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We report Jπ = 0+ ground-state energies and point-proton radii of 4He, 8Be, 12C, 16O and 20Ne
nuclei calculated by the ab initio no-core Monte Carlo shell model with the JISP16 and Daejeon16
nonlocal NN interactions. Ground-state energies are obtained in the basis spaces up to 7 oscillator
shells (Nshell = 7) with several oscillator energies (~ω) around the optimal oscillator energy for the
convergence of ground-state energies. These energy eigenvalues are extrapolated to obtain estimates
of converged ground state energies in each basis space using energy variances of computed energy
eigenvalues. We further extrapolate these energy-variance-extrapolated energies obtained in the
finite basis spaces to infinite basis-space results with an empirical exponential form. This form
features a dependence on the basis-space size but is independent of the ~ω used for the harmonic-
oscillator basis functions. Point-proton radii for these states of atomic nuclei are also calculated
following techniques employed for the energies. From these results, it is found that the Daejeon16
NN interaction provides good agreement with experimental data up to approximately 16O, while
the JISP16 NN interaction provides good agreement with experimental data up to approximately
12C. Beyond these nuclei, the interactions produce overbinding accompanied by radii that are too
small. These findings suggest and encourage further revisions of nonlocal NN interactions towards
the investigation of nuclear structure in heavier-mass regions.

I. INTRODUCTION

One of the major challenges in low-energy nuclear the-
ory is to understand nuclear structure and reactions from
first principles. This motivation includes not only the
confirmation of existing experimental data, but also the
prediction of physical observables where experimental in-
formation is not yet available. Moreover, one hopes to
extract detailed understanding of a variety of collective
nuclear phenomena, described by successful nuclear mod-
els, from the underlying microscopic descriptions. For
these purposes, a number of ab initio investigations on
nuclear structure have been actively pursued for more
than a decade beyond few-body systems with precision
few-body calculation techniques (see review articles, for
example, [1] and references therein). This trend is sup-
ported by the rapidly growing computational power of
supercomputers and continuing improvements of ab ini-
tio techniques for nuclear many-body calculations.

Among these ab initio approaches, we mention that
the Green’s function Monte Carlo (GFMC) [2], no-core
shell model (NCSM) [3], and lattice effective field the-
ory (EFT) [4] have been applied mainly to p- and light
sd-shell regions. On the other hand, the coupled cluster
method [5], in-medium similarity-renormalization-group
approach (IM-SRG) [6], self-consistent Green’s function
(SCGF) theory [7] and unitary model operator approach
(UMOA) [8–11] have been applied mainly to near (sub-
)shell-closed medium and heavy nuclei. These calcu-
lations have provided new insights into nuclear struc-
ture that also reflect insights gained from successful tra-

ditional shell-model calculations with an assumed inert
core in light- and medium-mass region as well as mean-
field calculations (including the density functional theory
and approaches based on energy-density functionals) cov-
ering vast regions of the nuclear chart.

The NCSM has an established track record for inves-
tigating nuclear structure in close comparison with ex-
perimental measurements [12, 13]. Up to now, there
are many NCSM studies of low-lying states around sta-
ble p-shell nuclei. For investigating the exotic nature
of loosely-bound (neutron/proton-rich) nuclei and reso-
nant states near decay thresholds showing α-clustering
structure, the effect of coupling to the continuum should
be included. For such purposes, the no-core Gamow
shell model [14] and NCSM with the complex scaling
method [15] have been investigated mainly in light nuclei.
For nuclear scattering and reactions, NCSM approaches
have been developed such as the NCSM/RGM (no-core
shell model/resonating group method) [16, 17], NCSMC
(no-core shell model with continuum) [18, 19] and the
SS-HORSE (single state harmonic oscillator representa-
tion of scattering equation) method [20]. Furthermore,
nuclear densities from the NCSM approach have been
used to obtain consistent ab initio optical potentials for
nucleon-nucleus scattering [21, 22].

For these ab initio calculations in low-energy nuclear
theory including the NCSM stated above, all the nucleon
degrees of freedom are treated on an equal footing. Typ-
ically, these calculations tend to be computationally de-
manding. Therefore, alternate ways to reduce the com-
putational cost are needed. As one example, we mention
the construction of shell-model effective interactions us-
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ing ab initio approaches (see, for example, Ref. [23] and a
recent review article [24]). In such approaches, the result-
ing shell-model effective Hamiltonians are diagonalized
to obtain physical observables in the conventional shell-
model framework with much less computational time and
storage/memory. Success depends on whether the effects
outside the model space can be renormalized properly
into the effective interactions between valence nucleons
in limited model spaces.

In the NCSM itself, a couple of methods have been
proposed to study the structure of heavier nuclei where
the standard NCSM cannot be applied even on the cur-
rent state-of-the-art supercomputers. These alternative
methods include, for instance, the importance-truncated
no-core shell model (IT-NCSM) [25–29] and symmetry-
adapted no-core shell model (SA-NCSM) [30–35]. In par-
ticular, the merging of the IT-NCSM and the IM-SRG
has been proposed recently [36] and has a potential to
push further the accessibility of ab initio approaches.

The ab initio no-core Monte Carlo shell model
(MCSM) is one of these approaches aiming for success-
ful approximations enabling calculations for heavier nu-
clei [37]. So far, the proof-of-principle calculations have
been done in relatively small basis spaces for several ob-
servables of p-shell nuclei in comparison with the results
obtained by the no-core full configuration (NCFC) ap-
proach [38, 39], one of already established NCSM meth-
ods. For exploratory physics applications, exotic prop-
erties in Be isotopes have been studied by the no-core
MCSM [40]. In this work, we extend the no-core MCSM
calculations up to A = 20 as well as extend results to
several larger basis spaces. With these extended ba-
sis spaces, we perform extrapolations to infinite spaces.
These accomplishments demonstrate the feasibility of the
no-core MCSM calculations beyond the p shell on the
state-of-the-art supercomputers. A major feature of the
present work is to investigate to what extent one can
describe nuclear structure using only NN interactions
without explicit 3N interactions. Success in this direc-
tion would provide clear advantages for facilitating ab
inito investigations on supercomputers.

The flow of this paper begins with a brief description
of the no-core MCSM in Sec. II. We especially focus on
how to obtain final ab initio results from those computed
in the finite basis spaces with certain harmonic-oscillator
(HO) frequencies. In Sec. III, we introduce the nonlo-
cal NN interactions employed in this paper. Then, the
numerical results of no-core calculations with these in-
teractions are shown and discussed in comparison with
experimental data in Sec. IV. Our findings from these re-
sults are addressed and some future perspectives are also
presented in Sec. IV. The summary is given in Sec. V.
Some numerical results used to obtain final extrapolated
results are summarized in Appendices A and B.

II. METHOD

In this section, we briefly present the formulation of
the Monte Carlo shell model (MCSM). Originally, the
MCSM has been developed for the shell-model calcu-
lations in the valence space beyond an assumed inert
core [41–44]. The MCSM achieved success in describ-
ing experimental data (for review articles, see [45–47]).
The extension to the no-core MCSM by including major
shells for all nucleons appeared straightforward though
computationally demanding [37, 46–48]. Additional key
differences emerge when one considers the input inter-
actions, and the extrapolation to the infinite basis-space
limit for the no-core MCSM. Here, we describe the gen-
eral MCSM formulation followed by discussion of the pro-
cedures for basis-space extrapolations specific to no-core
calculations.

