors on R-matrix pa-
rameters. It also briefly describes our MCMC sampling
package and strategy. (More details on the MCMC as-
pects of our work are given in Appendices A, B, and C.)
Section IV describes the experiments and discusses the
model we adopt for experimental errors, including the
priors on the corresponding nuisance parameters. Sec-
tion V derives the correlations that arise between several
R-matrix parameters sampled in de Souza et al.’s anal-
ysis. Understanding those correlations: (1) allows us to
eliminate redundant parameters, (2) supports the accu-
racy of our analysis, and (3) justifies the need for another
low-energy dt analysis. We display and discuss the poste-
rior for the remaining independent parameters in Sec. VI.
Section VII examines the data set of Ref. [3] in detail and
concludes there is a systematic problem with the data
that cannot be remedied without additional knowledge.
In Section VIII we then present the parameter posterior
for our multi-level R-matrix analysis, and our final eval-
uation of the S factor. We draw some general lessons for
Bayesian R-matrix analyses in Sec. IX before summariz-
ing our findings regarding the dt reaction in Sec. X.

II. R-MATRIX THEORY

In the R-matrix approach nuclear wave functions are
described inside the channel radii by many-body basis
functions; outside the channel radii, they are described
by a linear combination of two-body Coulomb functions.
The projection of a basis function on to a particular
(two-body) channel configuration at the channel radius
is its reduced width amplitude. This description as-
sumes that nuclear interactions beyond the channel radii

may be neglected and that channels involving three or
more nuclei can be ignored. Here, we further assume
the basis functions are eigenfunctions of the Hamiltonian
satisfying specified boundary conditions at the channel
radii [13, 15).

Observables can be calculated in the R-matrix ap-
proach as long as one has knowledge of the energy eigen-
values and reduced width amplitudes that summarize the
dynamics inside the channel radius. In this sense one
does not need the full calculation of the interior, but
only those parameters. In a phenomenological R-matrix
analysis, the energy eigenvalues and reduced width am-
plitudes are treated as adjustable parameters. In such
a calculation it is necessary to truncate the number of
levels and channels in order to have a tractable number
of unknown parameters. But it should always be borne
in mind that—modulo its underlying assumptions stated
above—the R-matrix method should converge to the full
result if enough levels and channels are included in the
calculation.

The elements of the R matrix are defined by
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where Fy and ). are the level energies and reduced-
width amplitudes, respectively. Here, the index A labels
the levels and ¢ (or ¢’) the channels. Channels are defined
as unique combinations of particle pair type «, orbital
angular momentum ¢, channel spin s, and total angular
momentum J. The scattering (or collision) matrix, &, is
then given by

8 =2ip"?0"'[1 - R(L — B)] ' Rp'?0"' + 107",

2)
with definitions of p, I, O, L, and B given in Ref. [16,
Eq. (3)]. The conservation of total angular momentum
and parity implies that the R and 8 matrices are block
diagonal with respect to J™. The cross section for reac-
tion channels (o # /) is given by [13, X.3, Eq. (3.4),
p. 301]
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where k, is the incoming wave number and j,1 and jue
are the intrinsic spins of the nuclei making up the incom-
ing pair a.

Since we will be performing phenomenological analy-
ses covering a limited range of energy, the level expansion
given by Eq. (1) must be truncated. A background level
at a much higher energy will be used to represent the
strength supplied by the omitted levels. The calculation
of the & matrix involves the Coulomb functions evalu-
ated at the channel radii, the radii beyond which the
nuclear interactions are assumed to vanish, and so it is
not immediately obvious that observables will be inde-
pendent of these channel radii. In fact, the background
level plays a critical role in allowing the & matrix to be



approximately invariant as the channel radii are modi-
fied over a reasonable range [17]. Since the proper value
of the channel radii are somewhat ambiguous, a range
of values should be investigated, in order to ensure the
conclusions do not strongly depend upon the channel ra-
dius. One might think that one can modify the channel
radius to values that are much larger than the distance
beyond which the nuclei cease to interact, absorbing the
difference in the evaluated S-matrix in the background
level(s). However, very large channel radii produce artifi-
cial energy dependence in the cross section that can only
be cancelled by background level(s) at lower energies, ul-
timately rendering an analysis with a single background
level impossible and the calculation inefficient. On the
other hand, nuclear interactions do not completely van-
ish beyond the channel radii used in phenomenological
analyses. The reduced-width amplitudes should thus be
interpreted as renormalized quantities, i.e., they have to
absorb the effects of the nuclear interaction beyond the
channel radius. If those effects become too large the cal-
culation again becomes inefficient. Thus the best strat-
egy is to use channel radii that cover a reasonable range
at and not too far beyond the sum of the radii of the
nuclei involved in the collision. Further discussion of the
channel radius is available in Ref. [18, Sec. IV.F].

In this work, we consider the *H(d, n)*He reaction for
center-of-mass energies below 250 keV. In this energy
regime the cross section is dominated by a very strong
J™ = 3/2% resonance, which is formed with ¢ = 0 in the
entrance channel. While this resonance alone may be
sufficient to describe the reaction, we also consider the
possibility of a non-resonant contribution (background
level) with J™ = 1/2%, which can also be formed with
¢ = 0. The role a background level with J™ = 3/2*
is also investigated. The contributions of higher partial
waves are smaller still: Bém et al. [19] measured angular
asymmetries of < 1% in this energy domain. We there-
fore neglect higher partial waves in this study.

With the limitation to J™ = 1/2% or 3/2% and £ = 0 in
the entrance (*H + d) channel, we also have s = .J here.
In the exit (*He + n) channel, we have £ = 0 (J = 1/2)
or { =2 (J =3/2) and s = 1/2. For a given J, the
channels may thus be labeled unambiguously by d and
n for the entrance and exit channels, respectively. The
particle-pair labels on the cross section, wave number,
etc. .. will be dropped when there is no ambiguity. The
cross section for the *H(d,n)*He reaction may now be
written as

T
o= o (ISI°P +283%12). (4)
The astrophysical S factor is related to the cross section
via

S =o0Ee*™, (5)
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where E = (ZIL) is the 3H-d center-of-mass energy, pu

is the 3H-d reduced mass, and 7 is the 3H-d Coulomb
parameter.

If there is only a single level for a particular J™, the
square of the d-n S-matrix element for that .J becomes
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Here P., S., and B, are the penetration factors, shift
factors, and boundary condition constants, respectively.
The T'. defined by (7) are formal partial widths. The
penetration and shift factors are given by [13]:

k.a.
P.(ne, keae) =
r ) FZ(n, keac) + GE(n, kcac)
Sc(ncy kcac) = Pc(na kcac)(ﬂ (777 kcac)FlI(n7 kcac)
+Gi(n, keac)Gi(n, keae)), — (10)

9)

where the ’ indicates differentiation with respect to k.a.,
and F; and G denote the regular and irregular Coulomb
functions. We note that n, = 0, so hereafter we simply
write ng = 7. If one further assumes that the level is a
distant background level, as we do for J™ = 1/27, i.e.,
Ey+ A > FE, the denominator of the S-matrix becomes
approximately energy independent. To leading order the
energy dependence of this denominator can be neglected,
leading to an expression in which the S-matrix only de-
pends on Ey, 74, and 7, through a single combination

A:
4
5377 = ~ Avj2Poo(n, kaaa) Pieo(0, knan) - (11)

The S matrix—and hence all physical observables—
are independent of the choice of the boundary condition
constants B., even if the number of levels is finite [16,
20, 21]. The transformation of E) and vy, which ensure
this as B, changes is given by Barker [21]. Since physics
is independent of B. we make the convenient choice

B, = SC(E)\) (].2)

for a particular level A. In this case, A, as defined by
Eq. (8), vanishes at Ey and the cross section has a max-
imum in the vicinity of this energy. One may then inter-
pret this particular F) as a resonance energy E,..

When there are two or more levels for a given J7,
as is the case for some of our fits to the 3/2" contri-
bution to the 3H(d,n)*He reaction, it is advantageous
to use the alternative level energies and reduced width
amplitudes defined by Brune [16]. This approach is
mathematically equivalent to the standard R-matrix pa-
rameterization [13, 15], but allows all of the param-
eters to be directly interpreted in terms of resonance
energies and partial widths. The relationship between
these parameters and the & matrix is given in Ref. [16,



Egs. (33) and (34)]. In this parameterization, there are
no boundary-condition constants B..