A. MCSM

In the MCSM, the intrinsic Hamiltonian is comprised
of one- and two-body terms. It is written in the second
quantized form as

Ĥint =
∑
ij

tij ĉ
†
i ĉj +

1

4

∑
ijkl

v̄ijklĉ
†
i ĉ
†
j ĉlĉk, (1)

with nucleon creation and annihilation operators in the
spherical HO basis, ĉ† and ĉ, respectively. The single-
particle states are specified by the indices, i, j, k, and l.
The one- and two-body matrix elements are denoted as
tij and v̄ijkl. Note that the two-body matrix elements are
antisymmetrized so that v̄ijkl = −v̄jikl = −v̄ijlk = v̄jilk.
The current version of the MCSM is formulated in the pn
formalism (not in the isospin formalism). Therefore, the
Coulomb interaction can be included naturally within the
proton-proton interaction matrix elements. Also, spuri-
ous center-of-motion effects can, in principle, be allevi-
ated using the Glöckner-Lawson technique as in the con-
ventional shell-model calculations.

With this Hamiltonian, the MCSM state vector is de-
scribed as a superposition of angular-momentum- and
parity-projected basis states,

|Ψ(Nb)
JMπ〉 =

Nb∑
n=1

J∑
K=−J

f
(Nb)
nK P̂ JπMK |φn〉, (2)

with the angular-momentum- and parity-projection op-
erator, P̂ JπMK = P̂ JMK P̂

π. The number of basis states
is Nb, and the coefficient of the basis states is f . In the
MCSM, the basis states are expressed as deformed Slater
determinants and can be written as

|φ〉 =

A∏
α=1

Nsp∑
i=1

Diαĉ
†
i |−〉, (3)

with the particle vacuum |−〉 (or the assumed inert core
in the case of the MCSM with a core), the numbers of
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nucleons A (or valence particles in the standard MCSM)
and of single-particle states in the basis space Nsp. Here,
the complex matrix D satisfying the orthonormal con-
dition, D†D = 1, represents the deformation by mixing
HO Slater determinants.

The matrix elements of D in Eq. (3) are determined
by minimizing energy eigenvalues in stochastic and de-
terministic ways following the variational principle. The
stochastic sampling of bases is done in a similar way
of the auxiliary-field Monte Carlo, introducing auxiliary
fields by the Hubbard-Stratonovich transformation. Can-
didates for states of the form in Eq. (3) are generated
by different runs of imaginary time evolutions. At each
step of the basis search, the energy eigenvalues E and
coefficients of eigenvectors f are obtained by solving the
following generalized eigenvalue problem,∑

nK

〈φm|ĤP̂ IπMK |φn〉fnK = E
∑
nK

〈φm|P̂ IπMK |φn〉. (4)

Among these generated candidates, we take the one
which gives the lowest energy eigenvalue. Then, we fur-
ther minimize the energy eigenvalues by optimizing the
complex matrix D in a deterministic way with the conju-
gate gradient method. Conventionally, we start with the
Hartree-Fock state. We increase the number of bases by
repeating the basis search in a stochastic and variational
way as described above until the energy eigenvalues suffi-
ciently converge. The states of the form given by Eq. (3)
that we retain are called our MCSM basis states (“bases”
for short). We typically retain about 100 of these bases.
Therefore, we reduce the diagonalization problem of large
and sparse Hamiltonian matrix to a dense Hamiltonian
matrix with the O(100) bases, enabling the computations
in the current state-of-the-art supercomputers.

B. Extrapolation methods

In order to obtain an estimate of the fully converged
energy of a nuclear state within a space with a fixed num-
ber of oscillator shells (i.e. fixed Nsp), we also compute
the energy variance and extrapolate our MCSM results
towards vanishing energy variances to estimate the exact
eigenvalue of the original Hamiltonian for that value of
Nsp [49]. In this extrapolation, the MCSM results are
conventionally extrapolated by a second degree polyno-
mial with respect to energy variance. We may also use
the energy variance as a metric for extrapolating other
observables such as the radius, magnetic dipole and elec-
tric quadrupole moments and electromagnetic transition
strengths. Note that the energy-variance extrapolation
has also been applied to no-core shell-model (NCSM) cal-
culations [50].

In our no-core MCSM calculations, we further extrap-
olate the energy-variance-extrapolated results for sets of
Nsp towards the infinite basis-space limit so as to com-
pare with other ab initio results and with experimental
data. In general, there are two parameters defining the

HO basis spaces for NCSM calculations. These are the
HO frequency ω (or equivalently HO energy, ~ω) of ba-
sis functions and the basis space (or model space) cutoff,
N , which is expressed in terms of the total number of
oscillator quanta allowed in the many-body basis states.
In principle, the solution (physical observable in nature)
should be independent of the choice of basis space. For
the NCSM we anticipate that an arbitrary observable for
a bound state should become independent of the values
of ω as N increases towards infinity and the result at this
limit can be defined as an ab initio solution. However,
due to computational limits, we are restricted to a set of
values for ω and N . Therefore, in order to obtain an ab
initio solution independent of ω and N , we need to ex-
trapolate our NCSM results. One popular extrapolation
method is an empirical extrapolation in terms of N using
fixed value of ω [38, 51–54]. In other approaches [55–62]
the two parameters ω and N are transformed to (and
interpreted as) the infra-red (IR) and ultra-violet (UV)
cutoffs of the many-body HO basis space, λ and Λ, re-
spectively. Using these two IR and UV cutoffs, the results
are extrapolated to either or both λ → 0 and Λ → ∞.
By way of comparison, we employ something akin to the
former extrapolation method expressed in terms of the
number of major shells Nshell = N + 1 with the fixed
ω value, as it is sufficient for our demonstrations of the
feasibility of no-core MCSM calculations.

III. CALCULATION DETAILS

Here, we present the input interactions and basis-
space truncation adopted in the no-core MCSM. First,
we briefly mention the two nonlocal NN interactions em-
ployed in this work. Next, the parameter setup of the
no-core MCSM calculations is described. Calculated ob-
servables and choice of nuclei are also listed.

A. Interactions

In the current ab initio calculations, one generally em-
ploys NN and 3N interactions based on modern meson-
exchange models such as chiral effective field theory
(χEFT) as an input (for review articles, see Refs. [63,
64]). Also, an input interaction is usually softened by
renormalization techniques like the similarity renormal-
ization group (SRG) so as to tame the higher momentum
components and to facilitate the computation in many-
body systems [6]. Extensive efforts are underway to de-
velop consistent interactions in terms of the order-by-
order convergence of perturbation and electroweak oper-
ators in χEFT [65].

From the computational demands on both execution
time and memory/storage, it is a major challenge to in-
clude 3N interactions when progressing to heavier sys-
tems. It is sufficient for our purposes to defer the inclu-
sion of 3N interactions to a later effort and to focus on
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the convergence demands already present with the strong
NN interaction. Hence, we employ two nonlocal NN in-
teractions, the JISP16 [66] and Daejeon16 [69] NN inter-
actions. Although we treat only NN interactions in these
calculations, the results are sufficient to demonstrate the
capability of the MCSM technique for no-core calcula-
tions and to judge the utility of the adopted nonlocal
interactions for a system heavier than those previously
examined.

JISP16 is the abbreviation of the J-matrix Inverse
Scattering Potential tuned up to the oxygen-16, which is
a realistic nonlocal NN interaction constructed through
phase-equivalent transformations for the purpose to min-
imize the 3N -force effects [66]. This interaction is fitted
not only to two-nucleon scattering data and deuteron
properties but also to the properties of light nuclei up
to 16O. Summaries of ground state energies and other
properties of light nuclei up through 16O with the JISP16
interaction are found in Refs. [39, 67, 68]

The second interaction we employ is the Daejeon16
NN interaction [69]. This interaction has recently been
developed and applied within the NCSM to obtain the
low-lying properties of p-shell nuclei [69, 70]. In addi-
tion, rotational properties of the Be-isotopes have been
shown to be emergent properties of NCSM results with
Daejeon16 [71, 72]. Indeed, emergent rotational prop-
erties of Be-isotopes are found to be remarkably similar
to collective model descriptions and to results obtained
with JISP16 [73]. One of the main differences between
the JISP16 and Daejeon16 is the original NN interac-
tion employed as a foundation for the phase-equivalent
transformation procedures. In the JISP16 NN interac-
tion, a model tridiagonal form of matrix elements in the
relative HO representation is used, while for Daejeon16,
relative HO matrix elements of the NN interaction from
χEFT at the N3LO is used [74]. For Daejeon16, a SRG
transformation is applied to reduce the high-momentum
components down to a scale of 1.5 fm−1 (the SRG flow
parameter). In the subsequent fits to low-lying prop-
erties of light nuclei during the construction of phase-
equivalent transformations, both JISP16 and Daejeon16
employ the NCFC method to search for optimal param-
eters of these unitary transformations using selected ex-
perimental properties up to 16O.

B. Basis-space truncation and selection of nuclei

In the no-core MCSM, we employ a different trunca-
tion scheme for the many-body basis space from that in
other NCSM approaches. The MCSM truncates the ba-
sis space to the single-particle states contained within
a number of major shells, Nshell, while the traditional
NCSM truncates the basis space by a cutoff in the sum
of excitation quanta from the reference state, Nmax (for
a graphical illustration of the overlaps and differences of
the MCSM and NCSM basis spaces, see Fig. 1 of Ref.
[37]). Thus, configurations taken into account in the cal-

culations with their respective finite basis spaces are dif-
ferent, though, in principle, the results extrapolated into
the infinite basis space are expected to be consistent.

There are two reasons for adopting the Nshell trunca-
tion for the no-core MCSM. First, this is a natural trun-
cation for the variational calculations of an initial refer-
ence state as adopted in the MCSM either with a core
or without a core. Second, the nature of α clustering
in light nuclei, a focus of planned applications, involves
highly collective states where many-particle many-hole
configurations are expected to dominate. These configu-
rations are favored in the Nshell truncation compared to
the Nmax truncation.

In light of our objectives, we investigate here ground-
state properties of 4n self-conjugate nuclei, 4He, 8Be,
12C, 16O and 20Ne. Our focus is to confirm the appli-
cability of the no-core MCSM method and establish the
foundation for the future investigation of the α-cluster
structure which appears in 4n self-conjugate nuclei and
their neighbors. Perhaps the most celebrated example is
the second 0+ state of the 12C nucleus known as the Hoyle
state, a highly correlated/collective three-α-cluster state
near the α-decay threshold. Therefore, for the current
work, we demonstrate the no-core MCSM’s capabilities
for the energies and point-proton root-mean-square radii
of the Jπ = 0+ ground-states of these 4n self-conjugate
nuclei.

Owing to limited computational resources, the MCSM
basis vectors are taken up to 100 states in each basis-
space size, except for Nshell = 2 (where we can obtain
fully converged results with respect to the original basis
space with less than 100 basis vectors). Thus, the ob-
tained results are approximations to the exact ones in
the original Hilbert space at each value of Nshell. There-
fore, we need to extrapolate our calculated results to ob-
tain converged results for each Nshell basis space. As
mentioned above, we therefore extrapolate energy eigen-
values using a quadratic form with respect to energy
variance within each Nshell basis space. Then, we per-
form an additional extrapolation of the results from each
Nshell extrapolation to the infinite value of Nshell, the full
Hilbert space. For this latter extrapolation, we adopt a
naive exponential form in Nshell. There are alternative
extrapolation techniques that have been investigated for
NCSM calculations, as mentioned above, but these al-
ternative techniques have yet to be adapted for MCSM
calculations. We find that the extrapolation procedures
we adopt serve our purposes in the present work.

The no-core MCSM basis spaces are taken from
Nshell = 2 to 7 for 4He, 8Be and 12C and Nshell = 3 to
7 for 16O and 20Ne. The many-body basis space dimen-
sions within the M -scheme (conserved total angular mo-
mentum projection) for the nuclei examined in this paper
are shown in Fig. 1. The current limit for full configura-
tion interaction (FCI) approaches, where all many-body
basis states within an Nshell truncation are retained, is
quickly exceeded even by 8Be. For the HO energy ~ω of
basis states, we take the range from from 10 to 40 MeV
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in 5 MeV increments so as to cover the optimal values
for convergence of our evaluated observables.

 0

 5

 10

 15

 20

 25

 30

 1  2  3  4  5  6  7  8  9

4He

8Be

12C

16O

20Ne

lo
g 1

0 
D

M

Nshell

Current FCI Limit

FIG. 1: M -scheme dimensions DM for light nuclei examined in
this work as a function of basis space Nshell. The horizontal
black line indicates the approximate limit of the dimension
for full configuration interaction (FCI) calculations using the
Lanczos diagonalization method.

In contrast with the standard NCSM calculations with
the Nmax truncation, the spurious center-of-mass (CoM)
motion effect generally needs special care using Nshell

truncation. The Glöckner-Lawson technique is employed
usually in the no-core MCSM calculations. However, the
nuclei examined in the present work are deeply bound
4n self-conjugate nuclei and spurious modes appear suffi-
ciently high in the spectrum, even without the Glöckner-
Lawson constraint, that they are well-isolated from the
ground state. Hence, we do not adopt this constraint
in the present work. As a separate metric of the role
of CoM motion in our solutions, we comment that, for
20Ne in Nshell = 7 and ~ω = 20 MeV with Daejeon16
interaction, the expectation value of the CoM excitation
energy is 424 keV, while that of the intrinsic Hamiltonian
is 165.427 MeV. This value is comparable to the uncer-
tainty from extrapolations evaluated with the standard
least square fit (see Table I in Section IV A). Our pri-
mary goals in the present work are not affected by this
contamination. Note that, in the case of excited states,
the situation can be quite different from the ground state
and we need to handle spurious CoM motion effects care-
fully, for example, by implementing the Glöckner-Lawson
prescription.

In the shell-model calculations, the Coulomb interac-
tion can be included perturbatively in the isospin for-
malism or directly by breaking the isosopin symmetry in
the pn formalism. In this work, we include the Coulomb
interaction perturbatively using the isospin formalism in
the case of the calculations with the JISP16 NN inter-
action, and directly using the pn formalism in the Dae-
jeon16 NN case. Note that the differences between these
two treatments of the Coulomb interaction are negligibly
small compared to the uncertainties from extrapolations.

IV. RESULTS AND DISCUSSION

Here, we present numerical results of the no-core
MCSM calculations. The calculated energies and radii
of light 4n self-conjugate nuclei are shown in comparison
of experimental data. The differences between the results
obtained with the two interactions are discussed.

A. Energy

Before comparing the calculated results with experi-
mental data, we take 4He results as an example to be
compared with the other ab initio calculations and ex-
perimental measurements. First, we show the energy-
variance extrapolation in the fixed-size of basis space
with fixed values of the HO frequency (or HO energy,
~ω) to approximate the exact eigenenergy in the fixed
size of basis space. Then, we further extrapolate these
energy-variance-extrapolated results into the infinite ba-
sis space with fixed value of HO energy. After seeing
the convergence of extrapolated energy by virtue of near-
independence of ~ω, we compare our results with exper-
iment.