Lastly, we note that de Souza et al. [12] allow for the
modification of the cross section at very low energies due
to the screening of the inter-nuclear Coulomb interaction
by electrons in the target molecules. Following Refs. [22,
23], they replace:

S(E) — e™U/BE)S(E) . (13)

This introduces another parameter into the physical de-
scription of the reaction, the electron screening potential,
U.. U, depends on the chemical form of the target and
has been estimated to be ~ 20 —40 eV for positive hydro-
gen ions incident on diatomic hydrogen gas [24]. Below
we refer to U, as an R-matrix parameter even though
strictly speaking electron-screening effects are a separate
issue from the treatment of the inter-nuclear Coulomb
and strong forces using the R-matrix formalism.

III. BAYESIAN STATISTICS

In a phenomenological R-matrix analysis the level en-
ergy and reduced width parameters must be estimated
from one or more experimental data sets. Denoting the
parameters collectively as 6 and the data sets as D our
goal is to compute the posterior probability distribution
P = p(0|D,I), where I is other information used in the

J

Nexpe Nj
L =p(D|0r,f,a,I) =

analysis, e.g., the number of channels and levels included
in the analysis and the channel radii selected. Bayes’ the-
orem relates this posterior to the likelihood £ = p(D|6,1)
and the prior p(0|I), according to:

p_ P20, 1) p(Ol])
p(D|I)
For the purposes of this paper the factor in the denom-

inator, p(D|I) is a constant, and we can focus solely on
the numerator.

o< p(D|6, 1) p(O]1) - (14)

A. Likelihood

In many R-matrix analyses, and in ours too, the pa-
rameters 6 include not just R-matrix parameters such
as reduced width amplitudes and level energies, but also
what we will term “statistical parameters”, e.g., normal-
ization factors that account for common-mode errors in
data sets. We will also follow Ref. [12] and allow for
the possibility that point-to-point uncertainties were un-
derestimated. We consider Neyxpt data sets {D1,...,D;}
where each data set consists of N; measurements of the
3H(d,n)*He cross section, with a corresponding error
bar, o;; £ 0;; taken at a nominal energy E,; (with
t=1,...,N; indexing the measurements in the jth data
set). If we assign to the experiment a normalization fac-
tor f; and an additional (fractional) point-to-point uncer-
tainty «; then the likelihood takes the standard product
form for independent measurements:

j=

—
<

=1

But, we now have additional parameters that allow
for common-mode and enhanced “statistical” (point-to-
point) errors in each data set. These parameters are
listed as the vectors f = {fi,..., fn,..} (for common-
mode error) and o = {a1,...,an,,,, } for point-to-point
error. We will refer to these unreported point-to-point
errors as “extrinsic” errors in keeping with the terminol-
ogy of [14]. Meanwhile og(F;0g) is the R-matrix result
for the cross section at energy F, evaluated at particular
values g of the R-matrix parameters.

B. Priors

Below we present results for several R-matrix and sta-
tistical models. Each of the parameters in these models
has a prior. The first model we work with is intention-
ally chosen to be very similar to that used by de Souza
et al. [12]. The prior distributions taken for our initial

1
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model are (for more details on the physical meaning of
these parameters, see Sec. II):

E, ~ U(0.020 keV,0.100 keV) ,
0,00)N (0,3 MeV?) ,
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(
g~ T (
(

Ue ~ T(0,00)N(0,1 keV?) , (19
(
(

L~ —~ —~ —~

Sjextr ~ T(0,00)N (0,2 b?) ,
fj ~ T(07 OO)N(L 6?,]’) N

Here a uniform distribution in z is
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while the truncation function, 7', suppresses values out-
side of the interval defined by its arguments.

The widths of the truncated normal distributions for
f; are fixed according the the systematic uncertainties
reported with the data sets. They are given in the last
column of Table I. As discussed in Sec. IV, the Brown
data set did not report an independent determination of
its absolute normalization, so a large width was assigned
to its prior. The other experiments all have small values
of 07 4, so for them the Gaussian prior on f; is effectively
the same as the log-normal prior used in Ref. [12].

The priors on other (statistical and R-matrix) param-
eters introduced in later variants of our analysis will be
stated as those parameters are introduced.

C. Tools

The addition of the statistical parameters o« and f
means that, even in a relatively simple reaction like
3H(d,n)*He, we need to determine the posterior p(|D, I)
in a space of dimensionality as high as 17. The only effi-
cient way to sample the posterior is via MCMC sampling.

In this work we employ the package emcee [25] which
implements an affine-invariant ensemble sampler. The
sampler deploys many simultaneous, inter-dependent
walkers to explore the provided posterior and allows the
practitioner full control over their physical, statistical,
and data models.

We now discuss some details of our MCMC sampling,
in the interest of future reproducibility. While the stan-
dard parameters of emcee generically work well, we found
that in many cases, tuning some of the sampler param-
eters can significantly improve the efficiency of the sam-
pler. Specifically, in the language of emcee, proposals
are generated by “moves”. By default, these moves are
Goodman & Weare [26] “stretch” moves. Empirically,
we found a mixture of differential evolution (20%) and
snooker proposals (80%) reduces autocorrelation times
appreciably.

If we treat the channel radii ag and a,, as part of the
parameter set 6 then, as we will show in Section V, the
posterior is extended and involves non-linear correlations.
Several attempts were made to overcome the long auto-
correlation times induced by these correlations. Sam-
pling techniques and reparameterizations used in those
attempts are discussed briefly in Appendix C.

IV. EXPERIMENTAL DATA

The data D used to obtain the posterior includes
3H(d, n)*He cross sections from Refs. [1-5], the same five
sources used by de Souza et al. [12]. We agree with their
data selection criteria, as other sources have much larger
uncertainties and/or are higher in energy. We use the
same data points from each reference as were employed

j Reference Year |Energy Range|N;| 6y, ;
(keV)

5|Conner et al. [1]{1952]|12 < E' <214 |43 0.030

4| Arnold et al. [2]1953] 9 < E <70 |53/ 0.020

3|Kobzev et al. [3]]1966|46 < E < 264 | 45| 0.025

1| Jarmie et al. [4] |1984| 5 < E <47 |17/0.0126

2| Brown et al. [5] [1987| 48 < E <70 | 8 | 0.5

TABLE I. Summary of the *H(d, n)*He cross section data sets
analyzed. The columns provide the data set number j, refer-
ence, year, energy range, number of points included N;, and
relative systematic uncertainties d¢ ;. The data set numbers
chosen in [12] are replicated in this work.

in de Souza et al. [12], although some details in the treat-
ment of data differ, as discussed below. A summary of
the data sets is given in Table I.

A. Conner et al. [1] (1952)

We take 43 of their reported 90° differential cross sec-
tion measurements with 21 < E; < 357 keV, where
FE, is the deuteron laboratory energy, corresponding to
12 < E < 214 keV. Following de Souza et al. [12], we do
not include the two lowest energy points which are sub-
ject to larger uncertainties. The differential cross sections
are converted to total cross sections by converting to the
c.m. system and multiplying by 47. The correction from
converting to the c.m. system is small, but not negligi-
ble, amounting to a 1.6% increase in the cross section for
the highest energy we consider. We note that de Souza
et al. [12] did not convert to the c.m. system. Follow-
ing de Souza et al. [12], we assume a 1% point-to-point
uncertainty for this data set. The original paper is not
clear on this point, as on page 471 it states “The statisti-
cal probable error from each target was about 1 percent”
but on page 472 it states “The probable error in the num-
ber of counts is less than % percent.” Conner et al. [1]
do not provide a detailed discussion of systematic errors
in their cross sections, but they do estimate the probable
error to be “about 2%.” Converting the probable error
to a standard deviation assuming a Gaussian distribu-
tion, we adopt 3.0% for the normalization uncertainty.
This value is significantly larger that the 1.8% assumed
by de Souza et al. [12]. Conner et al. [1] do not make a
clear statement about their energy uncertainties.