In Figure 2, we present the ground-state energies of
4He with respect to the number of basis states Nb in the
left panels and energy variance ∆E2 in the right panels.
The upper panels are for the JISP16 interaction, while
the lower panels are for Daejeon16. The other ground-
state energies of heavier 4n self-conjugate nuclei up to
20Ne are presented in Appendix A (Figs. 10 and 11 for
JISP16 and Daejeon16 interactions, respectively). As the
number of basis states increases as depicted in the left
panels of Fig. 2, the calculated energy decreases steadily
approaching to a converged result for each value of Nshell.
Note that the MCSM basis vectors are non-orthogonal
and the results in Nshell = 2 are shown with the number
of bases up to Nb = 30 due to the rapid convergence.
In the 4He case, the results shown in the left panels of
Fig. 2 indicate good convergence with respect to the size
of basis space Nshell.

In order to improve the estimate of the ground-state
energies for each value of Nshell, we extrapolate our re-
sults using energy variance as explained in Sec. II B. This
process aims to approximate the exact eigenvalue of the
full Nshell space from an approximated energy calculated
in a truncated basis space defined by Nb. This extrapo-
lation step is done using a fit with a second order (in the
energy variance) polynomial function (denoted by black
solid curves in the right panels of Fig. 2),

E(∆E2) = a0 + a1∆E2 + a2
(
∆E2

)2
+O

(
∆E2

)3
, (5)

with the energy variance, ∆E2 ≡ 〈Ĥ2〉−〈Ĥ〉2. The coef-
ficients, a0, a1 and a2, are the parameters for the fit. As
the number of bases Nb increases, the energy variances
∆E2 approach towards zero indicating the approach to
the exact eigenvalue for that value of Nshell. In Eq. (5),
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FIG. 2: Convergence of 4He ground-state energy with respect to the number of basis states Nb in fixed sizes of basis space (left
panels) and that with respect to energy variances ∆E2 (right panels). The upper panels are the results with the JISP16 NN
interaction, and the lower panels are for the Daejeon16 NN interaction. The Coulomb interaction is included perturbatively
in the case of JISP16, while directly in the case of Daejeon16. The basis space results in Nshell = 2 to 7 follow a decreasing
sequence from the top to the bottom symbols in each panel. The results are shown with the optimal value of ~ω (25 MeV
for the JISP16 and 20 MeV for the Daejeon16) for the convergence of energy in the largest basis space examined in this work
(Nshell = 7). The black curves in the right panels indicate the fit of a second-order polynomial function to the calculated results.
See more details in the text.

the value a0 = E(∆E2 → 0) provides the estimate of
eigenenergy of the full basis at that Nshell.

In the upper panels of Fig. 2, we show the results with
the JISP16 NN interaction in a comparison with the re-
sults with the Daejeon16 NN interaction in the lower
panels. The comparison of the left panels shows the con-
vergence with increasing Nshell is faster for Daejeon16
than for JISP16. Looking at the right panels, it is ap-
parent that the Daejeon16 results show typically smaller
energy variances than those with JISP16, resulting in the
smaller energy difference between the calculated points
and the extrapolated value in the case of Daejeon16.
Thus, the energy obtained with Daejeon16 can be better
approximated with a smaller number of bases Nb than
needed for the energy obtained with JISP16. One also
notes in the right panels that the Daejeon16 interaction
produces smoother trends in the variances compared to
JISP16. This smoother behavior implies the Daejeon16
interaction is softer, i.e. closer to perturbative in charac-
ter, than JISP16. These distinctions between results with
JISP16 and Daejeon16 are also observed for heavier-mass

cases as shown in Figs. 10 and 11 of Appendix A.
Next, we further extrapolate to obtain an estimate in

the infinite basis-space limit, using the results extrapo-
lated by energy variance in fixed size of basis spaces as
shown in Fig. 2. This extrapolation towards the infi-
nite basis space is exhibited in Fig. 3 (the left panel for
the JISP16 NN interaction, and the right for the Dae-
jeon16). As discussed above, we adopt a simple extrap-
olation method in Nshell truncation using an empirical
exponential form,

E(Nshell) = b0 + b1 exp (−b2Nshell) , (6)

with three coefficients, b0, b1, and b2, as fit parameters.
The value b0 ≡ E(Nshell → ∞) provides the estimate in
the infinite basis-space limit, when the E(Nshell) values
are taken by energy-variance extrapolated results in each
basis-space size with a fixed ~ω value.

In Figure 3, we illustrate the extrapolation of ground-
state energy of 4He at the optimal HO energy with this
empirical form (6). Here, we take the nearest HO fre-
quency on our chosen grid that provides the lowest en-
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FIG. 3: Convergence of 4He ground-state energy with respect to the size of basis space with the optimal ~ω value obtained by
fitting a simple exponential form (6) to results obtained by energy-variance extrapolation within each value of Nshell. The left
(right) panel is for the JISP16 (Daejeon16) NN interaction. The solid circles indicate the energy-variance-extrapolated energies
in each basis-space size. The error bars from the energy-variance extrapolation are smaller than the size of the symbols. The
“Extrap.” above three symbols denotes the basis-space-extrapolated energies with the extrapolation errors from the results in
Nshell = 2− 7, 3− 7 and 4− 7 from left to right, respectively. “NCFC” denotes the ab initio results with the JISP16 [38, 69]
and with the Daejeon16 [69]. “Expt.” corresponds to the experimental value taken from the compilation of AME2012 [75].

ergy in the maximum size of basis space (Nshell = 7 in
this work) as the optimal HO energy (~ω = 25 MeV for
JISP16 and 20 MeV for Daejeon16). In the figures, there
are three curves (solid, dashed, dotted ones) correspond-
ing to the extrapolations fit to the results inNshell = 4−7,
3−7, and 2−7, respectively. The resultant extrapolated
energies in the infinite basis space for these curves are
shown with extrapolation uncertainties to the right of
the Nshell = 7 result. For comparison, the exact (ex-
perimental) energy is denoted by the black symbol at
the rightmost side in the figure. As can be seen in the
figures, this simple extrapolation works well resulting in
rather small uncertainties. In the figures, we also pro-
vide the NCSM (NCFC) results using the same inter-
action, which is in reasonable agreement with ours to
within each approach’s estimated uncertainty. Note that
the uncertainties from the extrapolations are evaluated
simply by using the mean square deviation of the fitted
coefficients in the least square fitting procedure. The
basis-space extrapolations for heavier-mass nuclei can be
found in Fig. 13 of Appendix A.

In Figure 4, we show the results of 4He ground-state
energy at different HO energies and basis space at the
maximum value of Nb for each basis space. In the fig-
ure, the left (right) panel is for the JISP16 (Daejeon16)
NN interaction. From top to bottom, each symbol con-
nected by the solid lines is the result in Nshell = 2 − 7
prior to energy-variance extrapolation. Comparing re-
sults between the two interactions, the convergence with
respect to the basis-space size Nshell is faster in the Dae-
jeon16 case than in the JISP16. The optimal ~ω value for
the convergence of energy with the Daejeon16 interaction
(~ω ∼ 20 MeV in Nshell = 7) is smaller than that with
the JISP16 interaction (~ω ∼ 25 MeV in Nshell = 7).

These observations reflect the softness of the Daejeon16
interaction compared to JISP16. For the corresponding
plots of results for heavier-mass cases, we refer to Fig. 12
of Appendix A.

After our two successive extrapolations in terms of en-
ergy variance and basis-space size described above, each
at a fixed value of ~ω, we can now work towards ob-
taining final results which can be compared to the other
ab initio solutions. In Fig. 5, we show our final results
extrapolated in terms of both energy variance and basis
space over a range of ~ω values for 4He. In the figure,
the colored symbols connected by lines are the results ex-
trapolated by energy variances. The uncertainties from
the energy variance extrapolations are smaller than the
size of symbols if the error bars are not explicitly shown.
The black symbols with error bars are the results extrap-
olated further by the basis-space size to infinity. There
are three extrapolated results using the Nshell = 2 − 7
(upper open triangles), 3− 7 (upper solid triangles) and
4 − 7 (lower open triangles). The gray band indicates
the range of the extrapolations using these three differ-
ent ranges of basis space size. For comparison, the hor-
izontal black line is the exact ground-state energy from
experiment (∼ −28.3 MeV). In general, the results ex-
trapolated to the infinite basis-space limit should be in-
dependent of the ~ω value, whereas our problem is set
in the (Nshell, ~ω) two-parameter space. Our extrapo-
lated results seems reasonably flat around the optimal
~ω values. The deviations at low and high frequencies
indicate the need for larger basis-space sizes to better
approximate the infinite basis in those areas. In compar-
ison with the JISP16 (left panel) and Daejeon16 (right
panel), the Daejeon16 interaction tends to give smaller
uncertainties reflecting better convergence with respect
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FIG. 4: 4He ground-state energy as a function of ~ω at the maximum Nb in each basis space (i.e. without energy-variance
extrapolation). Results with the JISP16 NN interaction are shown in the left panel and those with Daejeon16 NN interaction in
the right. The numbers in the panels indicate the size of basis space Nshell. The results before the energy-variance extrapolation
are presented here.
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FIG. 5: 4He ground-state energy as a function of ~ω including some of the results from Fig. 4 on an enlarged scale. Results
with the JISP16 NN interaction are shown in the left panel and those with Daejeon16 NN interaction in the right. The
horizontal solid line specifies the experimental value. The numbers in the panels indicate the size of basis space Nshell. The
results after the energy-variance and infinite basis-space extrapolations (“Extrap.”) are presented here. Note that the errors
from the energy-variance extrapolation are smaller than the size of symbols. The black symbols with gray band are the results
extrapolated into the infinite basis-space-size limit. The gray bands denote the range of upper and lower edges of three different
set of infinite-basis extrapolations. See more details in the text.

to both extrapolations of energy variance for fixed size
of basis space and using those extrapolations for extrap-
olating to the infinite basis-space size. As portrayed in
Fig. 14 of Appendix A, this relationship of outcomes from
the two interactions can also be seen in the heavier-mass
cases.

Performing the same extrapolations to other heavier 4n
self-conjugate nuclei from 8Be to 20Ne, we arrive at our
final extrapolated results of ground-state energies at their
respective optimal HO frequencies and compare these re-
sults with experimental data in Fig. 6. In Fig. 6, the
JISP16 and Daejeon16 results are shown by blue and red
symbols, respectively, with estimated error bars from our
fit to Nshell = 4−7 results at their respective optimal ~ω
values. From Fig. 6, the JISP16 results (blue symbols)
yield overbinding at 12C and beyond. An improved pic-

ture emerges using Daejeon16 (red symbols) with some
overbinding still evident when compared with experi-
ments denoted by black symbols. Thus there are encour-
aging trends with the Daejeon16 results compared with
the JISP16 results: both improved convergence proper-
ties and improved agreement with experiment.

In Table I, we also summarize the MCSM results in ad-
dition to the NCFC results [69]. Concerning the MCSM
results in Table I, only the energies extrapolated with
the results from Nshell = 4 − 7 are shown. Additional
examples of extrapolated energies and their associated
uncertainties can be found in the figures of Appendix A.
As shown in Table I, the MCSM results are in reason-
able agreement with the NCFC results where those are
available. In nearly all cases, the error bars are overlap-
ping. Note that the ~ω values employed in the NCFC
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calculation are different from the ~ω values used in the
MCSM calculations. The infinite-basis-space extrapo-
lated results are, however, expected to be rather insensi-
tive to ~ω values. Our 20Ne results in Table I, which are
the first-reported ab initio results for this nucleus with
these interactions, continue the respective trends in the
overbinding that were apparent for these interactions at
the upper end of p shell. For 20Ne, we also include the
previously unpublished NCFC result with Daejeon16 for
comparison.
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FIG. 6: Comparison of the extrapolated MCSM results for
the energy per nucleon with the JISP16 and Daejeon16 NN
interactions to experimental data. The MCSM results are
shown for the extrapolations using the Nshell = 4 − 7 results
with the respective optimal ~ω values. The experimental data
are taken from the 2012 Atomic Mass Evaluation (AME2012)
[75].

B. Radius

Following similar procedures, we have also evaluated
the point-proton root-mean-square (RMS) radii of these
light 4n self-conjugate nuclei. However, as distinct from
the evaluation of the ground-state energy, we have not
fully applied the extrapolation with energy variances at
fixed values of Nshell. Although the radius seems to be
increasing as the energy variance is approaching to zero
as shown in the figures of Appendix B, it is difficult to
perform robust extrapolations for all the radii with re-
spect to energy variance due to the non-monotonic be-
havior of the calculated radii. Contrary to the case of
the energy, even though we can fit some of the results in
relatively small basis-space sizes with a linear function
such as those done in Ref. [37], we refrain from fitting
the cases with manifestly noisy data. Instead, for those
cases we merely attempt to capture the general tendency
of calculated results with these two nonlocal interactions.
Here what we would like to address is the capability of
the MCSM calculations themselves and simply show the

current status of the computations on the state-of-the-art
supercomputers.

In Figure 7, we show the extrapolation of no-core
MCSM results for the 4He nucleus into the infinite basis-
space size without the energy-variance extrapolation. As
Nb increases, the results reveal a region of significant in-
dependence of ~ω. In order to estimate the radius in the
infinite basis-space limit, we simply average the results
around the inflexion point of curves connecting the re-
sults in the same basis-space size. To get the average,
we take two or three points in different ~ω values de-
pending on the location of inflexion point. In the figure,
the horizontal bar denotes the average of those results
around the inflexion point and the band portrays the
uncertainty. The black horizontal line is for the point-
proton radius extracted from the experimental charge ra-
dius. The expectation value of the squared charge radius〈
r̂2
〉
ch

measured experimentally is related to that of the

squared point-proton radius
〈
r̂2
〉
pp

calculated theoreti-

cally through〈
r̂2
〉
ch
'
〈
r̂2
〉
pp

+
〈
R̂2

p

〉
+
N

Z

〈
R̂2

n

〉
+

3

4m2
p

, (7)

with the squared charge radius of proton
〈
R̂2

p

〉
, the

squared charge radius of neutron
〈
R̂2

n

〉
, the proton mass

mp, and the proton (neutron) number Z (N) [77]. The
last term in Eq. (7) is known as the Darwin-Foldy
term associated with the relativistic correction in nat-
ural units. Note that the spin-orbit corrections and
the higher-order effects such as the meson-exchange cur-
rents are not shown, because those are expected to be
smaller than the resolution of experimental measure-

ments. The values of
〈
R̂2

p

〉
and

〈
R̂2

n

〉
are taken from the

ADNDT2013 compilation [78] as
〈
R̂2

p

〉1/2
= 0.8783(86)

fm and
〈
R̂2

n

〉
= −0.1149(27) fm2, respectively. The

squared point-proton radius is calculated with

〈
r̂2
〉
pp

=
1

Z

Z∑
i=1

|r̂i − r̂CM|2 , (8)

and the CoM coordinate, r̂CM =
∑A
i=1 r̂i/A. In Eq. (8),

both one- and two-body operators are involved [79]. We
directly evaluated the expectation values of these oper-
ators similar to the calculations of the ground-state en-
ergy. The agreement with the experimental value for 4He
is reasonable both for the JISP16 and Daejeon16 NN in-
teractions. The JISP16 (Daejeon16) result gives a little
bit smaller (larger) value compared to the result derived
from experiment. The calculated point-proton radii for
nuclei heavier than 4He can be found in Appendix B.