B. Arnold et al. [2] (1953)

We utilize 53 of their reported total cross sections with
15 < Fy < 117 keV, corresponding to 9 < E < 70 keV.
Following de Souza et al. [12], we do not include points
with 7 < E4 < 11 keV, due to larger uncertainties, and
four other points with factor of 10 clerical errors are not
included. The available description of the experiment
is very detailed and systematic errors are carefully con-



sidered and well controlled. The measurement was con-
ducted by measuring « particles at 90° in the laboratory;
the correction for c.m. motion in the determination of
the total cross section was taken into account. We utilize
the same point-to-point uncertainties as de Souza et al.
[12], which are based on Table VIII of the original pa-
per. The absolute systematic normalization uncertainty
of 2.0% adopted by de Souza et al. [12] appears reason-
able and is also adopted here. The uncertainty in the
c.m. energy is given in Table VIII of the original paper
as 0.18 keV at E = 15 keV, 0.17 keV at £ = 30 keV, and
0.077 keV at E = 60 keV.

C. Kobzev et al. [3] (1966)

We employ 45 of their reported 90° differential cross
section measurements with 115 < E; < 660 keV, where
E; is the triton laboratory energy, corresponding to
46 < E < 264 keV. The differential cross sections are
converted to total cross sections by converting to the c.m.
system and multiplying by 47. The correction from con-
verting to the c.m. system is significant, amounting to a
4.7% increase in the cross section for the highest energy
we consider. We again note that—as with the Conner
et al. [1] data set—de Souza et al. [12] did not convert
to the c.m. system. The publication [3] supplies little
information regarding experimental details or systematic
errors. We follow de Souza et al. [12] and assume a point-
to-point uncertainty varying with energy between 2.0%
and 2.5%, and a 2.5% systematic uncertainty in the ab-
solute cross section. These experimental data are also
subject to rather large uncertainties in the energy, with
the uncertainty quoted to be 2.5% for measurements with
E <60 and 2.0% for 60 < E < 480 keV. The energy un-
certainty is most probably dominated by the calibration
of the magnetic analyzer and the energy loss corrections,
which would make them highly correlated in energy. Ev-
idence for an energy-dependent systematic error in this
data set is presented below in Sec. VII.

D. Jarmie et al. [4] (1984)

We consider their 17 reported total cross sections cov-
ering 12.5 < FE; < 117 keV, corresponding to 5 < F <
47 keV. This experiment took extensive steps to minimize
systematic uncertainties and the publication [4] provides
considerable documentation of those uncertainties and of
the experiment in general. The differential cross section
for o particles was measured at six laboratory angles,
which were converted the c.m. system. The differential
data were consistent with c.m. isotropy and converted
to a total cross section by averaging and multiplying by
4. We and de Souza et al. [12] adopt the quoted point-
to-point uncertainties and absolute normalization uncer-
tainty of 1.26%. The systematic error in energy varies
from 0.048% at the lowest energy to 0.014% at the high-

est energy, while the random uncertainty in the energy
calibration varies from 0.008% at the lowest energy to
0.004% at the highest energy.

E. Brown et al. [5] (1987)

We use their 8 reported total cross sections covering
80 < E4 < 116 keV, corresponding to 48 < E < 70 keV.
These data were taken using the same equipment as the
experiment reported in Ref. [4], but with the role of
beam and target interchanged. In this case, the absolute
target density was not determined, leaving the absolute
cross section scale undetermined. The data are therefore
treated as relative measurements. Otherwise, the meth-
ods of data reduction are as in Ref. [4]. We and de Souza
et al. [12] utilize the quoted point-to-point uncetainties.
The uncertainty in the c.m. energy is 9 eV.

V. UNDERSTANDING THE CORRELATIONS
BETWEEN R-MATRIX PARAMETERS THAT
EMERGE FROM SAMPLING

de Souza et al. [12] combines a sophisticated Bayesian
model with a single-level, two-channel R-matrix param-
eterization. In addition to the parameters identified
above—FE, 'yg, and 72, U.—de Souza et al. choose to
also indirectly sample the boundary-condition parameter
B. Although, instead of sampling and reporting B they
parameterize their model in terms of the energy, Fp, at
which the level shift A.. is zero, i.e., E'g and B are related
by B = S.(Ep). As already mentioned, de Souza et al.
also consider the channel radii, ag and a,,, as parameters
to be sampled. The de Souza et al. R-matrix parameter
set, Or des, is thus

Or,des = {Eo, EB, Y3, V2, ady an, Ue} (24)

In this section we identify one redundancy and three cor-
relations inherent to this version of the R-matrix param-
eterization. We eliminate the redundancy, thereby re-
ducing the dimensionality of the 6 space we are sam-
pling. We also discuss how we deal with complications
introduced by the correlation of channel radii with the
reduced channel widths.

We observe significant FEy—FEp, 'yfrad, Y2-a,, and
y2-v2  correlations when we sample the posterior
p(Or.des,f,a|D,I), see Figs. 1, 2, and 4. These
correlations—especially the last two—lead to untenably
large autocorrelation times: as much as an order of mag-
nitude larger than those reported in [12].

A. FEy—Eg correlation

It has been shown by Barker [21] that level energies and
reduced widths can be “renormalized” as the boundary



condition is changed: there exists a relationship between
Ep and Ej that leaves physical observables invariant [21].
This relationship presents itself as a correlation in the
multi-dimensional posterior for 0y ges, see Fig. 1.

To derive an analytic description of the relationship
we start from (6). The first term in the denominator of
Eq. (6) is

Ey+Ay+A, —F, (25)

where the FEp prescription means that A, =
—~2 (S, — S.(Eg)). For a single-level parametrization,
the combination Ey + Ay + A,, determines the location
(in E) of the peak of the resonance. For this case, we
know from Barker [21] that different boundary condition
parameters, B. = S.(Ep), will reproduce the same cross
section provided that Ej is suitably adjusted. In light of
that, we take the derivative of (25) with respect to Ep

and set it to zero. Solving for jg; gives
dEy dSy ds,
= — (26)
dEp dE | p_p, dE |p_p,

Assuming that the derivatives on the right-hand side do
not vary significantly with Ep yields the result that the
FEy—Ep correlation will be a straight line whose slope is
given by the right-hand side of (26). The comparison
with a set of MCMC samples is shown in 1. The agree-
ment between the predicted slope and the samples is ex-
cellent. The Ey prior taken in Ref. [12] was a uniform
distribution from 20 keV to 80 keV. Those bounds are
shown in the Fig. 1. Eq. (26) maps this information on
Ey into what is apparently a tight constraint on Ep, cf.
Ref. [12, Table I]. In fact, the correlation between Ey and
FEp extends much further than this in both directions.

B. The correlation between a. and 'yc2

An essential component of R-matrix theory is the divi-
sion of the relative particle separation at the channel ra-
dius. Outside of the channel radius, it is assumed that the
nuclear interaction does not contribute. This assump-
tion leads to channel-radius dependence in the R-matrix
parameters. In this sense, the channel radius is not a
parameter but rather a regulator that separates internal
dynamics from the asymptotic wave functions. Suitable
choices of the channel radius make the assumption that
the nuclear reaction is finite-ranged easier to accept, but
an R-matrix with an infinite number of levels should pro-
duce results for observables that are independent of the
channel radius. The channel radius should thus not be
thought of as a parameter to be optimized or sampled;
instead observables should be largely independent of it.

Here we show in detail the correlations between the
channel radii and reduced width amplitudes. Again, this
is expected. The fact that reference [12] did not observe
these correlations is strong motivation for the present
work.
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FIG. 1. Correlation between Fy and Ep. Blue, shaded regions
are the samples from the MCMC analysis. The solid, orange
line is the predicted correlation according to Eq. (26). The
green, dashed lines are the boundaries of the uniform prior
applied to Fy in Ref. [12].

The single-level R-matrix formulation for the cross sec-
tion may be mapped into the traditional Breit-Wigner
formula if one chooses B. = S.(E,). If one further per-
forms a first-order Taylor expansion of S. around the
resonance energy, F,., the resulting partial widths are

272 P,
FC = 1 2 dSc/
+ e Vo

where P. and the energy derivative of the shift functions
are evaluated at E,. If the channel radii are varied and
the R-matrix parameters E, and 72 re-optimized at new
values of a., it is reasonable to expect the I'. will remain
constant. This condition should govern how 72 depends
on ac.