Similar to the ground-state energies summarized in
Fig. 6, we show the calculated point-proton root-mean-
square radii of 4He, 8Be, 12C, 16O and 20Ne nuclei with
the JISP16 and Daejeon16 NN interactions in Fig. 8.
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TABLE I: Computed and extrapolated ground-state energies with JISP16 and Daejeon16 NN interactions in comparison with
the other ab initio NCFC results [39, 67, 69, 70, 76] and experimental data [75]. Note that the NCFC results are obtained
with different ~ω values from the MCSM results. The procedures for estimating the uncertainties of the MCSM and the NCFC
results are different; see Ref.[76] for details regarding the NCFC uncertainties.

Nuclide ~ω (MeV) E (MeV)
MCSM NCFC Expt.

(Nshell = 7, ∆E2 6= 0) (Nshell = 7, ∆E2 → 0) (Nshell →∞, ∆E2 → 0)
JISP16

4He 25 -28.24 -28.28(3) -28.29(1) -28.299(0) -28.296
8Be 25 -53.66 -54.82(2) -56.29(4) -55.5(3) -56.500
12C 25 -89.69 -93.2(3) -94(1) -94.8(3) -92.162
16O 30 -132.1 -141.3(7) -142.9(6) -145(8) -127.62
20Ne 30 -153.4 -203(7) -211(6) -160.65

Daejeon16
4He 20 -28.36 -28.3732(1) -28.379(6) -28.372(0) -28.296
8Be 15 -56.45 -56.774(5) -56.96(5) -56.85(7) -56.500
12C 20 -91.91 -92.85(4) -93.19(2) -92.88(8) -92.162
16O 20 -129.4 -131.25(5) -131.8(6) -131.4(7) -127.62
20Ne 20 -165.4 -172.7(2) -173.0(9) -168(8) -160.65
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FIG. 7: Point-proton root-mean-square (RMS) radius of the 4He ground state as a function of ~ω. Results with the JISP16
NN interaction are shown in the left panel and those with Daejeon16 NN in the right panel. The MCSM results before the
energy-variance extrapolations are plotted here. The numbers in the leftmost side of figures specify the size of basis space
Nshell. The horizontal black bar with gray band denotes the average value of the RMS radius with the uncertainty around the
optimal HO frequency range (three successive points with least sensitivity to the HO frequency). The horizontal black line
stretching across each full panel is the experimental value taken from the ADNDT2013 [78]. The inset is an enlarged drawing
for the average of the MCSM results around the optimal ~ω values.

The results shown in the figure are the averages around
optimal ~ω values. As seen in the figure, the Daejeon16
results appear closer to the experimental values than the
JISP16 results. This behavior is correlated with the cor-
responding results for energies in Fig. 6: that is, more
binding correlates with smaller radii. However, even us-
ing the Daejeon16 interaction, theoretical results give
smaller radii than those derived from experiment. Sim-
ilar tendencies are found also in the Hatree-Fock many-
body perturbation theory (HF-MBPT) calculations for
4He and 16O with the JISP16 interaction [80]. In Table
II, the calculated point-proton RMS radii are summa-
rized in comparison with those extracted from experi-
mental charge radii. For 12C, our current results are in
good agreement with NCSM calculations of the point-

proton RMS radius [69] using the same interactions.

Note that 8Be is a special case since it is unbound with
respect to the two-α-decay threshold in nature. As seen
in Table I, the experimental value of the 8Be ground-state
energy is −56.500 MeV, while twice the experimental 4He
ground-state energy is−56.592 MeV. The no-core MCSM
results with the JISP16 interaction also suggest the un-
bound nature of 8Be with respect to the two-α-decay
threshold (−56.29 MeV for the 8Be ground-state energy
and −56.58 MeV for twice the 4He ground-state energy).
The results with Daejeon16, however, tend to be weakly
bound with respect to the two-α decay threshold (−56.96
MeV for the 8Be ground-state energy and −56.758 MeV
for twice the 4He ground-state energy). Note that this
weakly-bound trend with Daejeon16 is supported by the
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TABLE II: Computed point-proton radii of light nuclei with
JISP16 and Daejeon16 NN interactions in comparison with
results extracted from experiments [78]. Note that, in the case
of 8Be, we put “∞” at the entry of “Expt.” as a reference
of the radius for JISP16 and the radii of stable 7,9Be ground
states as a reference of the radius for Daejeon16, due to the
fact that the 8Be ground state is unbound in nature (see more
details in the text).

Nuclide ~ω (MeV)
√
〈r̂2〉pp (fm)

MCSM Expt.
Nshell = 7 Nshell →∞

JISP16
4He 20 1.430 1.431(4) 1.467
8Be 15 2.405 — ∞
12C 20 1.970 1.98(3) 2.334
16O 25 1.938 1.94(1) 2.575
20Ne 25 1.980 1.98(2) 2.931

Daejeon16
4He 20 1.511 1.510(2) 1.467

8Be 10 2.619 2.59(3)
2.519 (7Be)
2.385 (9Be)

12C 15 2.292 2.31(3) 2.334
16O 15 2.381 2.40(2) 2.575
20Ne 15 2.572 2.59(3) 2.931

NCFC calculations as shown in Table I.

This issue also impacts the calculated point-proton ra-
dius for 8Be. As shown in Fig. 18 of Appendix B, the
convergence pattern of the 8Be point-proton radius dif-
fers between the JISP16 and Daejeon16 interactions. As
the basis-space size increases, we did not observe the in-
flexion point in the case of JISP16 at least at the range
of ~ω we examined. We did not extrapolate the point-
proton radius in this case. Since the 8Be ground state
calculated with JISP16 is unbound, the radius, in prin-
ciple, should diverge as the basis space goes to infinity.
These results tend to support that since the point-proton
radius with Daejeon16 suggests a much better conver-
gence pattern than the 8Be point-proton-radius results
above for JISP16.

As noted above, these calculated radii are, until now,
without the energy-variance extrapolation. It is still an
open question to what extent the calculated radii under-
estimate the experimental data, quantitatively. To at-
tempt a partial answer to this question, we extrapolate
the results using energy variance for calculated results
that are not excessively noisy. The energy-variance ex-
trapolations of the results with the Daejeon16 interaction
in Nshell = 7 around the respective optimal ~ω values are
shown in Fig. 9. From this figure, the energy-variance
extrapolation increases the RMS radii slightly relative to
their Nshell = 7 results (∼ 0.07 fm increase for 20Ne at
most), but does not fill the gap between the results and
experimental data. Simultaneous reproduction of energy
and point-proton RMS radius remains a challenge with
these and other ab initio interactions, see Ref. [81] and
references therein.
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FIG. 8: Comparison of the MCSM results of point-proton
RMS radius with the JISP16 and Daejeon16 NN interac-
tions to experimental data. The MCSM results with error
bars are shown for the averages around the optimal ~ω values
(three successive points with the least sensitivity to the HO
frequency at Nshell = 7). The experimental data are taken
from the ADNDT2013 [78]. In the case of 8Be, the radii for

the ground states of the neighboring nuclei, 7,9Be 3
2

−
states

(the left black symbol for 7Be and the right for 9Be) are taken
as reference radii, because of the missing experimental value
of 8Be. The result with JISP16 for the 8Be radius are not
shown in the figure (see more details in the text and the cap-
tion of Table. II).

V. SUMMARY

We have shown numerical results for ground-state en-
ergies and point-proton root-mean-square radii of light
4n self-conjugate nuclei with the variant of the no-core
shell model (NCSM), aiming to extend the capability of
the NCSM calculations beyond the p-shell region where
NCSM calculations are typically performed. Ground-
state energies of 4He, 8Be, 12C, 16O and 20Ne have been
calculated by the ab initio no-core Monte Carlo shell
model (MCSM) with 100 MCSM bases in the basis spaces
up to Nshell = 7 (7 major shells from s to sdgi shells) with
two nonlocal interactions, the JISP16 and Daejeon16
two-nucleon interactions on K computer in Japan. We
have extrapolated these computed energy eigenvalues in
a two-step procedure using results calculated in finite ba-
sis spaces for extracting final results in the infinite basis-
space limit. For these extrapolations, the uncertainties in
the final results have been evaluated simply by the least-
square minimization of the coefficients of a fitting func-
tion. As far as the results are available for comparison,
our extrapolated energies seem to be consistent with the
no-core full configuration (NCFC) results, which provide
ab initio solutions in the infinite basis space limit. From
our results, the Daejeon16 NN interaction reproduces
ground-state properties better than JISP16. Moreover,
the Daejeon16 NN interaction provides good agreement
of ground-state energies and point-proton radii with re-
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FIG. 9: Energy-variance extrapolation of point-proton RMS
radii using the results with the Daejeon16 NN interaction.
The calculated radii are from Nshell = 7 results around the
optimal HO frequencies (~ω = 10 MeV for 4He and 15 MeV
for 8Be, 12C, 16O and 20Ne). The solid lines are the fits to
the computed radii by the linear functions. The range of the
fit is the region where the points and line overlap.

sults derived from experiments in the s- and p-shell re-
gion. However, for 16O and 20Ne, both interactions yield
ground-state energies that are overbound in comparison
with experimental data. This overbinding reflects in the
calculated point-proton radii showing smaller values than
those derived from experiment. Our results infer the ne-
cessity of further revisions of nonlocal NN interactions
for the heavier-mass region beyond the p shell and/or the
explicit inclusion of a 3N interaction. We note that the
addition of phenomenological density-dependent contact
interactions to the Daejeon16NN interaction, simulating
the roles of many-body forces, have been recently shown
to provide reasonable ground-state energies and radii of
medium and heavy nuclei in the mean-field approxima-
tion [82].

In order to proceed to heavier-mass regions, the full sd
shell and beyond, while retaining the ab initio character
of the extrapolated MCSM results, further calculations
with larger basis space (Nshell ≥ 8) are needed. Fortu-
nately, such calculations will become possible with near-
future supercomputing facilities like Fugaku, the post-K
supercomputer in Japan. In the case of the evaluation of
physical observables within a reasonable precision, our
current calculations suggest the need for more than 100
bases (Nb) to attain improved energy-variance extrapola-
tions. Furthermore, in the present study, extrapolations
have been done empirically by the least-square minimiza-
tion with simple fit functions. From our experience, this
method of uncertainty quantification tends to produce
somewhat smaller than anticipated errors due to the us-
age of constrained functional forms for the fitting. More
rigorous uncertainty quantification is needed for further
quantitative discussion.

For a confirmation of the empirical extrapolations em-

ployed here, we anticipate applying elaborated extrap-
olation methods to take the infinite-basis limit, for ex-
ample, the infrared and ultraviolet cutoff extrapolations
discussed in Sec. II B, non-parametric Bayesian approach
[83] and the artificial neural network method [84, 85].

The current results represent a foundation for path-
ways to investigate, for example, α-cluster structure on
light nuclei around N = Z and di-neutron structure on
neutron-rich light nuclei from first principles. Light nu-
clei, extending into the sd-shell, continue to offer rich
insights into emergent nuclear phenomena. With increas-
ingly precise ab initio tools such as the no-core MCSM,
we envision an opportunity to probe these emergent phe-
nomena and, at the same time, to probe the limits of our
knowledge of the strong and electroweak interactions.
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Appendix A: Numerical results for the ground-state
energies

Here in this appendix, we summarize the no-core
MCSM results of ground-state energies needed to obtain
the extrapolated results shown, for example, in Fig. 6.

In Figs. 10 and 11, the ground-state energies as func-
tions of the number of basis states Nb and of energy
variances around optimal HO frequencies are exhibited.
Fig. 10 is for the JISP16 NN interaction, and Fig. 11 for
Daejeon16. In both figures, computed energies of 8Be,
12C, 16O and 20Ne are displayed in the sequence from
top to bottom panels. As for the 4He case in Fig. 2,
the black solid curves in the right column are the fits
to the calculated results using a quadratic form of en-
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ergy variance. The points at zero energy variance are
the estimates of the exact solution for each basis space.
The results are shown only for the optimal ~ω values.
The range of points that overlap with fit curves indicates
the region of fit to calculated data. By comparing these
two figures, we observe that the Daejeon16 results show
smaller energy variances than those with the JISP16, re-
sulting in better convergence of results with the same
number of basis states. Note that the larger fit range for
the results with the Daejeon16 interaction than the range
with JISP16 reflects the stability against the increase of
the number of basis states. This stability facilitates the
energy-variance extrapolation with smaller extrapolation
uncertainties.

In Fig. 12, the no-core MCSM results before the
energy-variance extrapolation with various ~ω values are
collected in order to gauge the convergence of results with
respect to the size of basis space (the flatness feature of
results plotted with respect to the ~ω values). In the fig-
ure, the left panels are for the JISP16 NN interaction,
while the right are for Daejeon16. For both interactions,
the results become less sensitive to the ~ω values as the
basis space is expanded. For all of the calculated nuclei,
the convergence in terms of the basis-space size for Dae-
jeon16 is better than the convergence for JISP16. The op-
timal ~ω values appears to be smaller for Daejeon16 than
for JISP16 for corresponding Nshell spaces. Note that
the calculated energies with 100 MCSM bases indicate
larger binding energies for Daejeon16 than for JISP16
at comparable values of Nshell, while the energy-variance
and infinite-basis-space extrapolated results show smaller
binding energies for Daejeon16 from the comparisons
shown in Fig. 12 with Fig. 14.

In Fig. 13, the basis-space-size dependence of ground-
state energies with the optimal HO frequencies (exclud-
ing 4He shown already in Fig. 3) is summarized. Fig. 13
follows the conventions established in Fig. 3 and shows
the infinite-basis extrapolation with optimal ~ω values.