We note that these “Breit-Wigner” or “observed” par-
tial widths differ from the formal partial widths of R-
matrix theory[13] by the volume renormalization factor
L+ > .72 dfé’ . Because of this term I'. depends on all
of the v2’s. Typically, the volume renormalization factor
is close to unity. However, for the low-energy 3/27 res-
onance in the 3H(d,n)*He reaction, this is not the case:
for the R-matrix parameters found by Barker [27] it is
approximately 6, with the dominant contribution com-
ing from the deuteron channel. Nevertheless, as shown
in [28], Eq. (27) may be inverted to yield

Ty dSe
2= Z P. dE

!

; (27)

v2

(28)

_FC
=7

Imposing invariance of I'. as a. is changed leads to a
relationship between 72 and a.. that can be parameterized



as a power law
a?“’yg =B, (29)

where a. and S, are extracted from solutions of Eq. (28).
These solutions suggest a,, = 1.25 and 3, = 0.352; ag =
4.28 and B4 = 6970.

We compare these semi-analytical predictions to the
sampling results for both deuteron and neutron channels
in Fig. 2. The agreement between the samples and the
two predicted results is excellent.

The nonlinearity and extended nature of these a.-y>
correlations is largely responsible for the extremely long
autocorrelation times we saw when sampling with the
parameter set which includes the radii that was defined
in de Souza et al. [12]. For more discussion of possible
ways to overcome those correlations see Appendix C.

C. ~3—Z correlation

Finally, we discuss a correlation that is very clear in
the R-matrix parameter posterior Fig. 4, but—unlike the
correlations discussed so far in this section—represents
physics and not parameter redundancy. The correlation
between 73 and v2 is a consequence of the fact that the
cross section for dt fusion at low energies almost saturates
the maximum value allowed by quantum-mechanical uni-
tarity, when |S7 |2 =1 [27].

In the single-level formulation, Eq. (6) shows that this
limit is achieved at the resonance energy if I'y = I';,. The
height of a single resonance peak is always proportional to
T'4I',, and so this product is well constrained by data. The
sum I' =T'y + I',, is also well determined, since it is the
total width of the resonance in the Breit-Wigner formula.
This makes it seem as if 'y and I';, can be independently
determined, but in fact if I'y and T'), are approximately
equal the predicted cross section is insensitive to the in-
dividual values of I'y or I';,. This can be seen by fixing
T, in which case the product I';I',, = I'y(T' — T'y). The
derivative of this product with respect to I'y then van-
ishes when I'y = I'/2. Tt follows that if we are close to the
unitarity limit (where I'y = I',) changes to the individ-
ual widths do not affect the cross section to first order,
as long as I'y +1I',, stays fixed. Even though the unitarity
limit is not fully realized here, the final values of I'y and
T',, put us close enough to it that the parameters 'yg and
42 end up significantly correlated.

D. Implications for Bayesian R-matrix practice

In light of the correlations and redundancies induced
when Ep, a4, and a, are included as parameters to be
estimated, we make two decisions that reduce the dimen-
sionality of the space in which we are sampling. First,
we characterize the level energy and boundary condition
simultaneously by requiring that Fy = Eg = F,. Since
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FIG. 2. Correlations between 73 and aq (top) and 2 and
an (bottom). Samples from the MCMC analysis are shown
as blue circles. Solid, orange lines represent the correlation
imposed by Eq. (28). Dashed, green lines represent the fitted
results of Eq. (29).

the F'p parameter is redundant this has no impact on our
analysis. In subsequent analyses the authors of Ref. [12]
also eliminated the E'g parameter and did not sample it,
see, e.g., Ref. [14].

Second, we fix the channel radii to obtain the results
that follow. This eliminates the non-linear correlations
seen in Figs. 2. We conduct our analysis at several dif-
ferent (aq,a,) pairs to ensure that physical observables
predicted by our analysis are indeed insensitive to the
channel radius.



VI. RESULTS FOR A ONE-LEVEL R-MATRIX
MODEL

Given the correlations discussed in the previous section
we will formulate our comparison with de Souza et al. [12]
with a reduced R-matrix parameter set:

eR = {ET7’7d2773,,u Ue} ) (30)

where, as in [12], we include an electron-screening po-
tential parameter, U,, and use the Lane and Thomas
[13] parameterization. The resulting R-matrix model is
physically equivalent to the model of de Souza et al.,
permitting an accurate comparison between the results
shown in this section and the results reported in [12].
But our parameterization is simpler, which allows us to
readily explore different statistical models. Perhaps the
most significant difference between the approaches is that
we do not sample the channel radii, but instead consider
a grid of at least nine points in channel radius space: aq
is fixed at 4.25, 5.56, and 7.25 fm and a,, is fixed at 3.633,
5.5, and 7.5 fm.

A. The statistical model of de Souza et al.

In this section we consider two different statistical
models for the point-to-point errors. The simplest model
takes the errors “as they come” from the original publi-
cations. The more sophisticated model, as implemented
by [12], adds an overall additional extrinsic error to each
data set. To be precise, we will refer to the statistical
model defined by

SGXPJ ~ N(fSS(EeXp,i) a‘%@,stut) (31)

as statistical model Uy,

Sexp ~ N(fSS(EeXPJ)7 5%’,extr + 5§,i,stat) (32)

as statistical model U, s, and
SeXP ~ N(S(Eexp,i)7 Jg’,extr + 5,29,i,stat) (33)

as statistical model U,. Both models include multiplica-
tive normalization factors, fg, applied to the theory pre-
diction, S(E;). (Note that in this subsection we treat
the S factor as the dependent variable, so as to per-
form as close a comparison as possible to [12], In the
sections that follow we treat the cross section as the de-
pendent variable, as indicated in Eq. (15). This is an
important change because the cross section—which is,
after all, what is actually measured—has strong energy
dependence at low energies.)

To demonstrate the importance of sampling extrinsic
uncertainties and normalization factors, four posteriors
are shown in bottom plot of Fig. 3. Results with U,
are shown in blue and those with Uy are shown in or-
ange. The drastic difference in width and central value
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FIG. 3. S(40 keV) posteriors for different statistical models.
The S(40 keV) posteriors were generated from an analysis
with a single R-matrix level at fixed channel radii aq = 5.56
fm and a, = 3.633 fm. U,y (blue) is shown in the top panel
in comparison to a summary of the result of [12] (purple).
The posteriors for four different statistical models, Uy, ¢ (blue),
Uy (orange), U, (green), and U, (red), are presented in the
bottom panel for comparison.

highlights the importance of sampling extrinsic uncer-
tainties. Without them, the reported S factor is sig-
nificantly larger and narrower. The In £ values for U,y
are three orders of magnitude larger than those obtained
using Uy. The improvement in likelihood is expected,
as inflating the error bars necessarily improves the qual-
ity of the fit. But the dramatic improvement seen here
suggests that the errors quoted in some of the original
papers drastically underestimate the point-to-point un-
certainty. Normalization factors alone are not enough to



overcome the discrepancies between the data sets. And it
is not surprising that the point-to-point uncertainties in
the early experiments need to be inflated, as older stud-
ies tend not to include careful quantification of this type
of uncertainty. For example, the measurement of Arnold
et al. [2], which is the best documented of the early exper-
iments, only gives information about the point-to-point
uncertainty from counting statistics. This uncertainty
is very small (0.2%-0.3%) and other random or pseudo-
random effects likely make significant contributions.

Included in Fig. 3 is the S(40 keV) posterior obtained
when absolute extrinsic uncertainties are sampled with-
out normalization factors, model ,. The In L values
obtained with U, are three orders of magnitude larger
than those obtained using U;. This makes the point that
extrinsic uncertainties carry the weight in this analysis
when resolving discrepant data. But the bottom panel
of Fig. 3 also shows that if normalization uncertainties
are neglected the final posterior for evaluated quantities
is overly narrow.

The S(40 keV) posterior obtained with a single-level
R-matrix and statistical model Uy at fixed channel radii
aq = 5.56 fm and a,, = 3.633 fm is also shown in the top
panel of Figure 3, where it is compared to the posterior

of Ref. [12]. We obtain S(40 keV) = 25.60751} MeV b in

this analysis, where they reported 25.438700550 MeV b.

While the posteriors overlap at one standard deviation,
we do not reproduce the result of de Souza et al. [12], de-
spite having used their median channel radii. The most
significant difference is the widths of the distributions.
A detailed comparison follows, but the most striking dif-
ference between the two analyses is that the posteriors
for the R-matrix parameters presented in Ref. [12] do
not exhibit the extended correlations described and de-
rived in the previous section. Such correlations should
be present; we found them using a variety of sampling
strategies.

A summary of the posterior pdf for the absolute ex-
trinsic uncertainties d; extr is shown in Fig. 5. While our
posterior for the R-matrix parameters has notable differ-
ences from that of Ref. [12], we find absolute extrinsic
uncertainties that are mostly consistent with the medi-
ans given in [12]—although our result for the extrinsic
uncertainty associated with the Jarmie et al. [4] data,
01,extr, is much smaller.

Importantly, all of our results for normalization fac-
tors, fj, have error bars that are nearly a factor of two
larger than those of de Souza et al. [12], as shown in
Figure 6. This feeds directly into the comparison of
S5(40 keV), as uncertainty in the normalization factors
directly impacts the width of S(40 keV) as seen in Fig. 3.
Our 16% and 84% quantiles both fall 0.14 MeV b from
the median value of 25.60 MeV b. Our S(40 keV) poste-
rior is nearly twice as wide as that of de Souza et al. [12]
and our median lies just above the 95% bound of their
distribution. The different normalization uncertainties
we obtain compared to de Souza et al. [12] drive this
different evaluation of S(40 keV).

10
B. A different statistical model

Absolute extrinsic uncertainties can add unnecessar-
ily large error bars at both high energies—where the
cross section, and the corresponding S factor, decreases
significantly—and low energies, where Coulomb suppres-
sion renders the cross section exponentially small. Con-
sidering that backgrounds in the measurements are very
small, it also seems more likely that the extrinsic uncer-
tainty should be fractional rather than absolute. One
situation where a fractional uncertainty is appropriate
would be if there were pseudo-random variations in the
detection efficiency due to changes in the beam-target in-
tersection. Therefore, rather than sampling an extrinsic
uncertainty, d; cxtr, that has a fixed size for each exper-
iment, we now construct a new statistical model that is
more appropriate to this particular reaction in which the
extrinsic uncertainties for a particular experiment are a
certain fraction of the observable, i.e.,

Oexp ~ IV (f] o (65 Eexp), (ajoexp)2 + 5j2',stat) ) (34)

where «; are relative extrinsic uncertainties. We will re-
fer to this model as U,y. It is defined in terms of the
cross section because from now on the cross section is
sampled rather than the S factor. In cases where we
apply Uy, s to cross-section data, the model is defined by
taking S — o in Eq. (32). Similarly, where we apply Uy s
to S-factor data, we take o — S in Eq. (34). We would
like to emphasize that the choice of model for the extrin-
sic uncertainties needs to be considered on a case-by-case
basis, taking into consideration the experimental meth-
ods employed, importance and nature of backgrounds,
etc...
The prior adopted for all «; parameters is

a; ~ T(0,00)N(0,2%) . (35)

This distribution is extremely wide considering the ex-
tent to which an a; of even 1 would inflate the error
bars. In practice, the posteriors for ; indicate small ex-
trinsic errors; these priors have no influence on the final
values of the a;’s and are much wider than is necessary.
However, we did not need to reduce their width in order
for sampling to converge.

We now compare the statistical models U, ; and U, s—
with both relative and absolute extrinsic uncertainties
applied to the cross section. The residuals are defined by

R o 04,5 7fj*O—R(E’L,]’9R*)
1,j — 5’
V82, + (05.0n(E 53 0n.))

(36)

where 0, = {0r.,qj., fjx} are the R-matrix and
statistical-model parameters that yield either the maxi-
mum posterior probability (05]3); “MAP values”) or max-
imum likelihood (fo)). A comparison of the residuals of
the two models at the maxIn £ of each reveals no statis-
tical preference for one model over the other. However,
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FIG. 4. R-matrix-parameter posteriors for a single-level R-matrix

statistical model Us¢.

the models’ values of max In £ differ by more than 2 with
relative extrinsic uncertainties producing the higher like-
lihood. This difference is accounted for by the normaliza-
tion factors of the normal distributions associated with
each data point (first factor in Eq. (15)). Absolute ex-
trinsic uncertainties lead to huge relative cross-section
errors at low energies where the cross section gets small.
The likelihood is then suppressed by the normalization
factors.
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analysis at aqg = 5.56 fm and a, = 3.633 fm combined with

VII. WHAT ENERGY SAMPLING REVEALS

ABOUT THE KOBZEV DATA SET

If observables calculated with a given R-matrix ap-
proximation are channel-radius dependent, it is an indi-
cation that the analysis is suffering from at least one of
two possible defects: (1) a lack of levels or (2) a misre-
porting of data and/or its associated error. The Kobzev
[3] data set was found to induce channel radius depen-
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FIG. 5. Summary of the absolute extrinsic uncertainty pos-
teriors from an analysis using a single R-matrix level and
channel radii of aq = 5.56 and a,, = 3.633 fm. The lower
and upper limits of the blue error bars correspond to 16%
and 84% quantiles, respectively. For comparison, the same
quantiles reported in [12] are shown in orange.
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FIG. 6. Comparison of the normalization factors obtained
with a single-level R-matrix approximation and absolute ex-
trinsic uncertainties. Our results are shown in blue. The
results reported in [12] are shown in orange. The error bars
indicate 16% and 84% quantiles.

dence in both one- and two-level R-matrix approxima-
tions. We now describe how we traced this back to what
appears to be an energy-dependent systematic error in
the data set.

We analyzed all five data sets with both our R-matrix
“Model A” and “Model B”. These models include one
and two 3/2T SHe levels respectively. Both include one
1/27% (background) level. (For full details see Sec. VIIL.)
For both models we performed an analysis on a grid of
9 points in channel-radius space. With the Kobzev data
in the likelihood the S(40 keV) results obtained at dif-
ferent channel radii are consistent with one other within
one standard deviation, see Fig. 7. But there is a def-
inite trend with a4, as well as marked changes in the
relative extrinsic uncertainty, as, added in quadrature
to the statistical uncertainties reported in the Kobzev
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‘ aq (fm) ‘ max In £54K) ‘ max In £§BK) ‘ maxIn L4 ‘ maxIn Lp ‘

4.25 343.2 341.9 285.4 285.9
5.56 346.3 341.9 281.6 286.1
7.25 342.9 346.9 269.1 285.9

TABLE II. max In £ values models with one (A) and two (B)
3/2% levels. Analyses of all five data sets including that of
Kobzev et al. [3] are distinguished by a superscript K.

set [3].
In E;K) as well—an undesirable feature of an R-matrix
analysis. This dependence can be seen in Table II.

These details are manifested in the posteriors of the S
factor shown in Fig. 7 at 40 and 140 keV in panels (a)
and (b), respectively. The physical model should deliver
consistent results across the entire energy range being
analyzed, and it does not for S(140 keV).

In order to investigate these issues further we imple-
mented energy sampling (sampling in the independent
variable) for this data set. Following Ref. [12] we con-
structed a likelihood for the energies of the form

Notably, there is a dramatic aq dependence in

Eexp,i ~ N(E1 + fEa 5s2tat,i + 5%',cxtr) ) (37)

where Eqp ; represents the ith reported experimental en-
ergy, E; is the energy at which the R-matrix cross section
is to be evaluated, fg allows for a systematic shift to be
sampled, dgat,; is the statistical energy uncertainty re-
ported with the ith data point, and ¢z cxtr allows for an
additional, point-to-point uncertainty to be sampled as
well.

In Figure 8, cross section residuals are shown for two
cases. First, the blue circles represent the residuals at

Giﬁ) without this additional energy sampling. The resid-
uals when the energies are sampled according to the like-
lihood derived from Eq. (37) are shown in orange.