Fig. 14 shows the ~ω-dependence of energies extrapo-
lated to infinity. This figure portrays the final no-core
MCSM results extrapolated by the energy-variance and
basis-space size. The left panels of the figure are for the
JISP16 NN interaction and the right for Daejeon16. The

results extrapolated to infinite basis-space size with the
Daejeon16 NN interaction are seen to be more stable
than those with JISP16. Note that, in the 16O case, the
basis-space-extrapolated result with the JISP16 interac-
tion at ~ω = 10 MeV is not shown, as we could not ex-
trapolate with the energy-variance extrapolation method
within the individual finite basis-space sizes. Also note
that, in the 20Ne case with the JISP16 interaction, the
basis-space-extrapolated results at small ~ω values are
out of the range of the figure.
Appendix B: Numerical results for the point-proton

radii

Here we summarize the no-core MCSM results of point-
proton RMS radii used to obtain final extrapolated re-
sults shown in Fig. 8.

In Fig. 15, the dependence of the 4He point-proton
radius on the number of basis states Nb and on the en-
ergy variance around the optimal ~ω is summarized. In
the figure, the dependences of the energy on Nb for the
JISP16 NN interaction are in the upper panels and those
for the Daejeon16 NN interaction are in the lower panels.
In addition to the 4He results in Fig. 15, we summarize
the results for 8Be - 20Ne with JISP16 in Fig. 16 and
those with the Daejeon16 in Fig. 17. The notations and
captions are the same as in Fig 15.

In Fig. 18, we summarize the ~ω-dependence of point-
proton RMS radii of 8Be, 12C, 16O and 20Ne ground
states. The long horizontal black lines are derived from
experimental data taken from the ADNDT2013 [78].
Note that, in the case of 8Be with Daejeon16, the RMS
radii of neighboring Be isotopes, 7Be and 9Be are shown
for the comparison since the 8Be nucleus is unstable
against breakup into two α’s. Also note that the no-core
MCSM results are not extrapolated by energy variances.
The final results are denoted by the short black solid
lines around the optimal ~ω values with gray bands for
the estimated uncertainties, except for 8Be with JISP16.
Each optimal ~ω value for radius is determined by the
inflexion point of the curvature of the calculated results.
In the 8Be case with JISP16, we cannot find the inflexion
point at the range of ~ω we have examined.
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FIG. 10: Convergence of ground-state energies of four 4n nuclei with respect to the number of basis states Nb in fixed sizes of
basis space (left) and convergence with respect to energy variances (right). The JISP16 two-nucleon interaction is employed.
The basis space is taken from Nshell = 2 to 7. The results are shown with the optimum value of ~ω for energy in the largest
basis space examined in this work (Nshell = 7). The notations are the same as in Fig. 2.
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FIG. 11: Convergence of ground-state energy of four 4n nuclei with respect to the number of basis states Nb in fixed sizes of
basis space (left) and convergence with respect to energy variances (right). The Daejeon16 two-nucleon interaction is employed.
The basis space is taken from Nshell = 2 to 7. The results are shown with the optimum value of ~ω for energy in Nshell = 7.
The notations are the same as in Fig. 2.
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FIG. 12: Ground-state energies at the maximum value of Nb in each space as functions of ~ω. Results with the JISP16 NN
interaction are shown in the left column and those with Daejeon16 NN interaction are in the right column. The notations are
the same as in Fig. 4.
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FIG. 13: Ground-state energies as functions of Nshell. Results with the JISP16 NN interaction are shown in the left column
and those with Daejeon16 NN interaction are in the right column. The no-core MCSM results with optimal ~ω values for
each state after the energy-variance extrapolations are presented here as solid round symbols. The dotted, dashed and solid
curves are the fits to results in Nshell = 2 − 7, 3 − 7, and 4 − 7, respectively. The open symbols with error bars are for the
resultant extrapolated values fit to Nshell = 2 − 7, 3 − 7, and 4 − 7, from left to right, respectively. The right-most symbol is
the experimental data taken from Ref. [75]. Note that the fits of the results in Nshell = 2− 7 for 16O and 20Ne are absent due
to the lack of Nshell = 2 results for those cases. The notations are the same as in Fig. 3.
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FIG. 14: Ground-state energies with the extrapolations as functions of ~ω. Results with the JISP16 NN interaction are shown
in the left column and those with Daejeon16 NN interaction are in the right column. The no-core MCSM results after the
energy-variance extrapolations are presented here. For additional information, see the caption to Fig. 5.
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FIG. 15: Convergence of 4He point-proton radius with respect to the number of basis states Nb in the fixed sizes of basis space
(left) and that with respect to energy variances (right). In the figure, the results are for the JISP16 in the upper row, whereas
results for Daejeon16 are in the lower row. The basis space is taken from Nshell = 2 to 7. The symbols and colors are the same
as in the figures of ground-state energy. The results are shown for the value of ~ω around the point-proton radius inflexion
point in the largest basis space examined in this work (Nshell = 7).
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FIG. 16: Convergence of point-proton radii for additional 4n nuclei with respect to the number of basis states Nb in the fixed
sizes of basis space (left) and that with respect to energy variances (right). The JISP16 two-nucleon interaction is employed.
The basis space is taken from Nshell = 2 to 7 for 8Be and 12C and from Nshell = 3 to 7 for 16O and 20Ne. The basis space size
is indicated by the number shown in the right panel at the second row. The results are shown with the optimum value of ~ω
for the convergence of the radius in the Nshell = 7 space. The notations and symbols are the same as in Fig. 15.
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(e) 16O, Daejeon16, h̄ω = 15 MeV
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(g) 20Ne, Daejeon16, h̄ω = 15 MeV
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FIG. 17: Convergence of point-proton radii for 4n nuclei beyond 4He with respect to the number of basis states Nb in the fixed
sizes of basis space (left) and that with respect to energy variances (right). The Daejeon16 two-nucleon interaction is employed.
The basis space is taken from Nshell = 2 to 7 for 8Be and 12C and from Nshell = 3 to 7 for 16O and 20Ne. The symbols and
colors are the same as in Fig. 16. The basis-space size is also specified by the numbers in the panel of the lower right corner.
The results are shown with the optimum value of ~ω for the convergence of radius in the largest basis space examined in this
work (Nshell = 7).
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(a) 8Be, JISP16, Nshell = 2 - 7
without energy-variance extrap.
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(b) 8Be, Daejeon16, Nshell = 2 - 7
without energy-variance extrap.
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(c) 12C, JISP16, Nshell = 2 - 7
without energy-variance extrap.
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(d) 12C, Daejeon16, Nshell = 2 - 7
without energy-variance extrap.
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(e) 16O, JISP16, Nshell = 3 - 7
without energy-variance extrap.
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(f) 16O, Daejeon16, Nshell = 3 - 7
without energy-variance extrap.
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(g) 20Ne, JISP16, Nshell = 3 - 7
without energy-variance extrap.
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(h) 20Ne, Daejeon16, Nshell = 3 - 7
without energy-variance extrap.
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FIG. 18: Point-proton RMS radius of the ground states of 4n self-conjugate nuclei from 8Be to 20Ne as a function of ~ω. Results
with the JISP16 NN interaction are shown in the left column and those with the Daejeon16 NN interaction are in the right
column. The no-core MCSM results without the energy-variance extrapolation are presented here. The short line, with the
gray band for the estimated error, describes the final result averaged around the optimal ~ω value. For the 8Be radius with
the JISP16 interaction, we extrapolated the results at fixed ~ω values as in the extrapolation of energy since we did not locate
the inflexion point. The notations and symbols are the same as in Fig. 7
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