The cross section residuals using the sampled ener-
gies have much better statistical properties—i.e., they
are much more consistent with the hypothesis of point-
to-point noise—than are the ones without. And the need
for an extrinsic statistical error on the cross section, i.e.,
an inflation of the point-to-point errors, also is greatly
reduced once energy sampling is introduced, leading to a
reduction in the median value of the cross section extrin-
sic error by a factor of 5. This energy-sampling analysis
was only of the Kobzev et al. data set, which may ac-
count for part of this decrease, but the marked drop in «;
is broadly consistent with Fig. 8. Energy sampling im-
proves the internal statistical consistency of the Kobzev
et al. data. The resulting posteriors of the statistical
parameters, fg and 0% ., indicate only a small overall
energy shift (= 1.5 keV) and no need for an inflation of
the (already sizable) energy uncertainty: the additional
contribution to the uncertainty of individual energies is
less than 0.43 keV (84% credibility interval).

But, while these parameters don’t indicate large ef-
fects, sampling the energies does reveal something pe-
culiar in the energy range from 150-250 keV. Figure 9
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FIG. 7. S(40 keV) (a) and S(140 keV) (b) posteriors using two
3/2% R-matrix levels and statistical model U,.; for the analysis
of all data sets, including that of Kobzev et al.. Posteriors are
shown at aq = 4.25 (blue), 5.56 (orange), and 7.25 (green) fm.
an is fixed at 3.633 fm.

shows the sampled energy residuals in orange alongside
the cross section residuals in blue. The decidedly non-
random behavior above ~ 150 keV indicates that there is
a systematic misreporting of the energies in the Kobzev
set that is not captured by a random error in the ob-
served cross section or S factor. We emphasize that
when the energy sampling is implemented each energy
FE; can move independently, so it is significant that they
“choose” to arrange themselves in this fashion between
150-250 keV. The cross section residuals—which should
also be random—show a systematic trend there too.

Furthermore, above the resonance the Kobzev data set
disagrees with the only other dt data set that extends
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FIG. 8. Cross section residual comparison of the Kobzev data
when energies are sampled (orange squares) versus when they
are not (blue circles).
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FIG. 9. Residual comparison of the Kobzev data. The cross
section residuals are shown as blue circles, and the energy
residuals are shown as orange squares.

above 70 keV, that from Conner et al.—see Fig. 10. In-
deed, the a4-dependence in the S(140 keV) posterior (see
bottom panel of Fig. 7) can be traced to the presence
of two solutions for the R-matrix model, one that agrees
with the Kobzev data and one that agrees with the Con-
ner data. Allowing the beam energies reported in the
Kobzev publication to float within their reported error
reveals that an energy-dependent systematic uncertainty
affects the Kobzev data in the energy region 150-250 keV.
While energy sampling can correct for a drift in beam en-
ergy, doing so assumes uncorrelated energy errors, which
is clearly not consistent with the pattern of energy resid-
uals in Fig. 9. Without knowing further details of the
experiment it is difficult to determine the correct sta-
tistical model for this systematic uncertainty. It is also
unfortunately the case that there are no other data sets in
this energy range that could shed additional light on this
issue. Because of these issues we do not use the Kobzev
data set in the analysis that follows.
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FIG. 10. Experimental cross sections above 100 keV (COM)
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VIII. A MORE SOPHISTICATED R-MATRIX

MODEL

We constructed two other models that go beyond the
model we used when attempting to reproduce the results
of de Souza et al. [12] (see Sec. VI). The first, Model A,
consists of a single 3/2% level and a single 1/2% back-
ground level. Model B is a further extension that also
adds a 3/2% background level fixed at 10 MeV. Note that
both models include the 1/27 background level accord-
ing to (11) in an incoherent sum with the effects of the
3/2% channel; A, /2 is the dimensionless parameter that
characterizes the contribution of this 1/2% level. Model
A and Model B are both parameterized in terms of the
“Breit-Wigner” partial widths defined in Eq. (27) and
are formulated using the Brune parameterization. The
R-matrix parameter sets for each are thus:

Or ={E,,T'14,T'1n, Ue, Ay 2} , (38)
for Model A and
Or ={E, 14,10, T2a, T2n, Ue, Ay 2} (39)
for Model B. The corresponding prior distributions are

E, ~ U(0.020,0.100 MeV) (40)

r U(07 Fic,WL)a
ic ™ 2

AieN(Ticowr, I, wr)

U, ~ T(0,00) N(0,0.0012 MeV?)

Am ~ T(0,00) N(0,1?)

T(0,50) N(0,2%)

(0,00) N(0,67 y0) »

» Y j,8yst

Fic <= 1_‘ic,VVL
Die > TiewL

NT

)

where i denotes the R-matrix levels 1 and 2, j denotes
the data sets 1 (Jarmie), 2 (Brown), 4 (Arnold), and 5
(Conner), and ¢ denotes the channels d (deuteron) and
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n (neutron). A, is a factor applied to the normal dis-
tribution such that the probability density function is
continuous at the boundary, I';c wr.. This boundary is
the approximate Wigner limit for the partial width in
level ¢ and channel ¢ given by

2PiCFYi2c

W= T 5 dS. o

(46)

where the reduced width amplitude in channel ¢’ # ¢ is
taken to be zero (see (27)). F; is 100 keV for i = 1 and
10 MeV for ¢ = 2.

While Model A’s implementation is independent of the
choice of standard or Brune parameterization [16], our
implementation of Model B does have some subtleties
that, in practice, make a dramatic difference in how
quickly the MCMC sampling converges. The parame-
terization in terms of partial widths and the use of the
Brune parameterization both lead to significant improve-
ments in sampling efficiency for some channel radii pairs.

Turning to the results, the left column of Fig. 11 shows
that, once the Kobzev data set is excluded from the
analysis, the S-factor and extrinsic uncertainty results in
Model A are remarkably stable with respect to ay. Here,
in addition to the values of a4 evaluated in the previous
sections, we also include ay = 5.00 fm, which was used by
Brown et al. [5]. A significant decrease in the maxIn L4
is observed as ag increases, as seen in Table I1. Although
this difference is not physically observable, the strong
preference for smaller ay values is a difficult feature to
tolerate in an R-matrix analysis. As the extrinsic uncer-
tainties for the four remaining data sets were stable with
respect to channel radii, we see no indication of hidden
systematic uncertainties in the data and instead look to
the addition of a 3/2% background level to remove this
channel-radius dependence.

The ay dependence of the Model B results is summa-
rized in the right column of Figure 11, panels (b), (d), and
(f). They are consistent with Model A and stable, but
Model B performs quantitatively better by two measures.
First, the maxIn Lp values are nearly ag4-independent
(see Table II); the variation in In L£p is more than an
order of magnitude smaller than with Model A. Second,
all In Lp values are higher than the highest In L4 val-
ues. Clearly, the additional 3/27 level at 10 MeV dra-
matically suppresses the preference for smaller deuteron
channel radius that exists in Model A.

The full posterior of the R-matrix parameters in this
model can be found in Appendix A, see Fig. 17. Here we
elucidate two key features.

First, the contribution of the 3/2% background level
can be assessed from the magnitude of I'o4's,,. Figure
12 shows the evolution of I'4I's,, as a4 increases. There
are two important trends here. First, as a4 increases, the
magnitude of the peak value of I'y4I's, increases. Sec-
ond, the probability density at I's4I'2, = 0 tends to de-
crease with increasing a4 indicating that the contribution
of the background level is more prominent at larger aq.
This explains Model A’s preference for smaller a4. As
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FIG. 11. S(40keV), S(140keV), and «; dependence on aq.
Model A results are shown in the left column, panels (a), (c),
and (e). Model B results are shown in the right colum, panels
(b), (d), and (f). Blue circles correspond to results obtained
for the Jarmie et al. [4] (blue circles), Brown et al. [5] (orange
squares), Arnold et al. [2] (green diamonds), and Conner et al.
[1] (red stars) are shown individually in the bottom row. Error
bars reflect the 16% and 84% quantiles.

aq increases, more input is required from the background
level, and Model A is simply not equipped to provide it.

Second, we note that the electron screening potential,
U., and the 1/27 background level both have very little
impact on the final results. U, is less than 18.6 ¢V (84%
credibility). In comparison, de Souza et al. [12] report
U, < 14.7 €V at the 97.5% credibility level. The 1/2%
fractional contribution to the S-factor, S1/2°)(E)/S(E)
is always < 1.3%, attaining its maximum value at the
lowest energy considered, approximately 5 keV.

As a visual indication of how well our parameter pos-
teriors reproduce the data, a subset of the MCMC chain
for ag = 7.25 fm and a, = 3.633 fm was used to gener-
ate several theory curves. They are shown (without nor-
malization factors) together with the experimental data
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FIG. 12. The evolution of the product I'24l'2, is given for
all ag values under consideration. Results were obtained with
R-matrix Model B and statistical model U,¢. a, was fixed at
3.633 fm.
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FIG. 13. Cross section data (without extrinsic uncertainties)
from the four sets in our final analysis compared to a series
of curves generated (without normalization factors) from a
subset of the chains for each of the ag values in the first column
of Table II.

(without extrinsic uncertainties) in Figure 13.

The residuals, defined by Eq. (36), for each of the four
data sets used in our final analysis are shown in Figure
14. The residuals for the Jarmie, Arnold, and Conner
data sets are very stable with respect to ag and across
each data set’s energy range: there is no observable, sys-
tematic trend. The Brown residuals could be perceived
to have a systematic decrease with energy, but there are
only eight points in this data set and systematic behav-
ior is more easily perceived in smaller data sets. Each aq
value has its own color and marker in the figure to make
it easier to distinguish between them for the few points
where they do not lie directly on top of each other. The
consistency of the residuals resulting from the four data
experiments used in the final analysis indicates that these
data sets are mutually consistent and that the model pro-
vides an excellent description of these data.

The Model B posterior for S(40 keV) is presented in
Figure 15. Due to the consistency of both the In £ val-
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FIG. 14. Residuals as defined by (36) for the four data sets
included in our final evaluation at four different values of ag4:
4.25 (blue circles), 5.00 (orange squares), 5.56 (green dia-
monds), and 7.25 fm (red stars). Panel (a) corresponds to
Jarmie et al. [4], (b) to Brown et al. [5], (c) to Arnold et al.
[2], and (d) to Conner et al. [1]. The residuals for different
channel radii are so consistent that all four symbols often lie
essentially on top of each other. As indicated in the figure,
panels (a), (b), and (c) share the same x-axis scale while panel
(d) extends over a wider energy range. Results were obtained
using R-matrix Model B and statistical model U,y. a, was
fixed at 3.633 fm.

ues and physical observables, all ay values were binned
together. In this sense, the S(40 keV) presented here is
aq- and ay-independent. The chains for the different ay
configurations were not of equal length, so the shortest
chain set the number of samples drawn from each. The
result is S(40 keV) = 25.36 £0.19 MeV b. It differs from
the most recent evaluation by de Souza et al. in Ref. [12]
in two ways: the peak value is lower, and the width of
the distribution is approximately twice as wide. This
widening is in no way associated with the reduced data
set. Similar widths were observed when Kobzev et al.
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FIG. 15. S(40 keV) posterior generated with R-matrix Model
B and statistical model U.y. Results in 25.3610 15 MeV b.
Since results from all aq values in the first column of Table II
are statistically consistent they are combined to produce one
final result.
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FIG. 16. S(140 keV) posterior generated with R-matrix
Model B and statistical model U;¢. Results in 5.1270:9% MeV
b. Results from all aq values in the first column of Table II
are combined, as in Fig. 15.

data were included. The S(140 keV) posterior is shown
in Figure 16. Contributions from the different a4 con-
figurations were combined there in the same way as in
Fig. 15.

Finally, purely to ensure that our results are readily
reproduced, we give the R-matrix and statistical param-
eters for ag = 7.25 fm and a,, = 3.633 fm at maxInLp



MeV | MeV | MeV | MeV | MeV | eV
\0.071\0.046 0‘075\—11.964\1.598 5.923\0.008\

E. | Tia | Tin | T2a |Ton | Ue ‘A1/2

TABLE III. R-matrix parameters at 95}) where aqg = 7.25 fm.

lon |ag |as |as | i | | fa | S5 |
10.00]0.01]0.02{0.03]1.02|1.00|1.03[1.01]|

TABLE IV. Statistical parameters at Oiﬂ) where ag = 7.25 fm.

in Tables IIT and IV. We emphasize that 05(6) is not rep-
resentative of our analysis, which yields full posteriors.
We provide it here purely as a benchmark.

IX. SOME LESSONS REGARDING THE USE
OF BAYESIAN METHODS FOR R-MATRIX
ANALYSIS

Much of the discussion in the previous sections is
rather specific to the dt fusion reaction. Since this re-
action is dominated by a single, broad resonance it has
features that are not shared by many other reactions to
which R-matrix analysis is applied. What, then, are some
general lessons that can be drawn from this study regard-
ing Bayesian inference in R-matrix analyses?

Most importantly, Bayesian methods provide several
advantages in R-matrix modeling of nuclear reactions.
They make it straightforward to supplement the R-
matrix model by a “statistical” model that incorporates
known imperfections in the experiment in the analysis.
They also provide access to the entire parameter pos-
terior, and not just the region around the optimum R-
matrix parameters. And the ability to specify priors on
R-matrix and statistical-model parameters means that
small effects can be tested in the analysis without desta-
bilizing the parameter estimation.

But, our results emphasize the need to carefully ex-
plore correlations and ensure that the sampler has fully
explored the posterior. Extended non-linear correlations
between R-matrix parameters make canonical MCMC
methods such as Metropolis-Hastings slow to converge—
even in an ensemble sampler implementaton. Writing
down an R-matrix formula and sampling all possible pa-
rameters may not be the best strategy. It is preferable
to employ a parameterization that does not have (non-
linear) correlations between different levels in the same
channel, such as the Brune parameterization. And it is
certainly not useful to sample parameters that have no
impact on observables, such as the boundary condition
parameter B.

Not sampling the channel radius is beneficial at a prac-
tical level, since it eliminates one source of extended, non-
linear correlations. Channel radius sampling is also dep-
recated for reasons of principle, since R-matrix results
would be independent of channel radius if enough lev-
els were included in each channel. For these reasons it
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is good to work on a grid of channel radii and demon-
strate that the results for physical parameters and ob-
servables are similar across the grid. To achieve that
similarity background levels will likely be necessary. In-
cluding them ensures a physics model that is sufficiently
flexible to accommodate all data, not just at the reso-
nance.

We also found—as did Ref. [12]—that data uncertain-
ties may need to be expanded through an “extrinsic er-
ror” formalism like the one introduced in that work which
was incorporated and modified in our analysis. Even a
cursory examination of the point-to-point errors quoted
for the Arnold data set [2] makes it clear that an ex-
pansion of the error bars is required. For comparison we
point out that if the Arnold, Brown, Conner, and Jarmie
data sets were fed to AZURE2 [28] with the stated point-
to-point errors a x? of approximately 25,700 for 166 data
points would result. Such an analysis also leads to an
S(40 keV) of 28.08 & 0.03 MeV b, a spuriously precise
value since the model is clearly incredibly unlikely to be
correct.

Lastly, we note that the Brune parameterization [16]
makes Monte Carlo sampling for the two-level model
more efficient, because this parametrization largely de-
couples the two levels in the range of the experimental
data. In contrast, if the Lane and Thomas parametriza-
tion [13] is used, changes in the background level effec-
tively alter the energy and reduced width parameters of
the low-energy resonance. These correlations between
the parameters associated with the two levels in the Lane
and Thomas parameterization can make sampling slower
to converge.

X. CONCLUSIONS

We have demonstrated that the combination of R-
matrix and Bayesian methods is a powerful tool for sta-
tistical inference in low-energy fusion reactions—when it
is implemented with the points discussed in the previous
section in mind. In the future we will pursue Bayesian R-
matrix analyses in other contexts, including *He-« elastic
scattering and *He(c,y)"Be.

In the particular context of the dt fusion reaction, our
detailed analysis of this process yields a final result for
S5(40 keV) of 25.36 £0.19 MeV b. This is consistent with
de Souza et al. [12] result of 25.43875-080 MeV b but has
an error bar that is a factor of two larger. We attribute
the smaller error bar of de Souza et al. [12] to the fact that
their sampler did not explore the full posterior of their R-
matrix-plus-statistical model. It failed to converge, and
so the uncertainty they obtained in their analysis is too
precise.

This is the main conclusion of our analysis as regards
the dt fusion reaction. Other findings of our work are:

e Some low-energy measurements of this process have
underestimated or unreported point-to-point er-
rors. Adding an extrinsic point-to-point error to



each data set, as originally proposed in de Souza
et al. [12], makes it possible to obtain a statisti-
cally consistent description that incorporates four
different data sets: Arnold, Brown, Conner, and
Jarmie.

Once the point-to-point errors are increased the
common-mode errors becomes less certain, i.e., the
widths obtained when they are inferred from data
are larger. This leads to more uncertainty in the
overall evaluation of S(40 keV) than if extrinsic er-
rors were not included.

The available data on the dt cross section below 250
keV leaves very little room for contributions from
partial waves other than l; =0 and J™ = 3/2%.

If a single partial wave contributes to the reaction
then quantum-mechanical unitarity defines a maxi-
mum possible cross section at a given energy as dis-
cussed in subsection V C. At energies near 80 keV,
the Conner data saturates this bound within uncer-
tainties. Our “best fit” R-matrix parameters yield a
value for the combination of partial widths that de-
termines the maximum one-level, two-channel cross

section, %, of 0.236. This is very close to the

unitary limit (T'y = T,,) value of 0.25. The prox-
imity of this system to the unitary limit results in
posteriors that exhibit a strong correlation between
the reduced partial widths 73 and 2.

For E. .. between 120 and 160 keV the data set of
Kobzev et al. [3] disagrees at the 2-3 ¢ level with
the only other data set that extends above 100 keV,
that of Conner et al. [1]. We allowed the ener-
gies of individual points in the Kobzev et al. data
set to float within the reported energy uncertainty
and found a systematic trend in the difference be-
tween the reported and optimal energies. Given
the disagreement with the Conner et al. data, and
the absence of any discussion of this kind of sys-
tematic effect in Ref. [3], we choose to omit the
Kobzev et al. [3] data from our analysis. This does
mean that our results above the resonance peak
rely on only one data set. A modern measurement
of 3H(d, n)*He in the energy region above the reso-
nance peak, that had clearly stated systematic and
statistical uncertainties, would provide a valuable
check on our analysis. It could also illuminate the
issue of the unitarity limit discussed in the previous
bullet.

We obtain results that are essentially the same for
channel radii ranging from ag = 4.25 to 7.25 fm and
an, = 3.633 fm to 7.5 fm by including a background
level in the 3/2" channel. This background level is
not needed for the optimal fit at ag = 4.25 fm, but
at larger deuteron-channel radii its parameters can
be chosen to cancel the effects induced in S(E) due
to the increase in ag4 from 4.25 to 7.25 fm. Results

18

do not vary with a, even if only a single channel
is included. We note that results are not as stable
with a4 if the Kobzev et al. data are included in
the analysis.

It is generally the case that incremental improvements
in an R-matrix analysis can be achieved by expanding
the scope of data that are fitted. In the present situation,
this could mean

1. including n + “He total cross section data around
the 3/27" resonance, as done by Barker [27];

2. accounting for the very small anisotropy in the dif-
ferential cross section [19];

3. extending the analysis to higher energies.

The second and third options could provide a better es-
timate of the contribution of higher partial waves. How-
ever, as discussed in Sec. II, the energy range and partial
waves considered here are well justified, and any improve-
ment in the results presented here from expanding the
scope would be incremental.
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Appendix A: Sample Details

Here we present the corner plots of the different pa-
rameters sampled in Model B. We grouped parameters
“like with like”. There are not noticeable correlations be-
tween R-matrix parameters, «;, and f;: in this sense the
correlations are block diagonal.

Figures 17, 18, and 19 display the one- and two-
dimensional posteriors of the R-matrix parameters, ex-
trinsic uncertainties, and normalization factors respec-
tively for the choice ag = 7.25 fm and a,, = 3.633 fm. In
all three figures, the blue lines represent the 0L values
and the orange lines represent the 99)) values.

As can be seen in Fig. 19, the median values of the nor-
malization factors match up fairly well with [12]. How-
ever, our results consistently return distributions that are
approximately twice as wide. This increase in normal-
ization factor uncertainty, obtained exclusively when ex-

trinsic uncertainties are simultaneously sampled, directly
increases the width of S(40 keV).
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FIG. 17. R-matrix parameter posteriors for aq = 7.25 fm and a, = 3.633 fm using R-matrix Model B and statistical model U, s
. F, and the partial widths are presented in MeV and U, in eV.

Appendix B: Sampler diagnostics

Chain convergence is based on integrated autocorre-
lation time, 7, as provided by the emcee package, doc-
umented here. Once we obtained a reliable estimate of
7 for each parameter, we thinned all of the chains by
the maximum 7. Typical 7.« values were 3000 to 6000
in our final analysis using R-matrix Model B. To obtain
these numbers each run was pre-thinned by a factor of

approximately 20. The 7.« for the pre-thinned chain
was then computed to be 150 to 300, with the final es-
timates obtained after multiplying by the pre-thinning
factor.

Autocorrelation times were calculated after the burn-
in period had been discarded. In some cases, walkers in
the ensemble never found the maximum region of the pos-
terior. Those walkers were identified by the mean of their
InP values. This was a small percentage of the ensem-
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FIG. 18. Relative extrinsic uncertainty parameter posteriors for aq = 7.25 fm and a,, = 3.633 fm using R-matrix Model B and

statistical model U, ;.

ble, never more than 10%, so discarding them from the
final evaluation was not only justified by their relatively
low InP values but also fairly insignificant. Their pri-
mary contribution was disproportionately affecting the
calculation of 7.

Thinned chains were further analyzed to confirm that
the mean of each chain was stable, ensuring equilibrium
had been reached.

Appendix C: Alternative Sampling Methods

When the channel radii were treated as parameters,
meaning that they were sampled, we found parallel tem-
pering (via ptemcee [25, 29]) to be useful. The technique
tempers difficult-to-sample likelihoods according to

p(Dlevz)l/T ) (C1)
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FIG. 19. Normalization factor parameter posteriors for aq = 7.25 fm and a,, = 3.633 fm using R-matrix Model B and statistical
model U, s. These normalization factors were applied to the theory predictions.

where T is a so-called temperature, allowing several
chains to be run at different temperatures simultaneously.
The benefit of the algorithm comes with the exchange of
proposals between temperature chains. Higher tempera-
ture chains move through less complex multidimensional
posteriors, only exploring the most prominent features.
The chain corresponding to T' =1 is the target distribu-
tion, but by exchanging samples with higher-temperature
chains walkers gain the ability to sample the posterior on

larger distance scales than would otherwise be possible.
Consequently the T' = 1 chain is able to obtain a bet-
ter, more accurate representation of posteriors that con-
tain complex, non-linear structures. For our final results,
where channel radii were fixed, we did not find parallel
tempering to be necessary, but it did provide significant
insight into the non-linear, extended correlations between
the parameters.

Instead or in addition to better sampling techniques,



one can also investigate different parameterizations. We
explored two such alternative parameterizations. One,
we generated an orthogonal transformation by perform-
ing a principal component analysis (PCA) on a subset of
our typical R-matrix-parameter chains. This generates
a linear, orthogonal transformation which we can use to
sample uncorrelated parameters. Of course, in the case
where nonlinear correlations were dominant, this linear
transformation was ineffective and offered little to no im-
provement in sampling efficiency.

The other alternative parameterization we attempted
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to sample was based on a nonlinear transformation moti-
vated by the R-matrix argument presented in Section X.
This alternative parameter set can be employed to de-
correlate the pairs {73, a4} and {72, a,, }. Using (29) and
the values for a. fit to the observed correlations in Figure
2, we sampled the product of v2a. and its orthogonal con-
struction v2 — a%ag. Again, our final results are based
on models where the channel radii were fixed, so this
method, while demonstrating noticeable improvement to
sampling efficiency, specifically in terms of autocorrela-
tion times, was ultimately not necessary.
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